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CONVERGENCE OF A FINITE ELEMENT METHOD FOR
DEGENERATE TWO-PHASE FLOW IN POROUS MEDIA

VIVETTE GIRAULT *, BEATRICE M. RIVIERE!, AND LOIC CAPPANERA

Abstract. A finite element method with mass-lumping and flux upwinding, is formulated for solving
the immiscible two-phase flow problem in porous media. The method approximates directly the wetting
phase pressure and saturation, which are the primary unknowns. The discrete saturation satisfies a max-
imum principle. Theoretical convergence is proved via a compactness argument. The proof is convoluted
because of the degeneracy of the phase mobilities and the unboundedness of the capillary pressure.

1. Introduction. This work discretizes on a suitable mesh a degenerate two-phase
flow system set in a polyhedral domain by a new finite element scheme that directly ap-
proximates the wetting phase pressure and saturation, similar to the formulation proposed
in [?]. Mass lumping is used to compute the integrals and a suitable upwinding is used to
compute the flux, guaranteeing that the discrete saturation satisfies a maximum principle.
The resulting system of discrete equations is a finite element analogue of the finite volume
scheme introduced and analyzed by Eymard et alin the seminal work [16]. From the point
of view of implementation, the advantage of finite elements is that they only use nodal
values and a single simplicial mesh. In particular, no orthogonality property is required
between the faces and the lines joining the centers of control volumes. From a theoretical
point of view, owing that the finite element scheme is based on functions, some steps in
its convergence analysis are simpler, but nevertheless the major difficulty in the analysis
consists in proving sufficient a priori estimates in spite of the degeneracy. By following
closely [16], the degeneracy is remediated by reintroducing in the proofs discrete artificial
pressures. From there, convergence of the numerical solutions is shown via a compactness
argument.

Incompressible two-phase flow is a popular and important multiphase flow model in reser-
voirs for the oil and gas industry. Based on conservation laws at the continuum scale, the
model assumes the existence of a representative elementary volume. Each wetting phase
and non-wetting phase saturation satisfies a mass balance equation and each phase velocity
follows the generalized Darcy law [24, 4]. The equations of the mathematical model read

at(QOSw) -V (Uwpr) = fw(sin)q - fw(sw)ga
8t(<,080) -V (nono) = fo(sin)q - fo(sw)gv (11)
pc(sw) =Po — Pw>, Swt S = 17

complemented by initial and boundary conditions. Here py,, Sw, N, fu, (respectively, po, So, Mo fo),
are the pressure, saturation, mobility and fractional flow of the wetting (respectively non-
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wetting) phase, ¢ is the porosity, s;, is a given input saturation, and ¢, q are given flow
rates. The capillary pressure, p., is a given function that depends nonlinearly on the satu-
ration. Because the phase mobilities are degenerate when they are evaluated at the residual
phase saturations and the derivative of the capillary pressure is unbounded, this system of
two coupled nonlinear partial differential equations has coefficients that vanish in parts of
the domain; this degeneracy makes the numerical analysis challenging.

At the continuous level, this problem has several equivalent formulations, see [7]. They are
linked to the choice of primary unknowns selected among wetting phase and non-wetting
phase pressure and saturation, or capillary pressure [19, 5]. A good state of the art can
be found in the reference [2]. Up to our knowledge, the mathematical analysis of the
system of equations was first done in [20, 1]. An equivalent formulation of the model,
based on Chavent’s global pressure that removes the degeneracy, was analyzed in [8, 9].
Since then, the global pressure formulation has been discretized and analyzed in many
references [23, 10, 22], but unfortunately, this formulation is not used in engineering practice
because the global pressure is not a physical unknown. Otherwise, with one exception, the
numerical analysis of the discrete version of (1.1), has always been done under unrealistic
assumptions that cannot be checked at the discrete level [13, 14]. Related to this line
of work, the discretization of a degenerate parabolic equation has been studied in the
literature [3, 27, 26, 17]. The only paper that performs the complete numerical analysis
of the discrete degenerate two-phase flow system written as above (i.e., in the form used
by engineers) is the analysis on finite volumes done in reference [16]. This motivates our
extension of this work to finite elements.

The remaining part of this introduction makes precise problem (1.1). The numerical scheme
is developed in Section 2. Because of the nonlinearity and degeneracy of its equations,
existence of a discrete solution requires that the discrete wetting phase saturation satisfies
a maximum principle. This is the first object of Section 3, the second one being basic a
priori pressure estimates, after which existence is shown in Section 4. The most technical
part, done in Section 5, is the derivation of an unconditional bound on an auxiliary pressure,
which allows to use a compactness argument. Weak and strong convergences are proved in
Section 6 and the equations satisfied by the limit are identified in Section 7, thus confirming
existence of a solution of the weak formulation (1.16). Numerical results are presented in
Section 8.

1.1. Model problem. Let Q C IR¢, d = 2 or 3, be a bounded connected Lipschitz
domain with boundary 02 and unit exterior normal n, and let T be a final time. With
the last relation in (1.1), s,, is the only unknown saturation; so we set s = s,,, and rewrite
(1.1) almost everywhere in Qx]0, 7T as

at(QOS) -V (UwVPw) - fw(&n)q - fw(s)g
_at(gps) -V (%Vpo) = fo(sin)g - fo(s>g7
complemented by a natural boundary condition almost everywhere on 92x]0, T'[

NuVpw n=0, 1n,Vp, - n=0, (1.4)
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and an initial condition almost everywhere in (2

Sw(+,0) = s?

w?

0<s) <1 (1.5)

The fractional flows are related to the mobilities by

J 1 f 1.6
I ——— I f (1.6)

Recall that the phase saturations sum up to 1 and the phase pressures are related by
pc(sw) = Po — Pw- (17)

The first part of this work, up to Section 5.7, is done under the following basic assumptions:
Assumptions

e The porosity ¢ is piecewise constant in space, independent of time, positive, bounded
and uniformly bounded away from zero.

e The mobility of the wetting phase n,, > 0 is continuous and increasing. The mobility
of the non-wetting phase 1, > 0 is continuous and decreasing. This implies that the
function f,, is increasing and the function f, is decreasing.

e There is a positive constant 7, such that

() +no(s) = n., Vs €0,1]. (1.8)

e The capillary pressure p. is a continuous, strictly decreasing function in W1(0,1).
e The flow rates at the injection and production wells, ¢, q € L?*(02x]0,T|) satisfy

g>0, ¢>0, /q:/q. (1.9)
q ; 4

e The prescribed input saturation s, satisfies almost everywhere in 2x]0, 77|

Since pe, Moy fa, @ = w, 0 are bounded above and below, it is convenient to extend them
continuously by constants to IR.

Although the numerical scheme studied below does not discretize the global pressure,
following [16], its convergence proof uses a number of auxiliary functions related to the
global pressure. First, we introduce the primitive g. of p,,

Ve e [0,1], g.(z) :/ pe(8)ds. (1.11)
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Since p, is a continuous function on [0,1], the function g. belongs to C'([0,1]). Next, we
introduce the auxiliary pressures pyg, Pwo, and g,

Vz € [0,1],  pugl(x / fo(8)P.(8)ds,  pog(w / fuw(s)p(s (1.12)
Vrel0,1], g(x)=— /0z %p’c(s)ds. (1.13)

Owing to (1.6),

Vo € [0,1], pug(x) + pog(z) = / pl(s)ds = pe(x) — p.(0). (1.14)
0
Moreover, the derivative of g satisfies formally the identities
Vo € [0,1], na(z)ph,(x) +¢'(x) =0, a=w,o. (1.15)

1.2. Weak variational formulation. By multiplying (1.2) and (1.3) with a smooth
function v, say v € C'(Q x [0,T]) that vanishes at ¢ = T, applying Green’s formula in
time and space, and using the boundary and initial conditions (1.4) and (1.5), we formally
derive a weak variational formulation

_/OT/Q(PS@’U—G-/OT/anVPw-VU:/QSOSOU(O)—i-/OT/Q(fw(sin)q_fw(s)g)v’
/OT/QSOS&UJr/OT/Q%VPO-VU:—/QQOSOU(O)%—/OT/Q(fO(sm)q—_fo(s)g)v_

But in general, the pressures are not sufficiently smooth to make this formulation mean-
ingful and following [7], by using (1.15), it is rewritten in terms of the artificial pressures,

//gosatw/ | 0900+ pugfs) + 99(5)) - Vo = [ o50)
¥ / [ Gulsi = 1l

[ [esows [ [ @50 pue) - Vo) vo=- [ o0
-/ ) [ (s = 1)

The two formulas coincide when the pressures are slightly more regular. With the above
assumptions, problem (1.16) has been analyzed in reference [1], where it is shown that it
has a solution s in L>°(2x]0, T[) with g(s) in L*(0,T; H'(Q)), pa, @ = w, 0, in L*(2x]0,T)
with both py, + pug(s) and p, — poy(s) in L*(0,T; H()).

4
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2. Scheme. From now on, we assume that € is a polygon (d = 2) or Lipschitz poly-
hedron (d = 3) so it can be entirely meshed.

2.1. Meshes and discretization spaces. The mesh 7}, is a regular family of sim-
plices K, with a constraint on the angle that will be used to enforce the maximum principle:
each angle is not larger than 7/2, see [6]. This is easily constructed in 2D. In 3D, since we
only investigate convergence we can embed the domain in a triangulated box. Moreover,
since the porosity ¢ is a piecewise constant, to simplify we also assume that the mesh is
such that ¢ is a constant per element. The parameter h denotes the mesh size i.e., the
maximum diameter of the simplices. On this mesh, we consider the standard finite element
space of order one

XhI{UhGCO(Q);VKGE,U}L‘KE]PH}. (21)

Thus the dimension of X, is the number of nodes, say M, of T,. Let ¢; be the Lagrange
basis function, that is piecewise linear, and takes the value 1 at node ¢ and the value 0
elsewhere. As usual, the Lagrange interpolation operator I, € £(C°(2); X},) is defined by

M

Vo eCQ), IL(v) =) v (2.2)

i=1

where v; is the value of v at the node of index i. It is easy to see that under the mesh
condition, we have

VK, [ Voi-vo, <0 iz (2.3)
K

For a given node 7, we denote by A; the union of elements sharing the node i and by N (i)
the set of indices of all the nodes in A;. In the spirit of [18], we define

6 = / Vi Vel Vi.j (2.4)
AiﬂAj

Recall that the trapezoidal rule on a triangle or a tetrahedron K is

d+1

1
~ ——|K E ;
/Kf d+1 |£:1 Fi

where f;, is the value of the function f at the ¢ node (vertex), with global number i, of
K. For any region O, the notation |O| means the measure (volume) of O.

We define .

1
Z-:—E K| = ——]A{],
M= g 2 = g lAd
KeA;

and taking into account the porosity ¢, we define more generally

i) = —— 3 pllK],

d+ 1 KeA;
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so that m; = m;(1). It is well-known that the trapezoidal rule defines a norm on Xy, ||+ ||,
uniformly equivalent to the L? norm. Let U, € X}, and write

M

Up=Y U

=1

The discrete L? norm associated with the trapezoidal rule is

M 3
|Unl[n = (Z mz‘|Uz|2>
=1

There exist positive constants C and C, independent of h and M, such that
YU, € Xn,  CllUnll72(e) < 10l < CUl720)- (2.5)

This is also true for other piecewise polynomial functions, but with possibly different
constants. The scalar product associated with this norm is denoted by (-, )y,

M
VUp, Vi € X, (Un, Vi) = ZmiUiVi- (2.6)
=1

By analogy, we introduce the notation

M:

VUh,Vh < Xh, Uh, Vh f UZV’ (27)

The assumptions on the porosity ¢ imply that (2. ) defines a weighted scalar product
associated with the weighted norm || - ||7,

VUL € Xp,  ULllY = ((Un, Un)) 2,
that satisfies the analogue of (2.5), with the same constants C and C,
VU € Xn,  C(ming) [Unllfz) < (1U1F)" < T (max ) | Unl720)- (2.8)

2.2. Motivation of the space discretization. While discretizing the time derivative
is fairly straightforward, discretizing the space derivatives is more delicate because we need
a scheme that is consistent and satisfies the maximum principle for the saturation. For the
moment, we freeze the time variable and focus on consistency in space. First, we recall a
standard property of functions of X} on meshes satisfying (2.3).

PROPOSITION 2.1. Under condition (2.3), the following identities holds for all Uy and V},
in Xy, with ¢;; defined in (2.4):

M
/ VU, VV, — ZU@ S (v -v) = %Z S e (U7 — U (Vi — V),
i=1  j£ijeN() i=1 j#i,jeN (i)
(2.9)



Proof. The first equality is obtained by using (2.3), (2.4) and the fact that

M
=1

as in [15] (Section 12.1). For the second part, we use the symmetry of ¢;; and the anti-
symmetry of V7 — V' to deduce that

S ¥ cij(vf—vi)zéz S ey (UT =T (VI -V,

i=1 i jeN() i=1 j#i,jeN (i)

which is the desired result. O

Note that ¢;; vanishes when j ¢ AN (7). Therefore, when there is no ambiguity it is con-
venient to write the above double sums on ¢ and j with ¢ and j running from 1 to M.

As an immediate consequence of Proposition 2.1, we have, by taking V}, = Uy,

M

1 : 9\ 2
VU, € Xi, |V Usllzoi) = E( 3 eulUi — UZP) . (2.10)

4,j=1

Now, we consider the case of the product of the gradients by a third function. Beforehand,
we introduce the following notation: for indices ¢ and j of two neighboring interior nodes,
A; N A, in two dimensions is the union of two triangles and in three dimensions the union
of a number of tetrahedra bounded by a fixed constant, say L, determined by the regularity
of the mesh. We shall use the following notation

1
CIJ’K:/K|V¢lv¢J|’ wK:m/Kw (211)

Note that

Z Cij Kk = Cij. (212)

KCAimAJ‘
Then we have the following proposition:
PROPOSITION 2.2. Let (2.3) hold. With the notation (2.11), the following identity holds
for all w in L'(Q):

M

M
YU, Vi € Xp, / wV U, -VVi==Y U ( > cij,KwK) (Vi-V'), (213)
@ i=1

j=1  KCANA;



Proof. 1t is easy to prove that

M
/ wV Uy - VVy= > dyU'V7, (2.14)
Q ij=1
where
AiﬂAj 0

Again, we have for any 1,

M

Zdi]’ = O, and d” = — Z dij7

Jj=1 1<j<M,j#i

and by substituting this equality into (2.14), we obtain

/ w(VU, - VVi) =Y Uldy (V) = V7). (2.16)

1,j=1

But, in view of (2.11) and (2.15), and since V ¢, - V ¢; is a constant in each element K
contained in A; N A,

dij:_ Z Cij KWK, (2-17)
KCAiﬁAj

and (2.13) follows by substituting this equation into (2.16). O

Note that d;; = d;; owing to (2.17). The first consequence of Proposition 2.2 is that the
right-hand side of (2.13) is a consistent approximation of (w,Vu -V v).

PROPOSITION 2.3. Let (2.3) hold, let u and v belong to H*(Q) and w to L>=(Q), and let
U, = Lyu, Vi, = Iyv be defined by (2.2). Then, there exists a constant C, independent of
h, M, u, v, and w, such that

< Chlwl ooy llull a2 0] 220 -

M
‘/qu-VU—I—ZUi( Z Cij,KwK)(Vj_Vi)
Q

ij=1 KCANA;

(2.18)
Proof. In view of the identity (2.13), the left-hand side of (2.18) is bounded as follows:
Q

% (I = Unll 2@ IV vllzzo) + 190 = Vil 2@ |V Unll 2oy ).

From here, (2.18) is a consequence of standard finite element interpolation error. O
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Now, if w is in W1(Q), then again, standard finite element approximation shows that
there exists a constant ', independent of h, K C A; N A;, and w, such that

HUJK — wHLOO(K) S Ch ’w’wl,oo(K) < Ch ‘w‘Wl,oo(Q). (219)

As a consequence, we will show that in the error formula (2.18), the average wyg can be
replaced by any value of w in K. Since all K in A; N A; share the edge, say e;;, whose
end points are the nodes with indices ¢ and 7, then we can pick the value of w at any
point, say Wi, of eij. At this stage, we choose this value freely, but we prescribe that it
be symmetrical with respect to ¢ and j, i.e.,

Whi = Wit (2.20)

Then we have the following approximation result.

