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POINT PROCESSES OF NON STATIONARY SEQUENCES GENERATED BY
SEQUENTIAL AND RANDOM DYNAMICAL SYSTEMS

ANA CRISTINA MOREIRA FREITAS, JORGE MILHAZES FREITAS, MARIO MAGALHAES,
AND SANDRO VAIENTI

ABsTRACT. We give general sufficient conditions to prove the convergence of marked point pro-
cesses that keep record of the occurrence of rare events and of their impact for non-autonomous
dynamical systems. We apply the results to sequential dynamical systems associated to uniformly
expanding maps and to random dynamical systems given by fibred Lasota Yorke maps.

1. INTRODUCTION

The study of dynamical systems, initiated with Poincaré, concerns the qualitative description of
the orbits of a system. A discrete system is defined by three main ingredients: a phase space,
whose elements describe the state of the system at any given moment; the time, which is usually
modelled by Z or N; and a law that rules the action of time in the system, which is usually given
by a map that determines the transition from a given state to a successive one. The orbits are
then defined by an initial state and the subsequent states determined by the evolution law that
rules the system. In the case the map is invertible, the orbit also includes the predecessing states.
The main goal is to understand the time evolution of the orbits and in particular their asymptotic
behaviour.

The emergence of chaotic systems brought renewed interest and opened new lines of research. In
fact, sensitivity to initial conditions, i.e., the fact that two orbits become uncorrelated regardless of
how close the initial states are, introduced an unpredictability which made the classical analytical
tools ineffective to understand the global behaviour of such systems. The complexity of the orbital
structure of chaotic systems brought special attention to the study of limiting laws of stochastic
processes arising from such systems, since they borrow at least some probabilistic predictability to
their erratic behaviour. These stochastic processes arise in a very natural way simply by evaluating
a given observable function along the orbits of the system.

The first step in this research direction is usually the construction of invariant physical measures,
which provide an asymptotic spatial distribution of the orbits in the phase space and endow the
stochastic processes dynamically generated with stationarity. Ergodicity then gives strong laws
of large numbers. The mixing properties of the system restore asymptotic independence and,
in this way, allow to mimic independent and identically distributed (iid) processes and prove
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limiting laws for the mean, such as: central limit theorems, large deviation principles, invariance
principles, among others. However, in many occasions the exact formula for the invariant measure
is not available and one has to rely on reference measures with respect to which these processes
are not stationary anymore. Loosening stationarity leads to non-autonomous dynamical systems
for which the study of limit theorems is just at the beginning. We mention the recent works
[AHNT15, [HNTVI7, INTVIS| and references therein.

While the limiting laws mentioned so far pertain to the mean or average behaviour of the system,
in the recent years, the study of the extremal behaviour, ie, the laws that rule the appearance of
abnormal observations along the orbits of the system has suffered an unprecedented development
(JLEE™16]). In fact, Extreme Value Theory (EVT) became a new powerful tool to investigate the
statistical properties of dynamical systems. The first approach followed in the beginning was to
look at the partial maxima of the sequence of random variables generated by the observations along
the orbits. It turned out that for particular choices of the observable function, the asymptotic
distribution of the maximum gave new and important insight about the recurrence properties
of the systems. This intimate connection between the extremal properties of the systems and
their recurrence properties was established in [Col01, [FET10, [FET11]. Based on an extremal
analysis of the systems, one can compute the probability of the first visit to shrinking targets on
the phase space and show that it is determined by the local behaviour of the invariant measure.
Moreover, the quantities associated with statistics of extremes, such as the tail indexr or the
extremal index, revealed to be very useful to provide relevant information about, for example, the
local dimension of the invariant measure, the expansion rate at periodic points, the Lyapunov
exponents or the compatibility between the dynamics and the fractal structure of the target sets
(JLFTVI2, [FFTT2, ICFM ™18, [FFRSIS]).

We would like to stress that these remarkable progress in the description and the understanding
of recurrence and the extremal behaviour of dynamical systems are not mere applications of
the classical EVT established in probability. The very nature of the processes arising from the
dynamical systems, which are far from being iid, addresses new theoretical issues and enlarges the
horizon of the theory itself.

The study of rare (extreme) events for dynamical systems was initially performed under sta-
tionarity. Very recently, in [FEVI17, [FEV1S]|, the authors developed tools to obtain the limit-
ing distribution for the partial maxima of non-stationary stochastic processes arising from se-
quential dynamical systems (|[BB84, [CR07]|) and random transformations or randomly perturbed
systems ([Kal86) [Kif88]). In the case of random transformations, we also mention the papers
[RSV14, Roul4, RT15], where limiting laws for the waiting time to hit/return to shrinking target
sets in the phase space (which are related to the existence of limiting laws for the maximum) were
obtained for random dynamical systems.

The main purpose of this paper is to enhance the study of rare events for non-autonomous sys-
tems and, therefore, in a non-stationary context, by considering the convergence of point pro-
cesses instead of the more particular distributional limiting properties of the maximum or the
hitting/return times statistics. Point processes have revealed as a powerful tool to study the ex-
tremal behaviour of stationary systems. The most simple point processes, the Rare Events Point
Processes (REPP) keep track of the number of exceedances (abnormally high values) observed
along the orbits of the system and allow to recover relevant information such as the expected time
between the occurrence of extremal events, the intensity of clustering, the distribution of the higher
order statistics such as the maximum. For stationary systems, they were studied in [FFT13]. We
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will also consider more sophisticated Marked Point Processes of Rare Events (which are random
measures), studied for autonomous systems in [FEMal§| and which not only keep track of the
number of exceedances but also of their impact. In the presence of clustering of rare events, we
will be particularly interested in Area Over Threshold (AOT) marked point processes, which sum
all the excesses over a certain threshold within a cluster, and Peak Over Threshold (POT) marked
point point processes, which consider the record impact of the highest exceedance by taking the
maximum excess within a cluster. The first allows to study the effect of aggregate damage, while
the second focuses on the sensitivity to very high impacts. The potential of interest of these results
is quite transversal, but we mention particularly the possible applications to climate dynamics
where the study of extreme events for dynamical systems have proved to be very useful in the
analysis of meteorological data (see for example [SKET16, MCF17, MCB™18, [FACM™19]).

The paper is structured as follows. In Section [2, we generalise the theory developed in [FEV17| in
order to obtain the convergence of Marked Point Processes of Rare Events (MREPP). In particular,
we introduce the notation, concepts and conditions that allow us to state a result that establishes
the convergence of the MREPP to a compound Poisson process for non-stationary stochastic
processes, under some amenable conditions designed for application to non-autonomous systems.
We believe that formula which gives the multiplicity distribution of the limiting compound
Poisson process has an interest on its own. Section |3] is dedicated to the proof of the main
convergence result stated in the previous section. In Section |5, we make a non-trivial application
of our main convergence result to some sequential dynamical systems studied in [CR0T7]|, deriving
exact formulas for the limiting multiplicity distribution. In Section [0} we establish a convergence
limiting result of the MREPP in the random dynamical systems setting, where we consider fibred
LasotaYorke maps which were introduced in the recent paper [DFGTVIS].

2. THE SETTING AND STATEMENT OF RESULTS

Let Xo, X1,... be a stochastic process, where each r.v. X; : Y — RU {+£oo} is defined on the
measure space (Y, B,P). We assume that ) is a sequence space with a natural product structure
so that each possible realisation of the stochastic process corresponds to a unique element of Y
and there exists a measurable map 7 : ) — ), the time evolution map, which can be seen as the
passage of one unit of time, so that

X 10T =X;, forallieN.

The o-algebra B can also be seen as a product o-algebra adapted to the X;’s. For the purpose of
this paper, Xg, X1,... is possibly non-stationary. Stationarity would mean that P is 7-invariant.
Note that X; = Xg o 7;, for all ¢ € Ng, where 7; denotes the i-fold composition of 7T, with
the convention that 7o denotes the identity map on ). In the applications below to sequential
dynamical systems, we will have that 7; = T; o ... o T} will be the concatenation of ¢ possibly
different transformations 717, ...,T;, so that

Xp,=¢oT,, forallneN (2.1)
for some given observable ¢ : ) — R U {fo00}

Each random variable X; has a marginal distribution function (d.f.) denoted by Fj, i.e., F;(z) =
P(X; < ). Note that the F;, with i € Ny, may all be distinct from each other. For a d.f. F' we
let ' =1—F. We define up, = sup{z : Fj(z) < 1} and let F;(up,—) := limy, ,o+ Fi(up, —h) =1
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for all 7. We will consider the limiting law of
Py, =P(Xo < upo, X1 <uni,..., Xan-1 < Un Hn—1)

as n — 0o, where {uy;,9 < Hn —1,n > 1} is considered a real-valued boundary, with H € N.

We assume throughout the paper that

Frmax(H) = max{F;(uy;),i < Hn—1} -0, asn — oo, (2.2)
and, for some 7 > 0,
hn—1 A
> Fi(un) = ;”T +0(1), (2.3)
i=0
for any unbounded increasing sequence of positive integers h,, < Hn. In particular, we have
Hn—1
Fr,, = Z Fi(un;) — Ht, asn — oo. (2.4)
i=0

The most simple point processes that we will consider here keep track of the exceedances of the
high thresholds w,, ; by counting the number of such exceedances on a rescaled time interval. These
thresholds are chosen such that

n—1
Ff,=> Fi(ung) =7,  asn— oo, (2.5)
1=0

so that the average number of exceedances among the first n observations is kept, approximately,
at the constant frequency 7 > 0.

2.1. Random measures and weak convergence. We start by introducing the notions of ran-
dom measures and, in particular, point processes and marked point processes. One could introduce
these concepts on general locally compact topological spaces with countable basis, but we will re-
strict to the case of the positive real line [0, 00) equipped with its Borel o-algebra Bjg,0); where
our applications lie. Consider a positive measure v on B o). We say that v is a Radon measure if
v(A) < oo, for every bounded set A € By o). Let M := M([0,0)) denote the space of all Radon
measures defined on ([0, 00), B[Om)). We equip this space with the vague topology, i.e., v, — v in
M([0, 00)) whenever [t dv, — [ 1) dv for every continuous function ¢ : [0, 00) — R with compact
support. Consider the subsets of M defined by M, := {v € M : v(A) € Ny for all A € Bjg )}
and M, := {vr € M : v is an atomic measure}. A random measure M on [0,00) is a random
element of M, i.e., let (X,Bx,P) be a probability space, then any measurable M : X — M is
a random measure on [0,00). A point process N and an atomic random measure A are defined
similarly as random elements on M, and M,, respectively.

A point measure v of M,, can be written as v =) .2, d,,, where 1, x2,... is a collection of not
necessarily distinct points in [0,00) and dz; is the Dirac measure at z;, i.e., for every A € Bjg o),
we have that 6., (A) = 1if z; € A and §,,(A) = 0, otherwise. The elements v of M, can be written
as v =y 2, di0g,, where x1,29,... € [0,00) and dj,ds,... € [0,00). Hence, a point process can
be written as N = ) >, d7, and an atomic random measure as A = Y .2, D;or,, where each T;
and D; is a positive random variable defined on the probability space (X, By, P), for all i € N.

As pointed out in [Kar91], an atomic random measure can be seen as marked point process,
> 01 013, p,), Which is a point process on the higher dimensional space [0, 00) x [0, 00), where D;
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is called the mark associated to T;. For this reason, from this point forward, we will refer to all
atomic random measures as marked point processes.

A concrete example of a marked point process, which in particular will appear as the limit of the
marked point processes, is the compound Poisson process which we define next.

Definition 2.1. Let 17,75, ... be an i.i.d. sequence of r.v. with common exponential distribution
of mean 1/6. Let Dy, Do, ... be another i.i.d. sequence of r.v., independent of the previous one,
and with d.f. 7. Given these sequences, for J € By o, set

o0
A(J) = /1J d <Z DiéTﬁ,,,m) :
i=1
Let X denote the space of all possible realisations of 17,75, ... and D1, Do, ..., equipped with a
product c-algebra and measure, then A : X — M,([0,00)) is a marked point process which we
call a compound Poisson process of intensity # and multiplicity d.f. «.

Remark 2.2. When D1, Do, ... are integer valued positive random variables, 7 is completely defined
by the values 7 = P(D; = k), for every k € Ny and A is actually a point process. If 73 = 1 and
6 =1, then A is the standard Poisson process and, for every ¢ > 0, the random variable A(]0,t))
has a Poisson distribution of mean ¢.

Now, we will give a definition of convergence of random measures (for more details, see [Kal86]).

Definition 2.3. Let (M, )nen : X — M be a sequence of random measures defined on a prob-
ability space (X, By, ) and let M : Y — M be another random measure defined on a possibly
distinct probability space (Y, By, v). We say that M,, converges weakly to M if, for every bounded
continuous function ¢ defined on M, we have

lim [ @dpo M1 = /(pdz/ oML,

n—o0

We write M,, == M.

