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DYNAMICS OF A FLEMING —-VIOT TYPE PARTICLE SYSTEM
ON THE CYCLE GRAPH

JOSUE CORUJO

ABSTRACT. We study the Fleming— Viot particle process formed by N interacting continuous-time asym-
metric random walks on the cycle graph, with uniform killing. We show that this model has a remarkable
exact solvability, despite the fact that it is non-reversible with non-explicit invariant distribution. Our
main results include quantitative propagation of chaos and exponential ergodicity with explicit con-
stants, as well as formulas for covariances at equilibrium in terms of the Chebyshev polynomials. We
also obtain a bound uniform in time for the convergence of the proportion of particles in each state when
the number of particles goes to infinity.

1. INTRODUCTION

This paper deals with a continuous-time Markov process describing the position of N particles moving
around on the cycle graph. This type of model is usually known as Fleming — Viot process, or Moran type
process [10, 19, 20]. Consider a continuous-time Markov process on EU {39}, where F is finite and 0 is an
absorbing state. Briefly, the Fleming—Viot process consists in N particles moving in F as independent
copies of the original process, until one of the particles gets absorbed. When this happens, the absorbed
particle jumps instantaneously and uniformly to one of the positions of the other particles. The Fleming—
Viot processes were originally and independently introduced by Del Moral, Guionnet, Miclo [16, 17] and
Burdzy, Hotyst, March [5] to approximate the law of a Markov process conditioned to non-absorption,
and its Quasi-Stationary Distribution (QSD), which is the limit of this conditional law when ¢t — oo.
See e.g. the works of Méléard and Villemonais [27], Collet et al. [11] and van Doorn et al. [29], excellent
references for an introduction to the theory related to the QSD. For recent and quite general results about
the convergence of Markov processes conditioned to non-absorption to a QSD, we refer the interested
reader to [6], [7] and [4].

The convergence of the empirical distributions induced by Fleming— Viot processes defined on dis-
crete state spaces when the size of the population and the time increase have been assured under some
assumptions. For example, Ferrari and Mari¢ [20] and Asselah et al. [1] study the convergence of the
empirical distribution induced by the Fleming— Viot process to the unique QSD in countable and finite
discrete space settings, respectively. With the aim to study the convergence of the particle process under
the stationary distribution to the QSD, Lelievre et al. [23] proves a Central Limit Theorem for the finite
state case. Additionally, Villemonais [31] and Asselah et al. [2] study the convergence to the minimal
QSD in a Galton—Watson type model and in a birth and death process, respectively. Similarly, Asselah
and Thai [3] and Mari¢ [25] address the study of the N-particle system associated to a random walk on
N with a drift towards the origin, which is an absorbing state. In these scenarios there exist infinitely
many QSD for each model, so it is important to ensure the ergodicity of the N-particle system and to
determine to which QSD it converges. Additionally, Champagnat and Villemonais [8] study the conver-
gence of the Fleming - Viot process to the minimal QSD under general conditions, providing also some
specific examples.

In addition, some works have been devoted to the study of the speed of convergence when the number
of particles and time tend to infinity. In particular, Cloez and Thai [10] study the N-particle system
in a discrete state space setting. They study the convergence of the empirical measure induced by the
Fleming — Viot process when both ¢ — oo (ergodicity) and N — oo (propagation of chaos), providing
explicit bounds for the speed of convergence. Following the results in [10], Cloez and Thai [9] study two
examples in details: the random walk on the complete graph with uniform killing and the random walk
on the two-site graph. The simple geometries of the graphs of these models simplify the study of the
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N-particle dynamic and allows them to give explicit expressions for the stationary distributions of the
N-particle processes and explicit bounds for its convergence to the QSD.
Consider the quantity A defined in [10] as

A =10 (Quy + Quat Y Qe AQus), (1.1)
’ s#T,Y

where @ = (sz)zy is the infinitesimal generator matrix of the process until absorption. When A = 0
some of the results of [10] do not hold and most of the bounds given become too rough. Note that A > 0
for the two examples studied in [9], but A is equal to zero for those models where there exist two vertices
such that the distance between them is greater than two. The quantity A is somehow related to the
geometry of the graph associated to the Markov process. Hence, it becomes interesting to find explicit
bounds for the speed of convergence of Fleming — Viot processes with more complex geometries.

In this article we focus on the random walk on the cycle graph Z/KZ for K > 3. Note that for this
graph it holds that A = 0 when K > 6. For simplicity, we assume that the N particles jump to the
absorbing state with the same rate, i.e., we consider a process with uniform killing (cf. [27]). Even if
in this case the distribution of the conditional process is trivial, the study of the Fleming— Viot process
becomes more complicated due to its non reversibility and the geometry of the cycle graph. We focus on
providing bounds for the speed of the convergence of the empirical distribution induced by the particle
system to the unique QSD when ¢ and N tend to infinity. This example can be seen as a further step
towards the study of the speed of convergence of Fleming— Viot process with more general geometry.

1.1. Model and notations. Consider a Markov process (Z;):>o with state space Z/KZ U {0}, where
K > 3 and 0 is an absorbing state. Specifically, the infinitesimal generator of the process is given by

Gf(x) = fle+1) = fz) +0[f(x = 1) = f(2)] + p[f(9) — f(2)],

where x € Z/KZ, Gf(0) = 0, 0,p € R and f is a real function defined on Z/KZ U {0}. In words,
(Zt)i>0 is an asymmetric random walk on the K-cycle graph, which jumps with rates 1 and 6 in the
clockwise and the anti-clockwise directions, respectively. Also, with uniform rate p the process jumps to
the absorbing state 0, i.e., it is killed. Note that Z/KZ is an irreducible class. The process generated by
G is a particular case of the processes with uniform killing in a finite state space considered by Méléard
and Villemonais [27, § 2.3].

Let (X¢)i>0 be the analogous asymmetric random walk on the cycle graph Z/KZ without killing. The
generator of this process, denoted by H, is given by

Hf(z)=fla+1)— f(z)+0[f(x — 1) — f(z)], forall z€Z/KZ.

Note that, because of the uniform killing, the process (Z;)¢>0 could also be defined in the following way

7, = Xt if t<7'p
Tl o i t>Ty,

where 7, is an exponential random variable with mean 1/p and independent of the random walk (X¢):>o.
This means that the law of the process (Z;);>0 conditioned to non-absorption is given by

Pu[Z: = k|t < 1) =P, [X; = k],

for k € Z/KZ and for every initial distribution x4 on Z/KZ. As a consequence, the QSD of (Z;);>0,
denoted by vqs, is the stationary distribution of (X;);>0, which is the uniform distribution on Z/KZ, as
we will prove in Theorem 1.1.

Recall that the total variation norm of a signed measure p defined on a discrete probability space E
is given by ||p|ltv = 1||ulli where ||ull, = (X, cp [1(x)[P)/P is the p-norm, see for instance [24, § 4.1]. If
(fn) and (gn) are two real sequences, fx V. 9N means N —gn =o0(gn)-

Now, assume we have N particles with independent behavior driven by the generator G, until one
of them jumps to the absorbing state. When this happens, the particle instantaneously and uniformly
jumps to one of the positions of the other N — 1 particles. We denote by (nt(N))t>O the Markov process,
which accounts the positions of the N particles in the K-cycle graph at time ¢. Consider the state space
Exk,n of this process, which is given by

K-1
Ex.N = {n 1 Z/KZ N,y n(k) = N} .

k=0
At time t the system is in state n; = (7:(0),m:(1),..., (K — 1)) if there are n:(k) particles on site
k, for k =0,1,..., K — 1. Note that the cardinality of £k n is equal to that of the set of nonnegative
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solutions of the integer equation 1 + x2 + - - - + xx = N, which is card (5K7N) = (KJF]J\}[*l), see e.g. [12,

Thm. D, § 1.7].

The generator of the N-particle process (nt(N))t>O, denoted by Lk, v, applied to a function f on Ex N
reads B
: ny
(LxnPm) = > nl) (1{j—i+1} + 01—y + pN(_)l) [f(Tisym) — ()], (1.2)
1,jEZ/ KL

where 0, p > 0 and for every n € i n satisfying 7(i) > 0, the configuration T;_, ;7 is defined as T;_,;n =
n—e; +e; and e; is the i-th canonical vector of R¥. Under these dynamics, each of the N particles, no
matter where it is, can jump to every site j € Z/KZ such that n(j) > 0. Note that the process (nt(N))t>0
is irreducible. Consequently, it has a unique stationary distribution denoted vy . -

For every n € £k n the empirical distribution m(n) associated to the configuration n is defined by

1 K-1
m(n) = N Z n(k)dxy
k=0

where d4) is the Dirac distribution at k € Z/KZ.

The (random) empirical distribution m(nEN)) approximates the QSD of the process (Z;)i>0 (cf. [1, 20,
30]) which due to Theorem 1.1 below is the uniform distribution. We are interested in studying how fast

m(nt(N)) converges to the uniform distribution on Z/KZ when both ¢ and N tend to infinity. Consider

(N) (V)

Mo~ a random variable with distribution vy, the stationary distribution of the process (nt In

)izo
this work we develop a similar analysis to that of the complete graph dynamics in [9]. We focus on the

convergences when both N and ¢ tend to infinity, as shown in the following diagram

m(m(N)) P m(ngov))

Nl lN

E(Zt | t < Tp) m Vgs

where the limits are in distribution. Theorem 1.1 provides lower and upper exponential bounds for the
speed of convergence of L(Z; | t < 7,) to vgs in the 2-norm, when ¢ — oco. Likewise, Corollary 1.7 and
Theorem 1.9 give bounds for the speed of convergence of m(nt(N)) to £L(Z; |t < 7p) and m(n((,]ov)) to Vg,
when N — oo.