THEOREM 2.4. With the assumption and notation of Proposition 2.3, there exists a con-
stant C, independent of h and M, such that for all u, and v in H*(Q)) and w in W (),

M
/ wVu-Vo=—=>> Ule;W (VI -V') +R, (2.21)
Q <
2,j=1
for any arbitrary value W of w in the common edge e;j satisfying (2.20), and the remain-

der R satisfies
R < Ch|wlwreellull 2@ vl 20)- (2.22)

Proof. We infer from (2.12) and (2.13) that

/ (VU,-VV4) Z U(VI-V7) Z CUK W — W) Z Ue; (VI =V)W™,
Q

Let o
Rz‘j = Z Cij, K (UJK - Ww)a

KCAiﬁA]’

which is symmetric in ¢ and j by assumption (2.20). As in Proposition 2.1, the symmetry
of R;; and the anti-symmetry of V7 — V' imply

= g: U'R; (VI — V) < %( i Ry (U7 — Ui)Q)"l’( i Ryl (V7= V))T (2.23)

1,j=1 1,j=1 1,j=1

=

From the non negativity of ¢;; k, (2.12), and (2.19), we infer that

|R2J’ S ( Z CijJ{)Ch |U)|W1,oo(Q) = CijCh |w|W1,oo(Q).
KCAiﬂA]’
9



Hence, with (2.10) and standard finite element approximation,

)ZU% s (V=V)| <

3,j=1

2@ IV Vall z20) < C hfwlwice o [ullm2@ vl 220

The result follows by combining this inequality with (2.18). O

The above considerations show that

M
- Z UiCijWi7j (Vj — Vi) is a consistent approximation of / wVu- Vo,
ij=1 Q
for any symmetric choice of W/ in eij, the common edge of A; N A;. This will lead to
the upwinded space discretization in the next subsection, see also [22]. Furthermore, for
all real numbers V* and W% satisfying (2.20), 1 < i,j < M, the symmetry of ¢;; and
anti-symmetry of V7 — V' imply

M
D W (VI -V =0. (2.24)

ij=1
2.3. Fully discrete scheme. Let 7 = % be the time step, t, = n7, the discrete

times, 0 < n < N. Regarding time, we shall use the standard L? projection p, defined on
Jtn—1,t,], for any function f in Ll(O T), by

() = pr (P v - / ;. (2.25)

Regarding space, we shall use a standard element-by-element L? projection pj, as well as a
nodal approximation operator 7, defined at each node x; for any function g € L*(2) by

1 .
rr(g) (@) = A /A g, 1<i<M, (2.26)

and extended to Q by 74(g) € Xj. The operator pj is defined for any f in L'(Q) by
on(f)lx = pr(f) where, in any element K,

1
=1 /. (227)
The initial saturation s is approximated by the operator ry,,
SY = ru(s2). (2.28)

The input saturation s, is approximated in space and time by

Sin,h,r = Pr (Th(sin))' (229)
10



Clearly, (1.10) implies in space and time
0 S Sin,h,r S 1.

In order to preserve (1.9), the functions ¢ and g are approximated by the functions g -
and q, . defined with 7, and corrected as follows:

(jh,T = Pr (Th (] |Q’ / Th ) 5 Qhﬂ_ = Pr ( g |Q’ / Ty g q ) . (230)

Since @y, and q, _ are piecewise linears in space, they are exactly integrated by the trape-

zoidal rule and we easily derive from (1.9) and (2.30) that we have for all n,

(‘j}?’ 1)h - (QZ’ 1>h' (2.31)
The set of primary unknowns is the discrete wetting phase saturation and the discrete

wetting phase pressure, S; and P, defined pointwise at time ¢,, by:

M M
S Zl S™igi, Pr, = ngjﬂ‘@, 1<n<N.

Then the discrete non-wetting phase pressure P, defined by

M
P(:’h:zpn’iqﬁi’ ].STLSN,
i=1
is a secondary unknown. The upwind scheme we propose for discretizing (1.2)—(1.3) is
inspired by the finite volume scheme introduced and analyzed by Eymard al in [16]. For
each time step n, 1 < n < N, the lines of the discrete equations are

~ M
mg n,i n— z n,i n 7,1 N0\ =n,i n,i\ N,
ﬂ(5’—5 MY = emu(S) (Pt = Pty = my (fu(si)a = fu(S™)g™)

.
7j=1
(2.32)
- M
mi\y M0 n— z M8 n 7,1 N8\ =i n,i\ . m,i
) (gt ) S (S P — P) = m (lsT — 1oS™).
7=1
(2.33)
P — P = (S™), 1 <i< M, (2.34)
> mPpt=0. (2.35)
=1

Here i runs from 1 to M —1 in (2.32) and from 1 to M in (2.33); the upwind values S Sm4
are defined by
St if Pt > P
Sl = Smdif  prid < P (2.36)
max (S, S9) if  pri— pr
11



S if  pni s pri
S = Smiif Pt P (2.37)
min(S™i, §™) if P = P
We observe that
S = S S = S,

so that, if we interpret in (2.32) (respectively, (2.33)) 7., (Si") (respectively, 1,(S737)) as
Wi then (2.20) and hence (2.24) hold.
REMARK 2.5. Before setting (2.32)—(2.35) in variational form, observe that:
1. The scheme (2.32)-(2.35) forms a square system in the primary unknowns, S}' and P}.

2. Formula (2.32) is also valid for i = M. Indeed, we pass to the left-hand side the right-
hand side of (2.32) and set A’ the resulting line of index i. Let AM denote what should be
the line of index M, i.e.,

M
m . .
= ) (G ) S g (S (PR P
j=1
_ mM(fw( nM)qn,M _ fw(Sn,M)gn,M).

Then, in view of (2.24),

~ M
Z Az + AM Z ( )(Sn,z . Sn—l,i) _ Zmz (fw(slr;,l)gn,z _ fw<Sn,z>gn,z)
=1

-
=1
By summing in the same fashion the lines of (2.33), we obtain

mz

M:

M
Sn K Sn—l,i) _ Z m; (fo(sir:l,i)qmi _ fo(Sn,i)gn’i)-
=1

=1

A combination of these two equations yields

Zmz(fw VLA (Ll S+ L5 ) = = S i@ —g™) =0,

by virtue of (1.6), the definition (2.25), and (1.9).

3. In (2.32) (respectively, (2.33)), any constant can be added to P, (respectively, P,), but
in view of (2.34), the constant must be the same for both pressures. The last equation
(2.35) is added to resolve this constant. m

As usual, it is convenient to associate time functions Sy, -, P, 5, With the sequences indexed
by n. These are piecewise constant in time in ]0, T'[, for instance

Pons(t,x) = Pyy(x), a=w,0, V(t,z)€ Qx]t, 1,t,]. (2.38)
12



In view of the material of the previous subsection, we introduce the following form:

M
VWi, Un, Vi, Zn € Xy [Zhy Wi Vi, Unln = Z U'ci; W (VI = V1), (2.39)

ij=1

where the first argument Zj, indicates that the choice of Wi depends on Zj,. Such depen-
dence, used for the upwinding, will be specified further on, but it is assumed from now on
that W% satisfies (2.20). Considering (2.24), the form satisfies the following properties,

V2, Wiy Vi € Xy [ 2y Wi Vi, 1 = 0, (2.40)
1L ‘
VZMW@J@EX%,[me@ﬂ@J@h::—éE:qﬂ%AV“—VU? (2.41)
2,7=1

This last property is derived by the same argument as in proving (2.9).

With the above notation, and taking into account that (2.32) extends to i = M, the scheme
(2.32)—(2.35) has the equivalent variational form. Starting from Sy, see (2.28),

find Sy, Py, and P}, in X, for 1 < n < N, solution of, for all 6, in Xj,

]' mn n— n mn n n —n n n
;(Sh -5 1> th - [Pw,hv I (w(SK)); Pw,h7 eh]h = (Ih(fw(sin,h>>qh - fh(fw(Sh))gh, Qh)h

(2.42)
1 — 7 mn n n =1 mn mn
_;(Sﬁ — Sy 179h)ff - [Po,hv In(no(SK)); Po,hagh]h = (Ih(fO(Sin,h))qh - ]h(fo(sh))ﬂhaeh)h
(2.43)
ngh - Pg,h = In(pc(Sy)), (2.44)
(Phn1), =0, (2.45)

where the choice of 7,,(S7) in the left-hand side of (2.42) (respectively, 7,(S}) in the left-
hand side of (2.43)) is given by (2.36) (respectively (2.37)). Strictly speaking, the inter-
polation operator [, is introduced in (2.42) and (2.43) because the forms are defined for
functions of X}, but for the sake of simplicity, since only nodal values are used, it may be
dropped further on.

We shall see that under the above basic hypotheses, the discrete problem (2.42)—(2.45) has
at least one solution. In the sequel, we shall use the following discrete auxiliary pressures
(compare with (1.16)):

Uw,h,ﬂ- — Lw,h,7 + Ih(pwg(sh,ﬂ-))u Uo,h,T — Lohr — Ih(pog(sh,ﬂ-))- (246)

The following theorem is the main result of this work:

THEOREM 2.6. Under the above basic hypotheses and the additional assumptions (5.42)—
13



(5.44), the discrete solutions converge up to subsequences as follows:

lim Sy, =s strongly in L*(2x]0,T]),

(h,7)—(0,0)
li Uw,hyr = Pw + Pw li Uohir = Do — Do kly in L*(0,T; H*(
(h,T)ILI%O,O) h, Pw + P g(S), (h,r)lir%0,0) Jh, p pg(s)a wearty wn ( y 4 ( ))7
(h,Tl)iLI%O,O) Ponr = Pa, weakly in L*(Q2x]0,T]),a = w, o,

where Py + Pug, Po — Pug, and s solve the weak formulation (1.16).

The proof of the theorem requires several steps that are covered in the remaining of this
work.

3. First a priori bounds. This section is devoted to basic a priori bounds used in
proving existence of a discrete solution. Existence is fairly technical and will be postponed
till Section 4. The first step is a key bound on the discrete saturation. In a second step,
this bound will lead to a pressure estimate and in particular to a bound on the discrete
analogue of auxiliary pressures.

3.1. Maximum principle. The scheme (2.32)—(2.35) satisfies the maximum principle
property. The proof given below uses a standard argument as in [16, ?].

THEOREM 3.1. The following bounds hold:
0<S,, <L. (3.1)

Proof. As 0 < s? <1 almost everywhere, by construction (2.28), we immediately have
0< mﬂins?u < S,? < mgxsgj < 1.
The proof proceeds by contradiction. Assume that there is an index n > 1 such that
Spt<1, Sp> 1.

This means there is a node 7 such that

S = ||Sp] e () > 1,

and thus ' '
Sn,z > Sn—l,z‘
Dropping the index n in the rest of the proof, (2.32) and (2.33) imply
Y cmu(SE(PL = Pu) +mi (fulsi)T — fu(S)d') >0, (3.2)
JF#LIEN(3)
= > amelSOE = Po) = mi (fols)T = fo(5)2) > 0. (3:3)
JF#L5EN(0)

14



We first show that (3.2) holds true with S% replaced by S*. Indeed if P! > PJ. then
S =S If PP < PJ then SY = S7  and as 7, is increasing and by assumption, S7 < S?,

(S (P, = P) < nu(S)(P), = P,).
Finally, the term vanishes when P! = PJ. Therefore we have in all cases

> (SR = PL) +mi (fu(sh)d — ful(S))q') > 0. (3.4)
J#LIEN(0)

A similar argument gives

= D oSN = PY) = mi (folsi)d — fo(ST)g) > 0. (3.5)
J#4JEN )

The substitution of (2.34) into (3.5) yields

- Z ngﬁo(SZ)((Pﬂ; - Ptzu) + (pc(sj) _pc(Si))) —my (fo(sfn)qi - fo(SZ)QZ) > 0. (36)
J#4,JEN(0)

Since p. is decreasing and S* > S7, the second term in the above sum is negative. This
implies that

— > ame(SN(PL = PL) = mi (fo(sh)d — fo(SH)g') > 0. (3.7)
JF#LIEN (1)

The sum on j cancels by multiplying (3.4) by 7,(5%), (3.7) by 1,(S?), and adding the two.
The sign is unchanged because either 7,(S?) or 7,,(S?) is strictly positive. Hence,

mino(S') (fu(80)T — fu(S1)4') — minu(SY) (fo(si)T — fo(S)q") > 0.
By definition of f,, and f,, this reduces to
10(S") fuo(5ta) = 1 (S") fo(s},) > 0. (3.8)

Now consider the function:

r(8) = 0o(8) fu(sin) = M(3) fo(sin)- (3.9)

It is decreasing and r(s! ) = 0. Then, since S > 1 > s . see (1.10), we have

m?’

r(S') < r(sh) =0,

in

which contradicts (3.8). The proof of the lower bound in (3.1) follows the same lines. O
15



3.2. First pressure bounds. The following properties will be used frequently:

LEMMA 3.2. The fact that p. is strictly decreasing and (2.34) yield the following:

P! > P! and P!< P! implies S'> 57, (3.10)
If P., = P? then P!> P! if and only if S* < S7. (3.11)
If PP = P?, then P! < P! if and only if S' < S7. (3.12)

Let us start with a lower bound that removes the degeneracy caused by the mobilities when
they multiply the discrete pressures.

LEMMA 3.3. Let py, and p,, be defined in (1.12). We have for all n and any i and j

e(Un? = Uy')* < nu(Su)(Pa? = Put)* +no(SyH) (P — P)™. (3.13)

Proof. To simplify the notation, we drop the superscript n. The second mean formula for
integrals gives
Pug(S7) = pug(S') = [ fo(s)pi(s)ds = fo(&)(Pe(S7) — pe(S")), (3.14)

Si

for some & between S and S7. Using (2.34) we write

Us, = Uy = (1= fo(&))(P = P) + fo()(P] = P) = fu(€)(P], — P,)) + fo(§)(P) — F,).

Therefore since f,, + f, = 1, we have

i 72 1w (§) J pi2 10(§) J piy2
(U2 —U,) S—Uw(§)+ﬁo(§)(Pw P) +—+ (P} — P)~. (3.15)

We now consider six cases.
1) If P. > PJ and P! < PJ, then n,(S%) = n,(S) and 7,(S9) = n,(S?) when P! < P7;

when P! = PJ, the value of 7, does not matter. From (3.10) we then have S* > S7. Since
1w 18 increasing, n,,(£) < n,(S?) and since 7, is decreasing, 7,(£) < 1,(57). Thus we have

J o TTi2 1w (S7) J piy2 10(SY) J N2
R R Y 3 MR G W A A
and with (1.8)
(UL, = U,)* < L (10 (S) (P, — Py,)* +1o(SF)(P) — B,)?) - (3.16)

*

16



2) If P! > PJ and P! > PJ | then n,(S%) = n,(S%) and n,(S¥) = 1,(S?). From

gi
1o(S) (Pe(57) = pe(S7)) = (6(S) + 1 (S")) | fo(ST)pL(s)ds,

Si

and (3.14), we derive

10(S") (pe(S57) = Pe(S) = (1o(S") + 0w (S)) (Pug (S7) — Pug(SY))

SI

= (6(SY) +mw(S) | (fo(S") = fols))pl(s)ds.

St

As p. and f, are decreasing, the above right-hand side is negative. Hence
(S (Pe(S7) = pe(S")) = (16(S) + 10 (7)) (Pug(S7) — Puy(S')) < 0. (3.17)
We multiply (3.17) by (P — P!) + (PJ — P!) < 0 and use (2.34),
(76(S") (Pe(S7)=pe(5)) = (M6(S") +10(S")) (Pug (S7) —Pug(51))) (2(P = Py,) + pe(S7) — pe(S')) = 0.
By expanding and using the next inequality implied by (3.14), if f,(§) # 0,
(Pug(57) = Pug(S) (Re(S7) = pe(S")) = (Pug(S7) — pug(S"))?,
we obtain

(SN (PlS7) — pel S + 20,(8) (el S) — pe(S)(PL — Pi) >
(1o(S") + 10 (5)) (Pug (57) = Pug(5)) (2P = Ph) + Pug(57) = pug(5))

When (1,(S%) + 1,(S")) (P4 — P?)? is added to both sides, this becomes
(S (P, = Po)* +10(S)(P) = Pp)* = (0o(S") + nu(SO)UY, = U,,)%,

and (1.8) implies the desired result. It remains to consider the case f,(£) = 0, i.e., puy(S7) =
Pug(SY). If n,(S%) # 0, then (3.17) yields

Pe(S7) — pe(S") < 0 which implies P! — P/ > P! — P
and we deduce immediately
(ST (P), = Py)* +no(S)VP) = Py)* = (0(S") +1o(S)(Ph, = P)* = nu(P), — P)%.
When 7,(S%) = 0, we have trivially
(S (P = P)* +no(S)(P — P;)* = nu(S) (P, — P,)* 2 nu(P), = P,)".
3) If P < PJ and P! > PJ | then n,(5%) = n,(S7) and n,(S¥) = 1,(5?) in the case of a
strict inequality; also S* < S7. Then (3.15) and the monotonic properties of 1, and 7,

yield (3.13). If P! = PJ_ then according to (3.11), S* < S’ and the same conclusion holds.
17




4) If P! < PJ and P! = P, then from (3.12), we have S* < S’ and with (3.15)

Nw(§) le(Sfﬁ)
Nw(§) +10(8) Nw(§) +10(€)

which is the desired result.