Checking the convergence of random measures using the definition is often quite hard, hence, it
is useful to translate it into convergence in distribution of more tractable random variables or in
terms of Laplace transforms. For that purpose, we let S denote the semi-ring of subsets of ]RSr
whose elements are intervals of the type [a,b), for a,b € ]R(T . Let R denote the ring generated by
S. Recall that for every J € R there are ¢ € N and ¢ disjoint intervals I,...,I. € S such that
J = U;_1I;. In order to fix notation, let a;,b; € R} be such that I; = [a;,b;) € S.

Definition 2.4. Let Z be a non-negative, random variable with distribution F'. For every y € Rg ,
the Laplace transform ¢(y) of the distribution F' is given by

o) =E () = [ aur,
where pp is the Lebesgue-Stieltjes probability measure associated to the distribution function F'.

Definition 2.5. For a random measure M on Ra“ and ¢ disjoint intervals Iy, Is,...,I. € § and
non-negative y1, ¥y, .. ., Y., we define the joint Laplace transform ¢ (y1,y2,...,yc) by

¢M(y17y2a e 7y§) =E (e_ Efi:l yEM(]Z)> .
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If M is a compound Poisson point process with intensity A and multiplicity distribution 7, then
given ¢ disjoint intervals I, Is, ..., I. € § and non-negative yi, 42, ...,y we have:

wM(y17 y27 . 7y§) — e_AEZ:l(l_(b(yZ))'I["

where ¢(y) is the Laplace transform of the multiplicity distribution 7.

Remark 2.6. By |[Kal86, Theorem 4.2], the sequence of random measures (M, ),en converges
weakly to the random measure M iff the sequence of vector r.v. (M, (J1),..., M,(J;)) converges
in distribution to (M (J1),..., M(J;)), for every ¢ € N and all disjoint Ji,...,J. € S such that
M(0Jy) =0 as., for £ =1,...,¢, which will be the case if the respective joint Laplace transforms
Uar, (Y1, Y2, - - -, Yo ) converge to the joint Laplace transform ¥as(y1,y2,...,yc), for all yi,...,yc €
[0, 00).

2.2. Marked Point Processes of Rare Events. Before we give the formal definition of Marked
Point Processes of Rare Events, we need to introduce some notation and definitions that will
also be useful to understand the conditions that we will introduce in order to prove their weak
convergence.

In what follows, for every A € B, we denote the complement of A as A°:= )\ A.

Given a set of thresholds u,, ;, for each n, ¢ and j € Ny with 7 < Hn — i, we set

Uj(nl:— {X; >um}
0)
an@:: (nlmm ]nz+€) _{X >unzsz+1<Unz+17--~>Xi+j§un,i+j}
{=1

and define the following events, for x € N:

() . pr(k—1) (/@1_ nl) (k—1)
Uj,n,l' anz \anz - ]nz Uanz—M

(U e

Du.

0% g A

]77’-"7Z j7n71’

(=1

If j = 0 then Q) , = US) , = {Xi > up;} and Q) = U™, =0 for r € N.

—y® = () for all K € Ny.

Jm,yi Jm,i

For j > Hn — 1, WesetQ

Also, let U, (o), _ U™ Note that Q
K= 0

oy pgy ]m \ Ut for g € Ny and, therefore,

]nz_ 7,nyt

Uanz ]nz

Remark 2.7. The points in U ]( n) , are points whose orbit represents a cluster of size at least x + 1
(that is, in their orbit there are at least x 4+ 1 exceedances separated by at most j time steps

between subsequent ones), since there Will be points in each U," ) with &' taking values between

3,
and 0. On the other hand, points in Q i are points whose orbit represents a cluster of size x + 1
exactly (that is, in their orbit there are exactly x + 1 exceedances separated by at most j time
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steps between subsequent ones). The underlying method to identify clusters we are using here is
called runs declustering scheme, which sets a fixed j € N as the maximum waiting time between
the occurrence of two extreme events on the same cluster, so that any rare events belong to the
same cluster when they are separated by at most 5 — 1 non-extreme observations.

For each i € Ng and n € N, let R, , ; := min{r € N : ngqzl N Qg-%iw # (}. We assume that there
exists ¢ € Ny such that:

¢ = min {j € Np: li_>m Iign {Rjni} = oo} . (2.6)

Note that one can view g as the largest of the periods of the underlying periodic phenomena
present in the stochastic process, which, in the dynamical context, is related with the periodicity
of the maximal set of points where the observable achieves the global maximum.

When ¢ = 0 then Q(()%i corresponds to an exceedance of the threshold wu,; and we expect no
clustering of exceedances.

When ¢ > 0, heuristically one can think that there exists an underlying periodic phenomenon
creating short recurrence, i.e., clustering of exceedances, when exceedances occur separated by at
(0)

most ¢ units of time then they belong to the same cluster. Hence, the sets Qq . correspond to the
occurrence of exceedances that escape the periodic phenomenon and are not followed by another

0
©) . as the occurrence of an

exceedance in the same cluster. We will refer to the occurrence of @, ;
b b

escape at time 4, whenever g > 0.

Given an interval I € S, z € X and u,; € R, we define

Nog(z):= Y 1,0 (2).

. q,m,
i€ INNg

Let i1 (2) <i2(z) < ... <in, ;(z)(z) denote the times at which the orbit of = entered Qg(]?)” in I.

We now define the cluster periods: for every k = 1,..., N, 1(x) — 1 let Ij(z) = (ig(x), ig41(x)]
and set Io(z) = [min 1,41 (x)] and Iy, ;(2)(®) = (i, ;(2)(®),sup I].

In order to define the marks for each cluster we consider the following mark functions that depend
on the levels u, ; and on the random variables in a certain time frame I € S:

Zz‘emNo (X — Unyi)4 AOT case
mn(I) == { maxiernng{ (Xi — uni)+} POT case (2.7)
> icrnNg 1Xi>un, REPP case,

where (y)4+ = max{y,0} and when I NNy # 0. Also set my(I) := 0 when I NNy = 0.

Finally, we set

I (I)(x) := My (I (z)).

In order to avoid degeneracy problems in the definition of the marked point processes we need to
rescale time by the factor
vp i=n/Fy,
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so that the expected average number of exceedances of the levels u,; for i = 0,...,n in each
time frame considered is kept ‘constant’ as n — oo. Recall that the levels w,,; satisfy and
therefore v, ~ 2, where we use the notation A(n) ~ B(n), when lim, % = 1. Hence, we
introduce the following notation. For I = [a,b) € S and a € R, we denote al := [aa,ab) and
I+a:= [a+a,b+a). Similarly, for J € R, such that J = J1U...UJ, define aJ := a1jU- - - UaJy

and J + a = (J; + a)U---U(Jg + ).

Definition 2.8. We define the marked rare event point process (MREPP) by setting for every
J € R, with J = J1U...UJy, where J; € Sforalli=1,...,k,

k
An(T) =" s (vn Ty). (2.8)
=1

When m,, given in is as in the AOT case, then the MREPP A, computes the sum of all
excesses over the threshold u,, and, in such case, we will refer to A as being an area over threshold
or AOT MREPP. Observe that in this case A, does not rely on the definition of clusters but takes
into account each exceedance, since we may write:

An(J) = Z (Xi — uni)+

i€vn JNNg

When m,, given in (2.7)) is as in the POT case, then the MREPP A,, computes the sum of the
largest excess (peak) over the threshold u, ; within each cluster and, in such case, we will refer to
A, as being a peaks over threshold or POT MREPP.

When m,, given in is as in the REPP case, then the MREPP A, is actually a point process
that counts the number of exceedances of u,; and, in such case, we will refer to A,, as being a
rare events point process or REPP, as it was referred in [FFT13|. Also in this case A, does not
rely on the definition of clusters but takes into account each exceedance, since we may write:

An(J) = Z 1x,5u, ;-

i€vn JNNg

If ¢ = 0 then the AOT MREPP and the POT MREPP coincide and both compute the sum of
all excesses over the threshold w,, ;. In such situation we say that A, is an excesses over threshold

(EOT) MREPP.

Next, we will introduce the dependence conditions [y (upn,:)* and JIj (uy;)*, which are the anal-
ogous of conditions [,(un) and JIj(uy,) considered in [FET15], but designed to establish the
convergence of MREPP (AOT, POT or REPP), which allow us to state our main result. Before
we do that, we need to introduce some additional notation and definitions.

For x > 0 and k € Ny, we define the following events:

R () := Q™) . n{mn(I,) > 2}

72' q7n7i

q7n’l

Bni(x) = | RV () u U
k=0

An,i(2) = Bui(2) 0 [ (Buite(x))”
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where I, = [i,44,+1) and i, j denotes the times at which the orbit of the considered point entered
Q(H_J) with @ = .0 < g1 < ir2 < ... < lgj < ... < i, (see Remark . Note that one

q?n7z )

can view B, ;(z) as the set of points in U J(n? ; Whose corresponding cluster as a mark greater than

x, while Rgfl) (x) are the points in U ](n)l whose corresponding cluster has size k + 1 and a mark
greater than z.

In particular, for x = 0 we have

RY(0) = Q)

n,i q,n,t
() (00) _ 77(0)
U Qqnl U anl - Uf]»n:i
N O ©
An,i( m m q,n z—i—E C = Qq,n,i
/=1

and, if ¢ =0,
RY(z) = {Xi > uns,mn(fi,i+ 1)) > 2}, R"™(z)=0for x e N

n,i N,

Api(@) = Bui(z) = RO(a).

Condition ([,(uy;)*). We say that I,(uy ;)* holds for the sequence Xg, X1, Xo,...iffort,n € N,
i=0,...,Hn =1, for x1,...,2¢ > 0 and any J = U;_,I; € R with inf{z :x € J} > i +¢,

S
P A,i(z1) m i) <} | —P(Ani(x1)) ﬂ{gzi ) <z} || < viln,t),

where for each n and each ¢ we have that 7;(n,t) is nonincreasing in ¢ and there exists a sequence
t* = o(n) such that ¢ Fy, max(H) — 0 and n~y;(n,t) — 0 when n — oco.

Note that the main advantage of this mixing condition when compared with condition A(u,,) used
by Leadbetter in [Lea91| or any other similar such condition available in the literature is that it
follows easily from sufficiently fast decay of correlations and therefore is particularly useful when
applied to stochastic processes arising from dynamical systems.

For ¢ € Ny given by (2.6)), consider the sequence (t})nen, given by condition dg(uy,;)* and let
(kn)nen be another sequence of integers such that

kn — oo and  knt)Fymax(H) — 0 (2.9)
as n — oo for every H € N.

Let us give a brief description of the blocking argument and postpone the precise construction of
the blocks to Section We split the data into &, blocks separated by time gaps of size larger
than ¢}, where we simply disregard the observations in the corresponding time frame. In the
stationary case, the blocks have the same size and the expected number of exceedances within
each block is ~ 7/k,. Here, the blocks may have different sizes, denoted by lgpn1,..., Hn K,
but, as in [FEV17], these are chosen so that the expected number of exceedances is again ~ 7 /k,,.
Also, for i =1,...,ky, let Ly = 2;21 lHn,j and Lg o = 0.
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Note that gaps need to be big enough so that they are larger than ¢} but they also need to
be sufficiently small so that the information disregarded does not compromise the computations.
This is achieved by choosing the number of blocks, which correspond to the sequence (ky)nen,
diverging but slowly enough so that the weight of the gaps is negligible when compared to that
of the true blocks.

In order to guarantee the existence of a distributional limit one needs to impose some restrictions
on the speed of recurrence.

Condition (ﬂ;(unﬂ)*) We say that ,H;(um)* holds for the sequence X, X1, Xo, ... if there exists
a sequence (kp)nen satisfying (2.9) and such that, for every H € N,

Jim 3 Z Z ( QY nix, >um}) (2.10)

1= 1] [*H,n,z 1 7">j

Hn—1 Hn-—1

and  lim Y ZIP’( QY n{x, >um}) (2.11)

n—oo . ‘
J=LHnky, T>J

Condition ﬂ;(un,i)* precludes the occurrence of clustering of escapes (or exceedances, when g = 0).

Remark 2.9. Note that condition JIj(u,;)* is an adjustment of a similar condition JI},(u,) in

[FETT5] in the stationary setting, which is similar to condition D®+1)(u,,) in the formulation of
[CHM91l, Equation (1.2)], although slightly weaker.

When ¢ = 0, observe that JIj(u,;)* is very similar to D'(uy;) from Hiisler, which prevents
clustering of exceedances, just as D’(u,) introduced by Leadbetter did in the stationary setting.

When ¢ > 0, we have clustering of exceedances, i.e., the exceedances have a tendency to appear
aggregated in groups (called clusters). One of the main ideas in [FFT12| that we use here is that

the events Qgg)m play a key role in determining the limiting EVL and in identifying the clusters.