The quantitative long time behavior of the N-particle system in countable state spaces is studied in

[10]. Using a coupling technique and under certain conditions, an exponential bound is provided for the
convergence of E(nt(N)) to vy in the sense of a Wasserstein distance [10, Thm. 1.1]. In particular, the
parameter A\ defined by (1.1) needs to be positive. As we said, this is not the case of the asymmetric
random walk on the K-cycle graph with uniform killing, when K > 6. A study of this convergence can be
carried out using the spectrum of the generator L, n, which is obtained in the recent paper [13]. Indeed,
using Example 3 in [13] we can get the following asymptotic expression for the profile of the convergence
in total variation distance to stationarity:
(N) _ _ —pKt
e HE" (77:5 ) VNHTV =0(e),

neEk,N

where px = 2(1 + 0) sin? (7/K), L, (U,EN)) stands for the law of the process generated by Lk n at time

t and with initial distribution concentrated at n € £k n, and for a real positive function f we denote by
O(f) another real positive function such that

Cif(t) < O(f)(t) < C2f(t),

for two constants 0 < C7 < Cy < oo and for all ¢ > T, for T > 0 large enough. It would be interesting to
get non asymptotic results, with explicit constants, for the speed of convergence of the process generated
by Lk n to stationarity. In order to do that, one possible alternative is to use the results in the recent
paper of Villemonais [32], for a suitable distance, to get upper bounds for the speed of convergence in the
sense of a Wasserstein distance. In addition, the recent work of Hermon and Salez [21] offers clues to an
alternative method for solving this problem: control the Dirichlet form of the Fleming— Viot process in
terms of the Dirichlet form of a single particle. Moreover, it remains as an open question the study of
the existence of a cutoff phenomenon when the number of particles N tends towards infinity. These are
possible directions for future research.
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1.2. Main results. We first prove that the uniform distribution on Z/KZ is the QSD of (Z;);>0. We also
establish exponential bounds in the 2-distance and the total variation distance between the distribution
of this process at time ¢ and its QSD.

Let us denote by £,(Z; | t < 7,) the distribution at time ¢ of the asymmetric random walk on the
cycle graph, (Z;)i>0, with initial distribution v on Z/KZ and conditioned to non-absorption up to time
t. Let us denote by ¢, the characteristic function of a distribution v on Z/KZ, which satisfies

K-1

eu(t) =E, [eitX} = Z V(k)eitkv

k=0

for all ¢ > 0 [18, § 3.3]. Note that
1— eitK
<)0Vqs (t> - K(l _ eit)’

for all ¢ > 0. Let us denote by Do (t) and Dy (¢) the maximum distances to stationarity in the 2-distance
and in total variation at time ¢, respectively, which are defined as follows:

Do(t) = max 1L, (Ze |t <Tp) = Vgslly 5
Dryv(t) = max|L,(Z [t <7p) = Vsllpy -
where the maximum runs over all possible initial distributions v on Z/KZ. Since Z/KZ is finite, we

know that the convergence of £,(Z; | t < 7p) to vqs is exponential [14]. The following theorem gives
exponential lower and upper bounds for this convergence.

Theorem 1.1 (Convergence in 2-distance and total variation distance). The QSD of the process (Zi)i>o,
Vs, 18 the uniform distribution on Z/KZ. Also, denoting

Ae(p,v) =L (Ze |t < 1p) — Lu(Ze | t < Tp),

we have, for for every initial distributions v and p on Z/KZ and every t > 0,

2T 27 _ _
" (?) e (?)‘ o< A )y < v = plly e, (1:3)
\/E 2T 2 _ \/f _
Yo () —on ()| < 1wl < 355 I =l 0, (1)
where
pr = 2(1+0)sin (%) (1.5)

Moreover, the convergence of L,(Z; | t < T,) to vgs in the 2-distance and the total variation distance is

exponential with rate —pg. Indeed, for all t > 0,

K-1
K

VE —1e Prt, (1.7)

In spite of its simplicity, we did not find this result in the literature. Therefore, for the sake of
completeness, we provide a proof of this theorem in Section 2.
Consider the function ¢ : Ex v — £k v defined by

1
—Ke*PKt <Ds(t) < e KT (1.6)

1
5e*’“<t <Dry(t) <

N | —

Dm0, M- -5 —1) = (71,725 -+ NEc—1,70) (1.8)
and its l-composed ¢) = podo---0¢ (I times) which acts on the cycle graph by rotating it [ sites
clockwise, for [ € {1,2,..., K — 1}.

Even if the dynamics induced by G has some symmetry (in fact, it is symmetric when 6 = 1), we prove
that (nt(N))t>0 is not reversible when K > 4 or when K = 3 and 6 # 1. However, we show that the
stationary distribution of the N-particle process is rotation invariant. Using this invariance, we calculate
the mean of the proportion of particles in each state under the stationary distribution.

Theorem 1.2 (Non-reversibility and rotation invariance). The N-particle system with generator given
by (1.2) has the following properties

a) It is not reversible, except when K =3 and 6 = 1.

b) Its stationary distribution, denoted by vy, is invariant by rotations, i.e.

vy =vnoo, 1e{l,2,....K -1}
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c) Under the stationary dynamics, the empirical distribution of the N -particle system is an unbiased
estimator of the QSD of (Zi)¢>0, i-e.

nk)] _ 1

E,. |12 - 2 7Z/KZ.
N |: N ] K kez/

Theorem 1.2 is proved in Section 3. Using parts b) and ¢) of Theorem 1.2, the following result is

immediate.

Corollary 1.3 (Cyclic symmetry). For every K > 3 we have
n(0) n(k) n(0) n(K — k)
COVVN {T,T :COVUN T,T , kEZ/KZ
Let T,, and U, be the n-th degree Chebyshev polynomials of first and second kind, respectively, for
n > 1. We recall that polynomials (T")n>0 and (U”)n>0 satisfy both the recurrence relation

Prt1(x) =22 pp(z) — pp—1(zx), for all n > 1, (1.9)
with initial conditions To(x) = Ug(x) = 1, Th(z) = x and Uy (x) = 2z, see e.g. [26]. We also extend the
definition of the Chebyshev polynomials of second kind for n = —1, by putting U_;(z) = 0.

The following theorem provides explicit expressions for Cov,, [7(0)/N,n(k)/N] in terms of the Cheby-
shev polynomials of first and second kind, for k € {0,1,..., K — 1} and the constant Sy, defined by

o p
BN—2(1+—(N1)(1+9)). (1.10)
Theorem 1.4 (Explicit expressions for the covariances). We have
o I K =2K,, Ky >2,
(O) _ N -1 2 TKQ(BN/Q) 1 1
Vatuy [T] = KN By +2Um, 1(Bn/2) KN K2’ (1.11)
n(0) nk)] = N-1 2 Tk, x(6n/2) 1
Covuy [T’ T] = RN By 20U a(Bnf2) K2 (1.12)
foralll <k < Ky;—1.
o« IFK=2Ky+1, Ky >1,
n0)]  N-1Uk,(Bn/2) = Uk,-1(Bn/2) 1 1
Vi [T] = KN Un(Bn/2)+ Unoa(Bn/2) KN K7 (113)
n©) nk)] _ N-1Uk,—k(Bn/2) = Ury—k—1(Bn/2) 1
Cov {T T] T KN UnBn/2) Uk (Bnj2) K2 (114

foralll1 <k < K.

Theorem 1.4 is proved in Section 3.2. Using previous result it is possible to show that the covariance
between the proportions of particles under the stationary distribution in two different states decreases as
a function of the graph distance between the states.

Corollary 1.5 (Geometry of the cycle graph and covariances). The covariance between two states under
the stationary measure, vy, is decreasing as a function of the graph distance between these states, i.e. for
allk:(),l,...,L%J — 1 we have

n(0) n(k) n(0) nk+1)
Covuy [T’ N |2 T TN |
With the aim of proving the convergence of the proportion of particles in each state to 1/K, we study
the behavior of Var,, [7(0)/N] as a function of 1/N when N tends to infinity. Theorem 2 in [1] states
that these variances vanishes when N goes to infinity. We thus focus on the speed of this convergence.

For this purpose, we find the asymptotic development of second order for Cov,, [7(0)/N,n(k)/N] as a
function of 1/N when N tends to infinity, for k € Z/KZ.

Theorem 1.6 (Asymptotic development of two-particle covariances). The asymptotic series expansion
of order 2 when N — 400 of Cov,,, {"(O) M}, for k€ Z/KZ, is given by

NN
n©) nk) | _ 1 1 Bk(k—K)+K’—1 p
Covuy { NN | TERN et 6K 110

1 30k(K —K)[k(K —k)+2] — (K2 —1)(K*+11) { p \° 1
K2N? 180 <1+0> J”’(W)' (1.15)
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The following result provides a bound for the speed of convergence of the empirical distribution induced
by the N-particle system to the QSD when N — oo.

