N

N

Dynamics of a Fleming-Viot type particle system on the
cycle graph

Josué M. Corujo

» To cite this version:

Josué M. Corujo. Dynamics of a Fleming-Viot type particle system on the cycle graph. 2020. hal-
02447747v1

HAL Id: hal-02447747
https://hal.science/hal-02447747v1

Preprint submitted on 21 Jan 2020 (v1), last revised 9 Apr 2021 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02447747v1
https://hal.archives-ouvertes.fr

DYNAMICS OF A FLEMING —-VIOT TYPE PARTICLE SYSTEM
ON THE CYCLE GRAPH

JOSUE M. CORUJO

ABSTRACT. This work is devoted to the study of interacting asymmetric continuous time random walks
on the cycle graph, with uniform killing. The process is of Fleming—Viot or Moran type and allows
to approximate the quasi-stationary distribution of a related process. We show that this model has a
remarkable exact solvability, despite the fact that it is non-reversible with non-explicit invariant distribu-
tion. Our main results include quantitative propagation of chaos and exponential ergodicity with explicit
constants, as well as formulas for covariances at equilibrium in terms of the Chebyshev polynomials. In
particular we obtain a uniform bound in time for the convergence of the proportion of particles in each
state when the number of particles goes to infinity. This work extends previous works by Cloez and
Thai around the complete graph. It can be seen as a further step towards the study of such processes
on graphs with general geometry.

1. INTRODUCTION

This paper deals with a time-continuous Markov process describing the position of N particles moving
around on the cycle graph. This type of model is usually known as Fleming—Viot process, or Moran
type process, [18, [I7, [10]. Consider a continuous time Markov process on E U {J}, where E is finite
and 0 is an absorbing state. Briefly, the Fleming—Viot process consists in N particles moving in E as
independent copies of the original process, until one of the particles get absorbed. When this happens,
the absorbed particle jumps instantaneously and uniformly to one of the positions of the others particles.
The Fleming—Viot processes were originally and independently introduced by Del Moral, Guionnet,
Miclo [15] [16] and Burdzy, Holyst, March [5] to approximate the law of a Markov process conditioned on
non-absorption, and its Quasi-Stationary Distribution (QSD), which is the limit of this conditional law
when t — co. See e.g. [24], [1I] and [26], excellent references for an introduction to the theory related to
QSD. For for recent and quite general results about the convergence of Markov processes conditioned to
non-absorption to a QSD, see [0], [7] and [4].

The convergence of the empirical distribution induced by Fleming— Viot process defined on discrete
state spaces when the size of the population and the time increase have been assured under some as-
sumptions. For example, [18] and [I] study the convergence of the empirical distribution induced by the
Fleming — Viot process to the unique QSD in countable and finite discrete space settings, respectively.
With the aim to study the convergence of the particle process under the stationary distribution to the
QSD, [20] prove a Central Limit Theorem for the finite state case. Additionally, [28] and [2] study the
convergence to the minimal QSD in a Galton-Watson type model and in a birth and death process, re-
spectively. Similarly, [3] and [22] address the study of the N-particle system associated to a random walk
on N with a drift towards the origin, which is an absorbing state. In these scenarios there exist infinitely
many QSD for each model, so it is important to assure the ergodicity of the IN-particle system and
to determine to which QSD it converges. Additionally, [§] study the convergence of the Fleming— Viot
process to the minimal QSD under general conditions, providing also some specific examples.

In addition, some works have been devoted to the study of the speed of convergence when the number
of particles and time tend to infinity. In particular, Cloez and Thai [I0] study the N-particle system
in a discrete state space settings. They study the convergence of the empirical measure induced by the
Fleming — Viot process when both ¢ — oo (ergodicity) and N — oo (propagation of chaos), providing
explicit bounds for the speed of convergence. Following the results in this paper Cloez and Thai [9] study
two examples in details: the random walk on the complete graph with uniform killing and the random
walk on the two-site graph. The simple geometries of the graphs of these models simplify the study of
the NV —particle dynamic and allows them to give explicit expressions for the stationary distributions of
the N —particle processes and explicit bounds for its convergence to the QSD.
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Consider the quantity A defined in [I0] as
A= 1;15 (Qm,y + Qy,m + Z Qm,s A Qy,s)a (1-1)

S#ET,Y

where @) = (sz)z ’ is the infinitesimal generator matrix of the process until absorption. When A = 0
some of the results of [10] do not hold and most of the bounds given become not interesting or two rough.
Note that A > 0 for the two examples studied in [9], but X is equal to zero for those models where there
exist two vertices such that the distance between them is greater than two. The quantity A\ is somehow
related to the geometry of the graph associated to the Markov process. So, it becomes interesting to find
explicit bounds for the speed of convergence of Fleming — Viot processes with more complex geometry.

In this article we focus on the random walk on the cycle graph Z/KZ for K > 3. Note that for this
graph it holds A = 0 when K > 6. For simplicity, we assume that the N particles jump to the absorbing
state with the same rate, i.e. we consider a process with uniform killing, [24]. Even if in this case the
distribution of the conditional process is trivial, the study of the Fleming—Viot process becomes more
complicated due to its non reversibility and the geometry of the cyclic graph. We focus on providing
bounds for the speed of the convergence of the empirical distribution induced by the particle system to
the unique QSD when ¢ and N tend to infinity. This example can be seen as a further step towards the
study of the speed of convergence of Fleming —Viot process with more general geometry.

1.1. Model and notations. Consider a Markov process (Z;):>o with state space Z/KZ U {0}, where
K > 3 and 0 is an absorbing state. Specifically, the infinitesimal generator of the process is given by

Gf(x) = fle+1) = fz) +0[f(x = 1) = f(2)] + p[f(9) — f(2)],

where x € Z/KZ and Gf(0) = 0, where 6,p € R% and f is a real function defined on Z/KZ U {0}. In
words, (Z;)¢>0 is an asymmetric random walk on the K-cycle graph which jumps with rates 1 and 6 in
the clockwise and the anti-clockwise directions, respectively. Also, with uniform rate p the process jumps
to the absorbing state 9, i.e. it is killed. Note that Z/KZ is an irreducible class.

The process generated by G is a particular case of the processes with uniform killing in a finite state
space considered by Méléard and Villemonais [24] Sec. 2.3].

Let (X¢)¢>0 be the analogous asymmetric random walk on the cycle graph Z/KZ without killing. The
generator of this process, denoted by H, is given by

Hf(x)=fle+1)— f(z)+0[f(x—1) — f(x)] forall € Z/KZ.

Note that, because of the uniform killing, the process (Z;):>¢ could also be defined in the following
way
7 { X, if t<m
Tl o i t>Ty,
where 7, is an exponential random variable with mean 1/p and independent of the random walk (X;);>o.
This means that the law of the process (Z;);>0 conditioned on non absorption is given by

P#[Zt =k | t < Tp] == P#[Xt = k],

for k € Z/KZ and every initial distribution p on Z/KZ. As a consequence, the QSD of (Z;);>0, denoted
by vys, is the stationary distribution of (X;);>0, which is the uniform distribution on Z/KZ, as we will
prove in Theorem [T.1]

Recall that the total variation distance between two probability measures p; and po defined on a
discrete probability space E is defined, see for instance [21], Sec. 4], by drv (p1, p2) = 2|1 — p2|[1 where
1 — pi2llp = Cpep 1 (@) — p2(z)|P)/P is the vector I, norm. If (fn) and (gn) are two real sequences,
N V. 9N means N —gn =o0(gn)-

Now, assume we have N particles with independent behaviour driven by the generator G, until one
of them jumps to the absorbing state. When this happens, the particle instantaneously and uniformly
jumps to one of the positions of the other N — 1 particles. We denote by (nt(N))t>O
accounted for the positions of the N particles in the K-cycle graph at time ¢. Consider the state space
Erk,n of this process, which is given by

the Markov process

K-1
Ex.N = {n tZ/KZ N, Y n(k) = N} . (1.2)

k=0
At time t the system is in state n; = (9:(0),m:(1), ..., (K — 1)) if there are n:(k) particles on site
k, for k =0,1,..., K — 1. Note that the cardinality of £k n is equal to that of the set of non-negative
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solutions of the integer equation xy + x2 + - -+ + xx = IV, which is card (SK,N) = (KJF]]\}]*l), see e.g. [12]

Th. D, Sec. 1.7].

The generator of the N-particle process (nt(N))t>O, denoted by Lk, v, applied to a function f on Ex N
reads B )
. ny
£K7Nf(77) = Z W(l)[f(Ti—W?) - f(77)] (l{j—iJrl} + 91{;‘:1‘71} +PN — 1) ) (1-3)
i,jE€Z/ KL

where 6, p > 0 and for every n € Ex n satisfying 7(i) > 0, the configuration T;_, ;7 is defined as T;_,,;n =
17 — e; + e; and e; is the i-th canonical vector of RE. Under this dynamics each of the N particles, no
matter where it is, can jump to every site j € Z/KZ such that n(j) > 0. Note that the process (nt(N))t>0
is irreducible. Consequently, it has a unique stationary distribution denoted vy .

For every n € £k n the empirical distribution m(n) associated to the configuration n is defined by

| V-1
m(n) = N ];) U(k)5{k},

where dyy is the Dirac distribution at k € Z/KZ.