In fact, when JI} (uy,;)* holds we have that every cluster ends with an entrance in Qq ni» Which

means that the inter cluster exceedances must appear separated at most by ¢ units of time.

In this approach, condition Z[;(um)* plays a prominent role. In particular, note that if condition
ﬂ;(um)* holds for some particular ¢ = go € Ny, then it holds for all ¢ > ¢g, and so (2.6) is indeed
the natural candidate to try to show the validity of JI/ ()"

Now we give a way of defining the Extremal Index (EI) using the sets Q qn.i- For g € Ny given by
, we also assume that there exists 0 < 6 < 1, which will be referred to as the EI, such that

LH,n,i_l ‘CH,n,i_l
: 7 (0) _
nh_)rglo nax Oky, g Fj(unj) — kn Z P (Q n]> = 0. (2.12)
J=LHmn,i-1 J=LHm,i-1

Remark 2.10. If the process is stationary, then g, ; ~ Hn/ky and the previous condition becomes

lim Hn [0P(X > wn0) — P (Ql0)| = 0

n—o0
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so that, using the usual hypothesis nP(X > u, ) — 7, we have

0
g lm —\Zum0) (@)
" D0 P(X > o)

and 6 is given by the usual definition, as in [FFMal§|

Moreover, we assume the existence of normalising factors a, ; for every j =0,1,..., Hn —1 and
n € N, and a probability distribution 7 such that, for every H € N and = > 0,

. PlAng(@/ang)) ol b Z o (219)

and in this way obtain a formula to compute the multiplicity distribution of the limiting compound
Poisson process.

Finally, assuming that both [l (un:)* and I (uy,;)* hold, we give a technical condition which
imposes a sufficiently fast decay of the probability of having very long clusters. We will call it
ULCy(up ;) that stands for ‘Unlikely Long Clusters’. Of course this condition is trivially satisfied
when there is no clustering.

Condition (ULCy(uy;)). We say that condition ULCy(uy ;) holds if, for all H € N and y > 0,

kn 0o
lim Z/ eiyx(sn’l:H,n,i—llH,n,i(x/an)daT =0,
0

n—oo 4

o0

. — B
nll_>nolo 0 € 5n75H,n,kn,Hn*£H,n,kn (x/an)dx =0,

an lim Z/ yxdn’ LHn i— lzan i—tHn, 1($/an)dx =0

n—00

where a,, is such that P(A,, j(x/a, ;)) = P(Ay j(x/ay)) for ay; is as in (2.13), §,, s e(x) := 0 for
q = 0 and, for g > 0,

[¢/a]  s+e-1 s+0—-1
o= 3 Y (@) ¢ & P () ¢ R @1
k=1 j=s+l—kq Jj=s r>|/q]

is an integrable function in R™ for n sufficiently large.

Note that, by definition, condition ULCy(u, ;) always holds. Note also that d,, s ¢(z) < 6, s ¢ ()
if s+¢=s"+/{ and ¢ < /¢ In particular, if ULCy(uy, ;) holds then, for all H € N and y > 0,

kn 00
. j : —yx —
hm /0 € 5”:£H,n,i7tH,n,i:tH,n,i (x/an)d:C - O

n—00 4

We are now ready to state the main convergence result:
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Theorem 2.A. Let Xg, X1, ... be given by and un; be real-valued boundaries satisfying
and . Assume that Hg(upi)*, ﬂ;(unyi)* and ULCy(uy;)* hold, for some q € Ng. Assume the
existence of 0 satisfying and a normalising sequence (an)nen such that P(A, j(z/an ;) =
P(A, j(xz/ay)) for any 5 = 0,1,..., Hn — 1, where a, j are normalising factors such that
holds for some probability distribution w. Then, the MREPP a,A,,, where A, is given by Def-
1nation for any of the 3 mark functions considered in , converges in distribution to a
compound Poisson process A with intensity 0 and multiplicity d.f. .

Remark 2.11. If the normalising factors a, ; don’t depend on j, then we can naturally choose
ap = ap; for every n € N.

Remark 2.12. What is essential, about the mark function m,, considered in (2.7) to define the
respective MREPP, is that it satisfies the following assumptions:

n(I) >0 and my,(0) =0
(2) mp(I) <mp(J)if I CJ
= mn(J) if X; < umi,W € (I\J) N Np

Note that, in particular, we must have m,(I) = 0 if X; < u,;, Vi € I N Np.

As long as the above assumptions hold then the conclusion of Theorem [2.A] holds for the MREPP
defined from such a mark function m,, satisfying the three assumptions just enumerated.

3. CONVERGENCE OF MARKED RARE EVENTS POINT PROCESSES

This section is dedicated to the proof of Theorem [2.A] whose argument follows the same thread
as the one in the proof of [FFMal8, Theorem 2.A.]

3.1. The construction of the blocks. The construction of the blocks is designed so that the
expected number of exceedances in each block is the same. We follow closely the construction in
[EFFV17|, which was inspired in [Hiis83, [Hiis86].

For each H,n € N we split the random variables Xy, ..., Xgn,_1 into k, initial blocks, where k,
is given by , of sizes L pn1,---LHnk, defined in the following way. Let as before L, =
2221 lrn; and L po = 0. Assume that {7 ,1,...,0Hni—1 are already defined. Take {f,; to
be the largest integer such that

LHni-1HlHn,i—1 F*
j : = Hmn
. n
]:LH,n,i—l

The final working blocks are obtained by disregarding the last observations of each initial block,
which will create a time gap between each final block. The size of the time gaps must be balanced
in order to have at least a size ¢}, but such that its weight on the average number of exceedances
is negligible when compared to that of the final blocks. For that purpose we define

_ kn
e(H,n) = (t; + 1)Fn7maX(H)—F* .
Hmn
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Note that by (2.3) and (2.9), it follows immediately that lim, . e(H,n) = 0. Now, for each
i=1,...,k, let ty,; be the largest integer such that

LHmi—1 *

_ Fr .
Z F(un,J) < E(H,’I’L) k" :

J=LHmni—tHn,:

Hence, the final working blocks correspond to the observations within the time frame Ly, 5—1,..., LHni—
t i ,n,;—1, while the time gaps correspond to the observations in the time frame Lg i —tHnis - - LHni—
1, foralli=1,... k,.

Note that ¢} <ty n; < lHp,, for each i =1,..., k,. The second inequality is trivial. For the first
inequality note that by definition of tx , ; we have
F;_} LH,n,ifl _ 3
e(H, n)k—’” < > Flunj) < (trpi+ 1) Fomax(H).
n

J=LHmni—tHmni—1
The first inequality follows easily now by definition of e(H,n).

Also, note that, by choice of ¢f ,, ; we have

F* ‘CH,n,ifl LH,n,ifl

H, - - = -

B N Plung) 4 Pl ) € Y0 Flung) + Fonas(H)
n J=LHn,i-1 J=LHmn,i-1

and then it follows that

F
Hmn = = Hmn
— — Fmax(H) < E Flu,;) < . 3.1
y ( ) ‘ (U 7]) kn ( )

From the first inequality we get

kn Ean

n kn nmax < Z Z F(un,j)

1= 1] LH’II’L 1

Fr

which implies that

Hn—1 kn EH NOR A
> Flung)=Fin—> Z F(un;) < knFrmax(H) (3.2)
J=LH n kn =1 =Ly ni-1

which goes to 0 as n — oo by (2.9).

Let A := (Ap, Ay, ...) be a sequence of events such that A4; € 7;_18. For some s, ¢ € Ny, we define

s+0—1

m Af, (3.3)

which forbids the occurrence of A; during the time interval between s and s + ¢ — 1.
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Proposition 3.1. Given events By, By1,... € B, let r,q,s,£ € N be such that ¢ < n and define
B = (Bo,Bl, .. .), Ar = Br \ U?:l Br+j and A = (Ao, Al, .. ) Then

P(#0(B)) = P(#ap(A)] <D P (Hap(A) N (Bogimj \ Assrj)) -
j=1

Proof. Since A, C By, then clearly #; ¢(B) C #;¢(A). Hence, we have to estimate the probability
of Wso(A)\ #s0(B).

Let © € W 0(A) \ #54(B). We will see that there exists j € {1,...,q} such that v € Bsy,—;. In
fact, suppose that no such j exists. Then let k = max{i € {s,...,s+¢—1} : x € B;}. Then,
clearly, kK < s+ ¢ —q. Hence, if x ¢ B, foralli =x+1,...,5+ ¢ — 1, then we must have that
x € Ay by definition of A. But this contradicts the fact that x € #; ((A). Consequently, we have
that there exists j € {1,..., ¢} such that € B,y and since & € #; ¢(A) then we can actually
write z € Byjp—j \ Asto—j.

This means that #; ¢(A) \ #:4(B) C Uq-zl(Berg_j \ Asto—;) N #50(A) and then
|P(#;,4(B)) — A))| = A)\ W50(B))
a q
<P U (Bs-i-ﬁ J \As—i-Z ]) N W Z Bs-l—ﬂ—j \ As+€—j)) )
i=1 j=1

as required. O
Applying this proposition to B; = By ;(x), we have the following lemma, which says that the

probability of not entering B,, ;(x) can be approximated by the probability of not entering A,, ;(z)
during the same period of time.

Lemma 3.2. For any s,£ € N and x > 0 we have

IP(#0(Bri(x))) = P(#5e(Ani(2)))] <D P(Bpsss—i())
=1

Next we give an approximation for the probability of not entering A, ;(x) during a certain period
of time.

Lemma 3.3. For any s,£ € N and x > 0 we have

s+4—1 s+0—1 s+0—1
P(%7£(An,l(x))) - (1 - Z ]P)(An,l(x))> < Z Z P (Qg?r)b,] N {Xr > un,r})
1=8 j=s r=j+1

Proof. Since (#s¢(Ani(x)))¢ = Ufif_lAn,i(x) it is clear that

s+l—1 s+0—1 s+4—1
1= P(#o(Ani(x))) — > B < DY P(An () N Ap ()
=5 j=s r=j+1

If ¢ > 0, the result follows by the fact that Ay, ,(z) C {X, > up,} and the fact that the occurrence

of both A, ;j(z) and A, ,(x) implies an escape, i.e., the occurrence of Q for some j < j; <r

q;n,j1
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(otherwise, the occurrence of A, ,(z) and therefore of B, ,(x) would imply the occurrence of
By, (x) for some j +1 < r; < j+ ¢ which would contradict the occurrence of A, ;(x)).

If ¢ = 0, the result follows immediately since A, ;(x) C {X; > upn;} = QO i
U

The next lemma gives an error bound for the approximation of the probability of the process
Iy ([s,s + ¢)) not exceeding = by the probability of not entering in B, ;(z) during the period
[s,s + £). In what follows, we use the notation d,fyie = ([s, s+ 1)).

Lemma 3.4. For any s,£ € N and x > 0 we have

s+0—1 s+4—1
P(at! < 0) = P au(Bus@))| < D Y0 P(QN, N {X > wnr})
j=s r=j+1
¢/a] s+e-1 s+0—1 »
£33 R(R@)+ X 3 P(RiE)
k=1 i=s+l—Kq i=s k>[L/q]
if ¢ > 0, and in case ¢ = 0 we have
s+0—1 s+£0—1
‘IP’(%nS;ré < ) — P(#, 4(Bn ’ SS PXG > g Xe > )

j=s r=j+1

Proof. If ¢ > 0, we start by observing that

nst(@) = { Tt <2 h 0 (Foo(Bai(@))”

n,s,l

s+0—1 s+0—1 s+0—1 s+€ 1

U BV@u | RY@u..u | RYP@u ) | R
i=s+L—q i=s+£—2q i=s+£—[€/qlq i=s k>|4/q]
since |JSX P R C {@:1" > x} for any k < [£/q]. So,
¢/a]l  s+e-1 sH0—1 "
L)Y X P(RIW)+ X Y P(RN@).
k=1 i=s+l—kKq i=s k>|L/q]

Now, we note that

s+0—1 s+6—1
0
neale) = {ostt > b #u(Bua@n < | U QU N X >
j=s r=j+1
This is because no entrance in A, ;(x) during the time period s,...,s + ¢ — 1 implies that there
must be at least two distinct clusters durlng the time period s,...,s+ ¢ — 1. Since each cluster

0)

ends with an escape, i.e., the occurrence of Qq g then this must have happened at some moment
je{s,....,s+0—1} Wthh was then followed by another exceedance at some subsequent instant



16 A. C. M. FREITAS, J. M. FREITAS, M. MAGALHAES, AND S. VAIENTI

r > j where a new cluster is begun. Consequently, we have

s+0—1 s+4—1

P(B, ()< Y Y IP’( O N, >um})

j=s r=j+1

The result follows now at once since

Pt < @) = PWoo(Bua(@))| < P ({at! < 0} AW, 0(Bail@)))
= P(43,0,(2)) + B(B}, (x))

If ¢ = 0, we start by observing that {Jz/fge <z} C #;4(Bpi(z)). Then, we note that

s+4—1 s+0—1
{7t > e} W Bai@) ¢ U U (X > wngd 0{X0 > wn ).
j=s r=j+1
This is because no entrance in By, ;(x) for i € {s,...,s+¢—1} implies that there must be at least
two exceedances during the time period s,...,s+ £ — 1.

