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We combine different techniques to extract information about the logarithmic contributions to the two-
body conservative dynamics within the post-Newtonian (PN) approximation of general relativity. The
logarithms come from the conservative part of nonlinear gravitational-wave tails and their iterations.

Explicit, original expressions are found for conservative dynamics logarithmic tail terms up to 6PN order
by adopting both traditional PN calculations and effective field theory methods. We also determine all
logarithmic terms at 7PN order, fixing a subleading logarithm from a tail-of-tail-of-tail process by

comparison with self-force results. Moreover, we use renormalization group techniques to obtain the
leading logarithmic terms to generic power n, appearing at (3n 4+ 1)PN order, and we resum the infinite
series in a closed form. Half-integer PN orders enter the conservative dynamics starting at 5.5PN, but they

do not generate logarithmic contributions up to next-to-next-to-leading order included. We nevertheless
present their contribution at leading order in the small mass ratio limit.

DOI: 10.1103/PhysRevD.101.084045

I. MOTIVATIONS AND OVERVIEW

The post-Newtonian (PN) approximation to general
relativity (GR) has been a largely successful framework
to perturbatively solve Einstein’s equations, widely adopted
and approached with a variety of methods, see Refs. [1-5]
for recent reviews. Among the most important methods we
mention the Arnowitt-Deser-Misner (ADM) Hamiltonian
approach [6-8], the multipolar-post-Minkowskian frame-
work with PN matching [9,10], the direct integration of the
relaxed field equations [11], the surface-integral approach
[12], and the effective field theory (EFT) approach pio-
neered by Ref. [13]. In particular we want to highlight here
the great synergies existing today between the EFT
approach and more traditional PN methods.

Within the two-body dynamics, we focus in the present
work on tail processes, which arise from the backscattering
of gravitational waves (GW) off the quasistatic curvature
sourced by the total mass of the binary system. Tail effects
have been known about for a long time (see e.g., [14,15])
but were first identified and investigated in the present con-
text in [16—18]. They are present in both the conservative
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and dissipative sectors of the theory. The conservative
tail effect at 4PN order [19,20] has been recently fully
incorporated into the 4PN equations of motion using the
ADM Hamiltonian method [21-24], the Fokker Lagrangian
in harmonic coordinates [25-28], and the EFT approach
[29-32]. Moreover the leading and next-to-leading loga-
rithmic tail terms in the energy function of compact binaries
on circular orbits have been derived [33-36].

Tails present themselves with a characteristic logarithmic
and hereditary nature, i.e., which depends of the entire
history of the source rather than its state at the retarded time,
corresponding to wave propagation inside the retarded light
cone. We focus our investigation in the present work to such
tail logarithmic contributions to the conservative dynamics.
In particular we elaborate on a result presented in [36] and
give a formal presentation of simple tail contributions to the
generic conservative dynamics, in the form of an action valid
in principle at all PN orders.

As an application we recover the known logarithmic tail
terms in the energy function of circular binaries at the 4PN
and 5PN orders [33-36], and we obtain the new results for
the logarithmic tail terms at the 6PN [beyond the self-force
(SF) approximation] and 7PN orders. However we know
that in the latter 7PN case, which corresponds to 3PN
beyond the leading 4PN logarithm, the iterated tail-of-tail-
of-tail [37] process is also relevant, so the complete 7PN

© 2020 American Physical Society


https://orcid.org/0000-0003-1142-9534
https://orcid.org/0000-0002-4530-3051
https://orcid.org/0000-0003-3173-7227
https://orcid.org/0000-0003-2157-4401
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.101.084045&domain=pdf&date_stamp=2020-04-22
https://doi.org/10.1103/PhysRevD.101.084045
https://doi.org/10.1103/PhysRevD.101.084045
https://doi.org/10.1103/PhysRevD.101.084045
https://doi.org/10.1103/PhysRevD.101.084045

BLANCHET, FOFFA, LARROUTUROU, and STURANI

PHYS. REV. D 101, 084045 (2020)

result, derived from first principles, will have to wait an
investigation of this process in the energy function.
Nevertheless, by resorting to a variety of methods (tradi-
tional PN computation, EFT renormalization group flow,
and input from SF calculations), we manage to derive all of
the logarithmic energy terms at this order. The latter result
has been extended by computing the contribution of the
leading (log)" terms for all n, using renormalization group
techniques. Note that the tail-of-tail process does not
induce logarithmic terms, and contributes only to half-
integer PN approximations [38,39].

The paper is structured as follows. In Sec. II we formally
derive with EFT methods the tail contribution to the
conservative action to all PN order; in Sec. III we give a
detailed derivation of the resulting (nonlocal) dynamics; in
Sec. IV we specialize to binaries on circular orbits and
derive the energy function up to 7PN order; in Sec. V we
use renormalization group equations for mass and angular
momentum to compute the contribution of the dominant
(log)" terms in the invariant energy of circular orbits;
finally, we conclude in Sec. VI. In Appendix A we give an
explicit alternative proof of the action we adopted in Sec. II
with traditional PN methods restricted at the 1PN order;
and some details of lengthy computations are presented in
Appendix B.

II. COMPLETE ACTION FOR SIMPLE
TAIL TERMS

A. Action in Fourier and time domains

Following Ref. [36] we explore in this paper the action
for all the nonlocal simple tails, involving all multipolar
contributions £ > 2, which is part of the effective action of
EFT or equivalently the Fokker action of traditional PN
methods. Overlooking purely local terms, this takes the
following form:

+oo 2
2G°M [+ dk k
S L

2L”+4 2
T ()P + 2517, )P 2.
where M is the ADM mass, I; () and J; () denote the mass
and current type source multipole moments (with L =
iy ---i, the usual collective notation for # independent
spatial indices) with Fourier integrals

~ o0 .
IL(kO)—/ del; (t)elk’  and
~ +0o .
JL(k()) :/ leL(t)elkot. (22)

In traditional PN methods the mass and current multipoles
are defined in harmonic coordinates by the metric (Al)

below. In (2.1) u is an arbitrary energy scale which in
dimensional regularization relates the standard 3-dimen-
sional Newton constant G = Gy to the d-dimensional
gravitational coupling through G¢) = ;>~¢G. Finally the
coefficients in (2.1) are exactly those which appear in the
multipole expansion of the gravitational wave energy flux
[15], namely

_ Z+D(+2)
- Deeee

B 44(¢ +2)
bf—(f—1)(f+1)!(zf+1)n‘ (23)

In our investigations below we consistently recover from
the action the expression of the energy flux, see Eq. (3.5).
In the time domain, the nonlocal action (2.1) becomes