The (random) empirical distribution m(nt(N)) approximates the QSD of the process (Z;);>0, see [18|

T, 27], which due to Theorem [[T] is the uniform distribution. We are interested in studying how fast

m(n,gN)) converges (in some sense) to the uniform distribution on Z/K7Z when both ¢ and N tend to

infinity. Consider néév ) a random variable with distribution VN, the stationary distribution of the process
(UEN)) >0+ 1n this work we develop a similar analysis to that of the complete graph dynamics in [9]. We

focus on the convergences when both N and ¢ tend to infinity, as shown in the following diagram
N N
m(n") P m(ns)
| |~
E(Zt | t < Tp) m Vys

where the limits are in distribution. Theorem [[LT] provides lower and upper exponential bounds for the
speed of convergence of £(Z; | t < 7,) to vgs in the 2—norm, when t — co. Likewise, Corollary [[.7 and
Theorem [[.9 give bounds for the speed of convergence of m(nEN)) to L(Z; |t < 1) and m(néév)) to vgs,
when N — oo.

The quantitative long time behaviour of the N—particle system in countable state spaces is studied

n [I0]. Using a coupling technique, an exponential bound is provided for the convergence of m(nﬁN)) to

m(néév )) in the sense of a Wasserstein distance under certain conditions. In particular, the parameter \
defined by (LI needs to be positive. As we said, this is not the case of the asymmetric random walk
on the K-cycle graph with uniform killing, when K > 6. A potential solution of this problem for our
model could be the study of the spectrum of the generator of the N-particle process, Lx n. In addition,
upper bounds for the speed of convergence could also be obtained using the results in the recent paper
of Villemonais, [29], for a suitable distance. These are possible directions for future research.

1.2. Main results. We first prove that the uniform distribution on Z/KZ is the QSD of (Z;);>0. We
also establish an exponential bound in the 2-distance between the distribution of this process at time ¢
and its QSD.

Let us denote by £, (Z; | t < 7) the law at time ¢ of the asymmetric random walk on the cycle graph,
(Z4)1>0, with initial distribution v on Z/KZ and conditioned to non absorption up to time ¢. Since Z/KZ
is finite, we know that the convergence of £, (Z; | t < 7,) to the QSD of (X;)¢>0 is exponential, [I3]. The
following theorem gives exponential lower and upper bounds for this convergence in the 2-norm.

Theorem 1.1 (Convergence in L? distance). The QSD of the process (Zi)i>0, Vqs, is the uniform dis-
tribution on Z/KZ. Also, we have
ey —plly S NLo(Ze | t <) = Lu(Ze | t < Tp)lly <75 [l — plly, (1.4)
for every v and p initial distributions on Z/KZ, where
2(1+90) if K is even,
2(1 + 6) cos? (%) if K is odd,

[097¢ (15)

pr = 2(1+0)sin? (%) (1.6)
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As a consequence, the convergence of L,(Z; |t < 7p) to vys is exponentially fast:
e Kt v — VqS”Q <|Lu(Z |t < Tp) - VQSHQ < e PK! lv— VqS”Q ) (1.7)
for every initial distribution v.

In spite of its simplicity, we did not find this result in the literature. Therefore, for the sake of
completeness, we provide a proof of this theorem in Section

Remark 1.1 (Total variation). Using the equivalence of the norms || - ||1 and || - ||2 in RE we obtain a
similar result to that of the Theorem [L1l in the total variation distance:

1
\/—EdTv(u, w) < drv(Lo(Ze |t < 1), Lu(Ze | t < 1)) < VEdrv(v, ).

Consider the function ¢ : Ex v — €k v defined by

(Mo mx—1) = (M, N2, -, NK-1,70) (1.8)
and its [—composed ¢) = ¢ o po---o0¢ which acts on the cycle graph by rotating it I sites clockwise,
—_———

! times
fori € {1,2,...,K —1}.

Even if the dynamics induced by G has some symmetry (in fact, it is symmetric when 6 = 1), we prove
that (UEN))t>0 is not reversible when K > 4 or when K = 3 and 6 # 1. However, we show that the
stationary distribution of the N —particle process is rotation invariant. Using this invariance, we calculate
the mean of the proportion of particles in each state under the stationary distribution.

Theorem 1.2 (Non-reversibility and rotation invariance). The N —particle system with generator given
by (13) has the following properties

a) It is not reversible, except when K =3 and 6 = 1.
b) Its stationary distribution, denoted by vy, is invariant by rotations, i.e.
vy =vnoo, le{l,2,...,K -1}
¢) Under the stationary dynamics the empirical distribution of the N -particle system is an unbiased
estimator of the QSD of (Z;)i>0, i.e.

nk)]_ 1
E,. |2~ 2 pez/KZ.
B =% ke
Theorem is proved in Section Using parts b) and ¢) of Theorem the following result is
immediate.

Corollary 1.3 (Cyclic symmetry). For every K > 3 we have
n(0) n(k) n(0) n(K — k)
COVVN (T, T = COVVN T, T , ke Z/KZ (19)
Let T,, and U, be the n-th degree Chebyshev polynomials of first and second kind, respectively, for
n > 1. We recall that polynomials (T")n>0 and (U”)n>0 satisfy both the recurrence relation

Prnt1(x) = 22 pp(x) — pp—1(x), for alln > 1, (1.10)
with initial conditions To(z) = Up(x) = 1, Ti(z) = = and Uy(z) = 2z. See [23] for a reference about
Chebyshev polynomials. We also extend the definition of the Chebyshev polynomials of second kind for
n = —1, by putting U_1(z) = 0.

The following theorem provides explicit expressions for Cov,, [7(0)/N,n(k)/N] in terms of the Cheby-
shev polynomials of first and second kind, for k € {0,1,..., K — 1} and the constant Sy, defined by

_ p
BN—2(1+m) . (1.11)

Theorem 1.4 (Explicit expressions for the covariances). We have
o I[[ K =2K,, Ky > 2,

O] _ N-1 2 Tk(Bn/2) 1 1
Vatuy [T] ~ KN By 1 20r,1(Bn/2) KN K% (1.12)
n0) nk)] = N-1 2 Tg, x(Bn/2) 1
Covu [T’T] = RN v 20Uk a(Bnf2) KT (1.13)

forall1 <k < Ko—1.
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o fK=2K,+1, Ky >1,

n0)] _ N-1Uk,(Bn/2) = Uk,-1(Bn/2) 1 1
Vari [T] = KN Union /2 T Unia(Bn/d T KN~ K7 (114)
Cov [@ M] _ N-1 UK2—k(6N/2) — UKz—k—l(BN/Q) _ L (1 15)
"IN’ N ]| KN Uk, (B5/2)+ Uk, 1(8B5/2) K2’ '

for all1 <k < K.

Theorem [[.4] is proved in Section Using Theorem [[4] it is possible to show that the covariance
between the proportions of particles under the stationary distribution in two different states decreases as
a function of the graph distance between the states.

Corollary 1.5 (Geometry of the cycle graph and covariances). The covariance between two states under

the stationary measure, vy, is decreasing as a function of the graph distance between these states, i.e.
forallk=0,1,..., \_%J — 1 we have

0 k 0 k+1
Con [0, 1] v, [10) 1]

With the aim of proving the convergence of the proportion of particles in each state to 1/ K, we study
the behaviour of Var,,, [7(0)/N] as a function of 1/N when N tends to infinity. In [T, Thm. 2] it was proved
that these variances vanishes when NV goes to infinity. Our interest is to study the speed of convergence.
For this purpose, we find the asymptotic development of second order for Cov,, [7(0)/N,n(k)/N] as a
function of 1/N when N tends to infinity, for k € Z/KZ.

Theorem 1.6 (Asymptotic development of two-particle covariances). The asymptotic series expansion
of order 2 when N — +oo of Cov,,, ["(O) "(k)} for k € Z)KZ, is given by

N
n(0) nk)] 1 [/1 1 p(6k(k—K)+K?—1)
Covuy {_ T] - N (El{’“:(’} kT 6K%(0+1) )
p? 30k(K — k)[k(K — k) +2] — (K — 1)(K + 1)(K? +11)
TN 180K2(0 + 1)2
+o (%) . (1.16)

The following result provides a bound for the speed of convergence of the empirical distribution induced
by the N-particle system to the QSD when N — oo.

Corollary 1.7 (Convergence to the QSD). We have

Eoy [ 1m(n) = vgsll, ] \/ \/ Ifiel (1.17)

Theorem and Corollary [L7 are proved in Section B3l In particular, Corollary [L.7] implies the
convergence at rate 1/ VN under the stationary distribution of m(n) towards the uniform distributions,
when N — oo. [9, Cor. 2.10] provided the same rate of convergence for the Fleming—Viot process in
the K-complete graph. As Cloez and Thai [I0] remarked and to the best of our knowledge, there are
no general results on Fleming — Viot process in discrete spaces assuring the rate of convergence 1/v/N,
under the stationary distribution, of the empirical distribution to the QSD.

Finally, in Section Ml we study the convergence of the empirical distribution, m(n;), to the quasi-
stationary distribution of (Z;);>0 when ¢ tends to infinity.

Let us denote by m(nt(N)) the empirical mean measure induced by the N-particle process at time ¢,

defined by m(nt(N))(k:) = E[m (n,gN))(k)} = E[nt(N)(k)/N]. Using [34) we can prove the following two
theorems.