Corollary 1.7 (Convergence to the QSD). We have

B [ ()~ vl ] < F 14 B o (1.16)

Theorem 1.6 and Corollary 1.7 are proved in Section 3.3. In particular, Corollary 1.7 implies the
convergence at rate 1/4/N under the stationary distribution of m(n) towards the uniform distributions,
when N — oco. Cloez and Thai [9, Cor. 2.10] provide the same rate of convergence for the Fleming — Viot
process in the K-complete graph. Moreover, Champagnat and Villemonais [8, Thm. 2.3] provide a general
rate of convergence 1/N®, with a = sy ——. In particular, as soon as [|%[ls # 0, one has a < 1/2,
which is actually not the optimal rate for the asymmetric random walk, killed at a uniform rate, studied
in this paper. To the best of our knowledge, there are no general results on Fleming— Viot process in
discrete spaces assuring the rate of convergence 1/ VN, under the stationary distribution, of the empirical
distribution to the QSD.

Finally, in Section 4 we study the convergence of the empirical distribution, m(n;), to the quasi-
stationary distribution of (Z;):>o when ¢ tends to infinity. Let us denote by m(nﬁm) the empirical
mean measure induced by the N-particle process at time ¢, defined by m( (N))(k:) = E[m(ngm) (k)} =

E[n ISN)( k)/N]. Using (3.4) we can prove the following two theorems.

Theorem 1.8 (Mean empirical distribution). Consider n € Ex N and (nISN))»o the N -particle process
with initial distribution concentrated at n. We have -

—_ (N

m(nt( )) =L (Ze |t < 7).

Furthermore, for every probability measure v on Z/KZ we obtain

2T 2
Pm(n) F —Pv F

where pr are defined by (1.5), and @,y and @, denote the characteristic functions associated to the
distributions m(n) and v, respectively.

e Prt < Hm(n,SN)) —L,(Z |t < Tp)

<) = vllpeet, (L)

Thus, the proportion of particles in each state is an unbiased estimator of the distribution of the
conditioned process for all ¢ > 0. Using [20, Thm. 1.2] we know that the variance of the proportion of
particles in each state at time ¢ > 0 vanishes when N goes to infinity, for every ¢ > 0. The following
result provides a bound for this convergence.

Theorem 1.9 (Convergence to the Conditioned Process). We have the following uniform upper bound
for the variance of the proportion of particles in each state

(V) —pnt t
e (k) n(k) ePN et n(0)
ngg{)’(N Var,, 2 — Var,, {T SCK,NWJFG PN Var, | (1.18)
keZ/KZ
where pr is given by (1.5) and
2
oy = _f (1.19)
2 pPN(K + 1)VE — 1)
C = — 1+9+ + . 1.20
ox = ( o R (1.20)

Furthermore,

[emn @ — o @le " < By [|m (™) - (20 12 < )| ]

K 1— e rxt Yz 1
<t4/=|Dg——+F —pxt — — 1.21
<3 (D= ) et vt (). 2

for every n € Ex N and every initial distribution v on Z/KZ, where pk 1is given by (1.5), and

p(K+1)VK —1 5 _Kfl_i_ K?—1
KVE C T KT T eR(1+0)

DK:2<1+9+ (1.22)
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Theorems 1.8 and 1.9 is proved in Section 4. Similar results are proved in [9] for the Fleming—Viot
process on the complete graph and for the two-point process.

Remark 1.1 (Uniform bound). Note that the bound given by (1.18) tends exponentially towards zero
when ¢ — co. In particular, the right side of (1.18) is bounded in ¢ and can be used to obtain a uniform
bound for the variance of the proportion of particles in each state of order 1/N. Namely, using (1.18)
and the inequality (e7PN* — e Px%) /(py — py) < 1/ max(pk,pn), we obtain

(V)

n. (k) Ck.n n(0) Dg 1 1

< 2 ] = = —_ _
N ]—max(pK,pN)+2var”N N o 2R )y Tely )

sup max Vary,
t>0 N€EK, N
T k€Z/KZ

where pg, pn, Cx,n and Dy and Ej, are given by (1.5), (1.19), (1.20) and (1.22), respectively.

Similar bounds are obtained for the convergence to the conditional distribution for Fleming - Viot
process in discrete state spaces, see e.g. [17, Thm. 1.1] and [30, Thm. 2.2]. However, these results are
not uniform in ¢ > 0. Corollary 1.5 in [10] does provide a uniform bound under certain conditions of
order 1/N7, with v < 1/2, for the 1-distance between the empirical law associated to the Fleming—Viot
process at time ¢ and the law of the conditioned process. However, this result does not hold for the
Fleming— Viot process on the K-cycle graph we study here, for K > 6, since the parameter A given by
(1.1) is null.

The rest of this paper is organized as follows. Section 2 gives the proof of Theorem 1.1. In Section 3
we study the covariances of the proportions of particles in each state under the stationary distribution,
and we thus prove Theorems 1.2, 1.4 and 1.6. Finally, Section 4 is devoted to the proof of Theorems 1.8
and 1.9 related to the variance of the proportion of particles in each site at a given time ¢ > 0.

2. THE ASYMMETRIC RANDOM WALK ON THE CYCLE GRAPH

We first prove that the QSD of (Z;)¢>0, denoted by vqg, which is the stationary distribution of (X;)¢>o,
is the uniform distribution on Z/KZ. We also provide exponential bounds for the speed of convergence
in the 2-distance and the total variation distance of £, (Z; | t < 7p) t0 vgs.

Recall that a square matrix C is called circulant if it takes the form

Co C1 Cn—2 Cp—1
Ch—1 Co Cn—3 Cn-2
C= (2.1)
C2 C3 Co C1
C1 Cy ... Cp-1 Co

It is evident that a circulant matrix is completely determined by its first row, therefore we will denote a

circulant matrix with the form given by (2.1) by C = circ(cg, ¢1, ..., Cn—1).
Let @ be the infinitesimal generator matrix of the process (X¢);>0. Then, @ is circulant and it satisfies
Q = cire(—(1+6),1,0,...,0,0). (2.2)

Let us also denote by i the complex root of —1. Since the matrix @ is circulant, its spectrum is explicitly
known, as follows in the next lemma.

Lemma 2.1 (Spectrum of Q). The matriz Q satisfies Q = Fx AF}, where
o Fy is the K-dimensional Fourier matriz, i.e. the unitary matriz defined by

Filne = ——(wi) ", (2.3)

VK

for each r,c € {0,1,..., K — 1}, where wg = ei%,
o F} is the conjugate of Fx (and also its inverse because Fy is unitary and symmetric),

o A is the K x K diagonal matriz with [Alg, = g, for all0 < k < K — 1, where

M = —(1 4 0)sin? (%k) +1i(1 — ) sin (%) ,

fork=0,1,..., K —1.
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Proof of Lemma 2.1. Let us define the polynomial pg : s — —(1+6) + s+ 60s%~1. Since Q is a circulant
matrix, we can use [15, Thm. 3.2.2] to diagonalize @ in the following way

Q = FK Diag()\o, )\1, ey )\K—l)F[*(;
where F is the Fourier matrix defined by (2.3) and

2km s 2kT

. ) K-1
MNe=pg(e®)=—(1+0)+e K +6 (e‘T)

=—(1+06) [1 — cos (%)] +i(1 - ) sin (%)

2u+9nm2C¥)+iﬂ9Bm<%?),

for k=0,1,...,K — 1. O

Remark 2.1 (Eigenvalues of @)). Note that [%(Affiéije)ﬁ + [i(igg]; =1, for all § # 1, where (\) and
S(Ag) are the real and the imaginary parts of Ay, respectively, for k = 0,1,..., K — 1. Thus, all the

eigenvalues \j, are on the ellipse with center (0, —(1 + #)) and equation
(z+1+0) y?
a+o2 ' (1-07
Of course, for § = 1, since the matrix @ is symmetric, all the eigenvalues are real.
Also, the second largest eigenvalue in modulus (SLEM) of @, denoted by pr, is given by (1.5) and it

is reached for —R(A1) and —R(Agx—1). The minimum of R(Ax) is reached for (A /2), if K is even, and
for §R()\(K—1)/2) and §R()\(K+1)/2)7 if K is odd.

2.1. Proof of Theorem 1.1.

=1

Proof of Theorem 1.1. We know that Q = Fx AF}. Therefore e/? = FretF}., and it follows that

K-1 K-1
etQ = E e/\ktFKUkF;( = E e)‘thk,
k=0 k=0

where Uy, 0 < k < K — 1, is the K x K matrix with [Ug]gr = 1 and 0 elsewhere, and Qj, is defined
as Q = FrUpFy. In fact, Q is the symmetric circulant matrix satisfying [Q],. = %wk(“c), for all
0<r,e<K-—1and for every k € {0,1,...,K — 1}. In particular [Qq], . = % forall0 <r,e< K —1,

and Q Q; = 0, for all k # [. Then, for two probability measures p and v on {0,1,..., K — 1} we have

(1~ )% = 0 (2.4)
and therefore
K—1
(= v)e'@ =" M (1 — ). (2.5)
k=1

Let us denote by (-, -) the usual inner product in C and for a matrix A let us denote by A7 its transpose.
Note that for every K-dimensional vector x and k # [ we have

(xQ, xQ) = ka[(QlT)*] (x)" =x 00 (x)T =0.

Thus, the set of vectors (XQk)f:_ll are orthogonal in (C, (-, -)). Now, using (2.5) and Pythagoras’ theorem
we have

K-1
2 2
=) = 3 = )
k=1
K—1
2
= 2RO | (1 — )l -
k=1
Since px = — max R(A;) we obtain
k=1,..,K—1

K—-1
(e =)@y < e 203 |l(n - v)ul3
k=1
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2
—2pkt

2
2

e
e*QpKt

K-—1
> (=)
k=1
z_: (1 —v),
k=0

2
I T

Note that the first equality holds due the Pythagoras’ theorem, the second one uses (2.4) and the last

one uses the fact that
K-1

S (- )% = v
k=0
Note that the upper bound in (1.4) is proved using the Cauchy — Schwarz inequality, which implies

VE
186 )y < 5 1Ael )l

where A;(p,v) is as defined in the statement of Theorem 1.1, and the inequality holds for every pair of
distributions v and p on Z/KZ, and for all ¢ > 0.