L RGM
Stall E : c2f+4

® i { fl(erl)( AT (1)
=2 -

et >Jf*”<r>} , (2.4

where the superscript (n) denotes time derivatives, and we
have conveniently posed

I.(t) = /0 ™ drlog (%) 1V —2) =1t + 7)), (2.5)

together with the same definition for the functional 7, [J;].
Here the scale 7, is related to u by ¢ty = u~'e 7=, with yg
being the Euler constant." The expression (2.5) is equiv-
alent to the following form, often used in the literature,
involving the so-called Hadamard finite part or partie finie
(Pf) prescription in terms of the scale 7,

+oo  df
T,(1) =PI, / @),

P (2.6)

in terms of which the time-domain action (2.4) takes the

elegant form
drd? (41 /41
P, [ e ot Ve

b
_’__g (f+1)(t)J(Lf+1 (t )}

. *“@M
Staﬂ 2f+4

(2.7)

In the derivation of the 4PN equations of motion either
by Hamiltonian [21-24], Lagrangian [25-28], or EFT
[29-32] methods, it was proved that (i) the unphysical

'For a conservative dynamics, the source moments are time
symmetric, I; (—t) = I; (¢), and we can check that the definition
(2.5) is also time symmetric, i.e., Z; (—1) = Z, (7).
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FIG. 1. Schematic representation of the relation between the

tail self-energy amplitude (which includes also a real finite, local
term understood here) and the purely imaginary self-energy
diagram. The logarithmic term fully determines the nonlocal tail
action (2.1); the imaginary part relates to the tail contribu-
tion to the energy flux, which is proportional via a factor of
GMkqyr to the nontail radiation flux; while the UV pole cancels
the IR pole coming from near-zone conservative contributions
[21-25,27,28,32,40].

scale y (or equivalently ¢z, = u~'e™7¢) originally present in
the tail action (2.1) finally disappears from the final total
action; (ii) the role of the cutoff scale in the logarithmic
term of the tail part of the final action is played by the

4nG K, kg
Aa(ko) = — n N/ -2k

2f+2f! _ kO
16

+92

with KM = —2kd5™ 1! + 4k265%kik! — kik*kik! and K7 =
where /¥ denotes the usual Levi-Civita symbol.

Jijtw-2) (ko) w2 (= ko>1<’f“<ko,k>},

distance between the two bodies, r=r;, = |y, —y,|.
Therefore we shall from now fix the unphysical scale 7,
in Eq. (2.7) to be 7y = r/c, where r is the distance in
harmonic coordinates. For a more detailed derivation of the
substitution 7, — r/c, due to the interplay between near
and far zone logarithms, we refer the interested reader to
Sec. IV of [31].

B. Proof of the action by EFT methods

Following Ref. [36], we show a general proof of the
action (2.1) based on EFT methods. Such result is a direct
consequence of the more general relation represented in the
Fig. 1, relating the singular, logarithmic, and imaginary part
of the amplitude of the self-energy tail process A (ko) to
koA (ko), the imaginary part of the latter providing the
energy spectrum of the GW radiation emitted by the
system. Indeed, a direct calculation of the latter shows
that for every multipole ¢,

') {1,»,»<L_2><ko>zk,<y (ko) K (k. K)

(2.8)

—kgk?6% 8! + 5% I k! (kG + K2) — KKF k! 4 kger ek, ki,

As to the tail part, all singular, logarithmic, and imaginary terms are coming from the graviton propagator pole k* ~ k3,

and that around such momentum region

Avair (ko) = ~ arragy
16
+oa
with K" = k&5 61! + 4R25% ki k! — KT kF KK, K

so that K}/ = K’/]Jd on the propagator pole.

The universal dimensionless function f (',:—27) is given by
0

k_2 A (12 _ i+ \2=d)2 1
/ (ka)“‘”( k= i0%) /qq2[<k+q>2—k3r

4nGLM o [ keaokeo i
o (—kg)r? 1A<)_(2) Liji—2) (ko) Lug(r—2) (ko) K™ (o, K)
0

Jijie-2) (ko) a(rr—2) (= ko)kal(ko’k)}f<—>,

0 (2.9)

zjkl = [—kgkzéikéﬂ —l—(sikkjkl(kg + k4) _ kikkkjklkZ + kéé‘rike‘wﬂkrkw]/kz,

(2.10)

and its direct evaluation in the limit kz — 1 gives the result reported in the Fig. 1.

In Appendix A we will provide an alternatwe proof of the log terms in the action (2.7) using traditional PN methods, and
valid, for every 7, at next-to-leading 1PN order for mass multipoles and at leading order for current ones, using the explicit
expression of the mass multipole moments at the 1PN order. This confirms that the moments /; and J; are indeed identical
to the PN source multipole moments of traditional PN methods.

’We use a mostly plus signature convention. To lighten the formulas we adopt the notation fk = f (2n) k_and when propagators in

momentum space are involved, the —i0™ is always understood, i.e., k? — k§ — k* — k3 —

contour the propagator pole.

i0*, according to the Feynman prescription to

084045-3



BLANCHET, FOFFA, LARROUTUROU, and STURANI

PHYS. REV. D 101, 084045 (2020)

III. DERIVATION OF THE DYNAMICS FOR THE
LOG-TAIL CONTRIBUTIONS

A. Equations of motion and conserved
Noetherian energy

In the action (2.7) the multipole moments /; and J; (and
also the mass M) are functionals of the particles’ positions,
velocities, accelerations, etc. We know that the action can
be order reduced by means of the equations of motion, and
that the variables can be expressed in the center of mass
(CM) frame, so that the action (2.7) is an ordinary action
depending on the relative separation x' = y| — ) of the
|

20+4

two particles, and their relative velocity »* = dx’/dz. And,
as we said, the tail term is obtained with 7, = r/c where
r = |x| is the separation between particles. We denote by
m = m, + m, the total mass and v = m;m,/m?* the sym-
metric mass ratio.