Theorem 1.8 (Mean empirical distribution). Consider ng € Ex,n and (77,5 the N —particle process

)
)tZO
with initial distribution concentrated at ng. We have

(™) = Lonino) (Ze | £ < 7).

Furthermore, for every probability measure v on Z/KZ we obtain
—a —( (N
e~ m(n) — vil, < [m(™)) — £,(20 | ¢ <)

where ayx and px are defined by (L3) and (I.8), respectively.

, S e P! m(no) — vy, (1.18)
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Thus, the proportion of particles in each state is an unbiased estimator of the distribution of the
conditioned process for all ¢ > 0. Using [I8, Thm. 1.2] we know that the variance of the proportion of
particles in each state at time ¢ > 0 vanishes when N goes to infinity, for every ¢ > 0. The following
result provides a bound for this convergence.

Theorem 1.9 (Convergence to the Conditioned Process). We have the following uniform upper bound
for the variance of the proportion of particles in each state

(N) (N) —pnt —pKt
e (k) e (k) e PNt —emt n(0)

néngi),(]v Varn L A 7V&I‘VN tT S CK’NW +e pNtVarl,N T (119)

keZ/KT.
where py is given by (L0) and
2p
= 1.2
2 D pN(K +1)VK — 1)
C = —|1+0+ 1.21
KN N N-1 KVEK(N —1) (121
Furthermore,
e mn) —pllz < Ey[lm(me) — Lu(Xe [t < 1)y ]
K 1—eprt s 1
< — D E —PK? — — 1.22
< V(D= m) ettt o () (122

where ag and px are given by (L3) and (I4), respectively, and
p(K+1)VK -1 g K1 K?—1
KVK > K="xr TeR110)
Theorems [[.§ and is proved in Section @ Similar results are proved in [9] for the Fleming— Viot
process on the complete graph and for the two-point process.

DK2<1+9+ (1.23)

Remark 1.2 (Uniform bound). Note that the bound given by (II9) tends exponentially towards zero
when t — oco. In particular, the right side of (I19) is bounded in t and can be used to obtain a uniform
bound for the variance of the proportion of particles in each state of order 1/v/N. Namely, using (L19)
and the inequality (e PNt — e PxY) /(px — pn) < 1/ max(px,pN), we obtain

(V)
N (k)] < _ Orn

sup max Vary,
t>0 N€EK,N
~ k€Z/KZ

where px, pn and Ck N is given by (L6), (1.20) and (L21), respectively.
Similar bounds have been obtained for the convergence to the conditional distribution for Fleming — Viot

process in discrete state spaces, see e.g. [16, Thm. 1.1] and [27, Thm. 2.2]. However, these results are not
uniform int > 0. Corollary 1.5 in [10] does provide a uniform bound of order 1/N7, with v < 1/2, under
certain conditions, but this result does not hold for the Fleming — Viot process on the K-cycle graph, for
K > 6, since the parameter \ given by (1) is null.

n(0)
2V v a7 |
N | = max(orc,pn) [ N }

The rest of this paper is organized as follows. Section 2] gives the proof of Theorem [Tl In Section [
we study the covariances of the proportions of particles in each state under the stationary distribution.
In this section we prove Theorems[T.2] [[L4l and Finally, Section@lis devoted to the proof of Theorems
[[8 and [LI related to the variance of the proportion of particles in each site at a given time ¢t > 0.

2. THE ASYMMETRIC RANDOM WALK ON THE CYCLE GRAPH

We first prove that the QSD of (Z;);>0, denoted by vy, which is the stationary distribution of (X;)¢>0,
is the uniform distribution on Z/K7Z. We also give an exponential bound for the speed of convergence in
the 2—distance of L, (Z; | t < 7,) t0 vys.

Recall that a square matrix C is called circulant if it takes the form

Co C1 Cp—2 Cp-1
Cn—1 Co Cn—3 Cn—2
C = (2.1)
Co C3 Co C1
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It is evident that a circulant matrix is completely determined by its first row, therefore we will denote a
circulant matrix with the form given by @ZI) by C' = circ(co, ¢1, .-+, Cn-1)-
Let @ be the infinitesimal generator matrix of the process (X¢);>0. Then, @ is circulant and it satisfies

Q = cire(—(1+6),1,0,...,0,6). (2.2)

Let us also denote by i the complex root of —1. Since the matrix @ is circulant, its spectrum is explicitly
known, as follows in the next lemma.

Lemma 2.1 (Spectrum of Q). The matriz Q satisfies Q = Fx AF}, where
o Fy is the K-dimensional Fourier matriz, i.e. the unitary matrix defined by

Fichne = —= (wr) ™", (2.3)

VK

for each r,c € {0,1,..., K — 1}, where wg = eiz?w,
o F} is the conjugate of Fix (and also its inverse because Fy is unitary and symmetric),
o A is the K x K diagonal matriz with [Alg, = g, for all0 < k < K — 1, where

M = —(140)sin? (%k) +1i(1 — ) sin (%),
fork=0,1,..., K —1.

Proof of LemmalZl Let us define the polynomial pg : s +— —(1+0) + s+ 0s%~1. Since Q is a circulant
matrix, we can use [I4] Thm. 3.2.2] to diagonalize @ in the following way

Q = Fg Diag(Ao, A1, -+, A1) F,
where F is the Fourier matrix defined by (23) and

{2km :2km cona\ K—1
A = po(e®)=—(1+0)+e% +0 (e‘T)

—ﬂ+ﬂ)b—c%(%¥)}+K1—®$n(%?)

—2(1 + ) sin® (%k) +i(1 — 0)sin (%) ;

for k=0,1,..., K — 1. 0

Remark 2.1 (Eigenvalues of Q). Note that [ER(’\’&)I%;-@)f + [?’1(:\’5;]22 =1, for all 0 # 1, where R(\x)
and I(A) are the real and the imaginary parts of A, respectively, for k =0,1,..., K — 1. Thus, all the

eigenvalues N, are on the ellipse with center (0,—(1+ 6)) and equation

(z+1+06)° y?
aroe -0p
Of course, for 8 =1, since the matrix Q is symmetric, all the eigenvalues are real.
Also, the spectral gap of Q, denoted by pr, is given by (I@) and it is reached for —R(\1) and
~R(Ax-1). The minimum of R(Ax) is reached for R(Ag2) if K is even and for R(\x—1)/2) and
R(A(k+1)/2) is K is odd. Note that oy, defined by (L3) satisfies cy = fmkin R(Ak)-

=1

2.1. Proof of Theorem [IT.1l
Proof of Theorem[I1l We know that Q = FxAF};. Therefore et = FKetAFI*(, and it follows that

K-1 K-1
W:§emmmm=§km%
k=0 k=0

where Uy, 0 < k < K — 1, is the K x K matrix with [Ug]gr = 1 and 0 elsewhere, and Qj, is defined
as QU = FrUpFy. In fact, Q is the symmetric circulant matrix satisfying [Q],. = %wk(“c), for all
0<r,e<K-—1and for every k € {0,1,...,K — 1}. In particular [Qq], . = % forall0 <r,e< K -1,
and Qx Q; = 0, for all k # 1.

For two probability measures p and v on {0,1,..., K — 1} we have

(1= 1)Q% = 0 (2.4)
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and therefore
K—1
(= v)e' =" M (1 — )y (2.5)
k=1

Let us denote by (-, -) the usual inner product in C and for a matrix A let us denote by AT its transpose.
Note that for every K-dimensional vector x and k # [ we have (xQ, x) = xQ[(2])"] (x*)T =

x QO (x*)T = 0. Thus, the set of vectors (ka)kK:]1 are orthogonal in (C, (-, -)). Now, using (23] and
Pythagoras’ theorem we have

i

o=@l = Y e v
2 2
k=1
K—1
=3 O (2. (26)
k=1
Since pg = — pmnax. R(Ax) we obtain
, K—1
= w)e @l < et S (= w)lly
k=1

2
—2pKt

e
2
2
e—2pKt

z_: (1 — )%
P
K-—1
Z (1 —v),
k=0

2
= e Rl — |3, (2.7)

Note that the first equality holds due the Pythagoras’ theorem, the second one uses (Z4) and the last
one uses the fact that

=
L

(h=v)Q =p—v
0

b
Il

Similarly, we obtain
2 —2«
(e = w)e' @l > el — 3. (2.8)
Using (Z7) and [2.8) we prove (4. Expression (7)) is obtained taking v = vgs.

3. COVARIANCES OF THE PROPORTIONS OF PARTICLES UNDER THE STATIONARY DISTRIBUTION

The following lemma gives us informations about the invariance of the generator E(Iév), defined in (3]),
by the rotation function ¢ defined in (8]).

Lemma 3.1 (Rotation invariance of the generator). The generator Lx n of (U,EN))tzo satisfies

L,01) = £ 10 (001)), (3.1)
for alln,n' € Ex N.
Proof. Note that
E(N)ﬂ N=o) (1 01 n'(j) 9
ik Ly(n') =0'(0) | Tjmiz1y + 01—y +PN —1 ) (3.2)

if n = Ty ', for some i,j € Z/KZ, and it is null otherwise. Now, if n = T;_,;7’, then we have
(1) = T(it1)—(j+1) (). Thus,

(3.3)

L0 (8(0) = (1) (i +1) (l{j—iJrl} + 011y + pw) .