To prove the lower bounds in (1.3) and (1.4) we recall the the r-norm of a function f on Z/KZ, allows
the following characterization:

2 lglly
where ¢ € [1,00] is the conjugate of r € [1,00], i.e. 1/r +1/q = 1, and the maximum runs over all the
functions on Z/KZ. Now, take g : k € Z/KZ \/%(wK)k as a test function, where wg = e® 1. Note
that viewed as a column vector, g is equal to the last column of the Fourier matrix F. Then, g is a right
eigenfuntion of Q with associated eigenvalue —pg. Moreover, ||g|l2 = 1 and ||g||s = 1/VK. Therefore,

[(re'? — pe'@, g)|

2m 2m
Q _ ,otQ, > — 20 =7 —pKt
e el = T, %(K) %(K)e |
[e!@ — et ., > [(ve'® — pe'@,g)| _ VK 0 <2_7T> _p <2_7T> o Pt
- - v I
TV 2M9llo 2 K "\ K

To prove (1.6) first note that the 2-distance and the total variation distances satisfy

Do(t) = ngI%ZIIKk(Zt|t<Tp)—Vqu2,
Drv(t) = ng%ZIIﬁk(Zt|t<Tp)—VquTv,

which is a consequence of the convexity of these distances. Thus, the upper bounds in expression (1.6)
and (1.7) are consequence of the equality ||6; — vgs||2 = 1/ Z=*. The lower bounds in (1.6) and (1.7) is
obtained using that ¢,  (27/K) =0 and s, (27/K) = [g(k)| = 1/VK, for every k € Z)KK.

d

3. COVARIANCES OF THE PROPORTIONS OF PARTICLES UNDER THE STATIONARY DISTRIBUTION

The following lemma gives us informations about the invariance of the generator Lx n, defined in
(1.2), by the rotation function ¢ defined in (1.8).

Lemma 3.1 (Rotation invariance of the generator). The generator Lx n of (U,EN))tzo satisfies

Lrnly =Lk Ny oo, (3.1)
for every n € Ex N.
Proof. Note that

"y
(Lr,n1y)(n') =1'(i) (1{j—i+1} +01(=i—1y +p]7\7, (j)l) ) (3.2)

if n = T; 1, for some 4,5 € Z/KZ, and it is null otherwise. Now, if n = T;,;n’, then we have
&) = T(i+1)—(j+1)@(n'). Thus,

(Lrn1pem)) (6(0) = ¢(n')(i +1) <1{j_i+1} +01—i—1y +p (3.3)

¢(n')( + 1))
N-1 /)~
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Using (3.2) and (3.3) we can see that (3.1) holds, since /(i) = ¢(n')(i + 1) and n(j) = ¢(n)(j +1). O

3.1. Proof of Theorem 1.2. We will now prove Theorem 1.2, which describes some properties of vy,

the stationary distribution of the N-particle process (nt

(N))tzo_

Proof of Theorem 1.2.

a)

The process (nt(N))t>O 1s not reversible, except when K =3 and 6 = 1.

For K =3 and N > 2, let us consider the three states in Es. N,
m = [N,0,0], 2 = [N— 1,1,0], N3 = [N— 1,0, 1].
It is straightforward to verify that

(LrNlp)(m) =N, (Lrnly)(m)=N0, (Lxnly)(n2)=p+0,
(Lrnly)(m2) =1, (Lrenly)ms)=p+1, (Lxnly,)(ns) =10

Moreover,
(Lr,N1)(03) - (Lr,nln)(m) - (Lx,nlpg)(m2) = (p+1)N,
(Lr,NLys)(m) - (LN 1) (03) - (Lxe w1y, ) (12) = N6 (p+0),

the Kolmogorov cycle reversibility criterion, see [22, Thm. 1.8], is not satisfied unless § = 1.
Indeed, note that a necessary condition to have reversibility is that the polynomial

a0) =0 +p(N-1)0>—p(N—-1)—1=(0—-1)[0>+ O+ 1)(p+1)]

is equal to zero. Now, since 02 + (§ + 1)(p+ 1) > 0 for all § > 0, the polynomial «(#) only has
one positive root, which is 6 = 1.

For K > 4, N > 2 and p > 0, let us consider the two states in Ex n: m1 = [N,0,...,0]
and 72 = [N —1,0,1,...,0]. Because (Lx,n1p,)(n1) = 0 and (Lx,n1y)(n2) = p # 0, the
detailed balanced property for a reversible process, see [22, Thm. 1.3], vnx(m)(Lx,n1n,) (M) =
vn (n2) (L, n1y,)(12), is not satisfied.

Therefore, a) is proved except in the special case K =3, N > 2 and § = 1. Note that in this
case the model is a complete graph model, which was proved to be reversible in [9, Thm. 2.4].
The stationary distribution vy is invariant by rotation.

(V)

Since vy is the unique stationary distribution of (nt we know that vy (Lx nf) =0 for

)tzo’
every function f on £ ny. Thus, in order to prove that vy is invariant by rotation, it is sufficient
to prove that vy o ¢ also satisfies (vn 0 ¢)(Lx N f) = 0 for every function f on Ex n. Since Ex N
is finite, it is enough to consider the indicator functions 1,, for every n € £x,n. Using Lemma

3.1, we have
(vn 0 @) (Lrn1y) =N (Lxn1yod ") =vn (Lrnlom) =0,

for every n € £k n, where the second equality holds due to (3.1) and the third is due to the fact
that vy is stationary for Lx n. Consequently, by the uniqueness of the stationary distribution,
we have vy = vy o ¢. The result trivially holds for any rotation ¢®, [ > 1.

Mean of the proportion of particles in each state.

Using part b) we have E,,, [7(0)] = E, [ (1)(0)] = E, [n(k)], forallk = 0,1,..., K—1. Also,

N
we know that n(0) +n(1)+---+n(K —1) = N. Thus, E,  [n(k)] = T forallk =0,1,..., K —1.
([

Let us define the functions f and fr; on Exn as fr : n — n(k) and fi; : n — n(k)n(l), for all
k,l € {0,1,...,K — 1}. The following lemma provides explicit expressions for the evaluation of the
generator of the N-particle process on these functions.

Lemma 3.2 (Dynamics of the N-particle process). We have that

Lrxnfe = fuoe1—Q+0)fr+0fut1, (3.4)

LxnNfee = 2 |:fk1,k - (1 +0+ ﬁ) fik + 9fk,k+1]

2pN
+ -1+ <1+9+ Np_l)fk+9fk+1, (3.5)

_p

- 21
LgN frkt1 ( +0+

> Jrejr1 + fom1, o1 + 0 g1 k01 + frop + 0 fept2
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—frx = O0fk41, (3.6)
Lxnfey = —2 (1 +0+ %) fog+ fo—10+0fkq10 + fea—1 +0fi 41, (3.7)
for all k,1 € Z)KZ such that |k —1] > 2.

The proof of Lemma 3.2 is mostly technical and it is deferred to A. The expression (3.4) given by this
lemma is used to study the behavior of the mean of the proportion of particles in each state. Also, (3.5),
(3.6) and (3.7) are used to study the covariances of the number of particles when ¢t and N tend to infinity.

Let us denote

Jravr(n) Jo.e(n) n(0) n(k)

T B {T =B | TNz | TEe |V N ] (3:8)
for all k,1 € Z/KZ. Note that the second equality comes from part b) of Theorem 1.2. Let us define the
constant

Np
=214+ . 3.9
=21+ = Ttrg) 39

The following two lemmas will be useful for obtaining explicit expressions for the quantities s, for
k=0,1,..., K —1.

Lemma 3.3. Then, for K > 3, the values si, for 0 < k < K — 2, satisfy the following linear system:

—SK_1+0BNso—51 = _;_1;/\]’ (3.10)
1
—sotfvsi—s2 = -~ (3.11)
and when K > 4:
—s1-1+ BNs;— Si+1 =0, (3.12)

for2 <1< K —2, where Sy and vy are defined by (1.10) and (3.9), respectively.
Proof of Lemma 3.3. Using (3.5) we have

Euy [(Lrnfrp)(m)] = 2 []EVN [fi—1.k(n)] — (1 + 6+ %) Euy [frk(n)] + 0K, [fk,k+1(77)]] +

Euy [fe-1(n)] + (1 +0+ ;p—Nl) Evy [fe(m)] + 0Euy [ fri1(n)].

Since vy is the stationary distribution, we know that E, [(EKﬁNf)(n)] =0, for all f on &k n. Thus,
using parts a) and b) of Theorem 1.2 and dividing by N?, we have the equality

2 N
st o2 (104 5 Yoo (100 25

N -1 N -1
Dividing by (1 + ), this last equality is equivalent to
By s — 281 = — (3.13)

KN’
Note that s; = sg_1 due to Corollary 1.3. Using this fact, we deduce that (3.13) is equivalent to (3.10).
Furthermore, using (3.6) we get

Evy [(Lrnfrper)(m)] = —2 <1 +6+ Np_ 1) Evy [frhr1()] + Boy [fro—1,041(0)]

+0 Buy [frt1,641()] + Euy [Fre(m)] + 0 Euy [frpr2(n)]
_EVN [fk(n)] -0 ]EVN [fk+1(77)] .