We vary the action (2.7) with respect to the particles’
relative variables, taking into account the nonlocal structure
of the action (see [25] for more details). Considering the
multipole moments as functionals of the independent var-
iables x' and v’ we get the direct contribution of tails in the
equations of motion for the acceleration a’ = dv'/dt as’

i I RGPy [OM o1y evr) A (OM 1) _(r41) o0 reray d (01 _eia)
Aatail:_zc { iIL IL _a< iIL IL >_2M(_) [WIL _d_t<a,uiIL )]}

Ox ov

mv —

+ identical contribution for the current moments, i.e. with (I;,Z;,a,) —

(JL,jL,C_zbf>. (31)

Furthermore, at high PN order there will be also other tail contributions (not detailed here) coming from the replacements of
accelerations in lower order terms of the final equations of motion, as well as coming later from the reduction to
quasicircular orbits. From the tail contribution (3.1) in the acceleration we obtain the corresponding tail contribution in the

conserved energy as (see [26] for details)

R GPag [ OM (o)1) (E+1=p) H(E+14p) | ((E+1) (£+1)
AEg =Y —53vio10 VT +m Z( IR + 17T 2%

2044 i
‘5 ¢ ov

+ identical contribution for the current moments, i.e. with (I;,Z;,a,) —

The terms are easily derived, except the last one 6H, which
represents a nontrivial correction to be added in the case of
the nonlocal dynamics, for which the Noetherian conserved
energy E actually differs from the value of the nonlocal
Hamiltonian H computed on shell [26]. This term satisfies

doH

7 ¢ _ I(sz’+1)I(Lf+2) _ I(Lf+2)I(Lf+1)’ (3‘3)
which is the generalization of Eq. (3.8) of [26] in the case of
generic multipole moments. Interestingly, in analogy to
similar relations discussed in Refs. [36,41,42], note that the
time average over one period of this term is directly related
to the total GW energy flux,

2GM

(6H) = ——5—Fgw. (3.4)

where we have naturally denoted §H =) sz OH +
identical contribution for the current moments, and where
the total (averaged) energy flux associated with the source
moments /; and J; reads

*We ignore the variation of the scale 7, = r/c since this gives
an instantaneous (nontail) term without logarithms.

(;1 Lz r2) g H,f] }

(JL,jL,C_zbf). (32)
|
Fo R G a1 D b, ) fle+)
GW*ZCZK+1 as ‘f’? L L .
s
(3.5)

This result confirms the soundness of the general action
(2.7) with the general coefficients (2.3). But contrary to the
other contributions in (3.2), the term 6H, will not con-
tribute to the logarithmic part of the conserved energy,
when dealing with quasicircular orbits. Thus we present its
computation, and justify the time averaged formula (3.4), in
Appendix B.

B. Case of quasicircular orbits

The previous investigation was based on the nonlocal
action (2.7), but we now specialize it to quasicircular orbits.
In the case of quasicircular orbits (in the adiabatic approxi-
mation) the formulas simplify drastically and in particular
the tail integrals (2.6) become local (see e.g., [25]):

7, =21, |log (") + 1]
70 =27, (") 41

(3.6)
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where @ denotes the orbital frequency of the binary and yg
denotes the Euler constant. For circular orbits we have
log(%2) = flogy plus some nonlogarithmic contributions
that we neglect, where y = Gm/(rc?) is the usual PN

J

parameter in harmonic coordinates, and we can ignore the
Euler constant. Hence we obtain the purely logarithmic
contributions in the tail acceleration (3.1) for circular
orbits as

i 2 <2 Gzaf oM (£+1)2 d /oM (£+1)2 rw
Aay = —@Zm {6)& Iy ) iy (81}" (I, ) >] log<7>

=2

20+4
my <~ c

-+ identical contribution for the current moments.

4 = GzMaf(_)fH |:81L I(2f+2)
_ = RN ) - 1) —_
Ox

afon,
dr \ 9!

(sz+2)>] log (%)

(3.7)

As for the logarithmic contributions in the conserved energy (3.2) for circular orbits we find

X G?a, l@M (£+1)12 ro
AEtall - 22 2f+4 LJr )) 10g 7

a 1

G2Ma f+1 ¢ /40— _\Z y ’ 8 25’ ) ro
~a 3 I S et <SR a7 v S (%)

p=1

+ identical contribution for the current moments.

(3.8)

Remember that the extra contribution found 6H, in (3.2) is explicitly given in Eq. (B6) and does not contain logarithmic

terms for circular orbits.

Equivalently, one could observe that the following local action (where v/c = y!'/? for circular orbits)

+
Scnc — _ E
1
tai c

=2

leads to the same logarithmic contributions for gauge
invariant quantities as the nonlocal one, in the case of
quasicircular motion (in the adiabatic approximation). This
is so because in such particular solution of the equations of
motion, one has

oo(@) =1V (14 1) =

Z @z (0)cos (wr),
(3.10)

where ¢’ has the same (opposite) parity as # for mass
(current) multipoles, and ¢, is the part of ¢, characterized
by the frequency #’w. Plugging this relation into Eq. Q.7
and observing that

d
Pf, / —Tcos(a)r)
') Il

*“This is justified as the circular ansatz is a solution of the
equations of motion; its replacement into the action is equivalent
to a coordinate shift, which does not change gauge invariants
quantities.

= —2log(wzy) + nonlog terms, (3.11)

R2G*M v e+1) 2 | be 1) 002
2ot [ arnog(2) |actii V0 + 20 )

(3.9)

[

one obtains the result Eq. (3.9) after discarding terms
involving #’ from the logarithmic part, as log(¢'wzy) =
log(wry) + log#’, and combining the remaining overall
log(wry) with the log(%) coming from the near zone
contributions [32] (which is mathematically equivalent to
set 7o =7). In summary, according to this simplified
version of the argument presented in [24], Eq. (3.9) is
equivalent to the original nonlocal action, as long as it is
employed only to derive gauge invariant logarithmic
contributions in the quasicircular regime.

IV. LOGARITHMIC AND HALF-INTEGER
CONTRIBUTIONS IN THE CIRCULAR ENERGY

A. Simple tail terms

As an application, we proceed to compute logarithmic
contributions to the circular energy, as a function of the
orbital frequency, or of the equivalent dimensionless
variable x = (Gmaw/c*)?/3. Up to now, such contributions
have been computed up to SPN order [33-35], while at 6PN
order only the leading term in the symmetric mass ratio
v ="132 is known [43]. The present work, in particular the

084045-5
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material displayed in Sec. III, provides the ideal tool to
compute all the logarithmic terms coming from simple tails,
the only limitation being the knowledge of the multipole
moments of the binary constituents, at the desired PN order.
Given that the current knowledge is limited to 3PN for the
mass quadrupole moment [44-46], we are presently able to
provide such terms up to 7PN order.

From the EFT side, logarithmic contributions to the
energy are associated with UV divergent diagrams in the far
zone (or equivalently to IR divergences in the near zone),
their divergence being compensated by an opposite IR
divergence from the near zone, the logarithmic terms from
near and far zone combine to give a log(kqr) term [32].
Self-energy diagrams with bulk interactions producing tail
terms give rise to divergent terms when integration over
past time extends to present time [i.e., ¥ — ¢ in Eq. (2.7)].
As explicitly shown in [36], this does not happen with
leading order memory diagrams, which give instantaneous
contributions to the self-energy and to “failed” tail dia-
grams involving an angular momentum instead of the mass
M at the insertion of the blue dashed line onto the source in
Fig. 1. However additional subleading logarithmic terms

|

y>x+ (_

N L (2132, 41161601
— - v
E\r 45 © 7751030

are expected from tail-of-tail and mixed tail-memory
processes.