5) Similarly, if P{ = PJ and P! < P?, then from (3.11), we have S < S% and with (3.15)

7 TT1\2 770(5) 770(5?)
N I RGETNG

6) If P! < PJ and P! < PJ, (3.13) follows from the second case by switching i and j. O

U, = U,)* < (P —P,)* < (P —P,)%,

(P = P)* < (P = P)*.

The pressure bound in the next theorem is the one that arises naturally from the left-hand
side of (2.42) and (2.43).

THEOREM 3.4. There exists a constant C, independent of h and T, such that

N M

TN e (nu(SET) (P = PRI)? 4o (Sp ) (PR = PRI)?) < C. (3.18)

n=14,j=1

Proof. We test (2.42) by Py, (2.43) by P}, add the two equations, multiply by 7 and
sum over n from 1 to N. By using (2.44) and (2.41), we obtain

N

(Sh Sn 1 Ihpc(Sh : %Z Z chjna Snw)(pnz Pn])

n=1 a=w,o i,j=1
N

= ZT Z (fa( 1nh) foz(Sh)qMPgh)

(3.19)

Following [16], the first term in (3.19) is treated with the primitive g. of p., see (1.11).
Indeed, by the mean-value theorem, there exists & between S™ and S~ 1% such that

gC<Sn,i) . gC(Sn—l,i) — _(Sn,i . Sn_l’i)pc(f).

As the function p,. is decreasing, then p.(£) > p.(S™") when S™' > S" b and p.(¢) <
p(S™") when S™¢ < S"~1i In both cases, we have

gc(Sn,i> - gc(Snfl,i) S _(Sn,z - Snfl,i)pc(sn,i%

and owing that ¢ is positive and constant in time, (3.19) can be replaced by the inequality

(9(57) = 9e(SR), 1), + Z ZZczma (Se) (Pt = Pyl)?

a=w,0%,j=1

! (3.20)
S ZT Z (fa( mh) fa<5h)qh’ a,h )h'

n=1 a=w,o

18



As the first term in the above left-hand side is bounded, owing to the continuity of g. and
boundedness of S}, ;, it suffices to handle the right-hand side. Let us drop the superscript
n and treat one term in the time sum. Following again [16], in view of Lemma 3.3 we use
the auxiliary pressures p,, and py,, defined in (1.12). Clearly, (1.14) and (2.34) imply

P+ Pug(S") + Pog(S) + pe(0) = Py, Vi (3.21)
Using this, a generic term, say Y, in the right-hand side of (3.20) can be expressed as

Y :(th - gh’ Uw,h)h + (fo(sin,h)Qh - fo(Sh)gh7pc(0>)h
+ (fO(Sin,h)Qh - fo(Sh)gh7pog(Sh))h - (fw(sin,h)(jh - fw(Sh)gh,pwg(Sh))h =T+ -+ 1Ty

We now bound each term T;. For Tj, (2.31) implies that any constant § can be added
to Uy p, in particular 5 can be chosen so that the sum has zero mean value in 2. Hence,
considering the generalized Poincaré inequality

Yo € H(Q), ]| 220y < C(‘ /Qv| + HVvHLz(Q)), (3.22)
with a constant C', depending only on the domain €2, we have

|Uw,n + Bl < CllUwn + Bllz2) < OV Unnllz2 )

with another constant C'. Then Young’s inequality yields

2
T <
7] < 5

_ U
11— 4, + 2219 Ve,

and with Lemma 3.3, this becomes
2 1 &
T < gl = g, ll5+ 3 D i (u(S)(PL = Po)* + mo(SY)P] = Fo)?)

ij=1

The term 75 is easily bounded since p.(0) is a number, and so are the terms T3 and Ty, in
view of the boundedness of the saturation and the continuity of p,, and p,,,. We thus have

Ty + T3 + Tu| < C([|gnllre) + g, |21 @)
Then substituting these bounds for each n into (3.20), we obtain

N M
Ty > (S (PR = PUo) 4 no(Sp) (Pt = Pp)?) < Cllans — 4, 220

n=14i,j=1

e~ =

+ [|Gn | 21 @xj0.77) + th’THLl(QX]O,T[))a

thus proving (3.18). O
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By combining Theorem 3.4 with Lemma 3.3, we immediately derive a bound on the discrete
auxiliary pressures. The bound (3.23) with a = o follows from the same with a = w, (1.14),
and (2.34).

THEOREM 3.5. We have for a = w, o0
11V Uiz 720570 < C (3.23)
with the constant C' of (3.18).

4. Existence of numerical solution. We fix n > 1 and assume there exists a solution
(Sp~t, Pty at time ¢! with 0 < Sp~' < 1. We want to show existence of a solution
(Sh, Py ) by means of the topological degree [11, 12].

Let 6 be a constant parameter in [0,1]. For any continuous function f : [0,1] — IR, we
define the transformed function f : [0,1] — IR by

Vs € [0,1], f(s)= f(ts+ (1 —1)h).

Since 6 is fixed, when ¢ = 0, f(s)

= f(0), a constant independent of s. Now, (2.45) implies
that any solution P, , of (2.42)-(2.45

) belongs to the following subspace Xy, of X,
XO,h = {Ah € Xh;/ Ah = 0} (41)
Q

This suggests to define the mapping F : [0, 1] X X, x Xo, — Xp, X Xo 4 by
F<t7 C? A) = (Ah> Ah + Bh)a

where Aj,, respectively By, solves for all O, € X,

(A1, 01) = (G~ S5~ O0)5 — [, TnTa(G)); Ao O],

L . (4.2)
_(Ih(fw(sﬁl,h))tqg - [h(fw(Ch))tQZ7 G)h)ha
(Bio©) = (G~ Si O} = [Pons TG0 Pos 1, (4.3)
—(In(fo(si ) tan — In(fo(Ch))ta,, Oh),;
and P, is defined by
Py = A — Tn(5u(Ca). (4.4)

The choice of 1,(¢;) in (4.2) (respectively 7,(¢,) in (4.3)) is given by (2.36) (respectively
(2.37)) where A, plays the role of P, ;, and P, is defined in (4.4). Asin (2.36) and (2.37),
it leads us to introduce the variables (% and (% for all 1 < 4,7 < M. Clearly, (4.2)-(4.4)
determine uniquely A, and B}, and it is easy to check that A;, + Bj, belongs to X .
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The mapping ¢t — F(t,(n, Ap) is continuous. Indeed, since the space has finite dimension,
we only need to check continuity of the upwinding. By splitting = into its positive and
negative part, x = z* + 27, the upwind term, say 7,,(¢¥)(PJ — P!) reads

TG (P, = Po) = nu(t¢" + (1= )0) ((P], = P,)-) + mu(t¢? + (L= 1)0) (P, — P,)+),

which is continuous with respect to ¢.

We remark that F(1,(,, Ay) = 0 implies that (¢, Ap) solves (2.42)—(2.45). Conversely, if
(Ch, A1) solves (2.42)—(2.45) then F(1, (s, Ap) = 0. Thus showing existence of a solution
to the problem (2.42)—(2.45) is equivalent to showing existence of a zero of F(1, (s, Ap).
Before proving existence of a zero, we use the estimates established in the previous section
to determine an a priori bound of any zero ((, An) of F(1,¢n, Ap).

4.1. A priori bounds on ((,, Ay,). In the following we consider ¢ € [0, 1] and ((,, Ap) €
Xy, x Xo, that satisfy
F(t,Crs Ap) = 0. (4.5)
We first show that (j, satisfies a maximum principle.

PROPOSITION 4.1. The following bounds hold for all (t,(n, Ap) satisfying (4.5):

0<¢ <1 (4.6)

Proof. Either t €]0, 1] or t = 0. The proof for ¢ €]0, 1] follows closely the argument used in
proving Theorem 3.1 and is left to the reader. For ¢t = 0 we proceed again by contradiction.
Assume first that ||(a|[ze(@) > 1, i.e., there is a node ¢ such that

¢ =l > 12 8"

As t =0, (4.5) reduces to

D me@)N = A) >0, =) eme(@)(A = AN) >0, VI<i< M.

i j#i
Since 7, and 7, are non-negative functions satisfying (1.8), the inequalities above yield a
contradiction. A similar argument is used to show that (; > 0. O
Next we show the following bound on Ay,.
PROPOSITION 4.2. There is a constant C' such that for all t € [0,1] we have

iy Z Cij (N — A+ pug(t¢ + (1 — £)0) — pug(t¢* + (1 — t)é)))2 <C. (4.7)

ij=1
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Proof. The proof follows closely that of Theorem 3.5. First we show there exists a constant
(' independent of ¢ such that

M
S ey (G + (1 = 9) (AT — A2 5,43 + (1= £)0) (P, — Pi)® < O,

i,j=1

with P, ), defined in (4.4). This bound is obtained via arguments similar to those used in
proving Theorem 3.4. The main difference is that the formula is neither summed over n
nor multiplied by the time step 7. As a consequence, the constant ' includes a term of
the form 77||g.|| Lo () arising from the bound of the discrete time derivative. To finish the
proof we must show that

e (N — N 4 P (07 + (1 = £)8) = pug (¢ + (1 — 1)0))” < 7 (¢ + (1 — £)0) (A — A2
+o(t6; + (1= 1)0)(P] — P))”.
By (1.8), this is trivially satisfied when ¢ = 0. When ¢ €]0, 1], the argument is the same as
in the proof of Lemma 3.3. O
Propositions 4.1 and 4.2 are combined to obtain a bound on ||(ulln + || An|ls-

PROPOSITION 4.3. There exists a constant Ry > 0, independent of t € [0, 1], such that
any solution (Cy, Ap) of (4.5) satisfies

[Culln + [[Anlln < R (4.8)

Proof. According to Proposition 4.1, there exists a constant C; independent of ¢ such that

[Cnlln < Ch.

To establish a bound on ||Ay||n, we infer from (1.12) that the function |p,,| is bounded
by p.(0) — p.(1) because f, is bounded by one and p, is a decreasing function. Thus (4.7)
implies that there exists a constant C'y independent of ¢ that satisfies

M
- | e
ey (W =AY SOy e VAl < ¥

ij=1
owing to (2.10). As A, € Xpy, the generalized Poincaré inequality (3.22) shows there
exists a constant C'5 independent of ¢ such that

(4.9)

[An]lr2(Q) < Cs.
Then the equivalence of norm (2.5) yields
[Anlln < Cy,

and (4.8) follows by setting R; = Cy + Cy, a constant independent of ¢. O
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4.2. Proof of existence. For any R > 0, let B denote the ball
Br = {(Ch, An) € X x Xop t |Gulln + [[Arlln < R}, (4.10)

and let Ry = R; + 1, where R; is the constant of (4.8). Since all solutions (s, As) of
(4.5) are in the ball Bpg,, this function has no zero on the boundary 0Bg,. Existence of a
solution of (2.42)—(2.45) follows from the following result:

THEOREM 4.4. The equation F(1,(y, Ap) = 0 has at least one solution (¢, Ap) € Br,.
Proof. The proof proceeds in two steps.
First, we show that the system with ¢ = 0 has a solution:

f(ov Ch7Ah> = 0.

This is a square linear system in finite dimension, so existence is equivalent to uniqueness.
Thus we assume that it has two solutions, and for convenience, we still denote by (p, Ap)
the difference between the two solutions. The system reads

Tig— 3 cma®W —A) =0, 1<i<M, (4.11)
T JAL,JEN(7)
a0 ST gm0V —A) =0, 1<i< M, (4.12)
T i JEN ()

> mAt = 0. (4.13)

We add the first two equations, multiply by A’, and sum over i. Then (2.10) and (2.41)
imply that A, is a constant and finally (4.13) shows that this constant is zero. This yields

¢n = 0.
Next, we argue on the topological degree. Since the topological degree of a linear map is
the sign of its determinant, we have

d(F (0, Crs An), Bry, 0) # 0.

We also know that d(F(t,(n, Ar), Br,,0) is independent of t since the mapping ¢ +—
F(t,Cn, Ap) is continuous and for every ¢ € [0, 1], if F (¢, (n, Ap) = 0, then (¢p, Ap) does not
belong to 0Bp,. Therefore we have

d(F(1,Ch, An), Br,,0) = d(F(0, Ch, An), Bgr,,0) # 0.
This implies that F(1, (s, Ay) has a zero (¢n, Ap) € Bgr,. O

5. Additional pressure estimates. The pressure estimates (3.18) and (3.23) are
not sufficient to pass to the limit in the scheme (2.42)—(2.45). These are nonlinear equa-
tions and we need strong convergences that do not stem directly from (3.18) and (3.23).
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Following [16], we propose to derive a bound for the gradient of ¢, see (1.13), at s = S}, ;.
Then, under suitable assumptions on the behavior of 7], 7., and p., we shall prove the
strong convergence of g(Sy,) in L?(2x]0,T[) and in turn the strong convergence of Sy,
in L?(Q2x]0,TY).

Estimating the gradient of g(Sy ;) is a long and intricate process; it is based on the fact
that

l9(S™7) = g(S™)|* < C(fu(S™) = fu(S™)) (9(S™) — g(S™)),
see (5.59). Therefore, we must derive a bound for the product of the gradients of g and
fw- This is split into several steps.
5.1. A preliminary inequality. Our starting step is the following inequality:

PROPOSITION 5.1. There exists a constant C independent of h and T such that

- Z Z Pl (8205 fa(S7)s P, = Ba, (5.1)
where the remainder Ry satisfies |Ry| < Cf.

Proof. By testing (2.42) with I, f,,(S)) and (2.43) with I, f,(S}), adding the resulting
equalities, and multiplying by 7, we obtain

N N
D (S =S oS = oSN =D 7 Y [Pl St £a(SR), Pasl,
n=1 n=1 a=o,w

- /0 (@ 3 Salsimne)fa(Shn), = (@0 D (alSh)?),) < Alallzs@ory.

a=o,w a=o0,w

(5.2)

in view of (1.6) and (1.9). To control the time difference of S, ,, we introduce the global
flux defined by

Ve e [0,1], G(x)= /: (fu(s) = fols))ds, (5.3)

and we write
(Sh = Sh ™) (fu(Sh) = fo(SR)) = (Sk = S G (Sp).
But by (1.6), G'(z) = 2f,(x) — 1 is increasing. Hence, considering that
G(Sp) = G(Si) = (Sy = Sy )G (),

for some ¢ between S — S7! we easily check that

G(Sp) — G(Sy™) < (Sy = Sp )G (Sp)-
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Thus, the properties of ¢ imply

N

Y (Sh=Si fulSi) = fo(S))y 2 (G(SR), D)f = (G(SR), D).

n=1
But the boundedness of Sy, -, the continuity of f,, and the properties of ¢ imply
|(G(Sy), DF = (G(S), DE| < ¢,
with a constant C' independent of h and 7. By substituting these inequalities into (5.2)
we derive (51) with Cl =4 ||Q||L1(Q><]O,T[) + C'. o

5.2. Some discrete total flux inequalities. In this section, it is convenient to work
directly on the scheme (2.32)—(2.33). For each index i, the sum of the equations (2.32) and
(2.33) give, for 1 <i < M and 1 <n < N,

= > mSEPET — ) 4 no(SE ) (P = P)| = mi(a = g,
J#LJEN (1)

Following [16], this suggests to define a discrete anti-symmetric upwinded total flux,

Fi = (S (PT — P — 1, (S0) (P — Py, (5.4)
it satisfies - A )
- 5
G, EN (i)

This identity yields a first bound for the discrete total flux.
PROPOSITION 5.2. The discrete total flur F™% satisfies the following bounds for o = w, 0:

N M
‘ ZT Z fg(S"’i)Cian’ij‘ < 2|l rxo,1p)- (5.6)

n=1 ij=1

Proof. The statement follows by multiplying (5.5) with 7 f2(S™"), and summing

N M N M
ST LS ey Fr =3T3 ma A5 (6 — ¢ < 21l @y
n=1 =1

=1 ij=1 n=1
a

To simplify some of the calculations below, it is convenient to drop the time superscript n,
when there is no ambiguity, and restore it when needed.

By using the relation (1.7), F"/ can also be written as
FY7 = — (nu(Si]) +10(S5)) (Pl = Po) = 16(S5) (pe(S7) — pe(S"))

= — () +16(S)) (P] = Py) 4 1(S22) (pe(S7) = pe(S7)).-
25
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In order to insert it into (5.1), we bring forward F'* in the expressions for 1, (S%) (P — P!),
a = w,o. Starting from the identity

Hu(SS)(P) = Pi) = fu(SH) | (ml(S3) + 1o(SH)) (P = Pi) + 1a(S5) (pe(S7) = pe(57)
(S (pe(7) = pe(%) + ((S) = mo(SE)) (P — PL)]
the expression (5.7) leads to
(S (P = PL) = Fu(SH) = F7 (S (pe(87) = pe(5) + (n(SH) —10(S)) (P = Py

(5.8)
Similarly,
oS (] = Pi) = fol(S5) | = FY 40 (S)(pel87) = pe(5)) + (1 (SE) —mul(S)) (P = P2
(5.9)

We also introduce the anti-symmetric quantities that collect the terms other than F% in

(5.8) and (5.9),

C = 1o(S) (Pe(57) = pe(SY)) = (06(Si) = mo(S57)) (P, = Po), (5.10)
C = =1u(ST) (pe(87) = pe(8) = (1u(SF) = m(SD) (P = Fy). (511

With this notation, we have
10 (S2)(PI — Pi) = fo(ST)[ - F7 — CY], a=w,o.