Consequently, we have

P(e" < @) = P (Wos(Baale))| = B ({1 > 2} 0 #4(Bra(a)))

s+0—1 s+£0—1

< Z Z P(X; > up j, Xy > tp,y)

j=s r=j+1

As a consequence we obtain an approximation for the Laplace transform of 42%,??‘;4 .

Corollary 3.A. For any s, € N, y > 0 and n sufficiently large we have

s+0—1 '

T > / ye (A s/ an ) do

s+0—1 s+4—1

<2y ) p(@é?)l’jm{xr >un,,.}) + /0 e, ol fan)de

Jj=s r=j+1
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Proof. Using Lemmas for every x > 0 we have when ¢ > 0

< [Pt < ) ~ BV s(Buite)|

s+4—1
P(Wsp(Ani(x))) — <1 - Z P(An,z‘(ﬂf))>'

s+0—1
P(%S+€<(B (1— Z ]P) nz )

+ [P(#0(Bn,i() = P(# 0(Ani(2)))] +

s+0—1 s+6—1 t/a] s+e—1 s+e—1
<Y YR ud)+Y Y P(RD@)+ X X B(RN@)
Jj=s r=j+1 k=1 i=s+l—Kq 1=s k>|{¢/q]
s+0—1 s+0—1
+ZP n,s5+0— z Z Z ( qnym{X >’U,n7a})
=s r=j+1
s+0—1 s+4—1 ” !
=23 > P(QW, N {Xe > uns}) + bussle)
j=s r=j+1

When ¢ = 0, we have

< [Pt < 2) ~POap(Busta))|

s+0—1
P(aitt < z) — (1 — Z P(An,i(x>)>

i=s

+ [P(#0(Bni(x) = P(#; 0(Ani(2)))] +

s+0—1
P(#se(Ani(x))) — <1 - P(An,i(:c))>‘

=38
s+H0—1 s+6—1 s+0—1 s+6—1
<N PG g X > )+ Y Y P(Q), 0 X > uny))
j=s r=j+1 j=s r=j+1
s+0—1 s+4—1
=23 > P(QD, X > s} ) + b sele)
j=s r=j+1

Since P(/51¢ < 0) = 0, using integration by parts we have
n,s

E (efyandns,tﬁ _ efy'OIP’(JZf,f;rz =0) —|-/ efyzdIP’(%,f;r[ < xz/ap)
0

<%s+f =0) + lim [e WIP’(@ZS+Z <z/ap)— efy'O]P’(JZf,f;rg < 0)} — / ]P)(<527115:srz < z/an)de”
0

T—r00

p(ﬂﬁf 0) — P31 < 0) - / (—ye " )P(y" < w/an)du
0

ye I szsH <z/ap)dx
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Then, using the assumption that P(A, ;j(z/an;)) = P(Anj(z/an)),

s+0—1 |

]E(e_y“’bmfy)— 1- Z/o ye VP(Anj(z/an ;))dx
j=s

s+0—1

— E(e*yanJZ{rf;e) 1= Z /ooyenyP’(Aw(m/an))da: ‘
j=s 70

s+0—1

= / yey‘”P(d;’Jsffgx/an)dx—/ ye ¥ | 1— Z / ye Y'P(A, j(z/ay)) | dz
0 0 . 0
j=s

s+0—1 s+0—1

< / T e Y P(QU), N X > uns}) + b usl/an) |
0

j=s r=j+1

s+0—1 s+4—1

=2y ¥ P(Q;?g,jm{xr >un,r}> + /0 h ye Y5, o o(x/an)da

j=s r=j+1

Next result gives the main induction tool to build the proof of Theorem [2:4]

Lemma 3.5. Let s,(,t,¢c € N and consider t1 € R{, z = (z9,...,2¢) € (R{)*™H, s+l -1+t <
ay < by <az <...<b_1 <ac<b.€Ny. Forn sufficiently large we have

IP(StE <@y, a2, < o, ,M,ff% <z)-Paiit < xl)P(dngQ <z9,..., 9% <)

n,a; —
s+0—1 s+4—1
0
<lnt)+4 > > P (Qé,)” n{X, > un,r}> + 20n,5,0(21)
j:s 7‘=j+1

where

b b
nt) = sup  max, {[PCARs@0)IP( RSy Lo, < 25}) = B( N5y {s; < 25} 0 Auilen)) |

(3.4)

Proof. Let

- 4 b
Axlvﬁ T {%;,—; g :Elﬂﬂnfaa S 1'2, .

. .,M,ffa{ <z}, By, = {’Q{S—M <1}

Avrg = Woa(Ani(er)) N {2, S dy Sad, Boy = Wo(Ani2n)),
D* .= {szffw < x9,... ,d,ffag <z}
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If 1 > 0, by Lemmas [3.2] and [3.4] we have
< Pyt <) - P(%,E(Bn,z‘(ﬂfl)))‘ + [P(#5,0(Bp,i(21))) = P(#5,0(Ani(21)))|

P({oy i < xl}AWs,e(Bn,z’(wl)))‘ + [P(#s,0(An,i(x1)) \ #s(Bn,i(21)))]

P(le ) - P(Bdfl)

sH0—1 s+4—1 [4/q] s+e—1

<2 X PRt zw,d)+ 30 > B(RI)
j=s r=j+1 k=1 i=s4+L—Kq
s+0—1 q
+ 3 3 P(RYE)) + Y P(Buseilan)
1=s k>|£/q] i=1
s+0—1 s+4—1
-y ¥ P(Qg?,)m n{x, > um«}) + G (z1) (3.5)
j=s r=j+1

and also

]P(Aﬂﬂl ) - ]P)(Awl)

< [P < @1} N D%) — Bt Bos(w1)) N D] + [B(#( A s(@0)) \ Hia(Bui(21))) 1 DE)|
)

< B ({5t < 21} AW o(Bai(21)) 0 DZ)| + [B(Fi( A s(20)) \ Hoa(Bui(21))) 0 D)
< PU At < a1} AW o(Bai(21))| + [P(#o0(Ani(21)) \ #4,e(Bn,i(21)))]
s+0—1 s+0—1
< 30 PO, N X > un}) + dua(a) (36)
j=s r=j+1

If 1 = 0, we notice that {&Z*1 < 21} = {5277;97‘;4 =0} ={Xs <tungy .o, Xogpr1 S Unspe—1} =
W 0(Bn,i(0)), so estimates (3.5)) and (3.6) are still valid by Lemma
Adapting the proof of Lemma [3.3] it follows that

P(aa) = (1= S0 P(Ana(o >>) P(D®)

< Err, where

s+0—1 s+0—1

> P(Ani(2)P(D%) — ) P(Ani(x) N DY)

1=s =5

s+0—1 s+4—1

+3 Y ( O n{x, >um})

j=s r=j+1

Err =

Now, since, by definition of ¢(n,t),
s+4—1 s+4—1

Z P(Ap () Z P(Ap,i(z) N D)

s+0—1

< Z IP(Api(x))P(D*) — P(Ay,i(z) N D*)| < lu(n,t),

we conclude that

~ s+4—1
P(Az, z) — (1 - P(An,i(l‘))> P(D%)

=5

s+0—1 s+4—1
< li(n,t) + Z Z ( qn]ﬂ{X >unr}>

j=s r=j+1
(3.7)
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Also, by Lemma [3.3] we have

s+4—1 s+0—1 s+6—1
P(B,, )P(D%) — (1 -y P(An,i(xl))) PDY) < > Y P(fo}w n{x, > um}) (3.8)
i=s j=s r=j+1
Putting together the estimates — we get
~ ~ s+0—1
‘P(Am,z) — P(By, )P(D*)] < ‘P(Am,z) - P(A:L‘l@) + P(Aa:l@) - (1 o Z P(An,i(xl))> P(D%)
~ s+0—1 -
+ |P(Bz, )P(D*) — (1— >, ]P’(An,i(:vl))> P(D%)| + ‘P(Bm) — P(Bg,) | P(D%)
s+0—1 s+4—1 -
<tmt)+4 3 Y P ( O n{x, >um}) + 26, .0(21)
Jj=s r=7+1
O

Let us consider a function F : (RJ)® — R which is continuous on the right in each variable
separately and such that for each R = (a1, b1] x ... X (an, by C (RJ)™ we have

pp(R) = Y (-p#lsthenba=eadpe, ) >0
CiE{ai,bi}

Such F' is called an n-dimensional Stieltjes measure function and such ur has a unique extension
to the Borel g-algebra in (Rg )™, which is called the Lebesgue-Stieltjes measure associated to F'.

1 ifiel
For each I C {1,...,n}, let Fi(z) := F(d121,...,0p2y), where §; = 1 Z <
0 ifigl

If F'is an n-dimensional Stieltjes measure function, it is easy to see that F7 is also an n-dimensional
Stieltjes measure function, which has an associated Lebesgue-Stieltjes measure pp,. We will use
the following proposition, proved in [FFMal8, Section 4]:

Proposition 3.B. Givenn € N, I C {1,...,n} and two functions F,G : (Rf)" — R such that
F' is a bounded n-dimensional Stieltjes measure function, let

/G YdF(z {G(O...,O)F(O,_“’O) for I =10

J G(z)dur, for I #10)
where pp, is the Lebesque-Stieltjes measure associated to Fr. Then,
(oo} oo 1
/. . / eI U P dy L day, = / ~ e ViTi g By (z)
o Jo YooUn 1o

Corollary 3.C. Let s,¢,t,c € N and consider y1,y2,...,Yc € ]Rar, sHl—1+t<as <by<az<
. < b1 < a¢ <be € Ng. Forn sufficiently large we have

< b b ¥ b
E <e_ylanﬂiﬂs_é_?JQanJ?in?ag_~~~_y§an-Q{n,§ag) =E (e_ylan-%ﬂfjs—e) E (€_y2an—9{n,2a2 oo =Y A G, n, a§> + Err
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where
s+4—1 s+0—1 00
Errl <) +4 > Y P(Qg?,)mm{Xr >un,r}) +2 / 119G, () ap)dz
j=s r=j+1 0

and t(n,t) is given by (3.4)).

Proof. Using the same notation as in the proof of Lemma let F(zq,...,20) = P(Az, 2),
FB)(z1) =P(B,,) and FP)(xy, ..., x.) = P(D%). Then, F, F(B) and F(P) are both bounded
Stieltjes measure functions, with

HE(A) (Ul) =P ((an;af,f;re, an;ziffm, R ansz/b< ) S U1>

M Ep(B) (UQ) = P(anﬂi’ig € UZ) Hp(D) (U3) =P ((andé)?a27 s 7an£{73§a<) € U3>

where Uy, Uz and Us are Borel sets in (R ), RY and (R )1, respectively.

Therefore, we can apply the previous proposition and we obtain

E (efylang{j:e—yzandﬁ?%7“.7y§anszf,lzfa() o) (e*yland{f:‘j) E (e*y2anﬂ7tf?a2*~"7y<a"d:,§ac)
= ) / e~ Zier ki d(FW) (. )
Ic{1,....c}
- T e B p Oy ) [ Doz o)
Ic{1} ICc{2,....c}

oo o0

— S —Y1anT1—... —YsAnT A

—yl...ygan/.../ e Yran®1 vsants PO () )day . da,
o Jo

— <y1an / e v1anw1 p(B) (a:l)dcc1> (y2 cooyeas Tt / . / e Y2an@2 = Ysan®s (D) (g g Y, . dx<>
0 o Jo

=y1...yc0a;, / . / e Vet —ysanao(pA) _ pB) D)y (g x)dy . da,
o Jo
Hence, using Lemma [3.5]

b b b b
‘E (e_ylanﬂio_ﬁlﬂan:ﬂn?aQ_---_y§anﬂn,§ag)> _ E (e_ylanﬂ»,fyo) E (e*nyU«ndn?ag*-n*yqanﬁ{nfag) ‘

<yi...yd / / e V1T sat [P(A, ) — P(B,, )JB(DE)| day . .. dag
0 0

s+0—1 s+4—1 00
< lu(n,t)+4 Z Z P (Qg?%,j Nn{X, > unr}) + 2y1an/ e an®ig, o o(z1)dxy
j=s r=j+1 0
s+L—1 s+0—1 0o
=t t)+4 > Y ]P’(Qf]?,)l’jm{xr > um}) 19 / Y1678, o(z/an)da
j=s r=j+1 0
]

Proposition 3.D. Let X, X1,... be given by ([2.1)), let J € R be such that J = \J;_, Ir where
I = laj,b)) € S, 5 =1,...,¢and a; < by < ag < -+ < be—1 < ac < b, let u,; be real-
valued boundaries satisfying (2.2) and (2.3), let H := [sup{z : = € J}| = [bc]| and let (ap)nen

be a normalising sequence, ay ; normalising factors and 7 a probability distribution as in (2.Al).
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Assume that Hg(uni)*, 1 (un:)* and ULCy(uy;)* hold, for some q € No. Consider the par-
tition of [0, Hn) into blocks of length Ly, J1 = [LHno,Luni), J2 = [LHni,LHn2), -
T = [LHnJn—1:LHn k) Jkn+1 = [LHnkn, Hn). Let n be sufficiently large so that Ly, :=
max{lynj,j=1,....kn} < 5infjeqi . 3 {b; — a;} and, finally, let 7y be the number of blocks
Ji, i > 1 contained in nly, that is,

Sy = #{Z € {2,...,/6‘”} 2 J; CnIg}.
Note that, by definition of Ly, we must have .#p > 1 for every £ € {1,...,¢}.