Similarly, in traditional PN methods, all the logarithms are
generated by tails propagating in the far zone, as well as
iterated tails-of-tails and subleading tail-memory couplings.
Notice that in intermediate steps of the calculation there are
other logarithms which appear, but these are pure gauge and
cancel out in gauge invariant quantities. This is the case of
the logarithms at the 3PN order in the equations of motion in
harmonic coordinates, which disappear from the invariant
circular energy and angular momentum [2]. In the present
paper we assumed (rather than explicitly checked) that these
gauge logarithms properly cancel up to 7PN order.

We have done the computation of the 7PN simple tails, in
which we have to order-reduce the derivatives of the
multipole moments by means of the equation of motion,
using either the equations of motion obtained from the
nonlocal formulation, or the equivalent (valid for circular
orbits only) local Lagrangian given by Eq. (3.9). Both the
variations of the detailed computation discussed above
converge to the following simple-tail contributions to the
logarithmic part of E(x) up to 7PN order’:

1967284 914782 32384 )\
8505 945 " T35 V)7

(4.1)

2
log __m s 448 4988 656
Esimple—tail - _Tx log x [F + —? — ?
16785520373 1424384 r
2338875 1575 0
13476541 , 289666 .\ , )
5670 1215 * )x +0(xY)],

where ry is the UV regulator which appears in the
expression of the 3PN mass quadrupole moment, see
e.g., [2]. One expects that in the EFT computation of
the multipole moments (not yet available at the 3PN order
needed here), the constant r, should be related to the
dimensional regularization constant u. Such constant
should be canceled by the addition of tail-of-tail-of-tail
contributions; see also Sec. IV C below.

The 4PN and 5PN coefficients, as well as the leading
order 6PN coefficient in the test mass limit v — 0, confirm
previous findings in the literature [33-35,43], while all the
remaining ones are derived here for the first time.

B. Tail-of-tail terms

Besides the simple tail terms, iterated tails do also
contribute. The simplest of them are the so-called tail-of-
tails [or (tail)?] which arise one and a half order (1.5PN)
beyond the simple tails, which means 5.5PN in the
conserved energy corresponding to 3PN in the asymptotic

>We set ¢ = 1 in Secs. IV and V.

|
waveform [42,47]. Note that the tail-of-tails arise at half-
integer PN approximations in the conservative dynamics,
which is possible because of the nonlocality involved.®
The (tail)? will not bring any logarithmic dependence in
the conserved energy, at least up to 7.5PN order (see
[38,39] for discussion), as they involve in the near-zone
metric (say, the 00 component of the metric) an even
number of time derivatives of the quadrupole moment. In
this case, using the contractions of the moment with the
field point, it is straightforward to see that the tail integral,
when reduced to circular orbits, does not produce a
logarithm but that a factor z is generated instead. By
contrast the simple tails at the 4PN order and the tail-of-tail-
of-tails at 7PN order which will be discussed in Sec. IV C
[and in fact, any iterated (tail)” with p =2n—1 odd,
arising at order (3n + 1)PN, see Sec. V] involve an odd
number of time derivatives of the quadrupole moment, and
the tail integrals produce logarithmic terms.

SThe fact that the conservative dynamics contains half-integer
PN approximations starting from the 5.5PN order has been
discovered in high-precison numerical SF calculations [48].

084045-6



LOGARITHMIC TAIL CONTRIBUTIONS TO THE ENERGY ...

PHYS. REV. D 101, 084045 (2020)

The (tail)?> have been computed using traditional PN
methods at the leading order when v — 0, i.e., in the
gravitational self-force limit, in the redshift variable [49].
Nevertheless, it is possible to deduce the (tail)?> in the
energy function from the corresponding result in the
redshift variable thanks to the first law of binary pointlike
particle mechanics. As far as we know, this has not been
done yet, thus we present the derivation in the present
section.

In the nonspinning case, the first law of binary pointlike
particle mechanics [35,50] relates the variation of the total
ADM mass M and the total angular momentum J to the
variation of the individual masses m; and m, as

OM — wdJ = z,0m; + z,0m;, (4.2)
where @ denotes the circular orbital frequency and z; and
7, are the gravitational redshift variables. In the SF limit,
the expression for those variables is known analytically
from usual PN methods using dimensional regularization
up to 3PN order [51] (the log coefficients at 4PN and SPN
being added in [33,35]), from numerical SF methods up to
22PN [52], and from analytical ones up to 9.5PN [53]. It
reads

71 = V1 = 3x 4+ vzgp(x) + O(?), (4.3)
where /1 —3x is the Schwarzschild redshift in the test-

mass limit. The tail-of-tails in the SF part of the redshift
|

variable are known analytically up to the 2PN relative
order, and read [38,39]7

361209292

2
3274425

wir _1aa[13696 368693
Gp T {525 3675

+ (’)(x3)} . (4.4)

Note that these terms represent the full contributions in the
redshift variable to these orders, and they are in agreement
with modern analytic SF computations of the redshift up to
high PN order [52].

Integrating the first law (4.2), it is possible to express the
conserved energy of the particle orbiting around a big black
hole in terms of the redshift variable of that particle as [54]

E 1-2x

— = ———— 1 + 1&g (x) + O(2), 4.5
T se() + 00 (4.5)
where the interesting contribution reads
1 x
Esp(x) = EZSF(X) - EZISF(X) +Vv1-3x-1
x 7-—24x
T A an- 4.6
+ 6 (1 _ 3x)3/2 ( )

Plugging the redshift (4.4) in this expression, the energy
contribution of the tail-of-tails at leading order in v reads

E (a2 (x) =

mux 27392 1474772 722418584
———unx!l/2 - -
315 3675

x? + O(x3)] + (9(1/2)}. (4.7)

1403325

From the 6.5PN order we also expect the coupling between the simple tail and the memory effect to contribute to the
conservative dynamics. However such “tail-of-memory” effect does not enter the formulas (4.4) and (4.7), as it only affects

terms of higher-order in v.

C. 7PN logs and tail-of-tail-of-tail terms

The simple tail-logs contributions displayed in Eq. (4.1) are the only logarithmic terms contributing to the observable
E(x) up to 6PN order, while at 7PN one should account also for the leading order tail-of-tail-of-tail or (tail)* terms, which
are expected to cancel out the residual UV regulator r, from Eq. (4.1).