Thus, the term that is summed over ¢ in (5.1) has the expression

Y A X e SE )= X AAS) X eutdSH(F 4 0)

a=w,o J#4LIEN (@) a=w,o J#LIEN (3)
(5.12)
Now, we reintroduce the superscript n and to simplify, we set
Al,in - Z fa SnZ Zcz]fa Sn” Fnl] (513)
azn—fa Snl ch]fa Snz])cnz] (514)

With this notation, our next proposition is derlved by substituting (5.12)—(5.14) into (5.1).
PROPOSITION 5.3. We have, with the remainder Ry of (5.1),

Z ZA“"*Z ZZAwn: . (5.15)

i=1 a=w,o

We must transform suitably each term in this sum to bring forward g. Let us start with
the first term of (5.15), i.e., the combination of the discrete total flux.
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5.3. Combination of the discrete total flux. To simplify, let A; denote the first

term,
Z Z 2 [fa (5™) Czafa(S””)F"w}

1,7=1 a=w,o

Inspired by (5.6), we introduce the difference

Ag= A= 307 7 (JAS™) + F2(S™)) ey Y.

n=1 ij=1

Clearly, A, collects the discrepancies arising from the upwinding,

Z S 5 [ e lsi) - st 6o

1,j=1 a=w,o

As (5.6) yields
A1 = A2 + RQ, with ‘RZ’ S 4 HQHLl(QX]O,T[)a (517)

a bound for A; stems from a bound for A,. To this end, in view of (5.16), it is useful to
consider the four subsets of indices j € N(i),j # 4, union and intersection:

Nu(i) ={j € N(i); Py7 > Pp'}, No(i) = {j e N(i); P > P}
Nus(i) =45 € N(i),j # i3 Py = Py, ™ > S™1},
Nos(i) ={j e N(i),j #i; P = P™ S™ < S} (5.18)
UN (i) = Nu () UNG (i) U Noy 5(2) U NG 5(2),
Nx(i) = {j e N(i); P > P™ and P™ > P™}.
Strictly speaking, these subsets should we written with the superscript n, but we omit it
for the sake of simplicity. Then we have the following bound for As:

PROPOSITION 5.4. There exists a constant Cy, independent of h and 7, such that

—_

52 Z Z cij (fu(S™) fw(Sn’i)an’ijJrRs, (5.19)

n=1 =1 jeUN (i)

where the remainder R3 satisfies

|R3| < Co = 2||ql| 21 (xj0.1p-

Proof. Let us drop the superscript n. By definition, f,,(S%) — f,(S%) = 0 when P! > PJ
and when P! = PJ and S* > S7. Similarly, f,(S¥7) — f,(S%) = 0 when P! > PJ and when
P! = PJ and S™" < §7. Therefore, the nth term in A, say as, reduces to

M
Qg = Z Z fa(Si) Z Cij (fa(Sj) _ fa(Si))Fij.
1=1 a=w,o FENW (1) UN 5 (i)
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By expanding the products, this can be written
M
1 ) ) ) ) .
=3 S () - A+ (falS) — LSV (5.20)
i=1 a=w,0 jeN(1)UNy, s (%)

Since ¢;; vanishes when j is not a neighbor of i, we have, by interchanging 7 and j and
using the anti-symmetry of F¥ and the symmetry of ¢;;,

M M
SN RSP =Y SR (521)
i=1 jEN(3) i=1,j=1,Pi<Pi
Similarly,
M M
N> A = > cij fo(SHFY. (5.22)
i=1 jeN, 5(i) i=1,j=1,Pi =P}, 51>5i
Hence
M M
3 Y (R - BN = =5 Y s
2 1] w w - 2 17Jw ?
i=1 jEN (i) i=1,j=1,P%#Pj,
and u o
1 ) ) . 1 Ny
Y B - BENF =5 Y efiS)EY,
i=1 jeNuy s5(i) i=1,j=1,P}, =P},

because there is no contribution from the indices i, j such that P!, = P7 S = S7 since in
this case the factor F = (. The same is true for the non-wetting phase. Thus

1 l | R al o
) DD D e(fAS) - fAS))FY = -3 ST eufASHFY.
a=w,0 i=1 jENa()UNa,s(7) a=w,0i=1,j=1

By comparing with (5.6), we see that

I v | o
’5 ZTZ Z Z Cij (fi(S””) - fi(snd))pn,zy} < 2||Q||L1(Qx}07T[)- (5.23)

n=1 i=1 a=w,0 jeENL(1)UNy, s (i)

This and the equality

(FolS™) = folS™))" = (fulS™) = fulS™)",
readily imply (5.19). O
Now, we set
3 ‘ . 14 3
AV = e (fulS) ~ FulSD)FY, as=—3 3 3 . (5.24)

=1 jeUN (i
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The next proposition simplifies the expression for as.

PROPOSITION 5.5. We have

Z Z e (ful &) = fulS)°FY. (5.25)

Proof. By expanding the indices in the set UN (i), interchanging the indices i and j, and
using the anti-symmetry of AY, we derive

1 . . -
- ij ij ij
(0> >FCES SRR SR)!
a=w,0 pi> pJ Pi=P},5i<Si Pi=PJ],Si<Si
Now, we split the first two sums above as follows:

ooy av=2 Y AT+ Y AT+ Y AY

a=w,0 pi > P Pi>P), Pi>P] Pi>P},Pi<P] Pi>P},Pi <P,

w w =

This leads to
) _ 17 17 1) 1]

DOIIEEIEND SERVIETED SENV LR SNV S O

JENF () Pi,>P},,Pi<P] Pi>PJ] Pi<P)], Pi=P},,Si<Si Pi=P) 8i<Si
The anti-symmetry of AY gives

X owee Y owe ¥ ow
Pi>Pj, Pi<P] PL>Pi PI<pi Pi>Pi Pi=pi

By substituting and applying twice again the anti-symmetry of A%, we derive

a?,:ZA%F%( )P RS DY URSE WY U RS A"j>.

JENF(i) Pi>P],Pi=P), Pi,>P), Pi=P] Pi=P},,81<S Pi=P],Si<Si
(5.26)
Note that

dooooAT= Y AV

Pi>P] Pi=Pj}, Pi>PJ Pi=P}
since the additional term is zero. Therefore, in view of first (3.11) and next (3.12),
I S S D VI
Pi>P},P},=F], P},=P},S1<SI P},> P}, Pi=P} Pi=P} 5i>5i
Thus all terms multiplying 3 in (5.26) are cancelled and we recover (5.25). O

By applying (5.17) and Propositions 5.4 and 5.5, A; has the following expression:
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PROPOSITION 5. 6 We have

Z Z Z [fa Snl cl]fa Sn”)F””}

1,j=1 a=w,o0

ZTZ S e (Ful(S™) = fulS™) F™ + Ry,
n=1 =1 jeNz(i)
where
|Ra| < 61|22 (2x10.7p- (5.28)

This settles the contribution of the first term of (5.15); the second terms are handled in
the next subsection.

5.4. Terms involving the capillary pressure and mobility. These are the terms
Aq.in defined in (5.14). By virtue of the anti—symmetry of C, we can write for a = w, 0

M
D falS)eiifalSE) CH = —= Z Fal(S7) — folS?))cij fa(SF) C. (5.29)
i,j=1 Z] 1

Owing to (1.6), the term with a = o in the right-hand side is 3 Z%Zl (fuw(S7) = fu(S)) cis fo(SH) CH.
Therefore,

M M
DD Avin =5 > e (FulS™) = Fu(S™)) (= fulS) O + fo(S3) C3Y). (5.30)
a=w,o0 i=1 i,7=1

Let K% denote the symmetric term
K9 1= e (£u(5™) = fulS™)) (= SulS5¥) O + Jol(S57) C57);
by virtue of this symmetry, we have
- 1
> ZA“”‘” = Z KMo Z K. (5.31)
a=w,o =1 Pt pmd pri=pmJ

5.5. Combining all terms. By substituting (5.27) and (5.31) into (5.15), we obtain
the next lemma.

LEMMA 5.7. We have

Y [ P, = [ (3 el - s

n=1 a=o,w =1 jENE(i)
= D ci(fulS™) = fulS™)) (Fu(S57) CL¥ — fo(S5) Cp¥)
P> PRI
—5 5 eulhulS") — (S (RS CL £ C1))] + R
Pyi=ppI

(5.32)
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with Ry bounded by (5.28).

Thus, to bring forward g, we must suitably combine the terms of the above sum over 1,
and this is done by examining all pairs of indices (4, 7) involved in (5.32), i.e., the pairs of
indices in the following sets: (i) P! > PJ and P! > PJ, (ii) P! > PJ and P! < PJ, (iii)
P > PJ and P! = P/, (iv) P{ = PJ and P! > P’ (v) P. = PJ and P! < PJ. Note
that the sixth case that would be P. = PJ and P! = PJ brings no information because it
implies that S* = S7.

For the argument below, we shall use the following intermediate result.

PROPOSITION 5.8. For each indices i and j, there exist (non unique) points o and o/
between S* and S7 such that

g(Sj) - g(Sl) = _no(a)fw(a> (pc(Sj) _pc(SiD = _nw(a/>fo(0/> (pc(Sj) _pc<Si))' (533)

Proof. By the definition (1.13),
. . 7 , 7 ,
o) = o(5) == [ ml@ ey de == [ n@ b . (6534

Since the functions 7, f,, and 7, f, are continuous and do not change sign between S* and
59, (5.33) follows from the second mean formula for integrals. O

To simplify, the superscript n is dropped.

5.5.1. The case P! > P/ and P! > PJ. The following holds:
PROPOSITION 5.9. Let P! > PJ and P! > PJ; then the factor of T in (5.32) satisfies
cig (Ful$) = £ul8) ((Fa(87) = FulSD)FY = (£ulSCE = £o(S)CE) )

A . A A (5.35)
> Cij (fw(S]) - fw(SZ» (Q(SJ) - 9(51))-

Proof. Let EY denote the left-hand side of (5.35). In the case P! > PJ and P! > PJ an
expansion of F¥ and C% yields

B = = =iy (ful(S7) = ful(8) (3u(8") + 10(5) (P, = P)

— Cij (fw(sj) - fw(Sl)) (pc<Sj) - pc(SZ>) (no(si) (fw(5]> - fw(SZ» +2

le(Si)Uo(Si) )
M (S?) 4+ n0(S7) /-

As P! > PJ_ the first line in the above right-hand side is nonnegative and hence

B > =i (fu(S7) = fu(SD) (e(57) = pe(S))16(ST) (fu(S7) + fu(S7)).-
Now, either S* < S7 or §* > S7. If S* < S7, then f,(S57) > f,(S") and p.(S?) < p.(S?)
because f,, is increasing and p. is decreasing. This implies in particular that
EY > — i (fu(S7) = fu(S")) (Pe(S7) = pe(S)) 1o (S") fur(S57)
> —Cij (fw(5j> - fw(sz)) (pC(Sj) - pC(Si))T]O(JJ)fw(I),
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for any = between S* and S7. Then (5.35) follows from the first part of (5.33).
If S* > S7, then f,,(S7) — fu(S") <0, p(S7) — p.(S*) > 0, and we infer from (1.7) that E%

reads
B9 =y (£ulS7) — £ulS) [ 005) + mlSY) (Ful ) — £ul5) (P~ )
+ (fuw(S7) = fu(S) (1(S7) +10(S7)) (pe(S7) = pe(SY))

i j i i i nw(si>770(5i>
+ () = pe(57) (1) (1ulS") — £ul ) + 2 T S ).

Since P! — PJ > 0, the first line in the above right-hand side is nonnegative, and thus

B 265 (ful8) = 1o(5)) (0e(57) = pe(5) [(1u(5%) = fu(87)) (1(5) + 1o(5))

3y i i 1 (S)10(S°)
+ (Ful87) = fulS) (ST +2, " no(S")}’

which reduces to
EY > cij(fu(S7) = fu(S7)) (e(S7) = pe(S7)) 0 (ST) (fo(S7) + £o(S7)).-
This leads for instance to

EY > = cij(fu(S7) = fu(S)) (pe(S7) = pe(S")) 10 (S") £o(S7)
> =i (fu(S) = fu(S) (pe(S7) = pe(S") 1w () fol),

for any = between S’ and S7. Then (5.35) follows from the second part of (5.33). O

5.5.2. The case P! > P} and P! < PJ. We have
PROPOSITION 5.10. Let P! > PJ and P! < P?; then the factor of T in (5.32) satisfies

Proof. Let EY denote the left-hand side of (5.36). We have P/ — P! < 0 and P/ — P! > (.
Then S¥ = S and S¥ = S7; also 7 < S* which implies that 7,(S7) < 7,(S?) and
16(S7) > n,(S?). The expression for C% becomes (see (5.10) and (5.11))

C = 15(S7) (pe(57) = pe(S) = (1o(S7) = 1o(S7)) (P — PL),

Cyl = =) (pe(57) = pe(S") = (m(S7) = 1 (5) (P] = F}).
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Hence

B = — iy (fu(8) = FulS) (FulS) (16(57) (pe(S7) = pe(57)) + (16(57) = m(S1) (P] = Py)
- 1oS7) (1l(S7) (pe(87) = pe(5) + (nu(S7) = mu(SY) (P = P2)))
= =i (ful) = Ful8Y) (B2 = B (Ful ) (10(57) = 1(5) + 1ol 5") (na(87) = 1u(5Y))
+ (pelS7) = pelSY) (Ful S16(S7) + Ful ST (7))
— —cii(FulS7) = fulS >)(<Pﬂ P2 (ful S (16(57) = 10(S9) + £o(S) (mulS) = mu(5)))
+ (pe(S7) = pe(8) (S (FulS) + £:(57)) ).

It follows from the above considerations that

—¢ii (fu(S7) = fuw(S%)) (pe(S7) = pe(S)) 0 (S7) (fo(S?) + fo(S7))
> —Cij(fu( ) = ful(S) (pe(S7) = pe(S)) 0 (S7) £(57))
> = (fw(sj> fw<SZ)) (pC(Sj) —pc(Si))T]w(x)fo(x)),

for any x between S* and S7. Now, the sign of the factor
Fu(S) (16(87) = 10(5%)) + fo(S7) (1(S7) — 1(S"))
is not clear. If it is nonnegative, then the whole term
—Cij (fu(S7) = fu(SONP) = Po) (fulS) (06(S7) = 06(S")) + fo(87) (nu(S7) = 10(S5")))
is also nonnegative,
EY > —Cij (fw(Sj) - fw(Sz)) (pC(Sj) - Pc(Si))nw(l")fo(ﬂf))-
and (5.36) follows from (5.33). If
fw(si>(770(sj) - no(SZ)) + fo(Sj)(nw<Sj) - nw(SZ)) <0
then we rewrite E¥ in terms of P,
EY = =i (Ful 8) = Ju(S) [(Ph = PO (Ju(S) (16(57) = m(ST) + JolS7) (m(S7) = 1 ("))
+ (pe(8) = pel89) (Ful S () + 1u(S)1(57)) |
Since the first line is now nonnegative, we infer

EY7 > = ¢ij(fu(S7) = fu(S") (Pe(S) = pe(S)10(S7) (fu () + fu(S))
> —Cij (fw(S]) - fw(sz>) (pc(Sj) - pc(Si))%(x)fw(x)7

again for any x between S* and 57, and the result follows from (5.33). O
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5.5.3. The case P! > P/ and P! = PJ. In this case, p.(57) — p.(S*) > 0, §7 < S°,
and we have the following result:

PROPOSITION 5.11. Let P! > P! and P! = P?; then the factor of T in (5.32) satisfies

Proof. Let E% denote the left-hand side of (5.37). We have C7 = 1,(S")(pc(57) — pc(57))
and C¥ = —n,,(5%) (pc(S7) — pc(S")). Hence

EY = —cij(fu(S7) = fu(S) (fu(S)16(S) + fo(S))1u(S)) (pe(S7) = pe(ST))
= —¢ij (fu(8) = £u(S)) (Pe(S7) = pe(S") (16(S") fus(S) + 1 (S7) fo(57)).