Then, for all y1,ya,...,yc € RJ, we have

s i+ Sp—1
E <e, Yoo Yeann(nly) ) H I1 (efyzamnwﬂ 0
n—oo

=

Proof. Without loss of generality, we can assume that yl, Y2, ..., Y € RT, because if we had y; = 0
for some j = 1,...,¢ then we could consider J = U IgUU£, 1 Ig 1nstead Also, we can assume
that a; > 0. Let g :=inf{y; : j =1,...,¢} > 0 and Y = sup{y; : j =1,...,¢}. We cut each J;

into two blocks:
Ji* = [ﬁH,n,i—laﬁH,n,i — tH,n,i) and Ji/ = J; \ Ji*
Note that |J}| = Crpni — tan,: and |J]| = thn,.
For each ¢ € {1,...,¢}, we define iy := min{i € {2,...,k,} : J; C nly}. Hence, it follows that
Jié, Jig-‘rl) ceey Jig-i-fg—l C nly and
i+ S—1
LHni+s—1— LHni—1 = Z CHmng ~ n|l] (3.9)

J=te
First of all, recall that for every 0 < z;, z; < 1, we have

‘Hl’z—sz SZ\xl—zz] (3.10)

We start by making the following approximation, in which we use (3.10)),

E (e— S ygang{n(nlg)> _E (e— S we anmuj)>

IN

E (1 e Xi=1 ylanﬂn(cjiz—lujikJr&”k))

<¢KE (1 - e*an%@’irl)) +¢KE (1 — e*anwhem)) 7

where max{yi,...,y.} < K € N. In order to show that we are allowed to use the above approxi-
mation we just need to check that E (1 - e*“"””(Ji)) —0asn—>ooforeveryi=1,...,k,+ 1.
By Corollary we have fori =1,...,k,

['an

_ CH,n,i
E (e_“"ﬂ"(‘]")) =E <e a"d”"an’i*) =1- Z / e "P(Anj(v/an))dx + Err, (3.11)
J=LHn
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where

[:an 1 ‘Can

|Err| <2 Z Z ( Qyn i N{Xy > unr}> /000 € On Ly i1 lirn:(T/an)dT — 0

j 'can 1 = .7+1
as n — oo by IL' (un;:)* and ULCy(uy ;). Since

‘Can LH”L’L [:H,n,i_]- F*
Z / e "P(Ay j(x/an;))dr < Z / e "P(X; > upj)de = Z F(upj) < ]f’n
J=LHn,i-1 J=LHn,i-1 J=LHni-1 "

we get E (e_“"‘@{”(‘]i)) — 1 by .

If i = ky, + 1 then

Hn Hn—1
E(e—anww):E(e ”namn)—l_ 3 / e "P(Any(w/an))dz + Err,  (3.12)

J=LHn,kn

where
Hn—1 Hn-—1

|Err| <2 Z Z P ( ang N {X, > unr}> /0 e On. L pn Hn—Lrp i, (x/an)dz — 0

J=LHn ky T=J+1
as n — oo by I (un,i)* and ULCqy(un,:). Since, by (3.2),

Hn—1 Hn—1 Hn—1
> / e "P(Apj(x/an;))de < Y / e P(X; > upy)dr = Y Flung) < knFrmax(H)
J=LHmn kn J=LHmn kn J=LHn kn

—ann(Jkp+1)
WegetE(e +1)m1by (2.9)).

Now, we proceed with another approximation which consists of replacing J; by J*. Using (3.10))
we have

ip+Fp—1 ip+Fp—1
E <e— Siue X anwnui)) _E <e— Siwe X anwnu:))

< E <1 _ e_ Zz:1 Ye Zzi—:jpe_l anJyn(Ji,))

S —ZZZJ'_‘SQ ) s tet+S—1

SKZE(l—e i=ig O ><KZ 3 ( anﬂnu))
= =)

<KZE< anQKn(J))

Now, we must show that Zf;l E (1 - e*a"%"(‘]z{)) — 0, as m — oo, in order for the approximation
to make sense. By Corollary we have

Lm,i—1 0

_ LHm,i
E (e_a"%(‘]@')> =FE (e anﬂn’ﬁH’"»i‘tH’"vi) =1- Z / e "P(An j(x/an,;))dx + Err,

j:CH,n,i_tH,n,i 0

(3.13)
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where

Ean 1 £Hn1

Z |Err| <22 Z Z ( 207)” N{X, > unr})

1= 1] [:an_tHn'L = J+1

n e’}
+ Z/ eiméﬁH,n,i7tH,n,i7tH,n,i7n(x/an)dx - 0
—1 70

as n — oo by I (un,i)* and ULCy(un,i). We get, by (2.9) as well,

LH’I’L’L

kn o0
;E@—e—“n%(") Z Z /0 e"P(An i (z/an ;))dz

=1 j=Ly n,i—tHn,

l:H n,i kn *
< }: 3 : Flung) <7 e(H,m) = = kot + 1) Frnas (H) —— 0
1= 1] ['an tHn,i =1 n

e+5’

Let us fix now some £ € {1,...,¢} and i € {ij,...,i;+5; —1}. Let M; =y; an,Q/n(J]’-‘)

and L; = Z:é+1 D anda an %y (J5). Using Corollary [3.C| along with the facts that ¢(n,t) <

=i
vi(n,t) and v;(n,t) is decreasing in ¢, we obtain

—ysandn(JF)—M; +1—L; —y;an D (JF M i1—L-
‘E (e ygann le‘) it é) —E (e Ygann 12)) E <e Mig LZ) < Tn,ilm
where
‘CH,n,i—l'i‘tH,n,i_l ‘CH,n,i—l"l‘tH,n,i 1
Tn,i = tH,n,i'Yi(T% tH,n,i) +4 Z Z (Qq n,j N {X > Up, r})

J=LHn,i-1 r=j+1

o0
+ 2/ yéeiyéwén’LH,n,ifl7£H,n,i_tH,n,i (‘r/an)dm
0

£an 1 [:an

< Llpniviln,t,) +4 Z Z ( ging N {Xr > u’”})

j EH,TL,’L 1 = ]"'—1

(o)
+ 2Y/ e_ywénaﬁH,n,iﬂ7€H,n,i—tH,n,i (x/an)dl:
0

Since E (e_ytf‘l”'%(‘]ﬁ> <1 foranyié€{l,...,ky,}, it follows by the same argument that
‘E(G_Mil;_[/é) —E (efyé“"d”(‘]i*é))E(e*yéanﬂn(ﬁﬁl))E(e—MiZH—LZ) ‘

R e S
—|—IE< —Yjn (J* >‘E( i1 L) IE( —Ypann(J, i +1)>E(e_Mié+2_Lé>‘

< Tn,iz + Tn,zé—‘rl
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Hence, proceeding inductively with respect to i € {i,...,i; +; — 1}, we obtain

iptp—1 i+ =1
‘E(efMi[LL;) _ H E(e*yzandn(ﬁ)>E<e—Lz>‘ < Z T
j=i; i=i;
In the same way, if we proceed inductively with respect to ¢ € {1,...,5}, we get
s dgt+S—1 S dgt+S—1
O D B | B | G | DD Dl 8
= =iy
kn kn ‘Canfl ‘CHT]Z
s 1Y S S B(a0, 00 > )
=1 i= 1.] LH,n,z 1 = .7+1

Fn oo
—Yyx
+2Y Z/ e’ 5n,lﬁH,n,i—1,@H,n,i*tH,n,i (:L‘/an)dx =0

as n — 00, by g (un )", Iy (un ;)" and ULCy(un ;).
Using (3.10) again, we have the final approximation

s dgt+Sp—1 S ipt+Tp— S gt Sp—

T e T afermesin)] <k 375 o1 emsn)

=1y 1=1p 1=y
< KZ]E (1 et}
=1

We have already proved that Zk" E (1 ann (1)) 5 0 as n — 0o, S0 we only need to gather
all the approximations to finally obtain the stated result.

O

Proof of Theorem [2.A] In order to prove convergence of a,A, to a process A, it is sufficient to
show that for any ¢ disjoint intervals Iy, I, ..., I. € S, the joint distribution of a, A, over these
intervals converges to the joint distribution of A over the same intervals, i.e.,

(anAn(11),anAn(l2), ... anAn(le)) —— (A(L1), A(I2),. .., A(L)),

n—oo

which will be the case if the corresponding joint Laplace transforms converge. Hence, we only
need to show that

Vandn (Y1, Y20 - - Ys) = Va1, y2, ... yc) =E (e* Zzi”“‘””) , asn — 00,

for every ¢ non-negative values y1, ¥, - . . , Y, each choice of ¢ disjoint intervals Iy, I, ..., Ic € S and
each ¢ € N. Note that ¥, 4, (y1,92,...,y;) = E <e_ 2= yeanAn(fe)) =K <e_ 21 yean%L(vnfe))
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and

‘E (e* 2ien ytzanﬂn(vnh)> _E (e* 2iet yeA(U)) ’ < ‘]E (e’ py yeanﬁﬁ(ﬂﬂtf)) ) (e* 2o ymw@(%h)) ‘

s g+ -1
+ E(e_zzzly“" n ) H H (—yzanml(h))
=1 i=iy
s g+ Sp—1
=+ H H ]E(e Yen A (J; ) —E (6722:1 ygA(Ig))
i=1y

where Jy, Jo, ..., Ji, 11 are the elements of the partition of [0, Hn) given by Proposition with
J=Ujy %Ig. Since vy, ~ 7, the first term on the right goes to 0 as n — oo. By Proposition
the second term on the right also goes to 0 as n — co. Finally, by Corollary [3.A], we have

Lyn,i—1 00
E <e_y’5a”d”ui)) =1- Z / yée_ylmp(An,j (:E/an7j))d$ + Err
J=LHni-1 0

where

Lan*l Lan

[e.9]
|Err| <2 Z Z ( g { X > up r}> / yfe_yﬂ(smﬁfz,n,ifl,EH,n,i (z/an)dx
0

j LH,n,z 1 7"—_]+1

Using (3.10), we have that

¢ B+ -1 ¢ ipt+S—1 LHn,i—1

o
[[IL e -I0 IT (1 3 [ v mn oo
=1 =i, i=iy J=LHm,i-1 0
¢ dg+S—1 LHmn,i—
<Y [Blevemao) - (1o Y / e P (A (/0 5)) o
=1 i=i, J=LHni-1
s Gt -1

< Z Z |Err| < Z |Err|

i=iy
kn Loni—1 LHni— n 0

<2 Z Z Z ( q,n,j A {X > Un T}) / yée_yex(snvLH,n,i—l7ZH,n,7L(x/a’n)dx
i=1 j=Lgn,i—1 r=j+1 -1 70

— 0
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as n — oo by g (un,i)* and ULCy(un i), so it follows that

¢ B+ -1 ¢ dpt+Sp—1 LHn,i—1

[T IT (o) ~I0 IT (1 3 [ we e o/an )i
=%y 1=y J=LHn,i-1 0
¢ igt+S—1 LHmn,i—1 oo
T (175w (e [ v o
=1y J=LHmn,i-1 0
s dpt+Sp—1 LHm,i—1 )
NH I (1-¢ > Fluny) (1—7r(0)— / e‘l/mdw(&:))
=1y J=LHni-1 0
s +S—1 LHni—1
=11 II (t-60—0w) > Fluay)
=1 i1=iy J=LHmni-1

T i e 6(ye) ST Pluy, ;)

= ]Lanl

where ¢ is the Laplace transform of 7, and since we have, by (2.3)),

L mn,i—1 / L mn,i—1 r LHni-1—1 r
Z F(upj) — %T < Z F(un ) — %7’ + Z F(upj) — %T -0
J=LHni-1 j=0 =0
then, by (3:9),
ip+.Sp—1 - 1
> lupi~ ==L =1
— n
=1y
and
i+ —1 LHni— i+ S—1| LHn,i—1 -
> Z F(un;) — ]| < Z | > Fluny) — | = 0.
i=ip j= ['H n,i—1 1=1y ]:EH,n,i—l
We conclude that
S utS— 7 7
E( — i1 YeanFn(vnle) ) H H ( —yean:wn(‘fi)) ~ o0 i (-0 L] — | (e— Zzzlymm))
=iy

where A is a compound Poisson process of intensity 6 and multiplicity d.f. .