N -1
Using (3.2) and [33) we can see that (1)) holds, since (i) = ¢(n')(i + 1) and n(j) = d(n)(Gj +1). O
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3.1. Proof of Theorem We will now prove Theorem [[.2], which describes some properties of vy,
(N)

the stationary distribution of the N-particle process (nt ) £>0"

Proof of Theorem [L2
a) The process (nt(N))t>O is mot reversible, except when K =3 and 6 = 1.
For K =3 and N > 2, let us consider the three states in Es. N,

m =[N,0,0], ne=[N-1,1,0], n3=[N—1,0,1].
It is straightforward to verify that

Lxnly,(m)=N, Lxnly(m)=N0, Lrgnl,(m)=p+0,
Lrxnlp(n2) =1, Lrxnlym)=p+1, Lrxnly(m) =20
Because
Lre N1y (13) LNy, (m)Lr N1Lns(n2) = (p+1)N,
L nLy(m) Ly, (n3)Lx N1y (n2) = N6*(p+0),

the Kolmogorov cycle reversibility criterion, see [19, Thm. 1.8], is not satisfied unless § = 1.
Indeed, note that a necessary condition to have reversibility is that the polynomial

a(f) = 0%+ p(N = 1)¢0* = p(N = 1) =1 = (0 = 1)[0* + (0 + 1)(p + 1)]

is equal to zero. Now, since 02 + (§ + 1)(p+ 1) > 0 for all § > 0, the polynomial «(#) only has
one positive root, which is § = 1. So the Kolmogorov cycle reversibility criterion is not satisfied
unless § = 1.

For K >4, N > 2and p > 0, let us consider the two states in Ex n: 71 = [N,0,...,0land o =
[N —1,0,1,...,0]. Because Lk n1,,(n) =0 and Lk y1,,(n2) = p # 0, the detailed balanced
property for a reversible process, see [19, Thm. 1.3], vx (1) Lx,n1n, (M) = vn(02) L, n 1, (12),
is not satisfied.

Therefore, a) is proved except in the special case K =3, N > 2 and § = 1. Note that in this
case the model is a complete graph model, which was proved to be reversible in [9, Thm. 2.4].

b) The stationary distribution vy is invariant by rotation.

Since vy is the unique stationary distribution of (n,SN)) >0+ We know that vy Lf = 0 for every
function f on £k y. Thus, in order to prove that vy is invariant by rotation, it is sufficient to
prove that vy o ¢ also satisfies (vy o ¢)Lf = 0 for every function f on Ex n. Since Ex y is finite,
it is enough to consider the indicator functions 1,, for every n € £k n. Using Lemma B we
have

(vvod)Lr Ny = Z vn 0 ¢(n') L1, (1)
n' €€k, N

= > un"LL, (07 (")

n"e€€x N

= > ") Ll (")
n"€€x N
= UNLr Ny =0,
for all n € £k, n. Consequently, by the uniqueness of the stationary distribution, we have vy =
vn 0 ¢. The result trivially holds for any rotation ¢, I > 1.
c) Mean of the proportion of particles in each state.
Using part b) we have E,, [7(0)] = E, [6®) (1)(0)] = E, [n(k)], forallk = 0,1,..., K—1. Also,
N
we know that (0) +n(1)+---+n(IK —1) = N. Thus, E, [n(k)] = T forallk =0,1,..., K —1.
O

Let us define the functions f and fr; on Exn as fx : n — n(k) and fi; : n — n(k)n(l), for all
k,l € {0,1,...,K — 1}. The following lemma provides explicit expressions for the evaluation of the
generator of the N —particle process on these functions.

Lemma 3.2 (Dynamics of the N-particle process). We have that
Lrenfe = fi-1— (1 +0)fx +0fesa, (3.4)

LeNfrer = 2 {fk—l,k - (1 + 0 + %) Srge + efk,k—i-l]
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2pN
+ -1+ <1+9+ Np_l)fk+9fk+1, (3.5)
L Nforrr = —2 (1 +0+ %) free+1 + fo—tk+1 + O0fvt1 k41 + frop + 0fk k12
—f& — 0fry1, (3.6)
Lxnfey = —2 (1 +6+ %) fog+ fo—10+0fky10 + fea—1 +0fii41, (3.7)

for all k,1 € Z/KZ such that |k — 1| > 2.

Lemma is proved in Appendix [A] The expression ([3.4) given by this lemma is used to study the
behaviour of the mean of the proportion of particles in each state. Also, (31), (3.8) and B7) are used
to study the covariances of the number of particles when ¢ and NV tend to infinity.

Let us denote

frazr(n) for(n) 1(0) n(k)

s = B | ] o, | Lad) | -, 2070, 45
for all k,1 € Z/KZ. Note that the second equality comes from part b) of Theorem [[.2l The following two
lemmas will be useful for obtaining explicit expressions for the quantities si, for k =0,1,..., K — 1.

Let us consider the constant
Np

=214 . 3.9
w=-2(1+ = Tirg) 39

Lemma 3.3. Then, for K > 3, the values sy, for 0 < k < K — 2, satisfy the following linear system:
—Sk-1tBNso—8s1 = *%7 (3.10)

1
—SotPnsi—s2 =~ (3.11)
and when K > 4:

—81-1+ BN st — 5141 =0, (3.12)

for2 <1< K — 2, where Sy and vy are defined by (II11) and (39), respectively.
Proof of Lemma[3.3. Using (B.5) we have

Evy [LrNfer(m)] = 2 {EVN [fr—1.6(n)] — (1 +6+ > Eoy [frk(m)] + 0K, [fk,k+1(77)]] +

p
N-—-1

2pN
Euy [fo-1(n)] + <1 0+ 1> Evy [fe(m)] + 0Euy [ fri1(n)].
Since vy is the stationary distribution, we know that E, [£K7Nf(77)} =0, for all f on £k n. Thus, using
parts a) and b) of Theorem and dividing by N? we have the equality

P _ 2 pN
2(1+6)s: 2<1+9+N_1)50 %N <1+9+N_1).

Dividing by 2(1 + 6), this last equality is equivalent to

BN so — 281 = *—;J]VV (3.13)

Note that s; = sx—1 due to Corollary Using this fact we deduce that (B13) is equivalent to (BI0).
Furthermore, using (3.6) we get

—

N_1 Jrerr1 ()] +Euy [fr1r01(n)] +

OFuy [ fos1.h41(0)] + Buy [frp(m)] + OBuy [ferr2(n)] —
EI/N [fk (77)} - eEl/N [fk+1(77)} :

In a similar way to the previous case we obtain the equation

Evy [LrNfers1(n)] = 2<1+9+ - >EUN

—

1

ot (3.14)

— 50+ 206N51 — 852 = —

which is equivalent to (BIT)).
Similarly, using ([B.7), the equality (B12) is proved for all 2 <[ < K — 2. O
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Using Corollary and Equation (BI1) we can obtain the following relation
1

— SK— 1—80=———. 3.15
SK—2+ BNSK—1 — So KN ( )
Let us define the K x K circulant matrix Ax (8y) and the K-vector b (yn) by
AK(ﬁN) = CiI’C(ﬁN,—l,O,...,...,0,—1),
bK(’YN) = (7]\/71;0705"'5071)1-‘7

for K > 3, where 8y and yy are defined by (LII) and (39), respectively.

Using Equations B.10), B11), BI12) and (BI5), the quantities sz, 0 < k < K — 1, defined in (B.8)
are proved to verify the linear system of equations

1
Ax(Bn) sx = —77Br (), (3.16)
where si = (s0,51,-..,8K-1)" and By and vy are defined by (LII).
1
Note that the vector b = ———=DBg (yn) is almost symmetric, in the sense that by, = br_, 1 <k <

K — 1, where b;,0 < k < K — 1, are the K components of b. Note that a vector b is almost symmetric
if and only if the equality Jb = b holds, where

10 0 ... 0O
0 0 O 0 1
J= oo 0 .- 10
0o 0 1 ... 00
01 0 ... 00

In addition, any symmetric circulant matrix of size n can be expressed in the following way
A = aol —|— a1H + a2H2 + e + an_lﬂnfl,

where (ag,a1,...,a,—1) is an almost symmetric vector and IT = circ(0, 1,0,...,0).
The following result gives us informations about the solution of a symmetric circulant system when
the vector of constant terms is almost symmetric.

Proposition 3.4 (Circulant matrices). Let A be a n-dimensional invertible circulant symmetric matriz
and let b be an almost symmetric vector of dimension n, then x = A™1'b, the solution of the linear system
Ax = b, is an almost symmetric vector.