In a similar way to the previous case we obtain the equation —so + Bnys1 — s2 = —1/KN, which is
equivalent to (3.11).
Similarly, using (3.7), the equality (3.12) is proved for all 2 <1 < K — 2. O

Note that using Corollary 1.3 and formula (3.11) we can obtain the following relation
1
KN’
Let us define the K x K circulant matrix Ax and the K-vector bx by
Ak = cire(fn,-1,0,...,...,0,—1),

—Sk_2+ ONSK_1— S0 = — (3.14)
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bx = (yn,1,0,0,...,0,1)",

for K > 3, where 8y and «yy are defined by (1.10) and (3.9), respectively.
Using Equations (3.10), (3.11), (3.12) and (3.14), the quantities s, 0 < k < K — 1, defined in (3.8)
are proved to verify the linear system of equations

1
AK SK:_ﬁbKa (315)

where sy = (s0,51,...,5K-1)7 and By and «y are defined by (1.10).

Note that the vector by is almost symmetric, in the sense that by = b, 1 < k < K — 1, where
br,0 < k < K — 1, are the K components of bx. Moreover, a vector b is almost symmetric if and only
if the equality Jb = b holds, where

10 O 0 0
0 0 O 0 1
J= 0 0 O 10
00 1 ... 00
01 0 ... 00

In addition, any symmetric circulant matrix of size n can be expressed as follows
A = aol + a1H + a2H2 + -4 an_lﬂnfl,

where (ag,a1,...,an-1) is an almost symmetric vector and II = circ(0, 1,0,...,0).
The following result gives us information about the solution of a symmetric circulant system when the
vector of constant terms is almost symmetric.

Proposition 3.4 (Circulant matrices). Let A be a n-dimensional invertible circulant symmetric matriz
and let b be an almost symmetric vector of dimension n, then x = A™1'b, the solution of the linear system
Ax = b, is an almost symmetric vector.

Proof. Since A is a invertible matrix, we know that x is the unique vector of dimension n satisfying
Ax = b and this vector x is almost symmetric if and only if x = Jx. So, it is sufficient to prove that
Jx is also a solution of the linear system, i.e. A(Jx) = b. Since b is almost symmetric, the equation
A(Jx) = b becomes equivalent to

JA(Jx) =b. (3.16)
It is sufficient to prove that JAJ = A. Note that the matrix J is an involutory matrix, i.e. J=! = J, and
JAJ = J(aol +aIl+ aoll® 4 - 4 ap 1" 1)J

= aol + a1 JILJ + a JJII2J + -+ + ap_ JO" L.

The matrix II is orthogonal, satisfying II-! = II”. Moreover,

00 ... 0 01
00 ... 0 10
00 ... 1 00

JIJ = JMn=J| . . , .| =17,

01 0 0 00
10 0 0 0O

which implies JII"J = JILJ?II"~1J =07 JII" 1 J = ... = (HT)n. Thus, we get
JAJ = aol+a1HT—|—a2(HT)2 + +an_1(HT)n_1
= (aol + 1T+ as(TD)® + -+ a, (") T
= AT = A
Thus, (3.16) holds and hence Jx is solution of the equation Ax = b. By uniqueness of the solution we
get x = Jx, proving that x is almost symmetric. (I

Because the K x K matrix Ax in (3.15) is a symmetric circulant matrix, it is possible to obtain
explicit formulas for all its eigenvalues and eigenvectors using [15, Thm. 3.2.2]. Since all its eigenvalues
are non-null; we conclude that the matrix Ag is invertible. Thus, using Proposition 3.4, the linear system
(3.15) has as its unique solution the vector sy, which is almost symmetric. In addition to its almost
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symmetry, the vector by satisfies by = bx_1, by =0, 2 < k < K — 2. This simple structure of bg allows
us to deduce explicit expressions for si, 0 < k < K — 1, given in Theorem 1.4, which is proved below.

3.2. Proof of Theorem 1.4. Consider the four families of orthogonal polynomials Neven,n (%), Deven,n (),
Noaan (), Doaan(x), n > 0, defined by

Neven,O(-T) = 2) Deven,O(-T) = Oa Nodd,O(:E) = 13 Dodd,O(‘r) =1
Neven,l(x) =, Deven,l(x) =x—+ 2; Nodd,l(z> =T — 1; Dodd,l(z) =+ 17
satisfying all of them the recurrence relation
Pnt1(z) = T pn(z) — pr-1(2), (3.17)
for all n > 1.
The next proposition will prove useful in the sequel.
Lemma 3.5. The following relations hold, for all n > 0:
2Neven,n(x) - :CNeven, nJrl(:C) + (:C - 2)Deven7 n+1(1') = 07 (318)
2Nodd,n(-r) — :L'Nodd,n-‘rl(-r) + (,CE — 2)Dodd, n+1($) = 0. (319)

Furthermore, we have the following identities involving the Chebyshev polynomials of first and second
kind, for all n > 0:

Neven,n(x) = 2T,(z/2), (3.20)
Deven,n(x) = (242) Un-1(2/2), (3.21)
Noda,n(x) = Up(/2) = Up-1(x/2), (3.22)
Dqaa, n() Un(x/2) + Up—1(x/2). (3.23)

Proof. Setting P, () = 2Neyen,n (%) — Noven n+1(2) + (& — 2) Deven nt1 (), for all n > 0, it follows from

the definitions of Neven,n (%) and Deyen,n(z) that Py(x) = 0, Py(z) = 0 and P,(z) satisfies the recurrence

relation (3.17). Therefore P, (x) = 0 for every n > 0 and (3.18) is proved. The proof of (3.19) is similar.
Now, note that the sequence of polynomials (27,,(x/2)),>0 satisfy the recurrence relation (1.9). Fur-

thermore, 27p(2/2) = 2 = Neyen,0(x) and 2T1(x/2) = £ = Neven,1(2). Consequently, identity (3.20) is

proved. Analogously, identities (3.21), (3.22) and (3.23) are proved. O
We now prove Lemma 3.6, which provides explicit expressions for si, k € {0,1,..., K — 1}, in terms

of the polynomials Neyen n (%), Deven.n(®); Noaan(z) and Doga,n(x).

Lemma 3.6 (Explicit formulas for si). The values of sk, 0 < k < K — 1, are given by

a) If K = 2Ky, Ky > 2,

N 71 Neven,KQ(/BN) + 1

KN  Deyenk,(Bn) KN’

N -1 Neven,Kg—k(ﬁN)

KN Deenk,(BN)

SKk—k =Sk, 1 <k < Ky—1,
b) If K =2Ko+1, Ko > 1,

S0 = (324)

Sk = . 1<k <Ko, (3.25)

. :Nfl Nodd,Kz(ﬂN>+ 1

0 KN Dodd,Kz(ﬁN) KN’

_ N —1 Noaa,ks—k(BN) 1<k<K,
KN Dowas(By) " 7 77

SKk—k = Sk, 1 <k < Ko,

Sk

where By is defined by (1.10).

Proof. We separate the proof into two cases: when K is even and when K is odd.
(a) When K is even, say K = 2K, Equation (3.15) is equivalent to the following linear system for
sk, 0 <k < Ko,

1
Bnso —2s1 = =NV (3.26)
1
—SotPnsi—s2 =~ (3.27)

—Skp_1+ BNSk — Sk+1 = 0, (3.28)
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for 2 <k <Ky —1 and
BNSK, —25K,—1 = 0.
Note that (3.29) follows from the equality sx,—1 = Sk,+1-
Consider A € R such that sk, = 2A = Nuven,0(Sn)A. Equation (3.29) implies
Sky—1 = ABN = ANeven 1(BN)-
Equation (3.28) may be written as
Sk—1 = BN Sk — Sk+1,

for 2 < k < K5 — 1. This proves that s, for k decreasing from K5 to 1, may be written

Sk = ANoven, Ko—k(BN)-
From Equation (3.27), we get

1
S0 = 6N81_82+ﬁ
1
= A N, _ — Neven. Ko— —
[ﬁN even, Ko 1(61\[) even, Ko Q(BN)] + KN
1
even,Kg(BN) + KN
Plugging (3.30) into Equation (3.26), we get
1
A[BNNeven,Kz(ﬁN) - 2Neven,K2—1(ﬁN)] = _ﬁ(ﬁN +’YN)
- L2
KN 146
Using Equation (3.18) we get
A[/BNNeven,KQ (/BN) - 2Neven,K271(/8N)] = A(/BN - 2)Deven,K2 (ﬂN)
2p
= A—Deven .
D)1 10y ek ()

(3.29)

(3.30)

(3.31)

(3.32)

Thus, using (3.31) and (3.32), we obtain A = e 5—=L__ that achieves the proof of (3.25) for an
g KN Deve (ﬂN)

n,Ko
even value of K.

(b) The proof when K is odd is similar. Indeed, for K = 2K5 + 1, the linear system for sj, with

0 S k S KQ, is
1
Bnso—2s1 = &NV (3.33)
1
_ — = —— 3.34
50 + Bns1 — 52 KN’ )
—Sk—1+ ONSE — Sp+1 = 0, (3.35)
for 2<k <Ky —1and
— Sk, + BNSK, — SKy—1 = 0. (3.36)
Equation (3.36) may be written as
(ﬂN - 1)5K2 = SKy-1,
and so
5K, = B = BNoaa,0(BN), SK,-1 = B(BNn — 1) = BNoaa,1(BN)-
From Equations (3.19) and (3.35), it follows that
8k = BNoaa,k,—k(Bn), 1 <k < Ko.
Then, from Equation (3.34), we get
1
S0 = ﬁN51_52+m
1
= B[BnNoad,k;—1(BN) — Noaa, i, —2(Bn)] + NK
1
= DN, —_—.
odd, Ko (/BN) + KN
From (3.33), it follows, using (3.19), that B = m. The proof of Lemma 3.6 is therefore
o s 2
complete. (I
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We are now able to prove Theorem 1.4, which provides explicit expressions for the covariances of
the proportions of particles in two states under the stationary distribution, in terms of the orthogonal
Chebyshev polynomials of first and second kind.