4. CONVERGENCE OF THE REPP

When the mark function m,, defined in counts the number of exceedances then our atomic
random measure A, is actually a REPP as the one considered in [FETI13|, namely, A,(J) =
> jeundNg 1X;>un ;- Suppose that we have a system with decay of correlations against L' and ¢
is the only global maximum of ¢, which is a periodic point of prime period p, then for all large
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neN, {X; > u,;} N {Xj1r > upnjti}t # 0 if and only if k is a multiple of p. So, we can set

(%)
Up,n] = {X > un],Xj_H, > Upj+py - - Xj_i_,ﬁp > un7j+,{p}

(k) _
Qpnj = 1X5 > tnjs Xjtp > Unjips - s Xjrp < Unjjprpt

and we note the following:

(k)
W ) Qo K> |z ]
mp(l) >z & k> |z Rn,j(x){@p ’ if K < |

(l=])
U QP”J pn] Upn]
K=|z]
p

L) =) (L=])
A”J( an ﬂ p,n 7J+€ Qp,w’

Let 7 be a multiplicity distribution satisfying (2.13), with normalising factors a, ; = 1. Then, for
every He N, i=0,1,...,Hn —1 and =z > 0,
(lz])
P (Qp,n,j)

P (Qz(oov)u> o (Qz(oov)w)

and

Q) 5~ B(Qp.,) — P ()
N, _

ov,)) = P,

&P - ) &P(@) P(UR)  Fuy)
TR TRen)) Zr(e%) r(ef) T r(el)

so that P (Q;?%J) ~ E( ) F(up ) and we conclude that the Extremal Index 6 is given by E( )
which is equivalent to say that the first moment of the multiplicity distribution = is 1/6.

Additionally, suppose that ( is a repelling point, which means that we have backward contraction

implying that U J(n i = {¢} and implying that there exists 0 < 6 < 1 so that U, ( ) ; is a ball around
¢ with

P (UZE’;)]) ~ (1= 0)"P(X] > tn)

Then, we recover the main result in [FET13|, which states that A,, converges in distribution to
a compound Poisson process of intensity 6 and geometric multiplicity distribution «. In fact, in
this case we have P (Q(H) ) =P <U(H) ) —-P (U(Hﬂ)) ~ 0(1 —0)"P(X; > up;) and the result

pnj P P
follows from observing that P (Q;%J) ~ OP(X; > up ;) = OF (uy, ), which means that 6 is the
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Extremal Index, and that, for every H € N, ¢ =0,1,..., Hn — 1,
(l=])
P(Ang()) _ P (@hng)
(0) (0)
P(@mi)  F(n)

where 7(z) = 1 — (1 — 0)L) is the cumulative distribution function of a geometric distribution of
parameter 0, that is, m(x) =3, ., . n0(1 — g)~1.

~ (1= =17

5. APPLICATION TO SEQUENTIAL SYSTEMS: AN EXAMPLE OF UNIFORMLY EXPANDING MAP

In this section we will give a detailed analysis of the application of the general result obtained in
Section [2 to a particular sequential system. It is constructed with S transformations, although it
can be generalised to other examples of sequential systems presented in [FEV17, Section 3] after
making the necessary adaptations.

Consider the family of maps on the unit circle S* = [0,1], with the identification 0 ~ 1, given
by Tg(x) = Sz mod 1 for B > 1. Note that for many such §, we have that T(1) # 1 and, by
the identification 0 ~ 1, this means that T3 as a map on S1 is not continuous at { = 0 ~ 1.
For simplicity we assume that 73(0) = 0 but consider that the orbit of 1 is still defined to be
Tﬁ(l),TﬁQ(l), ... although, strictly speaking, 1 ~ 0 should be considered a fixed point. In what
follows m denotes Lebesgue measure on [0, 1].

Theorem 5.A. Consider an unperturbed map Tpg corresponding to some B = By > 1+ ¢, with
invariant absolutely continuous probability = pg. Consider a sequential system acting on the
unit circle and given by T, = Typo---oTy, where T; =Tp,, foralli=1,...,n and |3, — f| < n=¢
holds for some £ > 1. Let X1, Xo, ... be defined by , where the observable function ¢ achieves
a global mazimum at a chosen periodic point ( of prime period pE| (we allow ¢(C) = +00), being
of following form:

p(x) = g(dist(x, (), (5.1)
where the function g : [0,+00) — R U {+o0} achieves its global mazimum at 0 (g(0) may be +0);
s a strictly decreasing homeomorphism g : V. — W in a neighbourhood V' of 0; and has one of the
following three types of behaviour:

Type 1: there exists some strictly positive function h : W — R such that for all y € R

-1

. g (st yh(s)) _

lim =—————* =¢ Y, 5.2
s=g(0) g 1(s) (5:2)

Type 2: g(0) = 400 and there exists 3 > 0 such that for all y > 0
9~ (sy) _ B

li ; .
8*1]1100 g_l(s) ’ (5 3)
Type 3: g(0) = D < 400 and there exists vy > 0 such that for all y > 0
lim &P =) _ o (5.4)

s—0 gil(D — S)

Remark 5.1. The different types of ¢ imply that the distribution of Xy falls in the domain of
attraction for maxima of the Gumbel, Fréchet and Weibull distributions, respectively.

ng (¢) = ¢ and p is the minimum integer with such property
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Let (up)nen be such that nu(Xo > u,) — 7, as n — oo for some T > 0.

Then, the POT MREPP a,A, converges in distribution to a compound Poisson process with
intensity 0 given by

_J 1= B7P when the orbit of ¢ by Tz never hits 0 ~ 1
()1 =57 + (1)1~ B7P), when ¢ =0~ 1
and multiplicity distribution
1 — e % when g is of type 1 and a, = h(u,) ™"
m(x) =4 1— (14 x)7P when g is of type 2 and a, = u;* (5.6)
1— (1 —2)7,when g is of type 3 and a, = (D — uy,) "

and, for a, = h(un)*1 the AOT MREPP a,A, converges in distribution to a compound Poisson
process with the same intensity 0 as above and multiplicity d.f. w given by

W(I’) =1- nh_{glo hﬁ(unyq(un)x) (iL‘) (57)
where geu(z) = S5 o (g(Miz) —u) with M = BP; k = r(u,x) is the only integer such that
T e [gmu (971@)) s 9k (971(@)); and hy s a strictly monotone homeomorphism hy such that

M~ M=+1
(g™ (W)he(z))

li =uz. 5.8
Remark 5.2. Examples of each one of the three types are as follows: g(x) = —loga (in this case

is easily verified with h = 1), g(z) = 2~/ for some o > 0 (condition is verified with
B =a)and g(z) = D — '/ for some D € R and a > 0 (condition is verified with v = «).
For these examples, the multiplicity d.f. of the compound Poisson process associated to the AOT
MREPP a, A;,, can be computed as shown in the following table:

Examples of g(x) | Respective distribution m(x)

Clog(e) | 1 (/) T e
1/a -
/e 1— (ﬂ%) (k(x)+1+2)"* where k = k() is the only
integer such that % <k+l+z< %
o [e7
D — gt/ 1-— <%) (k(x) + 1 — x)® where k = k(z) is the only

_A—(k+1)/a
t 1-M

MY/ _pp—r/e
M1/a—1 <

<k+l—-z a1

integer such tha

Remark 5.3. We point out that in this example we take u,; = up, where (up)nen satisfies
nu(Xo > u,) — 7, as n — oo for some 7 > 0, where p is the invariant measure of the origi-
nal map Tp.

5.1. Preliminaries. As we said above, we let u denote the invariant measure of the original map
T and let h = 3% be its density. In what follows, let Uy, = {Xo > uy}.
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We will assume throughout this subsection the existance of some £ > 1 such that

1
B = Bl < —- (5.9)

Also let 0 < v < 1 be such that v£ > 1. In what follows P denotes the Perron-Frobenius transfer
operator associated to the unperturbed map Tz with respect to the reference Lebesgue measure
m, that is, the operator defined by the duality relation

/Pfgdm = /fgoTBdm, forall f € L., g € L.
Recall that II; = P;o...0 Py, where P; is the transfer operator associated to T; = Tj,, while Pt is

the corresponding concatenation for the unperturbed map Ts. Note that by [CRO7, Lemma 3.10],
we have

For any measurable set A C [0, 1], we have

< CliTHglle (5.10)

IT;(g) —/gdm h

1

m('ﬁ_l(A)) :/1A0Tio...oT1dm:/1Aﬂi(1)dm

:/lAhdm+/1A<Hi(1)_h)dm~

By (5.10), if ¢ > [n7] (recall that v¢ > 1) then we have [ |II;(1) —h|dm < Cy k;%i

allows us to write:

= o(n™1), which

m(T;H(A)) = p(4) +o(n™). (5.11)

5.1.1. Verification of condition (2.3]). We want to show that E;:o_l m(X; > up) = 27 +0(1) for
any unbounded increasing sequence of positive integers h,, < Hn.

We begin with the following lemma.

Lemma 5.4. We have that
hp—1

. h
P'(1)dm = —7 + o(1).
% ). z

Proof. By hypothesis, for all i € N and g € BV we have P'(g) = h [g- hdm + Q'(g), where
1Q(9)]loo < a?|lgllBy, for some a < 1. Then we can write:

hn—1 hn—1 hn—1

; /npi(l)dm: ; /h (/l-hdm) 1y, dm + ; /Qi(l)lUndm
hn—1 hp—1 '
= ; /n hdm + ; /Ql(l)lUndm

hn—1

— o)+ 3 [ @), dm.
1=0
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The result will follow once we show that the second term on the right goes to 0, as n — co. This
follows easily because

hn—1 hn—1 hn

. } e
v < ¢ =

0
Since

hn—1 hn—1 hn—1 ‘ hn—1 )

S (X > ) = Z/ 0,(1)dm — Z/ Pi(1)dm + Z/ (1) — P'(1)dm,

i=0 i=0 7 Un i=0 Y Un i=0 Y Un

then condition ([2.5)) holds once we prove that the second term on the right goes to 0 as n — oo.

Let € > 0 be arbitrary. Since £ > 1 then ) .., k;%i < 00, so there exists N > |n”| such that

On the other hand, using the Lasota-Yorke inequalities (see [FFVIT7, Section 3|) for both IT and
P, we have that there exists some C' > 0 such that |II;(1) — P*(1)| < C, for all i € N. Let n be
sufficiently large so that CNm(U,,) < €/2. Then

hp—1

; /Un II;(1) — Pi(1)dm

N—-1 A 0 ‘
<3 /U (1) — P <1>dm+iZN/Un TL(1) — P(1)[dm

i
< CNm(U,) +C1 Y %

i>N

<eg/2+4¢e/2=c¢.

5.2. Verification of condition [I;(u,;)*. We will use the following proposition, proved in
[FEV1T, Section 3].

Proposition 5.5. Let ¢ € BV and ¢ € L'(m). Then for the B transformations T,, = Tp, we
have that

‘/mmomtdm - [ooTiim [ omtdm‘ < BN|lglavllvlls,
for some A < 1 and B > 0 independent of ¢ and 1.

Remark 5.6. As it can be seen in [CRO7, Section 3|, Proposition holds for any sequence
Ts,,Tp,,...of 3 transformations and not necessarily only for the ones that satisfy condition (5.9).

Condition Mg (uy;)* follows from Proposition by taking for each ¢ < Hn — 1,

¢i = 1p, i(a1) a0d Vi = 1 ror, (1—i—t)<aj}>

where for every j < Hn — 1 we define

Dy, j(x) := Bypo(z) N ﬂ(TjM o...0Tj11) " (Bno(x))". (5.12)
=1
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Since we assume that (5.9) holds, there exists a constant C' > 0 depending on x; but not on i
such that ||¢;|| By < C. Moreover, it is clear that ||1;||1 < 1. Hence,

s
m | Api(z1) ﬂ 5) <xib | —m(Ani(z)) ﬂ{;z/ ) < xj}
= ‘/@ o Tih; o Tipedm — /gbz o ﬁdm/q/}i o 72+tdm' < const AL
Thus, if we take v;(n,t) = constA! and t, = (logn)?, condition [T (uy,;)* is trivially satisfied.

5.3. Verification of condition [T} (u,;)*. We start by noting that we may neglect the first [n7 |
random variables of the process X, X1,..., where « is such that v > 1, for £ given as in (5.9).