Proof. Since A is a invertible matrix, we know that x is the unique vector of dimension n satisfying
Ax = b and this vector x is almost symmetric if and only if x = Jx. So, it is sufficient to prove that
Jx is also solution of the linear system, i.e. A(Jx) = b. Since b is almost symmetric, the equation
A(Jx) = b becomes equivalent to

JA(Jx) =b. (3.17)
It is sufficient to prove that JAJ = A. Note that the matrix J is an involutory matrix, i.e. J~! = J, and
JAJ = J(aol + aill + aoIl* 4+ -+ a, 11" 1) J
= aol + a1 JILJ + apJI2 T 4 - + a1 JI L. (3.18)
The matrix II is orthogonal, satisfying II"! = IT7. Moreover,
0o 0 ... 0 01
o0 ... 0 10
00 ... 1 00
JILJ Jun=J| . . . . . |=0"
01 0 0 00
1 0 0 0O
which implies
JIJ = JiAn -ty =atgnt g == ()" (3.19)
Thus, using (3.I]) and (3.19), we get
JAJ = aol+all” +ay (")’ .. +a, ,(7)""

(0,0] + alH + (12(H)2 44 anfl(H)nil)T
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= AT = A
Thus, (3I7) holds and hence Jx is solution of the equation Ax = b. By uniqueness of the solution we
get x = Jx, proving that x is almost symmetric. (I

Because the K x K matrix Ax(8y) is a symmetric circulant matrix, it is possible to obtain explicit
formulas for all its eigenvalues and eigenvectors using [14, Thm. 3.2.2]. Since all its eigenvalues are non-
null, we conclude that the matrix Ax(8y) is invertible. Thus, using Proposition B4}, the linear system
(BI6) has as its unique solution the vector sx, which is almost symmetric. In addition to its almost
symmetry, the vector b satisfies by = bg_1, by =0, 2 < k < K — 2. This simple structure of bx allows
us to deduce explicit expressions for sg, 0 < k < K — 1, given in Theorem [L4]

3.2. Proof of Theorem[I.4l Consider the four families of orthogonal polynomials Neven,n (), Deven,n(2),
Noaan (), Doaan(x), n > 0, defined by

Neven,O(-T) = 2) Deven,O(x) = Oa Nodd,O(:E) = 13 Dodd,O(‘r) =1
Neven,l(x) =, Deven,l(x) =x—+ 25 Nodd,l(z) =T — 15 Dodd,l(z) =x+ 17
satisfying all of them the recurrence relation
Pnt1(2) = 2 pn () = pn-1(2), (3.20)
for all n > 1.
The next proposition will prove useful in the sequel.
Lemma 3.5. The following relations hold, for all n > 0:
2Neven,n(-r) - :L'Neven,n-‘,-l(-r) + (:L' - 2)Deven,n+1($) - O, (321)
2Nodd,’n,(:1;) — -TNodd,n+1(-T) + (,T — 2)[)0(1(17 n_;,_l(m) = 0 (322)

Furthermore, we have the following identities involving the Chebyshev polynomials of first and second
kind, for all n > 0:

Nevelh”l(‘r) = 2 Tn(.r/Q), (3-23)
Deven, n(x) = (1' + 2) Un71($/2)7 (3'24)
Noaa,n(z) = Un(x/2) —U,_1(x/2), (3.25)
Doda,n(z) = Un(z/2)+ Un-1(2/2). (3.26)

PT’OOf Of Lemma ' Settlng Pn(,fE) = 2Neven,n(-r) - xNeven,n-‘,—l(x) + ((E - 2)Deven,n+1(x)a fOI' aH n Z 0;
it follows from the definitions of Neven,n (%) and Devenn(x) that Py(x) = 0, Pi(z) = 0 and P, (z) satisfies
the recurrence relation (F20). Therefore P, (x) = 0 for every n > 0 and (B2I)) is proved. The proof of

B22) is similar.
Now, note that the sequence of polynomials (27, (z/2)),>0 satisfy the recurrence relation (LI0).
Furthermore, 275(x) = 2 = Noyen,0(z) and 27Tp(z) = 22 = Neyen,0(x). Consequently, identity (3.23)) is

proved. Analogously, identities (8:24)), (328 and (320 are proved. O

We now prove Lemma [B:6] which provides explicit expressions for s, k € {0,1,..., K — 1}, in terms
of the polynomials Neyen n (%), Devenn (), Noaan(x) and Doqa,n ().
Lemma 3.6 (Explicit formulas for si). The values of sk, 0 < k < K — 1, are given by
a) If K = 2Ky, Ky > 2,
sp = Nil Neven,KQ(/BN) + 1
0 KN Deven,Kg (ﬂN) KN,
N 71 Neven,Ksz(ﬂN)
KN Deenk,(BN)
Sk—k =8k 1 <k < Ko —1,

b) If K =2Ks+1, Ky > 1,

(3.27)

S = . 1<k <Ko, (3.28)

N —1 Noaa,x,(Bn) 1
KN Doaak,(Bn) KN’
N —1 Noaa,x,—k(BN)
KN Doaa,r,(BN)
Sk—k =Sk, 1 <k < Ko,

Sk = , 1<k < Ko,

where By is defined by (L11]).
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Proof. We separate the proof into two cases: when K is even and when K is odd.
(a) When K is even, say K = 2K,, Equation (3I0) is equivalent to the following linear system for
sk, 0 <k < Ko,
1

Bnso—2s1 = NV (3.29)
1
—so+ Ons1 —s2 = “EN’ (3.30)
—Sk—1+ OBNSk — Sk+1 = 0, (3.31)
for 2 <k < Ky—1and
ﬂNSKQ - 28[(2,1 =0. (332)

Note that ([B.32) follows from the equality sx,—1 = Sk,+1-
Consider A € R such that sk, = 2A = Neyen,0(8n)A. Equation (832) implies

5Ky—1 = ABN = ANeyen,1(BN).
Equation (331)) may be written as
Sk—1 = BNSk — Sk+1,
for 2 < k < Ky — 1. This proves that s, for k decreasing from K5 to 1, may be written

S = ANeven,Kg—k‘(/BN)‘
From Equation (3.30), we get

S0 = NS1 — 52 KN
1
= A [ﬂNNeven,Kzfl(/BN) - Neven,K272(/6N)] + ﬁ
1
= AN.en — .
even, K2 (BN) + 25 (3.33)
Plugging ([3:33)) into Equation (329), we get
1
A [/BNNeven,Kz (ﬂN) - 2Neven,K271(ﬂN)] = 7@(/8]\[ + ’YN)
1 2p
= — 2 34
KN 1+90 (3.34)
Using Equation (B2I]) we get
A[/BNNeven,KQ (/BN) - 2Neven,K271(/8N)] = A(/BN - 2)Deven,K2 (ﬂN)
2p
= A—P DBy 3.35
D)1 g e N (3.35)
Thus, using ([3:34) and (B35), we obtain A = WM, that achieves the proof of (3.28) for an

even value of K.
(b) The proof when K is odd is similar. For K = 2K5 + 1, the linear system for s;, 0 < k < K» is

1

Bnso—2s1 = NV (3.36)
1
—so+ NSt —s2 = “EN’ (3.37)
—Sk—1+ Bnsk — sp41 = 0, (3.38)
for 2<k <Ky —1and
— Sk, + BNSK, = SKy—1 = 0. (3.39)

Equation (3.39) may be written as
(Bn = 1)sk, = SK,-1,
and so
5K, = B = BNoaa,0(AN), 5K,-1 = B(Bn — 1) = BNoqaa,1(BN)-
From Equations (8:22) and ([83]), it follows that
Sk = BNodd,K2—k(ﬂN); 1<k<K,.
Then, from Equation 331), we get
1

s = ﬂNS1*52+m



14 JOSUE M. CORUJO

1
= B[BnNoaa,ks—-1(BN) — Noaa,i,—2(8n)] + NE
1
odd, K5 (BN) + N
From Equation (336]), it follows, using Equation ([B.22)), that B = m.
o 2
The proof of Lemma is therefore complete. O

We are now able to prove Theorem [[.4 which provides explicit expressions for the covariances of
the proportions of particles in two states under the stationary distribution, in terms of the orthogonal
Chebyshev polynomials of first and second kind.

Proof of Theorem[I.4] Using expressions 3.23), (3:24), (325) and (326), and Lemma we obtain

explicit expressions for s in terms of the Chebyshev polynomials of first and second kind, for 0 < k& <
K — 1. Since Cov, [n(0)/N,n(k)/N] = s —1/K?, for all 0 < k < K — 1, we deduce that ([L12)), (LI3),
(CIZ) and (CIH) hold. O

Now, using Theorem [[L4] we are able to study the monotony of the covariance of the proportions of
particles in two sites as a function of the graph distances between these two sites.
Proof of Corollary L3 Note that Cov,, {@, L]\If)} > Cov,,, [@, "(k—];rl)} holds if and only if s, >
Sk+1, for all k = 0,1,..., \_%J So, for K even, using ([LI2)) and (II3), it is sufficient to prove that
Ti+1(Bn/2) < Ti(Bn/2). Let us prove it by induction. We know that T1 (8n/2) = n/2 > 1 = To(Bn/2).

Assume that Ty (8n/2) > Tr—1(Bn/2). Since (Tn(x))n>0 satisfies the recurrence relation (IO we have

Trv1(Bn/2) — Ti(Bn/2) = (By — D)Tk(BN/2) = Tr-1(Bn/2) > Tr(Bn/2) — Te—1(Bn/2) > 0,
where the first inequality is true due to the inequality Sy > 2 and the second one because, by assumption,

Ty(Bn/2) > Th—1(Bn/2). Then, Tp11(Bn/2) > Ti(Bn/2), for all k > 0.
Analogously, for K odd the inequality Cov,, [m, %] > Covyy {m, "(k—];rl)} holds for all k =

N N
0,1,...,|&]if

Uk+1(Bn/2) = Ur(Bn/2) > Ur(Bn /2) — Ur—1(Bn/2), (3.40)
for all k > 1. For k = 1 we have that (.40) is equivalent to
2
BN_1§4(67N) —1-Bn,

which is trivially true since Sy > 2. Assume that (340) holds and let us prove the inequality for & + 1.
Indeed, using that (U")n>0 satisfies the recurrence relation (ILI0)), we have

Ukt2(BN/2) = U1 (BN /2) = (BN — 1)Ur41(Bn/2) — Un(Bn/2) > Ukt1(Bn/2) — Ur(Bn/2).
Thus, (3:40) holds for all k =0,1,..., Ks. O

3.3. Proof of Theorem[T.6l Theorem [T lallows us to get a Taylor series expansion for sg, 0 < k < K—1
as a function of %, as soon as we are able to obtain such a series expansion for Sy, as a function of 1/N,
as well as for the polynomials Nogan (), Neven,n(%); Dodad,n(Z), Devenn(z), n > 0 around z = 2, using

their definitions by recurrence given in (3.20)).