Proof of Theorem 1.4. Using expressions (3.20), (3.21), (3.22) and (3.23), and Lemma 3.6 we obtain
explicit expressions for s in terms of the Chebyshev polynomials of first and second kind, for 0 < k& <
K — 1. Since Cov,, [n(0)/N,n(k)/N] = s — 1/K?, for all 0 < k < K — 1, we deduce that (1.11), (1.12),
(1.13) and (1.14) hold. O

Now, using Theorem 1.4 we are able to study the monotony of the covariance of the proportions of
particles in two sites as a function of the graph distances between these two sites.

Proof of Corollary 1.5. Note that Cov,, {"(O), "gf)} > Cov,, [@, %} holds if and only if s, >

sit1, for all k = 0,1,...,[5]. So, for K even, using (1.11) and (1.12), it is sufficient to prove that
Ti+1(Bn/2) > Ti(Bn/2). Let us prove it by induction. We know that T1(Sn/2) = n/2 > 1 = To(Bn/2).
Assume that Ty (8n/2) > Ti—1(Bn/2). Since (T, (x))n>0 satisfies the recurrence relation (1.9) we have

Trv1(Bn/2) = Ti(Bn/2) = (By — D)Tk(BN/2) = Ti-1(Bn/2) > Tr(Bn/2) — Te—1(Bn/2) > 0,
where the first inequality is due to the inequality Sy > 2 and the second one because, by assumption,
Te(Bn/2) > Tk—1(Bn/2). Then, Tr+1(Bn/2) > Tr(Bn/2), for all k& > 0.
Analogously, for K odd the inequality Cov,, [ 5\?), ng\lfc)} > Covy,y {@, "(k—];rl)} holds for all £ =
0,1,....[ 5] if
Uk+1(Bn/2) = Ur(Bn /2) = Uk(Bn/2) = Ur-1(Bn /2), (3.37)

for all K > 1. For k = 1 we have that (3.37) is equivalent to 33, — 28y > 0, which is trivially true since
BN > 2. Assume that (3.37) holds and let us prove the inequality for k£ + 1. Indeed, using that (Un)

satisfies the recurrence relation (1.9), we have
Uk+2(BN/2) = Ukt1(Bn/2) = (Bn = DUkt1(BN/2) = Uk(Bn/2) 2 U1 (BN /2) — U(Bn /2)-
Thus, (3.37) holds for all k = 0,1, ..., K. O

n>0

3.3. Proof of Theorem 1.6. Theorem 1.4 allows us to get a Taylor series expansion for s;, 0 < k < K—1
as a function of %, as soon as we are able to obtain such a series expansion for Sy, as a function of 1/N,
as well as for the polynomials Noadn (%), Neven,n(Z), Dodd,n(%); Devenn(z), n > 0 around x = 2, using
their definitions by induction given in (3.17).

Lemma 3.7. The polynomials Noaa,n (), Nevenn (), Doaan (), Devenn(x), for n >0, satisfy the follow-
ing Taylor series expansion of order 2 around x = 2:

nt — n2
Newenn(r) = 24+n%(x—2)+ 5 (x —2)* + o(x — 2)2, (3.38)
2 3 5
Devenn(@) = dn+ 2209y 4 L = (x —2)% + o(x - 2)?, (3.39)
2 4 2 3 _ 2 _ 2
Nogam(@) = 1475 (g gy 20 -2 o - 2)% (3.40)
o3 +3n2+n 2n° + 5nt — 5n? — 2n
Dogan(z) = 2n+l4+——m—(x—-2)+ (x—2)% +
6 120
+ o(z — 2)%. (3.41)

Proof. Assume Neyenn(x) = agn) + a§”>( —-2)+ aén)(x —2)2 + o(x — 2)?, for all n > 0. Note that the
polynomials Neyen n () can also be defined as

even O(:E = 2)

even l(x = (-T - 2) + 2)

even n( ) = (:C - 2)Neven,n71(x) + 2Neven,n71(x) - Neven,’n,fQ(z); n 2 2. (342)
Thus, the coefficients (aé ))n>0 satisfy the recurrence relation aéo) = aél) =2 and agn) = 2a8"71) —a((fh?),

for every n > 2, which yields a(()") =2, for all n > 0.
Also, using (3.42), the coefficients (agn))nx) satisfy ago) =0, agl) =1 and

agn) _ 2a§n—1) . agn—Q) + agn—l) _ 2a§n—1) o agn—Q) + 27
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for all n > 0. Solving this recurrence gives agn) =n?, for all n > 2.

Similarly, the coefficients (aén))n>0 satisfy aéo) = agl) =0 and

aén) = 2a§”‘” - ag"_Q) + agn_l) = Qag"_l) - aé”‘Q) + (n —1)%

4_ 2
for all n > 0. which yields aé") =L 12n , for all n > 2, proving (3.38).

The proofs of (3.39), (3.40) and (3.41) are similar. O

We now prove Theorem 1.6, which provides a second order Taylor series expansion of the variance of
the proportion of particles in each state, as a function of 1/N, when N tends to infinity.

Proof of Theorem 1.6. Suppose K is even, say K = 2K,. Using Lemma 3.6, we have

1 (1 1)w

Sk = — - — s
i K N Deven,K2 (BN)

forall k =1,2,..., Ko. Note that Sy, defined by (1.10), tends to 2 when N tends to infinity, specifically

_ 2p _p (L1 1
ﬁN_Q_(N1)(1+9)_1+9(N+N2)+0(N2)'

Using (3.38) and (3.39), we have

Neven,io-k(Bn) 2+ (K2 —k)*(By —2) + k) (Ka k)" (5, 9)2 4 o ((By — 2)?)
Deven, 165 (B) AR, + P (B — 2) + G (B = 2) + o ((By —2)?)
1 (6k(k - K)+ K2 -1)
- x" 12K (By —2)
30k(K — k)[k(K — k) + 2] — (K? — 1)(K? 4+ 11) )
* 720K C
+o((Bn —2)%), (3.43)
where K = 2K5.
Finally,
1 6k(k — K) + K> — 1 1
T ﬁ+<1+( : 25 )1i9>K2N
30k(K — k)[k(K — k) +2] — (K2 —1) (K2 +11) / p \*> 1 1
* 180 <1+9) K2N? +O<W>'

Using (3.24), we get the following expression for sg,

K2-1 p ) 1 (K21)(K2+11)< D )2 1 <1

6 1+6) KN 180 110) xov2 T\ )

1
SOF+<K1+

Now, the expression (1.15) for Cov,, [7(0)/N,n(k)/N] with K even follows by noting that E, L]\I/?)} =

+, forall k=0,1,2,..., K — 1.
Considering K odd, specifically K = 2K3 + 1, and using (3.40) and (3.41), we have

Noaaso—k(By) 1 (6k(k—K)+ K?—1)
Doaa.k, (BN) T K + 12K (B =2)
30k(K — k)[k(K — k) +2] — (K% - 1)(K? + 11) )
* 720K (B =2)

+o((Bn —2)?),

Neven,Kg—k(ﬁN)
Deven, x5, (BN)

Proof of Corollary 1.7. Using Jensen’s inequality, we have

0\ 1/2
Euy [Im() = vaslls] < (Buw Imn) = vesl})

K—1 1/2
(5 v [ 2]

which is the same expression we get for in (3.43). So, the general result is proved. O
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- VK (VaruN [%DW. (3.44)

Finally, (1.16) is proved using (3.44) and Theorem 1.6. d

4. COVARIANCES OF THE PROPORTIONS OF PARTICLES AT A GIVEN TIME

4.1. Proof of Theorem 1.8.

Proof of Theorem 1.8. Consider n € £k, n and the function fx : n — n(k), for k¥ € {0,1,..., K — 1}.
Using the expression of Li v fi, for k= 0,1,...,K — 1, given by (3.4), and the Kolmogorov equation,
we get

iEn lfk(m(N))] _ E, l,CK,ka(nEN))l

dt N N
(N) (N)
= E, l—fk_lj(\?t _)] —(1+9)E, lfk(?\tf )]
(N)
O, %] : (4.1)

for k=0,1,...,K — 1.
Let us define s(k) = E, [fk (nt(N))/N} =E, [nt(N)(k)/N} =m(n™)(k), for k=0,1,...,K — 1, and
the vector s; = (5:(0),5¢(1),...,s:(K—1))T. Using (4.1), we get that s, satisfies the differential equation
dt = 5:Q,

where @ is the circulant infinitesimal rate matrix defined in (2.2), with initial condition sy = n/N. Note
that the solution of this differential equation is given by

n
St = NetQ.
Thus, m(n,gN)) is actually equal to the distribution of the asymmetric random walk on the cycle graph
Z/KZ with infinitesimal generator matrix ¢ and initial distribution m(n) at time ¢ = 0, which is

Loy (Zt |t < 7). So, the proof of formula (1.17) follows from (1.3) in Theorem 1.1.
(]

4.2. Proof of Theorem 1.9. In order to study the convergence of the empirical distribution m(nEN))

induced by the N-particle system, we will analyze the behavior of the covariance functions in time. Let n €
Ek n be fixed and let us define the functions s§2) (k,r) as 81(52)(/{3, r) =E, [f(k,r)/N?] = E, [n(k)n(r)/N?],
for all k,r € Z/KZ. Using (3.5), (3.6) and (3.7), we have

ds? (k, k) p
S By 2[s§2)(k,k:—1)—(1+9+ﬁ) s§2>(k,k)+es§2>(k,k+1)]
1
+5 [st(k: -1)+ (1 +9+2%) se(k) + 0s¢(k + 1)] ;
dsP(k,k+1
Co it (d’t ) R 2<1+9+—Np 1>s§2)(kz,k+1)+s§2’(k1,k+1)+98§2)(k+1,k+1)
1
+5$2(k, k) + 0P (k, k +2) — ~ [se(k) + Osu(k + 1))
ds? (k,k+1
% — _2(1+9+%)sEQ)(k,k:—i—l)+s§2)(k—1,k:—|—l)+95§2)(kz+1,kz+l)

5 (ke k+1—1) 405 (kb +1+1).