From here, (5.37) is derived as in the end of the proof of Proposition 5.10. O

5.5.4. The case P! = P} and P! > PJ. In this case, p.(S7) < p.(S?) and S7 > S'.
We have the following result:

PROPOSITION 5.12. Let P! = PJ and P! > P?; then the factor of T in (5.32) satisfies
=565 (Jul(57) = ful(S)) (Ju(S)C = [o(S)CF) = i3 (fu(S7) = fu(5) (9(5) — 9(57))
(5.38)

Proof. In this case, C% ;'no(Si)(pc(Sj) — pe(99) and C7 = —n,(S") (pe(57) — pe(57)).
Then the left-hand side E of (5.38) is
EY = — %%‘ (fu(S7) = fu(S) (Pe(S7) = pe(S")) (fu(S7)10(S") + fo(S")mu(S"))

1 . ) . ) . .
> =56 (fu(5) = fu(S) (e(S7) = Pe(5") ful S)mo(S"),
and the proof of (5.38) proceeds as above. O

5.5.5. The case P! = PJ and P! < PJ. In this case, p.(S?) > p.(S?) and hence
St > S7. We have the following result:

PROPOSITION 5.13. Let P! = PJ and P! < P?; then the factor of T in (5.32) satisfies
—56i5 (Jul(57) = fu(S)) (Ju(S)CY = So(S)CF) 2 5ei5 (fu(S7) = fu(5) (9(5) — 9(57)).
(5.39)

34



Proof. Tn this case, C = 1,(S7) (pe(57) — po(89) and CF = ~u(89) (4 (S7) — pu(8).
Then the left-hand side E% of (5.38) is

B =— %cz-j(fwwj) = fu(8D) (Pe(87) = pe(S) (Fu(S)06(S7) + Fo(57)1(S7))
> —%cﬁ (fulS7) = fu(5D) (Pe(S7) = pe(5")) o (S7) £ (57),
and the proof of (5.39) ends as above. O

5.6. Auxiliary bound for the gradient of g. The following theorem is the first
outcome of this section.

THEOREM 5.14. There exists a constant C, independent of h and 7, such that

]/0 /QV(Ih(fa(Sh,T)))-V(Ih(g(Sh,T))) <C, a=uw,o (5.40)

Proof. Owing to (1.6), it suffices to prove (5.40) when o = w. By applying Propositions
5.9-5.13 to Lemma 5.7 and combining with Proposition 5.1, we readily derive that

e Y (S — ST (9T (5™ <€ (5.41)

n=1 =1 jen (i), PLi>Ppd

with a constant C' independent of h and 7. Therefore, (5.40) will follow if we bound the
summand for all j such that P!* < P"J. But the symmetry of the summand implies that

S X w8 — ™) (al(5) — o(5™)

=N )Py <P
M | | | |
S S (fulS7) — S (9(8™) - 9(5™)).
=1 eN (i), Pyt > Py

Hence

[ VOGS VSN =23 3 afulS) = ful5™) (0(5™) ~ a(5™)

£ Y S = LS ) ((5) — a(5™).

=l jeN ), Py =Py

and (5.40), with another constant C, follows by substituting this equality into (5.41). O

5.7. Bound for the gradient of g. In order to deduce from (5.40) a direct bound
for the gradient of g, we need to sharpen the assumptions on the mobility.
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5.7.1. Assumptions on the mobility. Here we assume that

and 7, € W1(0,1), a = w, 0. Furthermore, we assume that, for all z €]0, 1],

1
™ <l (z) < —a%7h 0, > 1,0 <y <1, (5.42)
0o—1 / 1 0o—1
a,(1 — ) < —n(z) < a_(l —xz) 6,>1,0<a, <1, (5.43)

1
— 2PN (1 —2)P T > pl(x) > aga® T (1 —2)P 7 B5,8,>0,0<a3 <1 (5.44)
a3

From (5.42) and (5.43), we deduce respectively, for all = €]0, 1],

w 1
Z—wxew < Nu(x) < awewxew, (5.45)
%(1 —z)% < n(2) < ! (1—2)% (5.46)
b, == 0, | |
The sum of these two inequalities reads for all z €]0, 1],
Qw00 1 %01 330 < (@) + 0o (2) < ———af 4 —— (1 — g)f
0, 0, = TR = 00, T el |

Let ¢ denote the lower bound in this inequality. It is easy to check that ¢ is a nonnegative
continuous function of = on [0, 1], hence uniformly continuous. Therefore, it is bounded
and as it does not vanish in this interval, it is bounded away from zero. Thus there exists
a positive constant C\,;, such that

Vo €[0,1], Can < l(z) = 2‘—%% + %(1 — )% < Croas (5.47)
where . )
Cnax = MaXgco1] (aw&w ¥ + m(l — a:)e"). (5.48)

5.7.2. Properties of the derivatives of f,, and g. By definition, we have

)
Tu(@) + o) e )

which is positive in ]0, 1[. Considering (1.8), (5.45), and (5.46), we infer

g'(x) =

1 1 1
(@) € e (L) (5.49)
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thus implying that ¢’ is a bounded function, i.e., g is Lipschitz continuous. Note that the
Lipschitz constant L of g is bounded by
1 1 1

L < . 0w —1+p3 1 — 0o—1+4 ) 5.50
T ooy ol a0, aXzelo,] (m ( ?) ) ( )

On the other hand, (5.44)—(5.47) yield for all = €]0, 1],

g (z) > Ca3 %%x(m—uﬁgu — a:)(’"_lﬂg‘l > 0. (5.51)

Thus g € W*°(0,1) is a strictly monotonic increasing function on [0, 1] with range [0, 3]
for some 3 > 0, hence invertible with inverse g=! € W1°°(0, 3).

Now, we turn to f,,. By definition, we have

! = 1 )0’ () — ne(x)n (x
fw(l’) - (nw<x>+no<x>)2 (770( )7711;( ) 77w( )770< )) (552)

The inequalities (5.42)—(5.47) imply that

fuwzZ%;%m&iﬁW%l—m%+%g%a—xw*]
Thus,
vz € [0, 2], fo(z) > %}Tg (%)9":69“"1, (5.53)
and . o »
ve e[, fule) 2 Cﬁfaxzw ()@= (5.54)

Let us use these results to compare ¢’ and f,. It follows from (5.49) that

3 1 1 1 0,C* Qo
y 3 . < ( 0 max) o—w 9“’71’
xr € [0, 4]7 g (.ZL’) — \aag Oéwew 04080 A Oy Cr2nax00x

and by setting

01:< 11 1 490900§ax>

s by, i, Uy Qly

and comparing with (5.53), we obtain

WEN% J(x) < O f (x). (5.55)

Similarly,

1 1 1 QnglaX> QpQly (1= )L,

aas by anl, ayon, / C2. 0,
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so that, by setting

1 1 1 0,,C?
02 — ( 49w max>
g 0By, a0, 0Ol

and comparing with (5.54), we deduce

vz e [i, 1, (@) < Cof’.(2). (5.56)

This leads to the desired relation between the derivative of f, and g:
vz €01, ¢'(z) < Cf,(2), (5.57)

where C' = max(C1, Cy).
The main result of this section follows by combining (5.57) with (5.40).
THEOREM 5.15. Under the assumptions (5.42)—(5.44) on the derivatives of the mobilities

and capillary pressure, there exists a constant C', independent of h and 7, such that

IV (I (9(Sh ) 22 x10,0p) < C. (5.58)

Proof. Let (i, 7) be any pair of indices. If S™* < S™7 then by (5.57),

ST

fi(z)de > C / g'(x) dz = C(g(S™7) — g(S™)).

Sn,t

ST

Ful8) = 1uls™) = [

Sn,i

As g is increasing, we have g(S™) — g(S™%) > 0. Therefore

(fu(S™) = fu(S™)) (9(S™) — g(S™)) = Clg(S™7) — g(S™)[. (5.59)

By changing both signs, the same result holds when S™/ < S™i. Then (5.58) follows from
(5.40). O

6. Convergence. The interpolants of pag(Sh.r), 9(Sh.r), and p.(Sk-) play an impor-
tant part in this work, see Theorems 3.5 and 5.15, and (2.44). Therefore, we begin by
studying convergence properties first of I,(¢(Sh.-)) and Iy (pag(Sh.r)), & = w, 0, and next
I (pe(Shr)). Some results will stem from an interesting relation between differences in
values of Sy, and g(Sh.r).

6.1. Properties of [,(g(Sh,)) and I;(pag(Shr)), @ =w, o0 .

6.1.1. Convergence properties of I;(g(S,)). Let K be an element of 7, with
vertices a;, 1 <1i < d+ 1 (local numbers); then

d+1

[ sl = [ 1o 5ol
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As 0 < S™ ¢; <1 and g is increasing, we have

d+1 d+1 d+1 d+1
O<anz¢z<25nz anngz <ngnz
=1

Hence
d+1

[ latSun) e < @+ DTS 6(5™)

As a consequence, there exist constants C', D, E, independent of n, h and 7, such that

lg(Sn.) (En)llz2@) < ClHR(g(Snr) ()l < DITn(g(Sn-) E)IIE < EHIh(Q(Sh,T)(tn))||L<2(Q))
6.1
owing to (2.5) and (2.8). These inequalities carry over to the norm in L*(2x]0,T[).

Now, let us prove the following convergence property of I;(g(Sh.r)).

LEMMA 6.1. Under the assumptions of Theorem 5.15, we have

i (k) = 19 1@y =0 (6.2)

Proof. For any x in any element K of T,, we have

d+1 d+1

L(g(Sh)) (@, tn) = 9(Sh-) (@, 1) Zg S gi(x) — g (D S gi(w)).

=1

As Sy- is a polynomial of degree one in K, it attains its maximum and its minimum in
space at vertices of K, say g(S™%) and g(S™") are its maximum and minimum respectively.
Thus, recalling that ¢ is a nonnegative monotonically increasing function,

d+1 d+1

Zg(sn,l)qsl( < g Sn@ anz(m > g(Sn,r>

Hence N
12 (9(Snr)) = 9(Sh)|Z2@xgory < D7 Z |[K[lg(S™) = g(S™")[. (6.3)
n=1 KeT,
For any node 7, let
= Max | K|,

where the maximum is taken over all elements K in A;. Then we can readily check that

N
>y Klla(s™) — (s |2<OZ S 3 Jo(5%) - g5
n=1 KT, — i—1 JeN )
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where C' is a bound for the maximum number of elements that share a common edge,
bound independent of h and 7 by virtue of the regularity of the mesh. Now, recall the
classical formula in each d-simplex K,

_LIRIIR
V6905 = | (6.4

where F} is the face opposite to the vertex a; and n; is the exterior (to K) unit normal to
the face F;. The regularity of the mesh implies that there exists a constant ¢y, independent
of h and 7, such that

In; - nj| > co.

Hence, using again the regularity of the mesh, we obtain

[ 1veveolzon
K
and denoting by p;; the minimum of hx for all K in A; NA;, we deduce
Cij > Cp‘fj_Q, (6.5)
with another constant C' independent of h and 7. By collecting these results, we derive

1(9(Shr) = 9(Sh) zagory SCD 7Y ki Y. ()i la(57) — g(5™) . (6.6)

n=1 i=1 jeN@) ¥

With another application of the regularity of the mesh, this becomes

110(9(Sh7)) — g(Sh,T)H%?(QX]O,T[) < ChQHV(]h(g(Sh,T)))||2L2(Q><}0,T[)7 (6.7)

(note that the power of h is independent of the dimension) and the limit (6.2) follows from
Theorem 5.15. O

6.1.2. Relation between ¢(S5™7)— g(S™") and S™ — S™". Here, we derive an upper
bound for S™/ — S™* in terms of g(S™7) — g(S™").

LEMMA 6.2. Under the assumptions (5.42)—(5.44) on the derivatives of the mobilities and
capillary pressure, there exists a constant C', independent of h and 7, such that for all 1,
7, and n

5™ = S < Clg(S™) — g(S™)|7, (6.8)
where r = max(0, + Py, 0w + P3) > 1.
Proof. To simplify, we set ¢ = S™ d = S™ and assume ¢ < d. From (5.51), it follows that

d
—w o x9w+/33—1(1 _ m>90+64_1' (69)




For the sake of brevity, we do not specify the constant factor in (6.9) and write

d
g9(d) — g(c) = Cl/ glotBs=1(] — g)Pothal

Now, we argue according to the positions of ¢ and d. There are four cases.

1) If £ < ¢ < I, then (6.9) gives

d
g(d) —g(c) > Cl(l)ew+53—1/ (1-— x)90+ﬁ4—1

8
_ 1 Outpa—1 1 _ NotBa _ (1 _ 7\Oo+Ba
=)™ g (A= e - (= ).

But

(1= )l — (1= )Pt = (1= )PP (d — ¢) + (1 — d) (1 — o)1 — (1 — d)PetBst)

Hence o .
g(d) _ g(C) Z 1 (_)9w+ﬁ3+90+ﬁ4*2(d _ C). (610)

2) If ¢ > £, then d >  and (6.9) gives

g(d) — g(c> > Cl(g)Gw—i—B:s—l 00 _’1_ 54 <(1 _ C>90+B4 _ (1 . d)9°+54),

Letusseta=1—d,b=d—c~vy=860,+ 4 —1>0. We can also write
(1= )PP = (1= d)fote — a7+ (14 2)”“ -1).
It is easy to check that the function
s (1+z) —1— 27!

vanishes at x = 0 and is strictly monotonic increasing, hence is strictly positive for x > 0.
Hence

(D) 1) s () =
a a
Thus

(1 _ 0)004‘64 _ (1 _ d)00+64 Z (d _ 0)00“1‘647
and

7 _
o(d) = 9(e) = Ca () - o, (6.11)
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3) Ife< % and d < %, then the integrand 1 —x > 1—d > % and by the above argument,
N OutBs _ BB
9(d) = g(¢) = Cu(3) (areto — ki)
1 Oo+P4—1 1 0+ 3 .
> —_ - _ w d‘
_01(8) 9w+53(d C)
4)If ¢ < § and d > £, then ¢ < 3(d — ¢) < 1(d — ¢) < d. Therefore, we can write
L(dc)
od) = ge) 2 Cy [ atri(y gy
é(d—c)
Lbotpa—1 1 1 butps (1 Bu-+Bs
> (= — ((3(d- —(=(d — (6.13)
1\ 0gt+0,+8s+8s—1 1 1\ 60485 0
> (5 —<1_ - d— o)fwtBs.
> C(3) o G YR GRS

Sinced —c<1,60,+ 8, >1, and 6, + 53 > 1, we have in all cases
9(d) = g(c) = Co(d — cymxCotBudutin),

where Cy is the minimum of the constant factors in (6.10)-(6.13). O

The convergence to zero of the differences I}, (pag(Sh,r)) — Pag(Sh.r), & = w, o, follows from
this lemma and Theorem 5.15.

LEMMA 6.3. Under the assumptions (5.42)—(5.44) on the derivatives of the mobilities and
capillary pressure, there exists a constant C, independent of h and T, such that

||]h(pag(sh,7')) - pag(Sh,T>||L2(Q><}O,T[) S Oh%«’ a=w,o, (614)

where v, = %, Yo = 'i—“ and in both cases, r is the exponent of Lemma 6.2.

Proof. Let us start with @ = w. Arguing as in the proof of Lemma 6.1, with —p,,
(monotonic increasing) instead of g, the analogue of (6.6) holds for —py,(Sh,+), with the
same notation

N M

11 (Puwg(Sh,r)) _pwg(Sh,T)”%%Qx]o,T[) < CZTZ Z (?)Cij’pwg(sn’j) - pwg(Sn’i)

n=1 i=1 jeN(@)

2
)

(6.15)
and the result will stem from an adequate upper bound for p,,(S™7) — py,,(S™), for all
neighbors j of 4. To this end, we proceed as in Lemma 6.2. Let ¢ = S™ d = S™/ and
suppose again that ¢ < d; then by (1.12), (5.44), (5.46), and (5.47),

, , 1 d
Pug(S™) ~ pug(S™)] < T T e S (A1)

Cminafﬂ AU,
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that we write as

d
as(S™) = puy( S| < €1 [ a1 = )or,

Here, the discussion reduces to three cases.

1) If% §c§§,sinee€o+ﬂ4—1>0,
d d
/ gP (1 — )Pt < gl / (1 —a)Ptht <8F(d — ). (6.17)

2) Likewise, if ¢ > £,

d
/ xﬁf&—l(l _ I)90+,34—1 S (2)153(d o C). (618)
3)Ifc < g,
‘s fo+Pa—1 ‘s _ L 1 Ps
BT (1 =)l < 2 6(d3— 3)§ﬁ—(d—c) : (6.19)
c c 3 3

Indeed, by Jensen’s inequality, valid for 0 < 83 < 1,
d=c+(d—c)< (P +(d- 0)53)5713, ie., d® <P 4 (d—c)s.
Consequently, in all cases,
[Pug(5™) = pug(S™)] < €3] S™7 — 57|, (6.20)

Thus, by substituting into (6.15), applying Lemma 6.2, and setting 7, = ﬁ3 , we infer

[ 15 (Pug (Sh,7)) — pwg(Shr)HL? (©2x]0,T]) <CZZ Z _TCZJ‘STL] S|

n=1 i=1 jeN (i)

where A;; = |g(S™) — g(S™")|. Note that > f33, hence 7, < 1. Then

175 (g (Sh.r))=Pug (She) 2o < OZZ Z S(re) T (reiy) ™AL

n=1 i=1 jeN(q) Cij

N M
<O(EE T rett) (TX S (5)7)
n=1 i=1 jeN(i) n=1 i=1 jeN(i)
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But

N M 1 1= 1—vw K \ v
< Z WTCZJ> §C’(T|Q|) sup <c_) ,

n=1 i=1 ]GN(’L v.J v
and (6.14) with a = w follows from (6.5), the regularity of the mesh, and Theorem 5.15.