The leading order (tail)® contribution to the energy, which contains both log and (log)? terms, is purely quadratic in the
mass ratio v (because the quadrupole is linear in v at leading order). This means that while the v-dependent 7PN terms in the
square bracket of Eq. (4.1) account for the total logarithmic contributions, this is not true for v-independent ones, so that we

can write

log

13476541 , 289666

. mi? o 2132
EXE (x) = —sz log x| % Tog x + c8 + < 7

. . 2 . . . . . . . .
The coefficient c;(;‘,gN will be computed from first principles in the next section: for the moment we just notice that both c;py

(4.8)

5670 1215 ©

41161601
51030

log

and c%’; can be derived from the SF redshift results of [55]; proceeding along the same lines discussed above we find

"Note that the “redshift variable” used in those references is ul =1/z, and is expressed in terms of y = x(1 + m,/m,)~%/3, thus the
different numerical coefficients; here m; < m, is the smaller mass orbiting the larger one m,, say the black hole.
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oz 85229654387 1424384

“IPN T 716372125 1575

e +log4), Cpn =

356096
1575 °

clog — (4.9)

and this allows us to predict the leading order (tail)* contribution as the difference between Eq. (4.8) and the 7PN part of

Eq. (4.1), namely

356096

108649792

2
log - mv 3
E(tail)3(x) Tt logx{— 1575

Note that the coefficient of yg in (4.9) is exactly matching
the one of In(r/ry) in Eq. (4.1), thus giving an indication
that the cancellation of the UV scale by the tail-of-tail-of-
tails will be straightforward.

V. LEADING LOGARITHMS FROM
RENORMALIZATION GROUP THEORY

A. Renormalization group equations

We are going to derive the (log)? term in Egs. (4.8)—
(4.10) above, together with the leading (log)” terms for all
n, using the renormalization group (RG) equations. In
general the (log)" terms appear at each (3n + 1)PN order
due to multiple tail interactions with two powers of the
(leading order) quadrupole moment.

We start from the RG equation (19) of Ref. [56] for the
total mass-energy M, that we copy here:

legM(ﬂ) 2G2 3) (3

where p is the renormalization scale, and both the (Bondig)
mass M and quadrupole moment /;; are defined at the scale
u. This equation was orlglnally derived from the tail
correction to an external gravitational mode coupling to
a source endowed with a quadrupole moment and agrees
with Eq. (4.6) of Ref. [57], with the obvious replacement
rio — p since we are only interested in the running with the
scale y. Furthermore we shall need the similar equation for

|

dlogM(u) — 2G* ~ (=fiG*M*log i)* 7

55125

1424384 r
+ 575 [log(r—0> - 7E —10g4] + O(x)}. (4.10)
|

the angular momentum J/, which is the consequence of
Eq. (4.15a) of [57] and reads

dJi(u)
dlog p 5

8G°M . 5)_ (1),4) |, (2,0
€]k[1j111(<1) - I;l)ll(cl) + I§1>I/iz)]-

(5.2)

Next, it is crucial to observe that the quadrupole moment
itself undergoes a logarithmic renormalization under the
RG flow, which is computable from the singularities in the
scattering of gravitational radiation off the static gravita-
tional potential at (GM®)? order. The quadrupole moment
1;; at the scale p is related to the same quantity defined at
the scale y, and reads in the Fourier domain (with Q the
Fourier frequency), as reported by Eq. (21) of Ref. [56]
which we repeat here:

I1j(Q.p) = P M T (Q. o). (5.3)
where ji = /g and f; = — 22 is the coefficient associated

with the logarithmic renormalization of the mass quadru-
pole moment [42]. The latter relation can be written in the
time domain as

+o0

1
Lij(t.p) = Z_‘(_ﬁleMz 10&“)"1( )(tn“0>'
n=0

(5.4)

Short-circuiting Egs. (5.1) and (5.4) one can derive the ADM
mass renormalization group flow equation, which reads

W __ [21(2k+1) 52p+5) 21(2k+2) (2p+4) +I(2k+3) l(2p+3)}(t’ﬂ0), (5.5)
dlogp 5 550 k!p! J ]
and by integrating we obtain the following solution:
log™ () _ 26 ~ (=AG*M?)<+P (log ) 7! QI 2049 _ o) 20ed) | j(2k3) 2
M 5 550 kip\(k+p+1) I Y
. G2M21 n “An-1 n—2p— n— n—
5ﬁ MZZ Pr og jt) Z( ) 72n=2p I)Igjz_p+5) 21(2 2p) (2p+4) +I(z 2p+1)15]2.p+3)], (5.6)
1 n>0 p=0

¥ At the order we are working, and restricting to the conservative dynamics, the Bondi mass can however be traded for the ADM mass.
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in which the quadrupole moment /;; in the right-hand side and M are defined at the scale y,. Finally we can average the

previous result over an orbital period for general orbits, and we approximate log%") ~

% — 1 (i.e., discarding all terms

higher than quadratic in the quadrupole moment), to obtain [56]

(BIG2MP) = (1 102,

(5.7)

where the brackets () denote the time average. Exactly the same procedure applied to the angular momentum, i.e., starting

from Eq. (5.2), gives similarly

(') = (J'(uo)) =

12G2M kz 210g/4 (B, GPMP) 11

(n+1)1(n+2)>'

jl ki (5.8)

B. Leading log” terms at any PN order for circular orbits

We shall now work out the consequences of the two results (5.7)—(5.8) for the case of circular orbits. In this case there is
no need of averaging and we no longer mention the time-average process (). To reduce the latter equations to the case of
circular orbits, we substitute the leading order contribution for the quadrupole moment of circular motion as given by

(Gm)n+2

(n+2) y(n+2)
1 1 r3n+2 ’

__"2n+3,,2.2
ij ij =2 m°v

with J' denoting the constant unit normal to the orbital plane such that /% x/y

iik y(n+1) ;(n+2)
e Ijl Iy

Gm n+1
— 22n+2m2y2 ( E )
r\n—l

wl', (5.9)

k= r2wJ’, where r is the separation distance

and w the orbital frequency. Working out the relations (5.7)—(5.8) for the leading tail logarithms for circular orbits, we can
approximate M by m in subleading terms, and we add also the Newtonian result. We thus obtain for £ = M — m and the

norm J (i.e., J' = JJO):

1 G
Ezzmvr2a)2 - m v

J = mvr

where we have set for convenience y = Gm/r. In (5.10) we
have fixed the scale ratio j to be the relevant one for our
purpose, that is the ratio between the radiation zone scale
W = Ay, where the observer is located, and the orbital scale
Ho =~ r~' at which Egs. (5.9) hold. Hence we can take
i~ rw = v, where v is the orbital velocity.9

Furthermore we also know that for circular orbits the two
invariants E(w) and J(w) are not independent but are
linked by the “thermodynamic” relation

dE dJ

— =w—, 5.11
do wda) ( )

’In Appendix A, we compute the conservative part of the
metric at a generic distance |x| in the near zone, which contains
logarithms of the type log(|x|Agk ). When evaluated at the
location of particles, the metric yields log terms in the equations
of motion and conserved quantities equal to log(r/Agw) =
log v + const, in agreement with the previous argument; see
the discussion after (AS) in Appendix A.