Consider the functions g;(k,r) defined as
(k) m(r)} (2)

g¢(k,r) = Cov, { NN | =5 (k,r) — se(k)se(r),

for all k,r € Z/KZ.
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Then, we obtain the following system of differential equations

dgi(k, k) p
stk —1) 4+ (k) + 0s0(k + 1) | — —22— s, (k)2
N St N— St St N—lSt ;
% = 2<1+9+ﬁ)gt(k$,k+1)+gt(kf1,]€+1)+99t(k+1,k+1)
1 2
% = -2 1+9+—)gt(kz,l)+gt(kz1,l)+99t(k+1,l)
g1k, L= 1) + 094 (k. L+ 1) = s (k)si D).

Then, the K?-dimensional vector g; = (gt(k:, T)) satisfies the differential equation

k,r
ag.
dt
where Q,(,Q) = Q® —2<2-1, I is the K>-dimensional identity matrix, the matrix Q®) € Mg(K?) is
defined as

= QP +w, (4.2)

1 if (k=u+lAr=v)V(k=uAr=v+1),
Q(uu)(kr)_ 0 if (k=u—1Ar=v)V(k=uAr=v-1), (4.3)
—2(1+0) if (k=u)A(r=nv).

and wy = (wi(k, 7))k, is the K?-vector defined by

1 2 .
N[st(k:—l) (14—9—}—2%2 si(k) + 0s¢(k + 1)] —Nflst(k)2 it r==k
1
wi(k,r) = —N[st(mr)wst(kvr)pNflst(mst(r) if Jk—rl=1
2 .
_Nﬁlst(k)st(r) it k-7 >1,
for all k,r € Z/KZ.
Note also that
go(k,?") = 07
o B n(k) n(r)
goo(ksr) = lim gy(k,r) = Covyy [—T ;
and
L(1+9+ )—27’” if k=r
KN N-1 KZ(N-1) =T,
Woo (k) = lim wy(k,7) = —2x(1+0) - == it |k—r|=1,
——(NQEI)% it k-7 >1,

for all k,r € Z/KZ.
Let A = (ay.) and B = (b, ) be two matrices of dimensions m x n and w X ¢, respectively. Recall
that the Kronecker product of A and B, denoted by A ® B, is the mw X ng matrix defined as
a07OB ao,lB ce ao,n_lB
A® B = :
am-1,0B am—11B ... am—1n—1B

It is convenient to index the elements of A ® B with two 2-dimensional index in the following way

(A ® B)(mmz),(q,@) = (A ® B)T1m+r2,61n+02 = Qry,cq bT27C25

foral0<r <m—-1,0<r <w-1,0<c¢; <n-—1,0<c¢ < g—1. Now, consider that m = n and
w = ¢, i.e. A and B are square matrices of dimension n and ¢, respectively. The Kronecker sum of A and
B, denoted by A® B, is defined as A® B = A® I, + 1, ® B, where I, and I,, are the identity matrices of
dimension ¢ and n, respectively. It is well known that the exponential of matrices transforms Kronecker
sums in Kronecker products as follows

8B — oA @b, (4.4)
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See e.g. Chapter XIV of [28] and [15] for the proofs of these results and more details about the
Kronecker product and sum of matrices.

Lemma 4.1. The following properties hold:

1) Q¥ =QwQ,
(2) '@ =efQ g etQ,

Consequently, the matriz Q) is the infinitesimal rate matriz of the independent coupling of two processes
driven by the infinitesimal generator matriz Q.

Proof of Lemma /.1. Note that using (4.3) for all r1,72,c¢1,¢2 € {0,1,..., K — 1}, we have

2
QETE ra),(c1,c2) = er,cllrg,CQ + Irl,lerg,cz = (Q S2) Q)(n,m),(el,m)a

where I is the K-dimensional identity matrix. Then, property 1 holds. Also, using (4.4) we can easily
prove the property 2.
All the non-diagonal entries of matrix Q(®) are positive and the sum of each row is null, thus Q® is
an infinitesimal matrix. Furthermore,
Q(z) _ tQ tQ

(Tl,rg) (c1,e2) eTl,C1e7‘27C2’

which means that Q(® is the infinitesimal rate matrix of the independent coupling of two processes driven

by Q. O
Note also that, when ¢ goes to infinity in (4. 2) we get gooQ,(,Q) +We = 0. Since Q) is the infinitesimal
matrix generator of a Markov process and Q( = Q® — pyI, where py = ﬁ, all the eigenvalues of
Qp are strictly negative and thus, }(, ) is invertible. Then,
-1
oo = —Woo (Qf)) . (4.5)

We will now prove Theorem 1.9, which gives us the solution of the system of differential equations
(4.2) and studies the convergence of the proportion of particles at time ¢ in each state when ¢t and N tend
to infinity.

Proof of Theorem 1.9. The solutions of the system of differential equations (4.2) is given by

g = (/we“p2 )tQ(z)
(/ (W —w )—“Q )du—l—w / 2)du)eth)
0
t -1
(et o)
0

¢
- / (wy — Woo)e(t_“)Q;Z)du + 8o (I — eth(f)) }
0

Note that the last equality comes from (4.5). Therefore, we have

t
/ (Wa = wee)el! =99 dull -+ [|gc (97|
0 0o 00

t
= sl o198 |t gl 2
0 (o] o]

g — gl < ]

IN

(4.6)

We get

sQ e PNS

[E

for all s > 0, where py = %. Note that the second equality in (4.7) comes from the fact that the rows

esQ® H =e PN¥, (4.7)

oo o0

of @ has sum equal to one, for all s > 0. Using Corollary 1.5, or the Cauchy —Schwarz inequality, we
get

el = Ve |22 (4.
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Using the inequality (1.6) we get
K-1

1
5t6) = Je| = Wm0 <) = il </ F e,
for every k € Z/KZ and all t > 0. Therefore,
2 _ 2 , 1
_ <= (1 P emerug P — =
[wo(k, k) — woo (K, k)| < N( +6+ N 1)6 + N1 $u(k) 702
But
1 1 1 K+1 K-1
2 L 1 K-1 _ ..
su(k) 7 (su(k)—i—K) su (k) — A 7 )
Thus,
P p p NE+1)VE -1\ _
k) —woo (k) < = (1+6 prcu. 4.9
wall k) —wlb bl < 5 (1404 g b g ) (1.9
Similarly we get,
2 p NEK+1DVE T\ _
— < — PKU .
|wy(k, k+1) —woo(k,k+ 1) < N<1+9+N_1 KR e ) (4.10)
2 K+1)vK -1
wa(k, 1) — woo (1) < 22 K+ 1) ePRU |k — 1| > 2. (4.11)

N -1 KVK

Inequalities (4.9), (4.10) and (4.11) imply that
[Wu = Wooll oo < Cr ve PEY, (4.12)
where C v is defined by (1.20). Plugging (4.7), (4.8) and (4.12) into (4.6), we obtain

IN

t
lgt— gl < i [ et P du s o g
0

t
= CK,NeipNt/ e*(PK*pN)udujLe*PNtVarUN {77](\(;)}
0

+e PN Var, [@} (4.13)

e PNt _ o—pKl

)

PK — DN N

1 — e rxt n(0) 1
= CK’NT + Var,,, [(T] +o0 (N)

1 1 — e Prt 1
= —Idp.,— . FE —
v{o e (y).

where Dy and Ex are given by (1.22). Note that (1.18) is obtained from (4.13).
In order to prove (1.21), note that for every initial distribution p in Z/KZ and any initial configuration
n € Ex N, we get

7 () = Lu(Ze [t <), < Elllm(ne) = Lu(Ze | £ < 1), ] (4.14)
<

B[ llm (me) = )l ] + 17 () = Lu(Ze [t <)l (415)

Inequality (4.14) is obtained using the convexity of the 2-norm and Jensen’s inequality. Inequality (4.15)
is proved using the triangular inequality. From Theorem 1.8 we know that for any initial configuration
n € £k, N, we obtain

27 27 —
oo () =0 (52| < 1m0 = L2 < 1)l < o) =l (20

where pk is given by (1.5). Also,

E,[Im () —mm)ls] = Z
k=
2K
N

e

[”‘f(’ﬂ < K lgil..