In fact, by the Uniform Doeblin-Fortet-Lasota-Yorke inequality (DFLY) used in [FEVI17, Sec-
tion 3], we have

[n7] -1
m(n([[n7 ], 1)) < @) = m(H,([0,n)) < ) = m(F([0, [n7])) > 0) < Y m(X; > uy)
=0
n)—
Z / 1)dm < Con"m(Uy) —— 0.

=0

This way, we simply disregard the [n”| random variables of Xy, Xi,... and start the blocking
procedure, described in Section in X|,~| by taking Ly 0 = [n7|. We split the remaining
n — [n? | random variables into k, blocks as described in Section Our goal is to show that

n EHni_l Lan Hn—1 Hn—1

=2 > Z m QU0 (X > wd) + Y Y m (@, N (X > )
=1 j=LHni-1 T>J J=LHnk, T>J
goes to 0.

We define for some j,n,q € Ny,
Ry := min {T EN: QY N {Xjpr > un} # @} :

Rypn:=min{Ry,;, j=|n"],...,Hn — 1},
Ly :=max{lpn,, i =1,...,kp}

Ly, = max{L,, Hn — L g}
We have
Hn—1 Hn—1 Ln
= N W CEITE ST R DD ol ETEL BTN
J=[n7] r2Rqn 5 J=In7|r2Rg i

where for every j < Hn — 1 we define

q
Dy :=UnN ﬂ (Tj+é 0...0 Tj+1)_1(Un)c- (5.13)
(=1
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Using Proposition with ¢ = 1p,_ -~ and ¢ = 1y, and the adjoint property of the operators,
it follows that

/1Dq,n,j © 7; 1y, o 7;'—}-7“ dm < /1Dq,wﬂj(1)dm/1UnHj+T(1)dm + B)‘T”qu,n,jHBVH1UnH1-
Using (DFLY), we have
/1Dq,n,]~ oT; -1y, o Tjqrdm < Cgm(Un)2 + BCoN"'m(Uy,)

for some Cy > 0 (independent of n) such that ||1p, . .||pv < Cs. Hence,

q,n,j’

Hn—1 Ln i
Si< > X (CBm(U.) + BCN'm(U,) < CEHnLym(Un)* + BOm(Un)Hn 3 N
J=I[n7] 2Ry i S
T P 1
< CyHnLym(U,)? + BCom(Uy) HnAMor —.

Now we show that L, = o(n). To see this, observe that each ¢, ; is defined, in this case, by the
largest integer ¢ such that

EH,n,i—l‘FK*l 1 Hn—1
Z m(X; > up) < — Z m(X; > up).
. kn
J=LHmn,i-1 Jj=|n"]

Using (5.11)), it follows that

Hn — |n”
() (14 o) < T4 o)),
n
On the other hand, by definition of ¢, ; we must have
LHn,i—1HHn,i—1 Hn—1
1
Z m(Xj > Un) > ]{T Z m(Xj > un) - m(XﬁH,n,i—lJer,n,i > un)
J=LHm,i-1 " j=|n7]

Using (5.11)) again, we have

batnap (U1 +o(1) > @) 04 0(0) = )1 401,
Together with the previous inequality, we have
lani = Hn;M(l +0(1)) = o(n) (5.14)
for every i = 1,...,k, and
Hn — Ly, =Hn—[n"] = > Lyni=(Hn—[n"])o(1) = o(n)
i=1,....kn

so L, = o(n) follows at once. Using this estimate, the fact that lim,, o nu(U,) = 7 and h € BV,
we have CZ HnL,m(U,)? — 0.

In order to prove that ,H;(un,i)* holds, we need to show that qu — 00, as n — 0o0. To do that
we consider two cases, whether the orbit of ¢ hits 1 or not.
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We will consider that the maps 75, for all i € Ny, are defined in S by using the usual identification
0 ~ 1. Observe that the only possible point of discontinuity of such maps is 0 ~ 1. Moreover,
limx—>0+ Tz(x) =0 and hm:r:—)l— T:L(x) = IBZ - LﬁlJ

5.3.1. The orbit of ¢ by the unperturbed Tz map does not hit 1. We mean that for all j € Ny we
have T7(¢) # 1.

We take ¢ = p, where p € N is such that TP(¢) = ¢ and T7(¢) # ¢ for all j < p. Let

€n = |Blnr) — Bl (5.15)
By (5.9) and choice of ~y, we have that €, = o(n™!). Also let 6 > 0, be such that Bs(¢) is contained
on a domain of injectivity of all T}, with i > |n7].

Let J € N be chosen. Using a continuity argument, we can show that there exists C' := C(J,q) > 0
such that

dist(Tiqjo...0Ti41(¢),T7(C)) < Cey, forall j=1,...,J
and moreover U, NTjyj0...0T;1(Uy,) =0, for all j < J such that j/q— [j/q] > 0.

We want to check that if z € Q(O)  for some i > [n7], i.e., Ti(x) € Dgn,, then X;yj(x) < up, for

(]7’,7’7Z

all j =1,...,J. By the assumptions above, we only need to check the latter for all j =1,...,J
such that j/q — |j/q] =0, i.e., for all j = sq, where s =1,...,|J/q].

By definition of Qé?q)m the statement is clearly true when s = 1. Now, we consider s > 1 and let

S Q(O) We have

ani-
dist(Tiysq(2), Tivsqg © - 0 Tivgs1(C)) > (B — 5n)(5_1)qd15t(7;+q(93)» ¢)-
On the other hand,
dist(Tiqsq 0 ... 0 Titq41(¢),¢) < Cep.
Hence,
dist(Titsq(2), Q) = dist(Titsq(2), Titsq© - - - 0 Tigg+1(C)) — dist(Tiysq 0 - .. 0 Tiyg11(C); )
> (8 — en) " Ddist(Tisg(2), ¢) — Cen

1 mUp )
> (B — an)( 1)q(2) — Ce,, since x € Qt(z?)z,i = Xitq(x) <up & Tipg(x) ¢ Uy

> m(Up)

, for n sufficiently large, since &, = o(n™1).

This shows that Tiysq(x) ¢ U, which means that X; s (x) < u,.

5.3.2. ( = 0 ~ 1. In this case we proceed in the same way as in [AFVI5, Section 3.3], which
basically corresponds to considering two versions of the same point: (™ = 0 and (- = 1. Note
that (T is a fixed point for all maps considered and ¢~ is periodic of prime period p.

As the previous case, we take ¢ = p. We observe that D, ,; has two connected components, one
to the right of 0 and the other to the left of 1, where none of the two points belongs to the set.
Let J € N be fixed as before. A continuity argument as the one used before allows us to show
that the points of the components of Dy, ; do not return to U, before J iterates, also. Note that,
the maps are orientation preserving so there is no switching as described in [AFV15] Section 3.3].
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5.4. Verification of condition (2.12)). Similarly to the previous condition, we disregard the
first [n7] random variables of Xy, Xj,... and start the blocking procedure in X |nv| by taking
Lpno=|n"]. We want to show that
LHn,i—1 ﬁH,n’ifl
lim max 0k, Z m(X; > un) — ky Z m (Qf}?%d) =0.

n—o0 i=1,....kn . .
J=LHmn,i-1 J=LHmn,i-1

Let €, be defined as in (5.15) and let d,, be such that U, = By, (¢). For simplicity, we assume
that we are using the usual Riemannian metric so that we have a symmetry of the balls, which
means that |U,| = m(Uy) = 20y,

We also assume that ( is a periodic point of prime period p with respect to the unperturbed map
T = Tp and the orbit of ¢ does not hit 0 ~ 1. In this case, we take § =1 — 379 with ¢ = p and

check (2.12)).

Using a continuity argument we can show that there exists C' := C(J, q) > 0 such that

diSt(j—‘i+q ©0...0 i+1(<)7<) < Cen.

We define two points &, and & of By, (¢) on the same side with respect to ¢ such that dist(&,,¢) =
(B —€n) %y + Cey and dist (&7, ¢) = (B4 en) 90, — (B + €) 9Cey. Recall that for all i > [n7],
we have that (8 —,)? < Bit1 ... Birg < (B+¢en)d.

Since we are composing [ transformations, then for all i > |n? |, we have
dist(Tirq0...0Ti(&u), Tivqo ... 0 T3(C)) > 6y + (B — ) 1C%y,.
Using the triangle inequality it follows that
dist(Tipq o ... 0 Tix1(&u); C) > On.
Similarly, dist(Tj4q 0 ... 0 Ti41(&), Tivg o - .. 0 Ti41(C)) < 0p, — Ceyp, and
dist(Tiyq 0 ... 0 Ti1(&),C) < On.

If we assume that both &, and § are on the right hand side with respect to ¢ and & and & are
the corresponding points on the left hand side of {, then

(C - 57175:] U [€U7C + 5’/1) C Dq,n,i C (C - 5n7€l*] U [fl;C + 571)

Hence,

671 - (6 - En)iqfsn - an S %m(Dq,n,i) < 571 - (ﬁ + En)iqésn + (6 + €n)qu€n.

Since ¢, = o(n~!) = 0(d,) then we easily get
tim ™ Pani) _y_ gg

n—0o m(Un)

Observe that by (.11), m(Q(O) ) = m(T; '(Dygni)) = (Dgni) +o(n™t) and m(X; > u,) =

q7n7Z

w(Uy,) + o(n™1). Hence, we have that

0
. m(Q((Lr)L,z) . M(Dq,n,i)
lim ————>— = lim ————=.
n—oo m(X; > up) n—ooo p(Uy)
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The density 5—7’2, which can be found in [Par60, Theorem 2|, is sufficiently regular so that, as in
[FET15l Section 7.3], one can see that

lim (Dgn,i) — m(Dq,mi).
n—oo  p(Up,) n—oo  m(Uy,)
It follows that
0
m(ngl)

lim ——0mil g
ns0o0 m(X; > up,) g

Since, as we have seen in (5.14), we can write (g, ; = IZ—:(I + 0(1)), then the previous equation
can easily be used to prove that condition (2.12]) holds, with 6 =1 — 572

For the case ( = 0 ~ 1 the argument will follow similarly, although we have to take into account
the fact that the density is discontinuous at 0 ~ 1. By [Par60] we have that

dp
dm( Z 6n’
where M (S fo 2<Tn(1 ndm. In this case, we have 6 = ﬁ(O)(l -8 H+ %(1)(1 — [79).

5.5. Verification of condition (2.13). Once again, we disregard the first |n” | random variables
of Xo, X1,.... We want to show that

lim max M — (1 =m(2))| p =0.
L s

Observing that by (5.11)), m(Bni(z)) = m(T;, *(Bno(z))) = u(Bno(z)) + o(n™') and using an
argument similar to the one of the previous condition, we have

lim PAni@) o aDni(@) o mUDni(@)
n—o0 m(Bn,l(ai)) n—00 M(ano(w)) n—00 m(Bn 0(;[;))

where
q
— 0 _ c
Dy =T, Q) = ﬂ Tjpeo...0Tirn)  (Un) (5.16)

and with the same 6 as before. Hence,

lim M&ggfc)): lim W: im M
n—00 m(Qq,n,i) n—o00 ’m()(z > un) n—o00 m()(Z > Un)

Let By, ;(x) be the set By, ;(x) associated to the unperturbed dynamical system given by 7, = (T5)"
and X; the corresponding unperturbed random variables. Using a continuity argument we can
show that m(B,, i(z)) ~ m(Bpi(x)) and m(X; > uy) ~ m(X; > uy), so that

lim M: lim M: lim M: lim M
n—00 771()(Z > un) n—00 m(Xz > Un) n—00 M(Xz' > un) n—00 H(Un)

For this unperturbed stationary process, it has been proved in [FEMal8, Section 3| that lim,,

ﬂ(Un)
1 — m(x), where 7(x) is the distribution given in (5.6) for the POT MREPP a, A, and given in

w(Buo(z/an) _
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(5.7) for the AOT MREPP a,,A,. So, lim,_s0 % 1 — 7(z) for that same distribution
q n,t

m(x) and for any ¢ = [n7],..., Hn — 1. Hence, (2.13] ) follows at once.