When a = o, the proof is based on fact that —p,, is nonnegative, monotonically increasing,
and satisfies the inequality

1 1 r
—pog@) < / m9w+53_1(1 _ x)@x—l.
0

C(min 30y, ew

By comparing with (6.16), we see that the above argument carries over to p,, with [
replaced by [£4. O

Finally, with the notation of Lemma 6.3, the following bound regarding p.(S ) follows
from (6.14) and (1.14), and the fact that p.(0) is a constant:

111 (pe(Sh.7)) = Pe(Shr)ll L2 @xq0rp < C R, (6.21)
where v = 1min(fs, f4).

6.2. Weak convergence. All constants below are independent of A and 7.

The bound (3.1) on the discrete saturation Sj , implies that there exists a function s €
L>(Q2x]0,T|) and a subsequence of (h,7) not indicated, such that

1 s =38 kly* in L>=(Q T). 22
(hr)mzoo)sh T eyl (2xJ0. T (0:22)

PROPOSITION 6.4. The limit function § satisfies

V(z,t) a.e. in Qx]0,T[, 0<s(x,t)<1. (6.23)

Proof. The convergence (6.22) means that for all v € L'(Q2x]0,T)),

/ Shﬂ-iﬂ — g’w and / (1 — Sh,‘r)w — (1 — §)w
Qx]0,T7] Qx]0,T7] Qx]0,T Qx]0,T

We argue by contradiction. Suppose that 5 > 1 on a set of positive measure, say D, and
take 1) = (5 — 1), the positive part of s — 1. Then

o< | B L AL TC I Ja=s6-1..

Qx10,T[
thus contradicting the fact that (1 —§) < 0 on D. This proves that 5 < 1. The proof that
5 > 0 is similar. O
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Regarding the pressure, the bound (3.23) yields weak convergence, up to a subsequence,
of the gradient of U, . We can deduce weak convergence of the sequences themselves by
applying (3.22). Indeed,

/ Uw,h,T - (Uw,h,ﬂ'u ]-)h - (]h(pwg(sh,T))a 1)}1’
Q
owing to (2.45). Then the properties of p,,, and the boundedness of S, ; imply that

| (11 (Pug(Sh.r)). ) |<C
Similarly,

/QUO,h,T = (]h(pwg(sh,T)) +pc(0>’ 1)h’

a bounded quantity. Then we infer from (3.22) that
|UanrllL2@xjop <O, a=w,o. (6.24)

With this, (3.23) implies that there exist functions W,, € L2(0,T; H(Q)), a = w, 0, and a
subsequence of h and 7 (not indicated) such that,

li Uahr = W, kly in L?(0,T; HY(Q)). 6.25
(h'r)IH%OO) h, ,  Weakly 11 (7 3 ( )) ( )

Likewise, the function I,(g(Sh-)) is bounded in L*(©2x]0,T) and it follows from this and
(5.58) that there exists a function K € L?(0,T, H'(Q)) such that, up to a subsequence,

lim  I,(9(Sh,)) = K weakly in L*(0,T, H*(Q2)). (6.26)
(h,7)—(0,0)
This implies in particular that for almost every time ¢, I;(g(Sh,)) converges strongly in
L?(Q). But as is well-known, these convergences are not sufficient to pass to the limit in
the nonlinear terms: they must be supplemented by a bound for a fractional derivative in
time of S . that yields compactness in time. This will stem via a bound for a fractional
derivative in time of g(Sy,).

6.3. Compactness in time. Following the argument introduced by Kazhikhov, see [21],
and recalling that || - ||¥ is equivalent to the L? norm in finite dimension, we want to derive
first a fractional estimate in time for I;,(g(Sh.-)) and next for g(Sy, ;). The following lemma
is a preliminary bound written in terms of sums of the pointwise values in time.

LEMMA 6.5. Under the assumptions of Theorem 5.15, there exist constants C', independent
of h and T, such that for all integers 1 < < N —1,

N—/

N—¢

m m 2 m m
> 7 (llg(Syt) = g(SimIE)” < Cer), Y rllglSit) — a(Sp) i@ < Cler).  (6.27)
m=1

m=1
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Proof. The starting point is the inequality

=

—L

N—
]
(gl — o(SPIE < L3 7 (9(Simt) =gy, S+t = s) . (6.28)

1 m=1

3
I

owing that ¢ is Lipschitz continuous and increasing. Thus, by writing

¢
S;nJrZ o S}T _ Z (S}anJrk o Slranrkfl)’

k=1

testing each line of (2.42) taken at level m + k with I, (g(S;L"M) — g(S;™), and applying
(6.28), we obtain

N—¢ N— L
(95T — oSTIRY < L3 7 7| Gl — Fu(SI )6, o577 — (S,
m=1 m=1 k=1
LRI T (S7 ) P T (o(S7+) — a(SP)], |

(6.29)

It is easy to check that, on one hand, with r = ¢ or r = 0,

[P (S P, 1 (0(S7 )],

M
= %‘ Z (Q(Smw,j) _ g(Serr,z‘))cijnw(Sg}wk,ij)(P$+k,j o P$+k’i)

ij*l
i Z ngﬁw Serk: 2] (‘g Sm+rj) (Serr,i)’? + ‘P;n+k,j B P1T+k’i’2)
2,j=1
M
< 1 3 e (malDg(S7 ) — (5™ (S| Pyka — ek,

.
—_

7j:

since 17, is increasing and Sy~ is bounded by one. On the other hand,

| (fu (STt = (S ) g™, g(S7 ) = g(Si), | < CUT™ ) + g™ lleaey),
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where here and below, C' denotes constants that are independent of ¢, h, and 7. Therefore,
in view of (2.10)

N—¢ N—

> (lo(5) — o) <137 ([ ) 3219 Iula(S7 ) o

m=1 m=1 r=£,0

4 M
ST Y S| Pk — Pk FCZ (g™ @ + g™ 1))

k=1 i,j=1

+
DO | —

N N—/{

ML) | D2 7V Inlg(Si) ey + Y 7V In(a(Si) 20|

m=1+¢ m=1

IA
ool =

] Nt ¢ M 3 , ,
SEY T (3 cmaSih ) Pt — P (g ) + g ) ).

m=1 k=1  ij=1

+

(6.30)

By (5.58), il suffices to bound the terms in the last line above. This is achieved by inter-
changing the sums over m and k. Let n = m + k; n runs from 2 to N and m runs from
max(1,n —¢) to min(n — 1, N — £). Thus

N—¢ y4 M
m—+k,ij m-+k,j m-+k,i 2
T E T E CijMw (S, ])|Pw b — P ‘
m=1 k=1 ij=1
N min(n—1,N—¢) M
n,i n, n,0
=3 X 7)Y em(Se)|P - P
n=2 m=max(1,n—{) 4,j=1

But min(n — 1, N — ¢) — max(1,n — ¢) < ¢ — 1. Hence

N—¢ ¢ M N M
m~+k,i m—+k m~+k, 7, n,ij n,J n,i|2
T E T E CijMw( Sy, J ‘P o - Py E E CijMuw(Sy, ])‘PwJ—Pw ‘ ,
m=1 k=1 1i,j=1 n=2 1i,j=1

(6.31)

and we know from (3.18) that this last sum over n is bounded. In the same fashion,

N—/¢ 4
S (ld Mo + g™ @) < @) (lall@xorp + Il @xory)-  (6.32)
k=1

m=1

Then, under the assumptions of Theorem 5.15, (6.27) follows by substituting (5.58), (6.31),
and (6.32) into (6.30). The second inequality stems from the first and (6.1). O

The next theorem transforms (6.27) into integrals.

THEOREM 6.6. Under the assumptions of Theorem 5.15, there exists a constant C', inde-
pendent of h, and T, such that for all real numbers §, 0 < 6 < T,

T—6
/ |9(Sh-(t+6)) — g(Sth(t)H;(Q) dt < C6. (6.33)
0
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Similarly, 5
T—
/0 109t +8)) = 9(Snr () 2a et < €5, (6.34)

with another constant C, independent of h, and 7.

Proof. The argument is not new, see for instance [25], but we recall it for the reader’s
convenience. The discussion depends on the value of §; there are three cases: (i) 0 < 0 < 7,
(i) d=4r,1<{<N-1,(31i)o=7(l+n),1<l{<N-1,0<n<1.

(i) If 0 < § < 7, we have for all f in L'(0,7T)

/0 "y = :V;Q) ( /:H_a F(t)dt + /;T(s Ft)dt) + /t:i_a Fb) dt.

On the interval (¢,,,t,4+1 — ¢), by convention, see (2.38) applied to Sy, Sp,(t +0) =
S,TH = Sh.-(t) and on the interval (¢,,11 — 0,tm+1), Shr(t+0) = S;L”Jrz. Therefore

N—

| 80t 80 = 0(Shr O [yt = 3 ala(57%) = a5

=2 3
Lol
[\

1

3

and (6.27) with ¢ = 1 yields (6.33) for this value of 4.

(ii) Let 0 = ¢7, for instance consider ¢ = 2. We have

tm+1
/t 9(Sh~(t +27)) = g(Snr ()| At = TI|9 (i) = 9072

Thus
T—27 ) N-2 )
/O Hg(shﬂ'<t + 5)) - 9<Sh,T(t))HL2(Q) dt =1 Z Hg(S}?;ﬂ—‘rZ) - Q(SlT)HLz(Q)v
m=1

and (6.27) with ¢ = 2 yields (6.33). This argument applies to any ¢ with 1 </ < N — 1.

(iii) Let 6 = 7(¢ + n) for some 0 < n < 1, and for instance consider again ¢ = 2. Then for
any integer m, 0 <m < N — 3,

tm41—7N
/t Hg(‘s’hﬂ'<t + T(Q + 77)) - g(Sh,T(t))”iz(Q) = T(l - 77)HQ<SlT+3) - g(S}T+1)Hi2(Q)a
and

tm41
/t 9(Shr(t + 72+ ) = 9(Snr () 120y = 1ll9(SHH) = 9T}

m+1—T7"

48



Hence

T—7(2+n) ,
[0S+ 72+ 1)) = (Sr (1)

S—

N-2 N-3
= > (1 =n)la(S*?) = g Gae + O mlla (S ) = 9(Si) 20
m=1 m=1

Then (6.27) with ¢ = 2 and ¢ = 3 implies that

T—7(2+n)
/ 19(Snr(t + (24 1)) = 9(Snr (D) | 2y A < C(27(1 = 1) +37n) = CT(2 +1).
0

More generally, we have

T—7(+n) 9
/0 ||9(Sh,r(t+7(€+77)) _g(Sh,T(t>)HL2(Q) dt
N—(£+1)

N—¢
= (=) > oS = (S e+ D N9 = a(Si 2
m=1

m=1

and we apply (6.27) with ¢ to the first sum and ¢+ 1 to the second sum. This proves the
first part of (6.33). The proof of (6.34) follows likewise from (6.27) with ¢ = 1. O

6.4. Strong convergence. With Theorem 6.6, it follows from Kolmogorov’s theorem
that the sequence I;(g(Sy)) is compact in L?(2x]0,T[), see [21]. Thus, again up to a
subsequence, I;(g(Sy.+)) converges strongly in L?(Q2x]0, T[). Since it converges weakly to
K in L*(0,T; H*(Q)) (K belongs also to L>(22x]0, T[)), uniqueness of the limit implies

lim  I,(g(Sh,)) = K strongly in L*(Q2x]0, T). (6.35)
(h,7)—(0,0)

By Lemma 6.1, this also implies

lim g(Sp,) =K strongly in L*(Q2x]0,T7). (6.36)
(hym)—(0,0)
From here, let us prove the strong convergence of Sj, ;. Recall that g is invertible with
range |0, B[ and inverse g~! € W'>°(]0, 8[). Let Fy, = g(Sh.,); then

Sh,‘r = gil(Fhﬂ')-

The strong convergence of F}, , and the continuity of g~* imply the strong convergence of

Shr to g7 (K) in L?(22x]0,T), and since Sy, converges weakly to 5, uniqueness of the
limit implies that 5 = g~ }(K), i.e.,

lim S,,=5=g¢ '(K) stronglyin L*(2x]0,T]). (6.37)
(h,7)—(0,0)
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This strong convergence and the continuity of ¢, pag, @ = w, 0, and p,, also imply that

pc(Sh,T) = pc(g)a
(6.38)

li ST:7’ li (XST:OC77:77 1
(h,r)IE%O,O)g< hr) = 9(5) (h,T)lgio,o)p 9(Shir) = Pag(5), & = w, 0 (h,T)IE%o,o)

all strongly in L?*(Qx]0,T[). Furthermore Lemma 6.3 and (6.21) yield

li 1 fo" 7)) — Pa 7, li I c r)) = (377 t ly i L2Q ,T .
o h(Pag(Sh,r)) = Pag(5) L h(Pe(Sh,r)) = pe(8),  strongly in L*(Q2x]0,TT)
(6.39)

In view of (6.25), this convergence implies that P, j, . converges weakly in L*(Qx]0,T) to
some function p, € L*(2x]0,T[), « = w, 0. Furthermore, uniqueness of the limit implies
that W, the limit function of U, , has the form

W = Du + Pug(5), Wo = Do — Pog(5). (6.40)

7. Identification of the limit. Let us pass to the limit in the equations of the scheme.
This is done in several steps because we do not have convergence of the pressure gradient.

7.1. The upwind diffusions. Since the discrete auxiliary pressures Us p,, converge
weakly to W, in L*(0,T; H'(Q)), instead of treating directly the upwind diffusion terms

[Pa,h,ﬁ [h<7]a(sh,7—>); P Qh},ﬂ we begin with [Pa,h,ﬂ'a [h(ﬁa(Sh,T)); Uahrs Qh]h-

7.1.1. Discrete auxiliary pressure. Let us start with the wetting phase, the treat-
ment of the non-wetting phase being much the same.

Let v be a smooth function, say v € C1(Q x [0,T]) and let V},; = p-(Ix(v)). Assume for
the moment that $, the limit of S, ., is sufficiently smooth, say § € W>°(Qx]0,T[) and
let §; = 5(t,) in |t,—1,t,). Then assumption (5.42) implies

1 [ _ Y _
H;/ M (8) dt — 1w (57) || oo () < CTI0 oo (0,1 [10:5| oo (70,7 - (7.1)
tn—1
Proceeding as in Section 2.2, we treat the upwinding in several steps and consider first

/OT/an(E)V Uw’h’T'vVhiT—/OT/Qva’h’T'VVhJ(PT(Ww(E))—Uw(57)+77w(57)). (7.2)

But in view of (7.1),

T
[ 9 O 9 Vi (oo na(5)) = ma(52))| < Ol =010l vy
0

X ||Uw,h,f||L2(0,T;H1(Q)||Vh,7||L2(0,T;H1(Q))’

and the boundedness of all factors of 7, owing to (3.23) and the regularity of v, implies

(h,7)—(0,0)

lim / / V VsV Vir (9 (00(5)) = mu(52)) = 0. (7.3)
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Next the weak convergence of U, 5, to W, in L2(0,T; H'(Q)), the strong convergence of
Vir to v in L=(0, T; W1*°(Q)), the continuity of 7, the regularity of 5, and (7.3) imply

lim / /nw (5)VUppyr - VVi,r= / /nw VVVu V.
(h,7)—(0,0)

Let us expand the expression in the above left-hand side. With the notation (2.11), in
view of Proposition 2.2 we have

/OT/an(ET)V Uvhr VVyr=— iT i U ( Z cijiic(Mw(3™) K >(Vna i),

n=1 ij=1 KCA;NA;

By symmetry, this becomes

T
/ /an(éﬁ)v Uw 'V Vs = Z Z ( Z ciji (Mw(38) K )(U[j’j—Ugi) (Vn,j_vn,i).
0

= i,j=1 KCA;NA;
(7.4)

Hence

T
(h, 71)13100 22: Z ( Z Cig 1< (M (57) ) ¢ >(U£7j_UZ’i) (V”J_V”vi) :/0 /an(E)VWU,-VU.

1,j=1 KCA;NA;
(7.5)

According to (5.42) and the regularity of 5, 1,,(5) belongs to L= (0, T; W1*°(Q)), and (2.19)
gives

1010 (S K = 10 (50) || oo 1) < C Bl 2200 1V 5]l L @2x10,7),
that allows to replace (7,(5"))x by any value of n,(5") in K. Let us choose the upwind
value of 57 as in (2.36), i.e

) §(x;) if Pm > P
Syd = §(x;) if Pr< Pm (7.6)
max (5" (x;), 5% (x;)) if Pr'= P,

and set

Ro= 3 om0l — nulsi2)).