Lemma 3.7. The polynomials Noaa,n(), Nevenn (), Doaan (), Devenn(x), for n >0, satisfy the follow-
ing Taylor series expansion of order 2 around x = 2:

Newnn(r) = 24+n*(x—2)+ ! ;2 i (x —2)% +o(x — 2)%, (3.41)
Devenn(z) = 4n+ 2 + -2+ n’ — D@ —2)%+o(z -2 (3.42)
Nogan(x) = 1+ WA )y nit 2"32; W20 02 o — 2)7, (3.43)
Dosan() = 2n+414 2nt3n2%n 3"2 T gy 2 5”?;05"2 L

+ o(x — 2)2. (3.44)
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Proof. Assume Noyenn(2) = o + a{" (z — 2) + i (z — 2)2 + o(z — 2)2, for all n > 0. Note that the
polynomials Neyen () can also be defined as

even 0(1") = 25

evenl( ) = (50*2)4*2,

even n( = (:L' - 2)Neven,n—1(-r) + 2Neven,n—1(-r) - Neven n—2($); n > 2. (345)
Thus, the coefficients (ag (n )) , satisfy the recurrence relation ag ©) — a(l) =2and a(") a(()"_l) 7(1(()"—2)7

for every n > 2, which yields aé ") = 2, for all n > 1.
Also, using (3:43)), the coeflicients (ag )) 30 satisfy a§0) =0, agl) =1 and

agn) _ 2a§n71) . a§n72) + agnfl) _ 2a§n71) . a§n72) + 27

for all n > 2. Solving this recurrence gives a§”> =n?2, for all n > 2.

Similarly, the coefficients (aé )) o satisty ag 0 — a(l) 0 and

aén) _ 2aén71) . gn72) +a (nfl) _ (nfl) - aén72) + (n B 1)27

4 _
for all n > 2. which yields ag =z D , for all n > 2, proving (F41).
The proofs of (3.42), (3:43) and (B.44]) are similar. O

We now prove Theorem [L6, which provides a second order Taylor series expansion of the variance of
the proportion of particles in each state, as a function of 1/N, when N tends to infinity.

Proof of Theorem[L.Al Suppose K is even, say K = 2K5,. Using Lemma [B.0] we have
1 ( 1 ) Neven,Kg—k(ﬁN)

Sk = — - = ,
FTK N} Deventis(Bn)

forall k =1,2,..., Ko. Note that Sy, defined by (ILITl), tends to 2 when N tends to infinity, specifically

_ 2p _ % (1 1 1
ﬂNQ(N—l)(l—i—@)1+9<N+N2>+0<N2>'

Using (B.41) and ([3.42]), we have

Nevena—k(By) 2+ (Ko —k)*(By — 2) + k) s =k (5, 2)2 4 o (B — 2)?)
Deven. itz (Brv) 416 + HEE (B — 2) + S (B — 22 + 0 (B — 2)?)
_ %+ (6k(k—}1(2);K —1)(5N72)
30k(K — k)[k(K — k) + 2] — (K2 — 1)(K? + 10) )
+ 720K (By —2)
o((Bn—2)%), (3.46)

where K = 2K5. Finally,

5 o= = (1 _ i) Noven, 163k (Bx)
K N Deven,KQ (/BN)

1 (11)l1+(6k(k—K)+K2—1) % <i L)

K N) | K 12K 1+0\N " N2

| (BOK(K — B)[K(K — k) +2] — K* (K> +10) +11) 2p <i>2

~o ()

720K 146
1 1 p6k(k—K)+K?>-1)\ 1
el (_E 6(1+0)K )KN
p? (B0k(K — k)[k(K — k) +2] — (K? —1) (K2 +11)) 1 1
180(1 + 0)2 K2 N2 (F)

Using [B.27)), we get the following expression for sg,

1 1 p(K2-1)\ 1 p*(K?-1)(K?+11) 1 1 1
so = + + + + +o| 3
K2\ K "6(1+0)K) KN 180(1+0)2K2 N2 ' KN N2
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1 ( 1 p(K2—1))1 pQ(K21)(K2+11)1+0(1).

1— — - -
K2 K 6K(1+0)) KN 180(1+0)2K2 N2 N?

Now, the expression (ILI6) for Cov,, [7(0)/N,n(k)/N] with K even follows by noting that E, [%} =

+, forall k=0,1,2,..., K — 1.
Considering K odd, specifically K = 2K3 + 1, and using (343) and (344, we have

N, _ 1 6k —6kK + K2 —1
dd, K> k(BN) = — 4 ( )(ﬁN -2)
Dodd,Kz (ﬂN) K 12K
30k* — 60k3K + 30k* (K2 — 2) + 60kK — (K2 — 1) (K*+11) )
+ (Bn —2)

720K
+o((Bn —2)%),

Neven,Kg—k(ﬁN)

which is the same expression we get for
Deyen, 105 (BN)

in (344). So, the general result is proved. O

Proof of Corollary[1.7 Using Jensen’s inequality, we have

2\ 1/2
Euy [Im00) = vaslls] < (Buy llm(n) = v}

K-1 1/2
(5 v 2]

07\ /2
= VK (Var,,N [%D . (3.47)
Finally, (ILT7) is proved using ([3.47) and Theorem [[.6l O

4. COVARIANCES OF THE PROPORTIONS OF PARTICLES AT A GIVEN TIME
4.1. Proof of Theorem [1.8l

Proof of Theorem [[.8 Consider 19 € Ex n and the function fi : n — n(k), for k € {0,1,..., K — 1}.
Using the expression of L n fi, for k=0,1,..., K — 1, given by [B.4), we get

E,, lEK,ka(m(N))] _ dIE lfk(m(N))]

N dt N

(N) (N)
= E, lif’“*](\?t )](1+9)En0 L(nj\ff )]
(N)
+OE,, l%] : (4.1)

for k=0,1,...,K — 1.
Let us define s;(k) = E,, [fk (n§N))/N} =E,, [nt(N)(k)/N} = (n™) (k), for k=0,1,...,K—1, and
the vector s; = (5:(0),5¢(1),...,s:(K—1))T. Using (&), we get that s, satisfies the differential equation

dSt

H = 5:Q,

where @ is the circulant matrix defined in (2.2]), with initial condition sg = 79/N.
Note that the solution of this differential equation is given by

"o
St = NetQ.

Thus, m(nt(N)) is actually equal to the distribution of the asymmetric random walk on the cycle graph

Z/KZ with infinitesimal generator matrix @ and initial distribution m(ng) at time ¢ > 0, which is
Lonnoy (Z | t < 1p). So, the proof of Equation (LIS) follows from (4] in Theorem LIl
(|
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4.2. Proof of Theorem [T.9l In order to study the convergence of the empirical distribution m(ngN)) in-
duced by the N-particle system, we will analyse the behaviour of the covariance functions in time. Let 19 €

Ex.n be fixed and let us define the functions s{? (k,7) as s\2 (k,r) = Ey, [%} = E,, [n(k)n(r)/N?],
for all k,r € Z/KZ. Using 33), 38) and 31), we have

7‘1552:1(5”“) = z[s§2)(k,k1)< N_1> s (k, k>+05<2)(kak+1>]
+% [st(k1)+< N_ >st(k:)+95t(k+1)]7
4d3§2)(§}k+1) = (1+9+N1)SEQ)(ka/f-i-l)—FSEQ)(/f—1ak+1)+95§2)(k+1ak+1)
45D (e, k) + 052 (ks ke + 2) — % (s0(k) + 05 (k + 1)]
ds?)((i;,tkH) _ < _1> SO kD) 4Dk —1,k+1) + 052k +1,k+1)

s (ke k+1—1) + 052 (b k+1+1).

