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Abstract:

Markov history-dependent repairable systems refer to the Markov repairable systems in
which some states are changeable and dependent on recent evolutional history of the system. In
practice, many Markov history-dependent repairable systems are subjected to neglected failures,
i.e., some failures do not affect system performances if they can be repaired promptly. In this
paper, we develop a model based on the theory of aggregated stochastic processes to describe the
history-dependent behavior and the effect of neglected failures on the Markov history-dependent
repairable systems. Based on the developed model, instantaneous and steady-state availabilities
are derived to characterize the reliability of the system. Four reliability-related time distributions,
i.e., distribution for the k th working period, distribution for the k th failure period, distribution for
the real working time in an effective working period, distribution for the neglected failure time in
an effective working period, are also derived to provide a more comprehensive description of the
system’s reliability. Thanks to the power of the theory of aggregated stochastic processes,
closed-form expressions are obtained for all the reliability indexes and time distributions. Finally,
the developed indexes and analysis methods are demonstrated by a numerical example.

Keywords: Markov repairable system; Markov history-dependent repairable systems; neglected
failure; availability; aggregated stochastic process

1. Introduction

Reliability is an important feature of repairable systems [1]-[4]. In most existing literatures,
reliability analysis is studied by modeling the repairable system as a Markov process (e.g., see
[5]-[7]). Most of these Markov-process-based models assume that there are clear definitions of
normal state and failure state and the definitions are independent of the evolutional history of the
system. In practice, however, some states in a repairable system might be changeable and depend
on the recent evolutional history of the system (for example, see [8] [9]). This kind of special
system was named by Cui et al. [8] as Markov Repairable System with History-Dependent up and
down States (MRS-HDS) and reliability analysis methods were developed by them to calculate its
availability. Based on the work of [8], Wang et al. [10] derived multi-point and multi-interval
availabilities for the MRS-HDS. Zheng et al. [11] generalized Cui’s work in [8] to semi-Markov
repairable systems with history-dependent up and down states.

In many practical systems, if the repair time is shorter than a predefined threshold, the
failures will have little influence on systems’ performances, so that the failures can be neglected
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when evaluating the system’s availability. For example, consider a failure in a water supply system
that cut off the water supply to the end-users. If the failure is recovered in a relatively short period,
e.g., several minutes, the end-users are possible to tolerate or even unaware of it. This kind of
failure, which can be promptly repaired within the tolerance of the end-users, can therefore, be
neglected when calculating the availability of the water supply system. Such failures are regarded
as neglected failures and are commonly encountered in repairable systems. For instance, Zheng et
al. [12] studied a single-unit Markov repairable system with repair time omission. Bao and Cui [13]
considered series Markov repairable systems with neglected or delayed failures.

Neglected failures also exist in MRS-HDS, e.g. the water distributed system, the power
distributed networks, computer networks, etc. The introduction of changeable states, as a result of
the neglected failures, makes standard Markov-process-based models incapable to capture the
system’s failure and repair behaviors. However, to the best of our knowledge, the effect of
neglected failures on the reliability of MRS-HDS has not been considered before. To fill this gap,
we develop a new model and associated reliability analysis method based on the theory of
aggregated stochastic process and then derive some important reliability indexes for the system.
Although a large number of literatures focused on obtaining reliability indexes for repairable
systems (e.g. [14]-[16]), it is generally difficult to obtain close-formed expressions for these
indexes, especially when the system’s behavior is complex, as the case of MRS-HDS with
neglected failures. In this paper, however, with the help of the aggregated stochastic processes
theory, close-formed expressions can be obtained for all the derived indexes.

Aggregated stochastic processes were invented by Burke and Rosenblatt [17] in 1957. One of
the milestones in the history of the aggregated stochastic process is Colquhoun and Hawkes’s
successful work in developing probabilistic models to describe the behavior of ion channels (e.g.,
see [18] [19]). Since then, aggregated stochastic process has received more and more attention
from various areas. Among them, Rubino and Sericola [20] first applied the theory to model a
repairable system. Various models were, then, developed based on the aggregated stochastic
processes to describe the behavior of different types of repairable systems, e.g., Hawkes et al. (e.g.,
[21]), Cui et al. (e.g. [22] and [23]), Wang et al. ([24] and [25]), Liu et al. (e.g. [26]), etc. By
employing aggregated stochastic processes, we focus on aggregating and decomposing the states
of the new model. To be specific, because changeable and down states can present both failure and
operational states, these two states are duplicated and redefined, in order to describe the
state-dependent and time-dependent behavior of the system. A new stochastic process, which is an
aggregated stochastic process, can be constructed and the theory of aggregated processes can be
used to achieve analytical expressions of some important reliability indexes and reliability-related
time distributions.