KCAimAJ’

By proceeding as in Theorem 2.4 and applying (3.23), the regularity of v, and the approx-
imation properties of I, we obtain

M
%Zi;% (U = ) (e = v
1 N n nz n N, 2
3L <ZIRHIU” vy) (wa )

< Ch|n, HLoo(o,1) |1V 5|l oo (2xjo,rp ||V Uw,h,THLQ(QX}O,T[) IV Virll 2@x)0,p
< Chm o0, IV 8] Lo (xjo,rp [0 2 (0,75 12(92)) -
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With (7.5), this implies

lim Z Z%’?w s (U = Uty (V= V) //nw W W, -Vu. (7.7)

(hT)*}OO
i,7=1

To recover fo [ Py hrs In(w(Shr)); Uwa,Vh,T]h, we write

N (5u7) = N (507) = 10(S57) + 1w (S57),

and we must examine the convergence of

‘Z Z% BulSL0) — ma(SI) (UL — U (V7 = ).

[\D

On the one hand, owing to the smoothness of v, we have
(V™I — V™| < Chi||V 0| 1o @xgo.1p (7.8)

where h; is the length of the edge whose endpoints are the vertices 7 and j. On the other
hand,
70 (553) = 10 (S| < Clille=on 557 — S5

Hence

N 1
1 X| < OV vl osxqorp |V Uw,m”pmx]@,ﬂ)(zf Z cih2|5d 53,1”2) 3

n=1

It is easy to check that

M
S eollsn = SR < O3 st — S

i,0=1 =1
Therefore
N 1
_ 2 2
[ X| < ClIVvllze @IV Uw,h,THme}o,T[)( E_l 7|1 (57) — SZ,THLQ(Q)>

= C||V | L=@xjorpllV Uwnrll 2x100p 111 (57) = Shorll 22@x)0,70)

where we have used the equivalence (2.5). Then, we write

171(57) = Shrll L2xjorp < M (57) = 52l 2@xjo,rp + |57 = 5l L2(@xjo,rp) 115 = Shorll L2(@x]0,77)

and the approximation properties of Ij,, the strong convergence of 5, to 5 and of Sy~ to 5,
all in L?(Q2x]0,T[) imply that

(héi“ooz:: ;f” M (552) = m(Sy) (UL7 = UG ) (V7 = V) = 0. (7.9)
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A combination of (7.9) and (7.7) yields the intermediate convergence result when the limit
function s is smooth,

N

T
li — P, I : = 3 V, - ) 1
(h,T)li)I%D,O) ; T [ w,h,T) h(nw(Sh,T))u Uw,h,Ta Vh,T] h /Ov /g; nw(s>v Wu V v (7 O)

It remains to lift the regularity restriction on s. Let (S,,)m>1 be a sequence of smooth
functions that tend to 5 in L?(Qx]0, 7). Then for each £ > 0, there exists an integer My
such that

152, — 8llz2@xqo,rp < € (7.11)

From (7.11), the projection properties, and the fact that My is fixed, we infer

o7 (100(8)) = 1w (5) | 2 @x10.71) < 17 (M0 (5) = 10 (Snse ) | L2(2x010,7
F11r (10 (Sa10)) = 10 (Saso) | 2 @2xjo,1) + 11770 (Shao) = 7 () £2(2500,70)
< (26 + C 1)l ll=o,0)-
(7.12)

Now, we replace (7.2) by

T T
/ /nw(§)VUw,h,T'VVh,T=/ /m(nw(g)—ﬁw(SMo))VUw,h,T'VVh,T
0 Q 0 Q
T
+ / / o (10(S3))V Unr - ¥ Vs
0 Q

T T
_ / / o (10(5) — 10 (S310)) ¥ Uwr - ¥ Vi + / / 1 (S )V Ur - ¥ Vo
0 Q 0 Q
(7.13)

For the first term, owing to (7.11), the projection properties, and (5.42), we have

T
[ [ 90910800 ¥ U ¥ Vie| < 19 Vi lionioy
0 Q

X |V U pr || L225x70,70 1110 (5) = 1 (Sas ) || L2 02x70,77)

< e Ml IV Varllo@xjo. rp IV U izl 20,17 -

Then the uniform boundedness of U, 5, and V}, ; yield

T
‘ / / pT(nw(S) — nw(SMO))V Uw,h,T . VV;W S 06, (714)
0 Q

with a constant C' independent of A and 7. Thus, we must examine the limit of the second
term. Since M, is fixed and Sy, is smooth, by reproducing the previous steps, we derive
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the analogue of (7.7) for the function Sy,

e IS S S (0 - U (7 - V)
n=1 4j=1 (715)

T T
=/ /nw(SMO)Vm-sz /nw(S)VWw-Vv+R,
0 Q 0 Q

A=1 [ [ (um) - m@) Vi v

< |l oo 0,0 IS0t — 3l z2@x10.70 IV Wl 2500, |V 0] 2o (@xj0,mp < Ce.

where

(7.16)

To relate the left-hand side of (7.15) to [PwJW, In(Mw(Shr)); Uwohrs Vh]h, we split

nw((SMO)Z?) (S"U) +77w<<SMo)nU> Uw(SZ”'j),
and examine the convergence of
1 N
a2 S~ (S ~ (S (U7 — V) (v V).

n=1 1i,j=1

By arguing as above and using the interpolant [;, we derive

Y| < Clnl L0V 0l Lo (@x1o, 0 |V U, | L2 x10,70 |1 0 (Sato)+) — Shirll L2@x)0.17)-

Finally, we write

110 ((Sate)r) = Shorllz2z@xjorp < Hn((Sar)7) — (Sar)+ || L22x70,17)

+ | (Sas)r — Sas | L22xj0,rp + 1900 = 3l L2(2x10,77) + 15 = ShrllL2(xj0,77)
< C h||Supll oo o,msm209)) + CT[ Sy |11 (0,7522(0)) + € + I3 = Shurll L22x70,77)5

so that
Y| < C(h+1+¢) + [|5 = ShrllL2xjorp- (7.17)

In the next theorem, the limit (7.10) when 5 is only in L?*(Q2x]0,T[) follows by combining
(7.13)—(7.17). The same argument holds when w is replaced by o.

THEOREM 7.1. Let v € CY(Q x [0,T]) be a smooth function and let Vi, , = I,(v)(t,) in
ltn—1,tn). Under the assumptions and notation on the mobility (5.42)—(5.46),

T
lim )—/ [thﬂ-,[h(??a(;shﬂ-)) ahT:VhT / /?7& VW Vo (718)
0

(h,7)—(0,0

where § is the strong limit of Sy, and W, the weak limit of Uahrs 0 =w,0.
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7.1.2. The additional term . This paragraph is dedicated to the limit of

T
/ [Pa,h,ﬂ Ih('r]a(sh,ﬂ-)); ]h<pag<Sh,T>)7 Vh,Tj| X @ =w,o.
0

It shall be split below, as suggested by the following observation, derived from (1.12) and
(1.13):

5
1w (S )Pug(S7) + g(57) = i fo(@) (10 (SY) — (@) pl(2) de,
S
N0(S5 )Pog(S7) + 9(57) = O fu(@) (06(SY) = no(2)) pl(z) da.

Thus, we add and subtract g and write by applying (2.9),

/0 [Prtrs IS0 T (Pag (S1). Vi,
—Z vacu 710 (S5) (P (5™) = Pag (™)) + 9(5™) = g(5™)]

+/ / Vg(Sh,T) . VVh,T == T1 + Tg.
0 Q

i T = //vg Vo, (7.19)

we must prove that the ﬁrst term tends to zero. When a = w, it has the form

Since

N M Sm.d
1 . . )
1= 33> e [ RS~ nala))pla) do) (V7 V), (720)
n=1 ij=1 "
with an analogous expression in the non-wetting phase. Then (7.8) yields,
Smod
71| < —IIVUHLoo (©x]0,7) Z Z hicii] | fol@) (1w (S7) = 1 (@) pe() da]. (7.21)

= i,7=1
Showing that 77 is small requires a technical argument that we split into several steps.
PROPOSITION 7.2. For the wetting phase, we have
S
| . fol@) (1(83]) = m(2))pi(w) dz| < = (1u(S7) = 10 (S")) (Pug (5) = Pug(SY). (7-22)
For the non-wetting phase, the corresponding expression is bounded by

S
| . Fu(@) (1o(S57) = 10()) () de| < (15(S7) = 16(S5")) (Pog (8) = Pog(S")).  (7.23)
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Proof. Let us prove (7.22), the proof of (7.23) being similar. The discussion depends on
the respective values of S7 and S?. There are two cases: S* < S7 or S* > S7. Of course
S% = 87 brings nothing.

1) If S* < 87 and S = S*, then 1,,(S4) —ny(x) = 0,(S") —nw(x), and, as p,, is decreasing,

SJ

0< [ fol@)(=pu(@)) (nu(@) = 1u(S)) dz < = (10(S7) = 10(5)) (Pug(S7) = Pug(S7)).

Sl
If S = 87 then 1,(S%) — ny(z) = 7,(57) — ny(z), and

S

0< [ fol@)(=pe(@)) (0 (S7) = 1u(2)) dr < = (00 (S7) = 10(S")) (Pug(S7) = pug(S"))-

S'L'

2) If S* > S7 and S = S*, then

Si
0=/ Fo(@) (=0(2)) (1 (S") = 1 (2)) d < —(10(S") = 7(57)) (Pug () — Pug(57)).
Finally, suppose that S% = S7. Then

gi
0 [ L) P 00(57) ~ 10() 5 < ~(10(5") = 1a(5) (un(S) = (57
This proves (7.22). O

By substituting (7.22) into (7.21), we arrive at

C oM , . .
T2 < SV vllze@gorn D7 Z i (= (0(S™) = 1u(S™)) (Pug (™) = Pua(5™)) )
n=1 j=1

(7.24)
with an analogous bound in the non-wetting phase. Up to the factor h;, they behave like
fo Jo VUI(1a(Shr))) - V(In(Pag(Sh,r))), @ = w,o0. Thus T; tends to zero if this quantity
is bounded or is of the order of a negative power of h that is larger than —1. We have no
direct bound for it, but as we do have a bound for fOT Jo VU(fa(Shr))) - V(I(9(Sh,r)))
see (5.40), we can gain some insight by relating the two integrands. Again, we examine the
wetting phase, the treatment of the non-wetting phase being the same. The proposition
below will be applied to z; = S™* and x5 = S™/. The condition z; < x5 is not a restriction
because if it does not hold, the indices ¢ and j can be interchanged without changing the
value of the two integrands.

PROPOSITION 7.3. Under the assumptions and notation on the mobility (5.42)—(5.46), we
have for all pairs x1, xo with 0 < x1 < 19 < %,

(1 (2) = 1 (21)) (Pug (1) = Pug(22)) < Olay” —af) (25’ — 27), (7.25)
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(ful@s) = ful@1) (9(x2) = g(a1)) = Clay” —af=)(ay* ™ — 2+, (7.26)

Similarly, we have for all pairs x1, xo with }l <z <x9 <1,
(1 (x2) = 1 (1)) (Pug (1) = Pug(22)) < Clwg — 1) (1 — 1)?F0 — (1 — q)?*P), (7.27)

(fu(m2) = fu(21)) (9(z2) —g(21)) > C((1—21)% — (1 —22)") (1 — 1) — (1 — )" *F1).
(7.28)
Finally, we have for all pairs x1, xo with 0 < x1 < i and % <z <1,

(nw(xQ) - Uw(ld)) (pwg(xl) - pwg(x2)) < C(fw(x2> - fw(xl)) (9(172) - g(xl))- (7'29)

All constants C' above are independent of x1 and x5.

Proof. According to (5.42),

1
Hol2) = (1) < — (o = af*).

Next, recalling that p), (v) = f,(z)p.(z), we have, owing to (5.44), (5.46), and (1.8),

2 / 11 1 " a1 Oo+Ba—1
w — Pw = o - dr < —— 71— oTPT R d
o) = pug@2) = [ @@ de < e [t ettt
€2
<o [ g Sl -l
Ty O3 aoeo 1 M« O‘3B3 &090
(7.30)

and (7.25), valid on [0, 1], follows from these two inequalities.

For (7.26), we use (5.53) that gives

(}L)ef’(mgw — ), (7.31)

otw 1
Fulies) = fulw) 2 Z5 g

max

and we use (5.51) that gives

ag o, 1 L\OtB4=1, 00485  0utBs
gxe) —glz1) 2 =————+ (- z - .
( 2> ( 1) C(max Hw 00 0w+53(4) ( 2 ! )

The product of the two leads to (7.26).

Regarding (7.27), (7.25), albeit valid for all z € [0, 1], is not adequate for the comparison
we have in mind, and instead we use that

1
/

< —
Nw(x) < o

which implies that

—_

77w(£132) - nw(ﬂfl) < a—(ﬂfz — 1’1).
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Similarly, we use
11 1
B Ty Q3 aoeo

41—B3 (1 _ ZE)9°+B4_1,

so that

11 1 1
N« Q3 aoeo 90 + BZL

Puwg(T1) — Pug(2) < A8 (1 — )PP — (1 — )PP,

thus proving (7.27). Next, by applying (5.54), we have

(D" (2" (1)),

1 o~tw
Fulies) = fulw) 2 g

max

Likewise, by applying (5.51), we obtain

A3 Qyy O 1 (1)9w—1+53((1 i $1)90+B4 _ (1 _ x2)90+ﬁ4)-

Omax Qw 90 90 + /34 4
The product of the two yields (7.28).

g(w2) — g(z1) >

Finally, when 0 < 2, < % and % < zy < 1, since both 7, and —p,, are both increasing,
they satisfy

(M0(2) = Mu(1)) (Pug(#1) = Pug(®2)) < 0u(1)( = pug(1)) > 0.
Likewise, as both f,, and ¢ are increasing, they satisfy

3

() = Fulan)) (9tz) = 9(00)) = (Ful}) = £ul ) (9) ~ 9(3)) = D> 0.

Hence

(ﬁw(i@) - 77w(331)) (ng(fﬂl) —ng($2)) < —%(ﬁw pwg) (1) (fw(xz) - fw(l“l)) (9(1’2) - 9(951)):

whence (7.29). Clearly all constants involved are independent of z; and xo. O

It stems from (7.25) and (7.26), that the two left-hand sides cannot be compared when
x1 and x5 are too small. The same observation applies to (7.27) and (7.28) when 1 — x;
and 1 — x5 are too small. But in this case, there is no need for comparison because the
expression we want to bound is sufficiently small, as is shown in the next proposition where
again, x; = S™' and zy = S™.

PROPOSITION 7.4. Suppose that x1 < xo < h]* for some exponent 1 > 0 such that

1
9w+53.

N> (7.32)
Then

h; (Uw(xZ) - nw(fl)) (pwg(xl) - pwg($2)) < C’h?hfl, (7.33)
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where
0< (51 < 71(911) + 53) — 1. (734)

Similarly, suppose that 1 — x9 < 1 —x1 < h]* for some exponent vo > 0 such that

1

> 7.35
2 1+6,+ Bs ( )

Then
h; (Uw(xz) - nw(xl)) (pwg(xl) - pwg(fE?)) < C’h?h?, (7~36)

where
0< 52 S’)/Q(1+Qo+ﬁ4) — 1. (737)

In both cases, the constants C' are independent of x1, xs, and h;.

Proof. In the first case, according to (7.25), the choice (7.34) and (7.32) on ~;, we have

hi (1 (22) = 10(21)) (Dug (1) — Pug(a)) < C hi MOt — p2pOutfo) =t

with the constant C' of (7.25), which gives (7.33). In the second case, the same argument
leads to

hi (nw(J:Q) o nw(xl)) (pwg(xl) N pwg(wQ)) < h3+72(1+90+,34) _ h?h32(1+90+64)_1

Y

with the constant C' of (7.27), thus implying (7.36) with the choice (7.37) for do and the
condition (7.35) on 7. O

Now, we turn to the case when x5 is not too small.

PROPOSITION 7.5. In addition to (7.32), suppose that the exponent v, of Proposition 7.4

satisfies

1

Suppose that x1 < x9 and % > x9 > h)'. Then

hi (nw(x2) - nw(x1)> (pwg(xl) _pwg($2)) < Chfl (fw(xQ) - fw(‘rl» (g(x2) - g(ml)), (739)
where
0 < &) =min(1 — 716,,61). (7.40)
Again, the constant C' is independent of xq, xo, and h;.

Proof. Either x; < %.172 or r; > %3:2, and we examine each case.