Var
PRl pKt+E +o(2 (4.17)
K o N/ .
21)

where Dk and Ef are defined by (1.22). Finally, (1.21) is proved using (4.14), (4.15), (4.16), (4.17) and
Jensen’s inequality. (I
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APPENDIX A. PROOF OF LEMMA 3.2

In order to calculate Lk n fi, note that

(LrxNfe)(n) = Zn(z) (1{j_i+1} +01—i—1) + 77(])%) [fe(Timjn) — fr(n)] -

But fx (Tiﬂjn) = fr (77) if i # k and j # k. Thus,

Lt = 1Y (Lpmern + 01 + 1) 2
J#k

) (Tomsyk) — (k)]

+3 000 (1{k_i+1} 01 iy + n(k)ﬁ) (Tiin(k) = (k)]
ik

= —n(k) [1+9+pNN7_n(1k)} +n(k—1)+6nk+1)+pnk)

= nlk—=1)— (L+0)n(k) +0nk+1),

for all n € £ n. Thus, (3.4) is proved.

Now, for computing Lx n fi for all 1 <k, < K, we separate the proof in three cases: [ =k, =k+1
and I >k+1,forall 0 <k < K —2.

Case | = k:

From (1.2) we have

N —n(k)
N-1

(Lae.x fia) () = D (i) (uj_m} 01y + n(j)%) [ (Timssm) = few(m)]

for all n € £k n. Denote

. N 4
Sij(n) = n(i) (1{j—i+1} +01p—1y + U(J)N — 1) [Ti%jn(k)Q - W(k)2] .
Note that if {z,j} N {k} = 0, then we have S; ;(n) = 0. So,

(LN fr) () =D Sk () + Y Sin(n).

£k ik
Note that
> Seitn) = > k) (1{j—k+1} 01y + 77(30%) [T jn(k)® = n(k)?]
i#k ik
= (k) (1 vo+ ﬁznm) [(n(h) — 1) — (k]
ik

N —n(k)

_ <n(k) + 0 (k) + p k)~

) 2411 (A1)
NSkl = S () (1{k_i+l}+m{k_i_1}+n<k>NL_) [Timin(k)? = n(k)?]

. . 1
i#k i#k

= (n(’f —1)+0nk+1)+ n(k)%z n(i)) [(n(k) +1)* = n(k)?]

= (n(k —1+0nk+1)+p U(k)%) 2n(k) +1]. (A.2)
Summing (A.1) and (A.2), we obtain

(LrnFer)m) = Y Skin)+ Y Sik(n)
J#k i#k
2n(k) In(k — 1) = n(k) + 0(n(k + 1) — n(k))]

+(n(k) +n(k = 1)) + 0(n(k +1) +n(k)) + 2p n(k)

N —n(k)
N1
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= 2 ulh = k) — (140 52 ) 0lb? + (ki + 1)
+77(k:1)+< ;”ﬁ)n(kwen(kﬂ),
for all n € £k, n. Thus, (3.5) holds.

Case [ =k + 1:
From (1.2), similarly to the previous case, we have

(L Fnen)) = S 10) (Vggmieny +Olgymimsy + 10 5727 ) Ui (Trogt) = i o))
Denote
Ry j(n) = n(i) <1{j—i+1} + 011y + 77(])%) [Timsjn(k) Timym(k + 1) — n(k)n(k + 1)].

If {i,j} N {k,k +1} = 0, then R, ; = 0. Thus,

(LrNFreri) ) =Y R+ > Rippi()+ Y, Rerii)+ Y, Rix(n).
£k itk k1 jAk+1 itk k1
Note that

Y R = Riga(n+ Y Rin)

J#k J#kk+1
= nB)[nk) =Dk +1) +1) = nk)nk +1)] {1 +p

+ > n®)(nk) = Dn(k +1) = n(k)n(k + 1))

Gk k+1

n](\i;irll)]

. p
X (1{j_k+1} F 011y + U(])ﬁ)

77](\1:11)]

= B)In(k) —n(k + 1)~ 1] [1 T

—n(k)n(k + 1) (9 + % > 77(3’))

J#k,k+1

n(k + 1)}

= ) -1 L+

(k) + 1)1+ 60) — pu(E)n(k + 1) 2= n(k)

N-1"
Z Rik+1(n) = Z n()[nk)(nk +1) + 1) = n(k)n(k + 1)]
#hkl i#k,k+1
X (1{k+1_i+1} +O0lgy1miny + ok + 1)%)
= (k) <077(k: +2) +pnlk+ 1)w>
— ol +2) + pr(Rn(k + 1) 2= n(l]cv) - 717(k 1)

Z Rii15(n) = Riegpir(n) + Z Ri41,5(n)

j#k+1 J#kk+1

=k + D[(n(k) + Dnlk + 1) = 1) = n(ky(k +1)] [e +p—N”<f>1]
+ 3 0+ D)k + 1) = 1) = n(k)n(k + 1)]
Jj#k.k+1

niJ
x (1{j—k+2} + 0=k} +PN(_)1)
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=k + Dk +1) = k) — 1] [9 ﬂ,%]
)+ 1) (1+N1>_ ¥ n(j)>
Ik, k41

= nk+1nk+1)—1] {9 +p—"

—pn(k)n(k + 1)w,

> Rix(n) > n@[mk) + Dk + 1) = n(k)n(k + 1)]

ikt ikt
p
x (1{k—i+1} +01g—i1y + U(k)ﬁ>
N —n(k) —n(k + 1))

= k1) (n(k “ )4 pnh)

N -1
=k~ Dtk + 1)+ prlyn(e + 1) A L)
Then,
Crnfrn)) = =nEnle+ 1) 2014 9) +p22 2 ZIEELZ AT =00 Zulhe D)

)~ 1 (1492 ) ok late+ 1) - 17 (04 00 )
+n(k — Dn(k+ 1) + On(k)n(k +2)
= )k + 1) {2(1 +0) erw]

N-—-1
Pk~ 1 (1425

+n(k — 1)n(k+ 1) + On(k)n(k + 2)
= —2n(k)n(k + 1)1 +0) +n(k)n(k) — 1 +0n(k + Din(k +1) - 1]

72p% +n(k — 1)n(k + 1) + On(k)n(k + 2)

) +n(k+Dn(k+1) —1] (“p%)

- 2 (1 1O+ %) n(k)n(k + 1) + n(k — Dk + 1)

+0n(k 4+ 1)* +n(k)* + On(k)n(k + 2) — n(k) — On(k + 1),

for all n € £k n, which is equivalent to (3.6).
Case |l >k +1:
In this case we have

(Lrnfr)(m) = > (i) (1{j—i+1} + 01— 1y + U(j)%) Lfr1(Timsgm) = fri(n)] -
i,jEF

Denote
Tij(n) = (i) (1{j—i+1} + 011y + n(j)%) [Tisjn(k) Ticsjn (1) — n(k)n(D)].
Obviously, if {i,j} N {k,k + 1} = 0, then T} ;(7) = 0. Thus
Lrnfe)) =Y T+ Y T+ Y Topry)+ > Tirln):

j#k ik, k+1 JEk+1 ik, k+1
Note that

ZTk,j(n) = Thrs1(n) + Z T 5(n)

J#k J#kk+L
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> Tk

itk k+1

Z Thet1,5(n)

J#Ek+1

Thus,

> Tk

ik, k+1

(ﬁK,ka,l)(U)

= nB)[nk) =)k +1) +1) = n(k)n(k +1)lp

_ MMMk+nL——4mm—1»41+m—p

= n(k)[n(k+l1)+0n(k:+l+1)+p77(k+l)

= Rk 1 — 1)+ Bn(Ry(k + 1+ 1) + pr(kyn(k+ D)

= Towxm+ Y Tipr(0)

= nk+0 k) + D0k +1) =1) —nk)n(k+Dlp

= nk+1) [k +1) -

_ MMMk+nkmk+w—n

= > @[k + Dk +1) = nk)n(k +1)]

_ Mk+n%w1H9Mk+n+pmm

= (k= Dnlk+1) + 0k + n(k +1) +pn(k)n(k +1)

JOSUE CORUJO

n(k+1)
N -1

+ Y k) (n(k) = Dk +1) = n(k)n(k +1)]

Gk kL
X (1{j_k+1} +01g—r—1y +P%)
k+1
= (k)n) (1) - T

—n(k)n(k +1) (HM% > n(j))
£k k+l
p N -

N -1

—_ n(k)}’

= > 0@ k) +1) + 1) = n(k)n(k +1)]

ik, k+1

1 0 P
X <1{k+l—i+1}? + 1{k+l:i—1}? +n(k + l)m)

N —n(k) —

J#k,k+l

+ ) 0k + D)k +1) = 1) = (k)n(k +1)]
Gk, k+l

X (1{j_k+l+1} +01—pyi-1y +P%)

n(k)

= nk+0nk+10)—nk) - 1]p=—

N -1

—n(k)n(k +1)

N —n(k n(k—i—l)}
N -1

p1+0 N—n(k‘—i—l)]

—n(k)n(k +1)

N -1 N N -1

ik, k+1

n(k
X <1{k—i+1} +01p—i—1y +pN(_)1)

Nn(k)n(kﬂ)]
N-1

N — (k) —ulk+1)

N -1

=t +0) (00 + 0l +) — 2= 2(1+0)
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P (2N — (k) — nk+ 1) — 2N — (k) — n(k + zm)

k) mk+1l—-1)+0nk+1+ )] +nk+1)nk—1)+0nk+1)]
= —2(k)nk + 1) (1+9+ Nl) (k) [k +1—1) + Ok + 1+ 1)]

+n(k +1) In(k — 1) + On(k + 1)],

—_

for all n € Ex N, proving (3.7).
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