Consider the functions g;(k,r) defined as

Ut(k) 77t(T)> (2)

g¢(k,r) = Covy, ( NN ) TS (k,r) — st(k)se(r), (4.2)

for all k,r € Z/KZ.
Then, we obtain the following system of differential equations

% _ ds§2>(k K, (k)dst(k)
= [sff)(k: k—1) (1+9+ g 1) s§2>(/<:,k)+es§2>(k:,k+1)]
4L [ )+ 1+9+2—1) st(k:)—l—é’st(k-i-l)}
—25(k) [s:(k — 1) — (1 + 0)s4 () + 0s¢(k + 1)]
= 2 {gt(k:,k 1) - <1+9+ ﬁ) gt(k,k)+99t(k,k+1)}
o [st(k— 1)+ ( Nl) st(kz)—i—est(k—i—l)} - sk,
dgt(k:(,il;—i—l) _ ds§2>(1;,tk:+1) 7St(k)% (k+1)dsé§k)

= -2 (1+9+%> s k+1)+ Pk —1,k+1)+0sP(k+1,k+1)

1
sy (k, k) + 0,7 (kb o+ 2) = 2 [0 () + 05 (k + 1))

—s¢(k) [se(k) + (14 0) se(k + 1) + 0s(k + 2)]
—s¢(k+ 1) [se(k — 1) + (14 0) s¢ (k) + Os:(k +1)]

1 2
91k, k) + g2k, e+ 2) = [se(k) + O3, (k + 1)] = == su(k)si(k + 1),
dgi(k, 1) s (k1) ds, (1) dsy (k)
dt B dt silb) =g — s —g
_ (1+9+ﬁ) sk, ) + 8P (k= 1,0) + 02 (k +1,1)

st (kL — 1) + 0587 (ky 1+ 1) — 5,(k) [30(1— 1) + (1 +6) 5,(1) + 5, (1 + 1)]
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—s¢(1) [s¢(k — 1) + (1 4 0) s¢(k) + O0s¢(k + 1)]

= -2 (1 +0+ %) 9t(k, 1) + ge(k — 1,1) + 0ge(k + 1,1)

2
g1k, L= 1) + Ogu (k. 1+ 1) — ? —s:(k)s:(0).

Then, the K2-dimensional vector g, = (gt(k, r)) ., Satisfies the differential equation
de:
dt

where Qz(f) = Q@ — 221, I is the K*dimensional identity matrix, w; = (w;(k, 7))y, is the K2-vector
defined by

= th;@ + Wy, (4.3)

1 2 .

~ {st(k: 1)+ (1+9+2%) se(k) + Osi(k +1)| — Nflst(kf if =k

2 .

wy(k,r) = 7N2[st(k:/\r)+95t(k\/r)]f Nflst(k)st(r) i k—r|=1

fo —se(k)si(r) if |k —r| > 1,
for all k,r € Z/KZ, and the matrix Q?) € Mr(K?) is defined as

1 if (k=u+lAr=v)V(k=uAr=v+1),
Qgi)v)(kr): 0 if (k=u—-1Ar=v)Vk=uAr=v-1), (4.4)

-2(1+6) if (k=u)A(r=v).
Note also that

no(k) no(r)
go(k,r) = Covy, [ NN 0, (4.5)
— _ n(k) n(r)
Joo(kym) = tlggogt(k,r) = Cov,, { N | (4.6)
and
9 .
Woo (k,T) = tl_ig)lowt(k,r) = —Zx(1+0) - % if  |k—rl=1, (4.7)

7}(25\1; 1) lf |k/77’| > 1,
for all k,r € Z/KZ.
Let A = (ay.) and B = (b, ) be two matrices of dimensions m x n and w x ¢, respectively. Recall
that the Kronecker product of A and B, denoted by A ® B, is the mw X ng matrix defined as
aoyoB aoﬁlB ‘e aoﬁnle
A ® B = . . .
am-10B am-11B ... am_1n-1B

It is convenient to index the elements of A ® B with two 2—dimensional index in the following way

(A ® B)(n,rz),(cth) = (A ® B)T1m+r2,cm+62 = Qry,cq brz,Cza
foral0<r <m-1,0<ra<w-1,0<c¢; <n—1,0<c¢ < g—1. Now, consider that m = n and
w = ¢, i.e. A and B are square matrices of dimension n and ¢, respectively. The Kronecker sum of A and
B, denoted by A® B, is defined as A® B = A® I, + 1, ® B, where I, and I,, are the identity matrices of
dimension ¢ and n, respectively. It is well known that the exponential of matrices transforms Kronecker
sums in Kronecker products, i.e.
P8 — oA el (4.8)
See [25] and [I4] for the proofs of this result and more details about the Kronecker product and sum
of matrices.

Lemma 4.1. The following properties hold:
(1) QP =QaQ,
(2) Q¥ is circulant,
(3) eQ® = etQ @ etQ,

Consequently, the matriz Q) is the infinitesimal rate matriz of the independent coupling of two processes
driven by the infinitesimal generator matriz Q.
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Proof of Lemma[{.1l Note that using [@4) for all r,72,c1,c2 € {0,1,..., K — 1}, we have

2
QETE ra),(c1,c2) = er,cllrg,CQ + Irl,lerg,cz = (Q S2) Q)(n,m),(el,m)a

where T is the K-dimensional identity matrix. Then, property () holds. Note that Q @ I and I & Q are
circulant. Thus, Q® is circulant because it is the sum of two circulant matrices. Also, using HES) we
can easily prove the property ().
All the non-diagonal entries of matrix Q(?) are positive and the sum of each row is null, thus Q® is
an infinitesimal matrix. Furthermore,
Q™ — olQ @

(r1,r2),(c1,c2) — Tri,c1re,c2?

which means that Q) is the infinitesimal rate matrix of the independent coupling of two processes driven

by Q. O
Note also that, when ¢ goes to infinity in [@3)), we get gooQ,(,Q) +Woo = 0. Since Q) is the infinitesimal
matrix generator of a Markov process and Q(2 Q® — Qf w11, all the eigenvalues of Q,(,Q) are strictly

negative and thus, }(, ) is invertible. Then,

oo = ~Woo (Q1(72))71- (4.9)

We will now prove Theorem [[L9] which gives us the solution of the differential Equation (@3]) and
studies the convergence of the proportion of particles at time ¢ in each state when ¢t and N tend to
infinity.

Proof of Theorem [I.9 The solutions of the system of differential equations (£3) is given by

t
g = (/ W“e_”Qg)du) o
0
¢ (2) ¢ (2) o)
= / (Wufwoo)e_“Qp dquWoo/ e U duy | et
0 0
t -1
_ </ (W'u. i W00)67UQ§72)du+Woo (QI()Z)) (I _ eth))) eth(f)
0

t . B 2
= [ w9 (@) (9 1)
0

t
N / (Wu — Woo )™ du + g (I B eth)) '
0

Note that the last equality comes from (£9). Therefore, we have

t
e 2] < | [ v - w@ieemetan] 4o ()]
< [l e sl e,
We obtain

for all s > 0, where the second equality comes from the fact that Q(®) is a circulant infinitesimal generator
matrix.
Using Lemma [[A] or the CauchySchwarz inequality, we get

Hgéi)Hoo = Var,, {%} : (4.12)

Note that inequality (1.7) implies that |s;(k) — &| < \/E=te Pxt, for every k € Z/KZ and all ¢t > 0.
Therefore,

2 P _ 2p 9 1
Wl k) — wao(k, k)| < 146 (I N P S
W (s ) = Woo )|—N(++N 1)e 1) &
But
1 1 1| K+1 [K-1
2 _ | = — R b e e 2
sulk)” — 2 <S“(k)+K) wlb) - g|=—x K ©
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Thus,
2 P pN(K +1) K1> _
wy(k, k) — weo(k, k < —(1+60+ + e PEY, 4.13
k) = walh B < (104 g PR (4.13
Similarly we get,
2 pN(K +1) K1> )
wy(k,k+1)—wo(kk+1) < —(14+60+ e PKY 4.14
walk o+ 1) = wa bk + D] < T e (411
K+1)WK -1
wa (b D) — wo (ko) < PEED ePRY |k — 1] > 2. (4.15)
KVE(N — 1)

Inequalities (£13), (EI4) and (EI3) imply that

‘ wit) ng)H < Cg,ne ¥, (4.16)
where C v is defined by (IL2I). Plugging (@I1), (I2) and (£I6) into (@I0), we obtain

2
-2,

IN

t
Crn / eI du + e g oo
0

t
— CK,Ne_pNt/ e_(pK_pN)udque_pNtVarl,N [77](\(;)]
0

eprt — eprt T](O)
_ —pvt Var, . |1 41
CK,N Y +e VarN |: N :| ( 7)
1 — ePxt 1(0) 1
= CK’NT +Va,I'VN |:T + o0 N
1 1 — e Prt 1
= —<«Dg——+F — 4.18
N { K o + K} +o (N) ; ( )

where D and Ef are given by (L23)). Note that (LI9]) is obtained from (EI7).
In order to prove ([.22)), note that
[ () = Lu(Xe [ £ < 1)l En[m () = Lu(Xe | £ < 7), ] (4.19)

En [ llm (me) =m0 ()l ] + 17 () — Lu(Xe [t <)l (4:20)

Inequality ([AI9) is obtained using the convexity of the 2-norm and Jensen’s inequality. Inequality ([@20)
is proved using the triangular inequality. From Theorem [[.§ we know that

™ Im(n) — plly < 7 (ne) — Lu(Xe [t < 1)y < e lm(n) — pll, (4.21)
where ay and pk are given by (LH) and (L6, respectively. Also,

<
<

K—1
m n(k)
Byl o) - ml] = Y var, | 20| < 5 ol
k=0
2K 1 — e_PKt 1
s N \Pr——p—FF ~ 4.22
< N(K o + K)—f—o(N), ( )
where Dk and Fk are defined by (L23). Finally, (I22]) is proved using (£19), (£20), (£21)), (£22) and
Jensen’s inequality. -

APPENDIX A. PROOF OF LEMMA

In order to calculate Lk v fi, note that

Lrenfet) = 3 n(0) [fu(Timin) = fi(n)] (l{j—m} + 01 j—i-1y +77(J’)%) :
But fi(Ti—;n) = fr(n) if i # k and j # k. Thus,
Coehiln) = a06) Y Tocognlh) = 0] (1mesy + 010y +100) 572 )

i#k

3 00) o) = 18] (Lo + 0L iy + 02 )
itk
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N —n(k) N —n(k)
N -1 N -1
= n(k—=1) = (1 +0)n(k) + 0 n(k+1),

for all n € £k n. Thus, [B4) is proved.