48 1
0 -2 G ;’ Z (887" log )",
7

2 +00
Z (88,73 log v)", (5.10a)
+o0
(5.10b)

which is that aspect of the first law of binary black hole
mechanics (4.2) for which the individual masses do not vary.

The three equations (5.10) and (5.11) then permit one to
determine the orbital separation r or equivalently y, which
is defined here in harmonic coordinates, as a function of the
orbital frequency':

320 <2 3n -

10 =1+ 35>

(4,6 )n 1 ’5n+l(10gx)
(5.12)

together with the two invariants E(x) and J(x), that are
related to each other by Eq. (5.11):

""The crucial relation between the separation and the orbital
frequency for circular orbits, as well as the angular momentum
RG equation, is not discussed in Ref. [56]. We find that working
simply with the RG equation (5.7) for the mass energy does not
allow one to get the correct result for the invariant circular energy
E(x), Eq. (5.13a), for every n.
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mux 64v <= 6n + 1 el Anet ;
) = =75 14§ Y gt g
(5.13a)
m?v 640 <X 3n + 2 |3
— __ - - n—1.,3n+1 n
s =22 5 s (ogy'.

(5.13b)

Summarizing, we have obtained the leading powers of the
logarithms (log)” in the invariant energy function for circular
orbits in the following form, which can quite remarkably be

explicitly resummed (recall that §; = —2%) as

Eleading—(log)”

s s (4ﬂ1)n—1x3n+1(10gx)n

2
8mu’x? 3
=— TSUﬁjC [(1 4 24p8;x% log x)x¥¥ — 1],

and similarly for the angular momentum,

_mux 64y <= 6n + 1
e

n=1

(5.14)

32m*2/x

55 [(1 4 64,x% log x)x* —1].

Jleading-(log)" =
(5.15)

For the linear and quadratic log terms (n = 1,2) one

- log 448 log2 356096
recovers the coefficients c 5y = & and c;py = — 5%

displayed in Eqgs. (4.1) and (4.9) of the previous section,

2 448 4988 656
El°g = —mTUxS logx{ + <— -

y>x+ <_

while further comparison with Ref. [52] (see Appendix B
and Ref. [19] there) shows a perfect match, via the first
law of binary dynamics, between the first terms of the
infinite series (5.13a) and the high accurate self-force
results, that is up to n <7. This shows the great con-
sistency between EFT methods which predict the RG
equations (5.7)—(5.8) [42,56], the traditional PN approach
which derived the first law of binary mechanics [35], and
the state-of-the-art 22PN accurate SF calculations [52].

VI. CONCLUSIONS

Combining EFT with traditional PN methods, this work
investigated the logarithmic contributions to the two-body
conservative dynamics. On the one hand, starting from an
effective action for the simple tails we were able to derive
the contribution of simple logarithms in the acceleration
and conserved energy for general orbits up to 7PN order.
On the other hand, using the renormalization group
equations for the mass and angular momentum, we
computed the dominant contribution to every powers of
logarithms in the conserved energy. The only piece in
E(x) at 7PN which could not be fixed from first principles,
is the coefficient linear in log x and quadratic in v, denoted

as cl7°Pf°’N in Sec. IV. We know that this coefficient receives
contribution from the tail-of-tail-of-tails, whose direct
computation has been reserved for future work.
However we have been able to determine it, therefore
completing our derivation up to 7PN order, by comparison
with SF calculations. The overall result for E(x) can be
written as

1967284 914782 32384 )\
8505 945 YT 135 V)Y

15 35 5
$S2965487 1B (2132 ALIGIGOT) 13476541
— O — —
16372125 1575 VET OB 45 © 7751030 )Y 5670
289666 , 356096 L 64 (6n+ DEB)™ .
1215 Y 1575 lo x}x —|—Bn:3 A x (logx)" =t +--- %, (6.1)

where the ellipsis contains next-to-leading orders in log-
arithms at and above 8PN order, and where j; =
—214/105, while yg is the Euler constant. Although it
does not contain logarithmic terms, we also have derived
the contribution of the tail-of-tails at leading order in the
mass ratio, up to 7.5PN order, see Eq. (4.7).
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APPENDIX A: EXPLICIT PROOF OF THE
ACTION AT THE 1PN ORDER

The action (2.1) for the logarithms associated with
(simple) tail terms has been proven by EFT methods in
the Fourier domain in Sec. II B. In this appendix we present
a proof by the traditional PN method in the time domain.
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The advantage of the PN proof is that it requires the explicit
expression of the multipole moments /; and J; ata given PN
order, which confirms that the multipole moments in (2.7) are
indeed the source moments used by PN theory, in the sense of
Ref. [10]. The disadvantage is that we shall be restricted to
the 1PN order for general mass moments of order ¢, and
Newtonian order for current moments of order £; further-
more we will neglect some higher nonlinear terms in G.

The source moments /; and J; are defined from the
linearized multipolar solution #{" of the vacuum field
equations in harmonic coordlnates [15]

4 X (=) /1
R0 = _?fzoi,aL (rIL(u)>, (Ala)
ARG 1
=53 S o (Hw)
/=1
+L ) Ly (1) (Alb)
f+1€ijk jL=1\ k-1 u )
J_ AR :
i = —4; {0 (5150 aw)
2f 1 ,
+f+ lakL 2( Epi(i J(>z 2(”))} (Alc)

with u =t — r/c. The logarithmic tail terms come from
quadratic interactions between the ADM mass M (equal
to the monopole M =1) and the moments /; and J;
for #>2. They obey the wave equation A" =
r205 (n,u) + O(r~3) and are generated only from the

leading =2 piece in the quadratic source, given by
4GM &2 kK
? = ct deP c? ¢ (A2)

The first term generates the tails properly speaking, while
the second one is associated with the stress-energy tensor of
gravitational waves. Here k# = (1,n) is the Minkowskian
outgoing null vector, and

Ldz dzy,
2 dr dr

4 dr dt

o(n,u) = (A3)
is proportional to the gravitational wave flux in the
direction n and at retarded time u, as computed with the
linearized approximation (A1l). Note that this term is also
|

responsible for the memory effect [17]. In Egs. (A2) and
(A3) we define the r~! part of the (nonstatic) linearized
metric (Al) to be