5.6. Verification of condition ULC|(u, ;). We want to see that, for all H € N and y > 0,

kn 00
lim Z/ e_yxcsnvﬁH,n,iflvzH,n,i($/a’n)d$ =0,
0

n—o0 4
0

e _
e i, (2 ) =0,

n—o0

an 11m Z/ € v 6”£/an 17£an_tan(x/an)dx_0

where a,, is as in (2.13)) and d,, 5 ¢(x) as in ([2.14). Then, for all z € Ry,

[¢/a]l  s+e—1 q o
2y Y m(Q)+ Y Y m(el) + 20 m (Ugares)
k=1 j=s+l—Kq Jj=s k>[L/q] 7=1
o s+l—1 q
SZ‘ Z m( qn,3>+zm< q;n,s+4— J)
k=1 j=s+{—Kq 7=1

hence for all z € ]Rar and y € R*, we have

can

q
Z/ € ymén L ni—1,LHn, Z(m/an)dx < - Z Z Z <Q‘(I,2J> + Zm (U‘;’Orz’ﬁHv"vi_j> ’

=1 K= 1.7 ‘CH’VL’L Kq ]:1
[ee) Hn—1 q
—x
/ € 00 L1, H— L 11,11, (2 ) d$<§: Z ( an>+Zm( g.n,Hn— J)
0 k=1 j=Hn—krq j=1
kn, 0o
and § / e_yx‘sn,ﬁH,n,i—1,EH,n,rtH,n,i (z/an)dz
=170
1 kn oo  LHni—tHni—1 ()
0
<§ Z Z m( q,n )+Zm< quLan*tan ]>
1=1 k=1 j:[:H,n,iftH,n,ifﬁq Jj=1

and U( ) be the corresponding sets Q( ) and U( ) assomated to the unperturbed dy-

Let Qq n.j am,j
namical system given by 7,, = (T3)". Using a continuity argument we can show that m (Qé’i j) ~
(Qénr)w) and m (Ué()%j) (Uq( 72]) For this unperturbed stationary process, it has been

proved in [FEMal8, Section 3| that
5 () w, o (77(0)
m (qu,j) ~0(1—-0)"m <Uq7n,j) :
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so we have m Q(K) )~ 01— 0)sm (U9 ). Additionally, using (5.11]) (once again neglecting
q7n7] q7n7j

the first |n"| random variables), m (Ué%» = m(7;._1(Un)) ~ u(Uy,) ~ m(U,), som (Qéﬁ%) ~
0(1 — 0)*m(U,) and, by (2.9),

kn oo LHm,i—1 q
(k) (0)
Z Z m (Q(Ln:j + m UQvn»EH,n,ifj
i=1 \k=1j=LH n,i—kKq j=1

1 0 n—00
Similarly,
o0 Hn—1 ( ) q ( ) q
K 0
Z Z m (Qq,n7j> * Zm( q,n,Hn—j) ~ gm(U ) o 0
k=1 j=Hn—kKgq j=1
and
kn o0 L:H,n,i_tH,n,i_l ( ) q ( )
K 0
Z Z m (Qq7n7j) + m <UQ7nycH,n,i_tH,n,i_j>
i=1 K/:lj:‘CH,n,i_tH,n,i_ﬁq 7j=1

6. RANDOM DYNAMICAL SYSTEMS

We now give another example of a non-stationary system in the form of a fibred dynamical sys-
tem constructed by taking Lasota-Yorke maps on the fibers; we refer in particular to the paper
[DEGTV1S].

Let us consider the unit interval I = [0, 1], endowed with the Borel o-algebra B and the Lebesgue
measure m. Furthermore, let

n

var(g) = inf sup h(sg) — h(sg—_1)|-
(g) h=g(mod m) 0=s50<51<...<8p=1 ;‘ ( ) ( 1)’

the variation of the function g € L!(m). We define BV (I, m) (sometimes shortened in BV), as

the Banach space with respect to the norm

[hllBy = var(h) + [[A]]1.

For a piecewise C? function f : [0,1] — [0,1], set 6(f) = essinf,epo1)|f/| and let N(f) denote
the number of intervals of monotonicity of f. Then let (Q2, F,Q) be a probability space and let
o : Q — Q be an invertible Q-preserving transformation. We will assume that Q is ergodic.
Consider now a measurable map w + f,,, w € Q) of piecewise C2 maps on [0, 1] defined as above
such that

N :=sup N(f,) < oo, § := inf §(f,) >1, and D :=sup |f/|e < 0. (6.1)
weQ we weQ
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and such that the map (w,x) — (PuoH (w,-))(x) is Q x m-measurable for any Q x m measurable
function H with H(w,-) € L'(m) for a.e. w € Q, where P,, denotes the transfer (Perron-Frobenius)
operator associated to f.

For next purposes, we need two more assumption.

e First we ask that the following uniform covering condition holds: for every subinterval
J C I,3k = k(J) € N such that for a.e. w € Q, fox1,0---0 f,(J)=1.

e Then we require the existence of N € N such that for each a > 0 and any sufficiently large
n € N, there is ¢ > 0 such that

essinf PY"h > ¢/2||h||y, for every h € C, and a.e. w € Q,

where C := {¢ € BV : ¢ > 0 and var(¢) < a [ ¢dm}.
This cone-type condition will guarantee that the density h, constructed below is strictly
positive, namely

essinf hy, > ¢/2, for a.e. w € Q. (6.2)

The next step is to introduce the probability governing the extreme value distributions. First
of all we can associate to our collection of mappings on I, f,: I — I, w € Q the skew product
transformation 7: Q x I —  x I defined by

T(w, x) = (ow, fu(x)). (6.3)

The preceding bunch of assumptions on the maps f,,, allows us to show that there exist a unique
measurable and nonnegative function hy,:  x I — R with the property that h, := h(w,-) € BV,
[ hodm =1, Ly, (hy) = hey for ae. w € Q and

ess suUp,,cq || hwll By < 00. (6.4)

If we now define a probability measure p on €2 x I by

u(A x B) = / hy,d(Q x m), for A€ F and B € B, (6.5)
AxB

then it follows that p is invariant with respect to 7. Furthermore, p is obviously absolutely
continuous with respect to Q x m and is the only measure with these properties.

Let us now consider for any w €  the measures p,, on the measurable space (I, B), defined by
diy, = hydm. We recall here two important properties of these measures. First, the so-called
equivariant property: [, = fow. Second, the disintegration of p on the marginal Q : if A is any
measurable set in Fx B, and A, = {z : (w,z) € A}, the section at w, then p(A) = [ p,(Ay)dQ(w).

The conditional (or sample) measure p,, will constitute the probability underlying our random
processes, which we called P in the preceding sections.

After this preparatory work we can now state the decay of correlations result which will be used
later on. Let u, be, as above, the measure on X given by du,, = h,dm for w € 2. Then there
exists K > 0 and p € (0,1) such that

‘/qﬁwOfﬁduw—/Muw-/wduonw

< Kpt[[Yfl- el v, (6.6)
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for n > 0, ¢ € L*(m) and ¢ € BV(X,m); ||||l1 denotes the L' norm with respect to mE|

We now choose Q = Y7, where Y = (1,---,1) is a finite alphabet with [ letters. We associate
to each letter a map satisfying the requirements given above: we call them random Lasota- Yorke
maps. The map o will therefore be the bilateral shift and Q any ergodic shift-invariant non-atomic
ergodic probability measure, for instance, and it is the choice we do here, a Bernoulli measure
with weights p1,--- , p;.

We now consider the process given by X := ¢ o f¥ k € N, where fF := fu, 00 fu,, being
w; €Y,j=1,---k, the first k symbols of the word w. The function ¢ : I — RU {£o0} achieves a
global maximum at z € I (we allow ¢(z) = +00), being of the following form: ¢(z) = g(dist(z, z)),
where g : [0, +00) = R U {400} achieves its global maximum at 0 (¢g(0) may be +o00,) and g is
a strictly decreasing bijection in a neighborhood of 0. Finally g assumes one of three types of
behavior which we recalled in the statement of Theorem [5.A] We now introduce the marginal
measure py on I as: pi7(B) = [q po(B)dQ(w), with B a measurable subset of 1. As in [FEV17]

we consider all the boundary levels equal u,; = u,,? = 1,--- ,n — 1, where u, is determined by
the marginal measure py so that
pn = influ € R: pr({z €1 é(x) <ul)>1- %}, (6.7)
for some 7 > 0. With this choice and by Lemma 9 of [RSV14] we have
Hn—1
Z Uoio{z € 1: Pp(x) > up}) = 7, as n — oo, (6.8)
i=0

which is our equation ({2.3)) for the fibred systems. From now on we will set U, := {x € I : ¢(x) >
uy, } which, by the choice of the function g, is an open neighborhood of the point z.

Condition [, (uy;)* with P = p, can now be worked out easily thanks to the decay of correlations
(6.6), which takes care of observables given by characteristic functions, see the function ¢ € L*(m)
in (6.6). We defer for the details to the second part of Proposition 4.3 in [FEV17| which is the
same as in the present context.

We now go the condition JIy (un;)*. We should first of all elaborate about the choice of the target
point z. Since we have finitely many maps fi each of which with finitely many branches, we could
choose the point z on a set of full m measure in such a way that it will not intersect the preimages
of any order of any of the maps fi,--- , fi,. We should also remember that the statement on the
convergence in distribution for the extreme value law should hold for @Q-almost all choice of w
defining the sample measure p,,. This will be useful in the following periodicity considerations,
which will allow us to choose ¢ = 0 in the conditions [1;(uy ;)" and JI; (un:)* above. We begin to
notice that three situations can occur:

e For a given w, the point z will never come back to itself, namely f¥z # 2z, Vk > 1.

e For a given w there are finitely many blocks of periodicity, namely we have finitely many
sequences of type wj, - --w;, € w for which fWiL e fwilz = z.

e For a given w there are countably many blocks of periodicity like those described in the
preceding item.

2The result in [DEGTV18], Lemma 4, is stated in a different manner. It requires ¢ in L>°(m). Since the density
he is in L*°(m) too as an element of BV (X, m), and moreover is essentially bounded uniformly in w by (6.4), we
get the ||-[+ norm on the right hand side of (6.6)).
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We begin to observe that the set of the words with infinitely many blocks of periodicity has
measure zero. We therefore treat now the words with finitely many blocks of periodicity, the
situation in the first item being included in that one. Having fixed such an w, call n,, the last
time f'*z = z. The proof follows now closely that in section 4.3.1 on the [FEV17| paper to which
we defer for the details. We now point out the main differences arising in our framework.

e First of all we use the quenched decay of correlations established in applied to the
same observable 1y, . This will produce two asymptotic terms pyi,,(Uy,) and pig,(Un),j >
i, and the exponential error term containing the Lebesgue measure m(U,,).

e The measure of pi,(U,) will appear in a sum ranging from 1 to n and therefore it will
converge to 7 by .

e The other measure should be expressed in terms of the Lebesgue measure m in order to
compare it with the error term and to establish bounds from below and from above for
the quantity Lp,, = max{Lp i, i =1, -, ky}. Thanks to and , we have that
there exists two constants ¢; and ¢y such that for Q-almost any w € 2 we have that

c1m(Up) < pgiy,(Up) < com(Uy), Vi > 1.

e We now come to the main difference with the analogous proof in section 4.3.1 in [FFV17].
We have to prove that if f!(x) € U,, then f/(z) € U,, for the next time with j growing
to infinity. We already put n, the last time f/*z = z. If we now fix J € N, then
fgw+kz, k=1,---,J, will never return to z. Since we are composing finitely many maps,
there will be an € > 0, such that Vw € Q and k = 1,---,.J we have dist(f,“*"2,2) > e.
Call 0 the integer such that diameter(Ur) < 56 —/ and Uy does not intersect the preimages
up to order J of the family of maps fi,k =1,---,J. If we now take n > max{n,, 7}, we
have that V& € U, dist(f]z,z) > 5.

We are left with the verification of conditions and By (6.8) and the definition of
QE)OEL = {pofl > un}, we see immediately that § = 1. The computation of [2.13|follows closely that
in the proof of Theorem 3.A in [FFMal8]|; we give the details for the type-1 observable g = —log z,

for which h = 1. We are reduced to estimate the ratio M, where Xo(+) = — logdist(-, z)

By (Xo>un)

and z is chosen m-almost everywhere. We have

15 (X0 > un +2)  m(B(z,e 7)) m(B(z,e7"")) fB(z,e—un—z) hei,dm

tos(Xo >un) — m(B(z,e7)) m(B(z,e=)) [y, o un) hoiwdm’

where B(z,v) denotes a ball of center z and radius v. In the limit of large n the ratio on the
right hand side of the preceding equality goes to 1 by Lebesgue’s differentiation theorem, while
the first ratio on the left hand side goes to e™*. This gives the desired result with the probability
distribution m = 1 — e~ *. By generalizing we easily get the equivalent of Theorem in our case

Proposition 6.1. For the random fibred system constructed above and having chosen the observ-
able ¢(x) = g(dist(x, z)), where g has one of the three forms given in the statement of Theorem
and z 1s chosen m-almost everywhere, the POT and AOT MREPP a,A,, both converge in
distribution to a compound Poisson distribution process with intensity 8 = 1 and multiplicity
distribution

1 — e %, when g is of type 1 and a, = h(u,) "
(@) =< 1 — (14 2)7 8, when g is of type 2 and a,, = u;,* (6.9)
1— (1 —x)Y, when g is of type 3 and a, = (D — u,) ™
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