Now, for computing L n fr,; for all 1 < k,l < K, we separate the proof in three cases: [ =k, [ = k+1
and I >k+1,forall 0 <k < K —2.

Case | = k:

From (3] we have

L N frr( 277 ek (Tissjn) = frr(n)] (1{j—i+1} + 01 —1y + U(j)Np_ 1> ;

—n(k) [14+60+p +n(k —1) 4+ 0n(k +1) + p (k)

for all n € £k .
Denote

. N 4
815000 = 1) [Ty = 0] (Lmsvny + OLgmicay + 1) 572 )
Note that if {7,5} N {k} = 0, then we have Sij( ) =0. So,

Lrnfrrm) =Sk +> Sikn)

J#k i#k
Note that
. p
> Ski(n) > (k) [Tiesjn(k)? = n(k)?] <l{j—k+1}+9]l{j—k—1}+77(.7)N_1>
Jj#k Jj#k

= (k) [(n(k) = 1)* = n(k)?] (1 10+ %Z 77(3’))

Jj#k
— (200 + 1 (n(k) #oam) +pnn E). (A1)
D> S > (i) [Tiswn(k)? = (k)] <]1{k—i+1} + 01 i1y + 77(@%)
i#k i#k
= [((k) +1)* = n(k)?] (n(k—1)+9n(k+1 +n(k Zn )
z;ék
= [2n(k) +1] (n(k —1)+0n(k+1)+pn(k) NN_ (1 ) : (A.2)

Summing (AJ]) and (A2]), we obtain
Lrnfrrn) = Z Ski(n) + Z Six(n)

j#£k ik
= 2n(k) [n(k —1) = n(k) + 0(n(k + 1) — n(k))]

(R) + n(k — 1) + 0000 + 1) + () + 29 (k) 1)
= 2 ath = (k) = (140 2 ) 00 + Ou(kIn+ 1)
(k- 1>+< Jipivl) (k) + On(k + 1),
for all n € £k, n. Thus, (B0 holds.

Case [ =k + 1:
From (3], similarly to the previous case, we have

LN frr+1(n ZU g1 (Tisgn) = frpr1(n)] (l{j—iJrl} + 011y + U(j)%) -

Denote

R 1) = 00T ) Timg 4 1) = 109000+ D] (L + 01 mimn) + 00 77 ).
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If {i,j} N {k,k+ 1} = 0, then R; ; = 0. Thus,

LN frr+1(n)

Note that

> Rii(n)

i#k

Z R; k+1(n)

ik k+1

> Riyri(n)

j#£k+1

> Rix(n)

ik, k+1

=> R+ > Rirp()+ D> Bepij(n)+ > Rix(n).

i#k

ik k+1 GAk+1 ik k+1

Rie1(n) + Z Ry 5(n)

JF#kk+1
n(k)[(n(k) = 1)(n(k +1) + 1) — n(k)n(k + 1)] {1 +p

+ > n®)[(nk) = Dnlk + 1) = n(k)n(k + 1)]

Gk k+1

. '4
x (1{j—k+1} + 01 —p—1y + U(J)N — 1)

n](\llwrll)]

MMM@>Mk+m11P+pi———

—n(k)n(k +1) (9 + m > 77(j)>
iR
(k+ 1)}
N_1

mmm%w—u@+pi———

Ryt £ 1)(1+ 0) — pr(Ryn(k + 1) 1)

N—-1"
> n@) k) (nk +1) + 1) = nlk)n(k + 1)]
ik k+1

p
(l{kJrl i1y Ol gqp1—i—1y +n(k + 1)]\7 — 1)
Zi;ﬁk,kJrl n(4)
N -1

N —n(k) —n(k+1)
N-1 ’

n%)@mk+%+pmk+0

On(k)n(k +2) +pn(k)n(k + 1)

Reprk(m)+ Y Ririy(n)
ok k1

n(k + D)[(n(k) + 1)k +1) = 1) = n(k)n(k + 1)] [9 N N(k‘)l]

+ > k4 Dnk)(nk + 1) — 1) — n(k)n(k + 1)]
Jj#k.k+1

J
X <l{j—k+2} + ol{j:k} +p]\7(_)1>

ol + D+ 1) = (k) — 1] [0+ p2

n%m%+1)< el mn)
Gk, k+1
_ k) |
n(k+ 1)k +1) = 1] |0+ p<t=r | = k)l +1)(1+0)
—pn(k)n(k + 1)w,

> n(@)nk) + Dn(k +1) = n(k)n(k + 1)]

ik, k+1

'4
X (1{k_i+1} + 01 gp—i—1y + U(k)m>
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N??(’f)??(’f“))
N -1
N —n(k) —n(k+1)

N -1 '

n(k+1) (mk — 1)+ (k)

n(k — Dn(k+1) +pn(k)n(k +1)

Then,

Cronfona(m) = —n(kymk+1) [2(1 o)+

+n(k)[n(k) —1] <1 +p%> +nk+1)nk+1)—1] (9 +p%)

+n(k — Dn(k + 1) + On(k)n(k + 2)

= —n(k)n(k+1) [2(1 +0)+ W]
+n(k)[n(k) — 1] (1+ %) n(k +1)n(k+1) — 1] (9+pjvv7(k)l)

+n(k — )k +1) + On(k)n(k +2)
= —2(k)n(k + 1)1 +6) +n(k)[n(k) — 1) + On(k + Dn(k + 1) — 1]

% +n(k — Dn(k + 1) + On(k)n(k + 2)

= <1+9+ﬁ> (k)n(k+1)+7](k71)7](k+1)

+0n(k +1)* + n(k)? + On(k)n(k + 2) — n(k) — On(k + 1),
for all n € £k n, which is equivalent to ([B.6).

Case |l >k +1:
In this case we have

LxNfri(n) = Z n(i) [fra(Tisin) — fra(n)] (1{j—i+1} + 01 jmi—1y +77(j)Np_ 1) :

LIEF

—n(k) —nlk +1) = 2[N —n(k) —n(k + 1)]]
N_1

_2p

Denote
T3 0) = 00T Tcogi) = )] (L + 0T iy 4 000) 572 )

Obviously, if {4,j} N {k,k+ 1} = @, then

(1) = 00 Tims () Tyl +1) = (4 1) (n{j_m R e

Thus

Lnfeam) =Y T+ Y. Tk + > Ty + Y. Tirn).

£k ik k4l k4 ik, k4l
Note that
> Tim) = Tewpm)+ Y. Tijln)
£k ke k+1

= B[k~ Dk + 1) + 1) — kG + Dp 0D

+ Y k) (n(k) = Dk +1) = n(k)n(k +1)]

Gk kL
X (l{j_kﬂ} + 01 —k—1y +P%)
ot
= (k) (e + 1) - p A

—n(k)n(k +1) (HM% > 77(3'))

J#k,k+l
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= e+ ) | )~ 1) - (14 0) -

Yo Tienln) = D> 0@ k) (nk+1) +1) = n(k)n(k +1)]

i#k,k+l1 i#k,k+1

1 0
(1{k+l i+ o T Lkti=i-1) 77 +77(k+l) — 1)

el

= (k) [n(k—i—l— 1) +977(k+l+1)+p77(k:+l) —n(k) _U(k—i-l)]

N -1

—n(k) —n(k +1)

= )k + 1= 1)+ G + 1+ 1) + prka(h + ) I

> Tierim) = Toprm)+ Y. Terr;(0)

k4 Ak, k+l

= gk +0) [(n(k) +1)(n <k+1>—1>—n<k>n<k+1>]p”—

+ >k +Dk)(k +1) — 1) = n(k)n(k + 1)]
ARkt
n(j)
X <]l{j—k+l+1} + 0Ly erm)

- n(k+l)[n(k+l)fn(k),1]p%

—n(kn(k +1) [1+9+NL_ > n(j)]

Jj#k,k+l1
= n(k+1)[n(k+1) —n(k) - 1]pN77(f)1
—n(k)n(k +1) [1 +0 +pN - n(;fv) - f(k + z)}

Yo Tieln) = > n@[mk) + 1)nlk +1) = nk)n(k + )]

ik k41 ik, k4l

k
X <]l{k—i+1} + 01 (k=i—1} +pNn(_) >

1

= k0 [tk 1) 0004 1) 4 iy YU D]

N -1

=k — Dk + 1)+ 89k + Dtk + 1) + pr(E)ntk + ) 77(}’;) —n(k+1)

Thus,

Caeafiatn) = kil +0) (g b 40+ 1) 2] - 2040

_Nli - 2N = (k) = n(k+ 1) = 2IN = (k) = nlk + l)]])

k) mk+1l—-1)+0nk+1+ )] +nk+1)nk—-1)+0nk+1)]

= =2n(k)nk+1) <1 +6+ m) +nk)[nk+1—-1)+0nk+1+ 1))

+n(k+1) n(k = 1) + On(k +1)],
for all n € Ex N, proving (B.7]).
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