= —4 Z i Lol (Ada)
np-1
__4Zf'cf+2 iL—1 )
+00 £ @
+4Zm£iabnaL_1JbL_l(u), (A4b)
=2 :

nr—
:_4Zf| 72 lJL o (u)

+o0
‘ @)
o ; (¢ + 1)1’ Mar-2€ab(id jypr o (1) (AdC)

To obtain the logarithms in the near zone (when r — 0) we
follow the procedure detailed in Refs. [33,35]. Namely we
integrate the wave equation at quadratic order using the
symmetric propagator, and regularized by a “finite part”
(FP) procedure to deal with the multipole expansion which

is singular at the origin r — O:
+00
, N . T/P\B1 _,
Hy = FPB:OZ (c_at> = Kz) ﬁlel (n, M)]
k=0
(AS)

The finite part depends on the typical radiation zone scale
which is the gravitational wavelength 1 = Agw. This has
been justified in Ref. [33] in the restrictive case of exactly
circular orbits with helical Killing symmetry, where the
length scale 4 is introduced in the problem by the presence
of the Killing vector K*0, = 0, + w0d,, where @ = 2zc/A.
In the general case, note that the scale 4 in Eq. (A5) is
canceled by the purely hereditary part of the metric,
i.e., terms involving hereditary integrals of the type
Joe drlog(et/A)I (1 — 7).

We substitute the explicit expression (A4) into the source
term (A2), expand the retardation u = ¢ — r/c when r — 0,
and integrate term by term using the Egs. (2.9)+(2.10) of
[33]. Then we look for the poles «x 1/B and get the logari-
thms after applying the finite part when B — 0. As a result
we find that the first term in (A2), associated with tails, gives
the following contribution to the near-zone logarithms:

— 1t +r/0)

00 -5 N> ()
3’|t = 8Mc™ log 7 Z 21 0

=2

"The ghotic perturbation metric h* = ,/=gg"”
Minkowskian expanded as i** = GH," + G*h" + O(G?).

L

— " satisfies the harmonic-coordinates condition 0,h" =

[121)0 —r/c) , (A6a)

r

0, and is post-
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, r\ X (=) 12 (t=r/c) =1 (t+71/c
hgl|tail ——8Mc_610g<z> Z(f? aL—l|:lL 1( ) iL 1( ):|

o} r
r (=) ¢ g (t—r/c)—Jm_ (t+r/c)
—8Mc-61 I A S B 7 A5 bL-1 ’ A6b
¢ Og<ﬁ>f < ! f—|—18mb alL 1|: r ( )
ij _ r\ <=2 (-)° E'L (t—=r/c) = zL K(t+r/c)
hy | = 8Mc ™ log <z> fz:; 21 8L—2|: ’ p ! }
)
r\ &2 (—)f 27 J bL_z(t r/c) bL 2(t + r/c)
McT1 D - A
+8Mc 0og (ﬂ) ; Al A1 85414—2 |:8ab(l ’ i| ’ ( 6C)
while the second term in Eq. (A2), associated with the memory effect, reads
1 +o0 5=V _ NC I
], = — = log r Z(_)fcf—laL & =r/e) =87t +r/c) ’ (ATa)
2 A = r
+00 A(
h01|mem _ log <r> Z f falL |: ( r/c) (t + r/C):| ’ (A7b)
=0 r
y 1 r\ &2 &<_£_3)(t —r/c)— 8(4_3)(1‘ +r/c)
B |inem = —Elog (E) ;<_)fcf+lam [ L p L ] (A7c)

We have defined 6; to be the symmetric-trace-free (STF) coefficients in the multipolar decomposition of ¢ defined by

+o0
u) = ZnLéL(u). (A8)
£=0
Notice that the monopole term is given by the angular integral
R dQ 4
6(u) = /Ea(n u) = G}—GW’ (A9)

which agrees with the gravitational-wave energy flux (3.5).

At this stage it is convenient, following and extending Refs. [33,35], to perform a gauge transformation in order to
facilitate the nonlinear iteration of the metric and the derivation of the equations of motion and the action. Our choice for the
gauge vector is, for the tail part,

r\ <X (=) 2+ 1 —r/c) — r
&) = 4Mc~* log (/_J ; (f? f(f"_‘ 3 o, |:1L(t /c) - I(t+ /C)]’ (A10a)

f fo_la |:Isli>—l(t_r/c)_Iz('lld)—l(t+r/c):|
27 -1

r

r
- e )

+oo f — i

+4McS 1o M 2f+ ) €101 Jora(t=r/¢) = Iyt +7/)) (A10b)

g
po f -1) r

For the memory part, we must be careful to define the gauge transformation in such a way that it avoids time
antiderivatives that are incompatible with the conservative dynamics [35]. Our choice is (with 9;; = STF[0;,])
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Elmem = 10g< )Z( Yero, { D= rfe) =65 D (1 + r/c)]’ .
A T8~ o) — 5EY .
§é|mem: —%10g<1> ;(_)fcf+laiL|: L (t / ) . 7 (t+ /C):|
r +c0 A(—f) —I‘C—g e
_%log<ﬁ> ;(_)W—l/ilm‘ [ S r L )} (Al1b)

After performing this linear gauge transformation the new metric, say h'5" = h5" + 9*& + 9*& — n**9,&, has space
components Z;j that represent a subdominant 0.5PN effect with respect to the components 07, themselves 0.5PN smaller than
the 00 component. Finally we find that at the 1PN relative order for mass moments /; and Newtonian order for current
moments J; the tail part of the metric is

JrOO 2A
00 i r (2¢+2) XL (20+4)
(/’l’2 +hl2)|ta_i]_ 16M10g< > ; 2716 |: LI +m1L :|, (A]za)
: R (=) 20 +1) b
WO — 8MI r (=) as( Jee+3) _be g Jr+2) ’ AlL2b
2 |tall 0og </1 fz:; C2f+7 (f n 1)(f n 2)(2f I 3) tL L 2 XaL-1€iabY pr—1 ( )

j () a, [ 202+ +1 20(2¢ - 1)
WU — _8Mloe [ - Z( ) ay 55 12 2 12D 12
2 hui °g</1> s 0 (L4 1) (2 +2) AL (¢ + 1)(f+2)xL it j)L-1 (Al2c)

in which we have conveniently inserted the definitions of the coefficients a, and b, as given by Eq. (2.3). The memory part
of the metric is drastically simplified in the new gauge as

. 1 r r
(RS + 5 e = 108 (;1) {23 t320 <2)] ’ (Al3a2)
WOl =~ log (D) s — 5 (A13b)
2 Imem 66‘3 g yi L
. 1
B | mem = 32 5 log <%) 6. (Al3c)