1) When 21 < 1z, formula (7.26) leads to

(fu(z2) = fulz1)) (9(22) — g(1)) > (1 - (%)%) (1- (%)91U+53)Cx§9w+537
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with the constant C' of (7.26), whereas

(T/w(x2) - 77w(£1)) (pwg(xl) - pwg(x2>> S ngw+537
with the constant C' of (7.25). Hence

hi (1 (2) = 1 (1)) (Pug(21) — Pug(22)) < C hgl (fuwlz2) = fulz1)) (9(z2) — g(21)),

w
T

with another constant C' independent of x1, x5, and h;. Now, we use the assumption that
x9 > h]'. Then, owing to (7.40),
h;

1—104 o
0 S hz m S h'1;17
Ty"

and we recover (7.39).

2) When z; > 15, we infer from the next to last inequality in (7.30) that

11 1 Bs—1 11 1 1
w - Pw < —— - ° < —— 2 Ps - .
Pug(1) = Puglw2) S oo (2 — el S e 2 (0 — )
Thus, on the one hand,
1
(M (2) = 1 (1)) (Pug (21) = Pug(22)) < C W(% — 1) (257 — af"), (7.41)
2

where C' is the above constant divided by «,,. On the other hand, we use the lower bound
(7.31) for the difference in f,, and we need a lower bound for the difference in g. It is
derived from (5.51),

g Oy O 1)00+B4—1x(iw+ﬁ371(x2 — )

g(w2) — g(z1) > C———(—
(7.42)
N a3 %% 1)00+ﬂ4_1(1)0w+53_1x9w+5371<

B Cmax ew 90 4 2

2
Hence (7.31) and (7.42) yield

(fulz2) = fulz1)) (g(z2) — g(a1)) > Caye ! (ﬁgw - x?“’)(xQ — 1), (7.43)

with the product of the constants of (7.31) and (7.42). Then by combining (7.41) and
(7.43), we deduce that

Ty — T1).

C

Y1 e'w
hi

(%(372) - %(561)) (pwg<x1) - pwg<x2)) < (fw(xQ) - fw(xl)) (g(x2) - g(l’l));

which is (7.39) when ¢§] satisfies (7.40). O

The case when 1 — 27 is not too small is handled by the next proposition.
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PROPOSITION 7.6. In addition to (7.35), suppose that the exponent vo of Proposition 7.4

satisfies
1

0,—1
Suppose that }l <z <x9<landl—xy>h]*. Then

e < (7.44)

hi (77w($2) - ﬂw(xl)) (pwg(xl) —pwg($2)) < Chfé (fw(%) - fw(xl)) (9(%) - g(ml)), (7.45)

where
0 < &y = min(da, 1 — 12(6, — 1)). (7.46)

Again, the constant C' is independent of x1, xo, and h;.

Proof. The proof is analogous to that of Proposition 7.5, but we sketch the steps for the
reader’s convenience. We skip the constants’ details, but stress that they are independent
of x1, xo, and h;. Again, there are two possibilities, either 1 — x5 < %(1 —xy)or 1 —xg >

(1 — 1), and we examine each case.

1) In the first case,

<nw($2) o Uw(ifl)) (pwg(zl) - pwg(fBQ)) < O(1 — q) 1 H0F5

and
(fw<x2) - fw($1)) (9(332) — 9(1’1)) > C(l — 1’1)290+’84.
Hence
(1 (22) = (1)) (g (21) = Pug (22)) < CWU@J(@) = fula1)) (9(w2) — g(a1))
< O (1) = L) () — ().

With (7.44) and (7.46), this implies (7.45).
2) In the second case, we have on the one hand,

Pug (1) = Pug(2) < Oy — 21)(1 — 1) P71,

so that
(10(2) = (1)) (Puag (1) = Pusg () < Clws — 21)*(1 = wy) 7,
On the other hand,
Fules) — Fuler) > Ol — 22)(1— 2)%

and
g(22) — g(z1) > Cwz — 1) (1 — my) A1,
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and thus
(10(x2) = M (1)) (Pug (21) — Pug(@2)) < Cm(fw(@) — fu(1)) (g(22) — g(21))

< Oy () — fulen)) (a(2) — gla).

Y2 (90 -1
hi

whence (7.45). O
In view of (7.32), (7.34), (7.38), and (7.40), let us choose

L ’VIL
200+ s 1 20, + fs

Then (7.32) and (7.34) are satisfied, as well as (7.38) and (7.40). Likewise, in view of
(7.35), (7.37), (7.44), and (7.46), the choice

(51:612

(7.47)

2+ 04 2
Gy= g, = =P , 7.48
TR, 8 T 20,4 6 749
satisfies (7.35), (7.37), (7.44), (7.46). Then the desired limit follows by collecting these
results.

LEMMA 7.7. Under the assumptions and notation on the mobility (5.42)—(5.46), the term
T defined in (7.20) tends to zero, with a similar limit in the non-wetting phase, i.e.,

N M Sn]
T ZTZ o[ Rl 0S5 = mal@)plla)dr) (V79 = V) =0,
n:l i, jﬂzl . (749)
 Jim » ; cw( /  Fu@(0(S5) = no(@)pi () dfﬂ) (V™ —vmt) =0.

Proof. We prove the first limit. Here the parameters of Propositions 7.4 and 7.5 are chosen
by (7.47) and (7.48). It stems from the above considerations that, for each index n, the
set of all indices (7, j) from 1 to M can be partitioned into three subsets,

. . 1 . .
O1={(i,§); 0< 5™ < 5™ < Z}, Oy ={(i.j); 7 < ™ < 5™ <1},
1.3 |
Oy = {(1,4); 0< §" < 7 and 5 < §™ < 1},

In turn, O, and O, can each be partitioned into two subsets
O11 ={(i,j) € O1; S™ < h}'}, O1o={(i,j) € Or; 8™ > h}'},

0271 = {(Z,]) € 02; 1 — Sn’i S h;?}, 0272 = {(Z,]) € 02; 1 — Sn’i > h%z}
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To simplify, let

A j = cj ( /:w fo() (Uw(sgfij) - 77w(£)>p/c(x> dx) (Vn’j - Vm)

In view of (7.33) and (7.36), for all pairs (4, j) in Oy, ¢ = 1,2, A, ; satisfies
Al < ClIV vllzm@xorphi i
Owing to (7.39) and (7.45), for all pairs (4, ) in Oy, £ = 1,2, we have
|Aijl < C|IV U”LOO(QX}O,T[)hfeCij (fw(S™) = fu(S™)) (g(S™) — g(S™)).
Finally, for all pairs (4, 7) in Os,

[Ai | < ClIV vl pe@gomphacis (Fu(S™) = fulS™)) (9(S™) = g(S™)).

According to (5.40), the sum of the terms over all (¢,7) in Oy5 and O3 tends to zero. For
the remaining terms, observe that by definition,

h?cij S C|Az N Aj|,
so that the sum over all (4, j) in Oy, is bounded by Ch‘f’z that also tends to zero, whence
the first part of the limit (7.49). The same limit to zero holds for the non-wetting phase. O
With (7.19), this lemma leads to the desired limit of the term with the auxiliary pressures.

THEOREM 7.8. Let v € CH(Q x [0,T]) be a smooth function and let V;, () = I, (v)(t,) in
ltn—1,tn). Under the assumptions and notation on the mobility (5.42)—(5.46),

T

T
lim Ponry Inna(Sh+))i In(Pag(Shr))s Varl, = Vg(s5) - Vv, a=w,o,
i P TS (S Vo) = [ [ 909
(7.50)

where § is the limit of S, ;.

Finally, Theorems 7.1 and 7.8, together with (1.15) and (6.40), give the desired convergence
of the upwind diffusion terms.

THEOREM 7.9. With the notation and assumptions of Theorem 7.1, we have for all
functions v € C1(Q x [0,T)),
T
li — P, 1 : P,
(h,T)lEQO,O) /() [ a,h, T h(na(sh,‘r))> a,h,‘th,‘r]h
T
=/ /(nw(é)V(ﬁwwwg(é))+vg(§)) Vo if a=w, (7.51)
0 Jo
T
= / /Q (n0<§)v(ﬁo _pog(g)) - Vg(E)) . V’U Zf o = 0.
0
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7.2. Convergence of the right-hand sides. In order to pass to the limit in the
right-hand sides of (2.42)—(2.43) it is convenient to replace the quadrature formulas by
integrals. Since the quadrature formulas are exact for polynomials of degree one, this is
achieved by approximating some functions with the operator pj, see (2.27). As s;, belongs
to L>(2x]0,T), standard approximation properties of p, and r;, and a density argument
imply

(h,rl)iiﬁo,()) pr(pr(Sin)) = Sin in L= (K x]0,T7). (7.52)

Then the continuity of f,, for a = w, o, yields

e falprpa(s) = falom) in (K]0, 7). (7.53)

Similarly, since g belongs to L*(2x]0,T),

li 7)) = qin L*(K TD.
(hﬁ)gr%o?o)pf(pK(Q)) q in L*(Kx]0,T7)

Also the (constant in space) correction added to p,(r,(q)) satisfies

7)) = L*(Q T
hT 00 |$2| / rh =0in ( X]O D
Therefore
lim  @,, = qin L?(Qx]0,T]). 7.54

With the same function V}, ;, consider the first term in the right-hand sides of (2.42)—(2.43)

N T
X = Z T [h fa Sin h Qha Vh ) / (Ih(fa(sin,h,r))@lﬁa Vhﬂ')}l'
n=1 0

By definition of the quadrature formula, X has the following expression:

al |K| = —nl nZ
X:Z Zd+1zfa 1nhT h,t *
n=1 KeQ

By inserting fo(pr(pr(sim))) and p,(px(q)), this becomes

S K| & »
Z Z FalS5 ) = Falpr(pre(s))) Gl Vst

cd+1
Ke
‘K‘ d+1 .
+Z > a1 Zfoc (- (e (s10)) (@r = pr(pxc (@) Vi
n=1 KeQ

T / / Fa (02 (P (530002 (P (@) Vir = X1 + X + X,
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since the last summand is a polynomial of degree one. We have

i X3 in)
(h, T)linoo / / Jols

It remains to show that X; and X5 tend to zero. For Xi, since f, and f,, have the same
derivative (up to the sign), we deduce from (5.52), (5.42), (5.43), (5.45), (5.46), and (5.47)
that f/ is bounded in [0, 1]; hence

[falsiune) = falpr(pre(si))] < Clsiyh - — pr(pxc(sin))].

Thus, the summand is bounded by polynomials and the equivalence of norms yields

|X1| < CH'UHL‘X’(QX]O,T[)||3in,h7r - PT(PK(Sin))HB(Qx]o,T[)HQh,er(Qx]o,T[)»

that tends to zero with (h, 7). It is easy to check that the same holds for X,. Hence

T

hm ([h<fa(51nh7))q117'7vh‘r / /foz Sln (755)

(h,7)=(0,0) Jo

The argument for the second term in the right-hand side of (2.42) is much the same; we
insert p,(pr(5)) and we use the fact that

1 Sr — pr .
(hT)ILHOO)H h = P (PK( ))HL2 (Qx]o, 7)) =

Then the argument used for the first term readily gives

T

lim (Ih(fa(ShT))qh ,V}”— —/ /fa (756)

(h,7)—(0,0) Jo

By combining (7.55) and (7.56), we obtain convergence of the right-hand sides,

T
(h,-rl)iLI%O,O) (/0 (Ih(f”(slnh’r))th - Ih(fa(ShT) qh 7Vh7' / / fcx Sm ( EQ)U')
7.57

7.3. The full scheme. It remains to pass to the limit in the time derivative, say in
(2.42), summed over n, and tested with the same V}, . as previously, except that here we
take v(7T") = 0. After summation by parts, this term reads

N N-1
Z(S;LL - Slrzlila Vf?)f = Z(th+l - th? S}?)f - (Vh17 Sg)f (758)
n=1 n=1

By definition,

K| drl . o
(VT = Vi S = D el 2 (Ve —ymsees
KeQ =1
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By inserting pg (V" — /™) in each element, this becomes
(Vi =Vt Sk = (Vi = Vit = (VT = V), S+ / pon(VIH = VS
0

The first term has the bound
(Vi = Vi = o (VP = V™), S| < el IV = Vi — oo (VP = V) 1l S3 -

Since the functions are piecewise polynomials, the equivalence of norms yields

N—-1
D Vit =V = pa (VT = V), SE] < C el
n=1
N-—1 1 N N-—1 L
X ( Z T||;(Ih(UnJrl — ") — Ph(V"Jrl - Vn)) H%?(Q)) : ( Z T||52||%2(Q)) 2.

n=1 n=1

Then the regularity of v, the approximation properties of I, and p, and the boundedness
of Sy - imply that

: n+1 n+1 n m _
(h,Tl)lir%QO) ‘ Z(Vh = Vit = (VT =V, Shm o

Similarly, it is easy to check from the convergence of Sj, , that

_ n+1 n
hmOO)Z/gop (Ve —vm) / / (Opw)s

The treatment of the initial term is the same. Hence

N

mOO)Z( — St yme = // atvs—/gosv (7.59)

n=1

By combining (7.59), with (7.9) and (7.57), we readily see that the limit functions §, p,
and pa,(5) satisfy the weak formulation (1.16). This proves Theorem 2.6.

8. Numerical validation. This section proposes a numerical validation of our algo-
rithm with a two dimensional finite difference code. Details on the algorithm implemented
are given. A problem with manufactured solutions is then considered to study the conver-
gence properties of our algorithm.

8.1. Implementation of the model. To avoid dealing with nonlinear terms, we im-
plement a modified version of the algorithm proposed in section 2.3. The main difference
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consists of approximating the terms S™14 §n+14 and P"1 with first time order extrap-
olation. For each node 1 < i < M, the unknowns (S™™1¢ P"*1%) are computed as the
solution of the following problem:

AT =S = 3T (S (P — P
J#5JEN (i)
=m i, 1<i< M, (8.1)
SR (ST M) = ST (S (P — P
J#LIEN (D)
= D eSS ) =T 1< <M, (82)
J#i,JEN(0)

where the pressure P, has been substituted with P, + p. with respect to (2.34). The
solution P, is enforced to satisfy (2.35) a posteriori by subtracting its integral 3 m; P!
after solving the above problem. The terms S%"™1% and S*"*1% are approximated at
time iteration n by setting them to S™% and S™%. Eventually, the capillary pressure p*"+!

is approximated with a first order Taylor expansion with respect to the saturation S, it
reads:

ope\"
*n+1 — c n+l _ qn
gt =it () (s -8 (83)

We note that to facilitate the implementation of this algorithm in a two dimensional finite
difference code, the source terms of the equations (2.32)-(2.33) have been replaced by
functions denoted by f; and fs.

8.2. Numerical test with a manufactured solution. The numerical validation of
the algorithm is done by approximating the analytical solutions defined by

Py(t,z,y) =2+ 2’y — y* +2®sin(t + y), (8-4)

S(t,x,y) = 0.2(2 4 22y + cos(t + x)), (8.5)

on the computational domain Q = [0,1]?. Dirichlet boundary conditions are applied on
09 on both unknowns P,, and S. The initial conditions of the problem satisfy (8.4)-(8.5).
The porosity of the domain is set to:

o(t,z,y) = 0.2(1 + xy). (8.6)
The mobilities n,, and 7,, introduced in section 1.1, are defined as follows:
N = 452, no = 0.4(1 — S)2 (8.7)

The capillary pressure is based on the Brooks-Corey model, it reads:

c =

A(1.5 —108) x 0.057%°  otherwise.
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where A is a constant set to 50. The term sources f; and f; are computed accordingly. The
convergence tests are performed on a set of six uniform grids with respective mesh size h €
{0.2,0.1,0.05,0.025,0.0125,0.00625}. The convergence properties are evaluated by using a
time step 7 set to the mesh size h with a final time T = 1. As the time derivatives and the
saturations S"t14W S HLU are computed with first order time approximation, we expect
the convergence rate in the L? norm to be of order one. The results of the convergence

’ L?-norm of error | Water pressure P, | Water saturation S ‘

h Naf Error Rate Error Rate
0.2 25 8.50E-3 - 4.21E-3 -
0.1 100 4.15E-3 1.03 2.30E-3 0.87

0.05 400 2.08E-3 1.00 1.14E-4 1.01
0.025 1600 1.04-3 1.00 5.57TE-4 1.03

0.0125 6400 5.23E-4 0.99 2.75E-4 1.02
TABLE 8.1
Results of convergence tests where the mesh size is denoted by h and the number of degrees of freedom
per unknown by nqgr. The time step T is set to h and errors are computed at final time T = 1.

tests are presented in Table 8.1. The theoretical order of convergence, equal to one, is
recovered for both unknowns which confirms the correct behavior of the algorithm.

9. Conclusions. This paper formulates a IP; finite element method to solve the im-
miscible two-phase flow problem in porous media. The unknowns are the phase pressure
and saturation, which are the preferred unknowns in industrial reservoir simulators. The
numerical method employs mass lumping for integration and an upwind flux technique. As
a consequence, the saturation is shown to be bounded between zero and one. The discrete
approximations of pressure and saturation converge to the weak solution as the time step
and mesh sizes tend to zero.
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