With the results (A12)—~(A13) the components of the ordinary covariant metric g, = 7, + £, are readily computed to
quadratic order [we have £5° = —h}" + %n””hz and neglect cubic contributions], and once we have obtained the metric at
any point (x, ) in the near zone, we plug it into the equations of motion of the matter source. In the case of point particles
these are simply the geodesic equation which gives the ordinary acceleration a) = dv}/dr of one of the particle 1 as

2

; I U% J 1
a] = 7 1 +2—62 (8if00)1 + CU'] (8if0j)l +§

d

Vo8¢ 51) — @

5”?(500)1 + (o) + U'{(fij% . (Al4)

l
We neglect higher terms in G such as the contribution  become In(|y;|/4) in a general frame, i.e., just In(r,/A) for
of the Newtonian potential U; = G’”Z Similarly, with this ~ binaries in the center-of-mass frame, where we neglect
approximation the acceleration dependent terms in the  irrelevant constant contributions. Hence the relevant log-

right-hand side of (A14) will be neglected. arithm is log(“2*) where  is the orbital period, or in other
In Eq. (Al4) the components of the metric and its ~ words log(v/c) = llogy+n0nlog contributions.
gradient are evaluated at the location y! of the particle 1. To obtain the corresponding action we request that under

Thus the logarithms In(r/A) in the metric (A12)—(A13) an arbitrary infinitesimal variation 5y’i of the trajectory of
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the particle 1 (with the requirement that 5y, = 0 when
t = +o0), holding fixed the trajectories of the other
particles, the variation of the action should be

+o0 . .
88 = / dtmyaidy;. (A15)

I LN AN | P 1 ¢
= m — | =7 — -
Lo 2T )T T 20 1 3)dR

) -

AL—1)
Jp = My €ap(i, V1

We insert the metric components (A12)-(A13) into (A14)
and then (A15), and perform various manipulations and
removal of total time derivatives. In this calculation it is
crucial to recognize the 1PN-accurate expression of the
mass multipole moments /; as well as the Newtonian
current type ones J;, given by [58,59]

420+1)  d
A+ 1)(2f+3)dt(v1ylL)} +1e2,  (Al6a)

Gl (A16b)

where we can neglect here the term U;. Finally we obtain for the tail part of the metric, Eq. (A12), after a somewhat
involved calculation and still neglecting cubic-order terms « G,

o8 |tai1 =

Interestingly, at this stage the total mass M has not been
varied yet. The missing piece, implying the variation of the
mass, is provided by the memory part of the metric, given
by (A13). Indeed we find, using SM = m,vi5v} + O(G)
appropriate to this order, together with the link (A9)
between the angular average 6 and the GW flux (the
contribution from 6; being higher order), that

2G

~+oo
OSlen == =5 | dt log (%) SMFaw. (ALS)

—0o0

so we are finally able to reconstitute the total action in the
same form as that for the log-term contributions in
Eq. (2.7), see also Eq. (3.9), namely

2GM [ oo
S:—T/ dr 1o <r'2 >fGW (A19)
¢ —o0

APPENDIX B: DERIVATION OF THE EXTRA
CONTRIBUTION IN THE NONLOCAL ENERGY

In this appendix, we present the derivation of the
nontrivial correction to be added to the conserved energy,
in the case of a nonlocal dynamics. We then show that its
|

+o0

n-2 +o0 d —elr| 2n
SH, — Z [Ifﬂ (et 22 )YI (£+5+2) f+2n 9 4 (_),,(Iif+n+1))2} / Te T
g _

n=1 §=

4G*M +oo 1810

WGM [+
== / drlog (M) 5F G-
c —oo c

) { aps1, 1% 4

b,
6 7 J<sz+2)]

(A17)

I
time average is directly related to the total energy flux
emitted in GWs, as in (3.4). Let us recall that this term
satisfies Eq. (3.3)

doH C+1) (42 O42) (041
dt‘”:lé”Iﬁ”—lé”I{“. (B1)
By writing the functional (2.6) as
+oo dr
T,() = Pf,, / (o) (B2)

one can perform a formal Taylor expansion of (B1) when
7 — 0. As the kernel 1/|z] is even, it only suffices to select
even powers of 7 in the expansion. This procedure will
naturally lead to divergent integrals (due to the behavior at
7 — *o0). To cure those divergences, let us modify the
kernel by introducing a regulator e~¢/"l, with an arbitrary
parameter ¢ > 0, that will be put to O at the end of the
computation. Thanks to this regulator, the Hadamard partie
finie is no longer needed (the integrals are now convergent
at 7 =0). With this modified kernel, and after some
integrations by part, it comes as a generalization of
Eq. (3.11) of [26]:

(B3)

w 7l (@n)

To resum the Taylor series, we introduce the Fourier decomposition of the multipoles, following [60],
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IL(t +Z°o Z I ei(p+mk)M

p=—00 m=—¢

i 2 d
with T, = A AM ) eitprmiom. (B4)

where M = w(t — t;) is the mean anomaly of the binary motion, with @ = 2z/P being the orbital frequency (or mean
motion) corresponding to the orbital period P, and #; an instant of reference. The index p corresponds to the usual orbital
motion, and the “magnetic-type” index m, to the relativistic precession (k being defined by the precessmn of the periastron

per period, A¢p = 27zk). The discrete Fourier coefficients .

the complex conjugation. In the following, we will denote p = p + mk and thus ]-,f L= (pm

>I naturally satisfy (-

ﬂ,—m)IL (p.m

)IL. Separating the constant

)I *, with the star denoting

(DC) part p + g = 0 from the oscillating (AC) one, and resumming with respect to n, Eq. (B3) reads

7]

- ~ +00 dTe_€|T| » . N
SH, = —Z(pa))”“gﬂz/ —7 Pt sin (pwr)
7

_\ T T A +oo dre—€ll
-Er N (5o 0 L eirram / S [eos (pwz) — cos (§ar)). (BS)
2 S0 A ] ||
Integrating over 7z and setting the regulator € to zero gives the final formula for this contribution, namely
_\ L pttlge+ o
SH, = 2w +2 {ZzL%zﬂrz _u Z 1.1, p q~ (P - 61)1 P el(pw)M} (B6)
5P 2 Frado? p+q q
where we recall that p = p + mk, with m € [—-¢,¢] and k is the relativistic precession.
Let us define the total contribution in the conserved energy that is due to those extra terms as
G*M
S6H = Z o :Y 6H, + (current moments contribution). (B7)
Averaging over one period, only the first term in (B6) survives, and yields
2GM X G b
(sH) =~ 2GM N~ G { LD e fJ<Lf+1)J(f+1) ‘ (BS)

S

This confirms the previously stated relation (3.4).
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