The rest of the paper is organized as follows. In Section 2, the motivation of this paper is
fully explained with an industrial example and assumptions of the developed model are formally
presented. In Section 3, we use aggregated stochastic processes to model the behavior of
MRS-HDS with neglected failures. Some reliability indexes for MRS-HDS with neglected failures,
i.e., the instantaneous availability, steady-state availability and some sojourn time distributions are
derived in Section 4. In Section 5, the developed indexes and analysis methods are demonstrated
by a numerical example. Finally, conclusions are given in Section 6.



2. Motivation and assumptions

2.1 Motivation example

In this section, we present an engineering example of MRS-HDS with neglected failures
which motivates the research in this paper. Take an electrical power supply system as an example,
which is designed to provide electricity to a factory. The electricity comes from three substations,
each of which can contribute a maximum amount of 1 MW (Megawatt). To maintain its normal
functions, the factory needs a total amount of 2.5 MW of electricity. Due to the advance
technology of distributed power generations [27] [28], the factory itself can produce 0.8 MW of
electricity since it has installed a photovoltaic generator. However, the photovoltaic generator only
works when the factory is in normal state, since it requires power supplies and control commands
from a control center, which is located in the factory. If the factory does not receive enough power
from the electricity-distributed system, the control center cannot work, which in turn, ceases the
normal functioning of the photovoltaic generator.

The state space of the system can be defined by the numbers of the failed substations:

§={0,1,2,3}. ltis easy to verify that when the system is in state 0, the factory is in working

state; when the system is in state 2 or state 3, the factory is in failure state, regardless of the
state of the photovoltaic generator. However, state 1, which represents that one of the three
substations fails and the factory receives 2MW of electricity from the electricity supply system, is
a changeable state affected by the system’s historical dynamics:

(1) Suppose the system transfers to state 1 from a working state, which means that before
entering state 1, the factory was functioning normally. Hence, the photovoltaic generator is
working and generates additional 0.8 MW of electricity. The total amount of electricity the factory

could receive is, then, calculated as 2+0.8=2.8(MW)>25(MW). Therefore, the factory can

perform its function normally. It means state 1 of the system is a working state.

(2) If, on the other hand, the system transfers to state 1 from a failure state (state 2 or
state 3), which means that before entering state 1, the factory was already in failure state, and
therefore, the photovoltaic generator cannot work. The factory can, then, only receive total amount
of 2 MW electricity, which makes it in a failure state.

Consequently, state 1 in the above electrical power supply system is a history-dependent state.
Besides, due to the widely application of Uninterrupted Power Supplies (UPSs) in the factory, the
factory can withstand a temporary loss-of-power for no more than 5 minutes. Thus, failures that
can be recovered within 5 minutes are treated as neglected failures. In this paper, we develop
methods to analyze the reliability and availability of such MRS-HDS with neglected failures.

2.2 System descriptions and assumptions
In this section, we present a formal description of MRS-HDS with neglected failures. The
system is based on the following assumptions:

(1) The repairable system is described by a continuous-time Markov process {X (t),t >0} with

finite state space S .
(2) The observation for the system has two statuses: Up and Down periods. Essentially, the state
space S can be divided into three sets, U, C, and D . The state in U stands for



functional or Up state, which represents that the system is working. When the system stays in
U , we say that the system is in Up period. The state in D stands for failure or Down state,
which represents that the system fails. When the system stays in D, we say that the system is
in Down period. The state in C represents changeable state.

(3) The changeable states in C could be observed to be either in Up or Down period, depending
on the system’s historical state-transition trajectory: If the last non-changeable state prior to
the changeable state is in Up period, then the changeable state is classified as an Up state,

referred to as changeable-up states, denoted as C, . The system will be in Up period when it

stays in C, . If, on the other hand, the last non-changeable state prior to the changeable state
is in Down period, then the changeable state is classified as a Down state, referred to as
changeable-down states, denoted as C . The notations for changeable states are the same as
that in [8], which is illustrated in Figure 1.

(4) If the repair time in D, denoted by t,, is longer than a predefined threshold =, t, is

still regarded as in Down period; if, on the other hand, t, is lessthan ¢, failuresin D

is neglected: If the previous state belongs to Up period, the system is regarded as in Up

period for the whole period of t; on the other hand, if the previous state belongs to Down

period, then the system is regarded as in Down period for the whole period of t; .

Therefore, the rule to judge which period the system stays in is to know what period the
previous state belongs to. According to this rule, the illustration of MRS-HDS with neglected
failures is shown in Figure 2.

Here, we want to mention that the definition of neglected failure is adopted from the
definition in [12]. According to [12], when the system comes from “up” to “down” with a duration
longer than 7, the whole duration of repair (or failure) is regarded as in “down”. Only when the
duration of repair time for the system is no longer than z, the “down” duration will be considered
to be “operating” (available). That is to say, when the system comes from "up state" to a long D
state, the first z time units will be considered as part of downtime. The reason we made
explanation is to distinguish two different understanding for the availability of the first z time
units in a long D state. The definition used in our model is based on model Il in [23], which is
called the neglected failure model. However, if the first z time units in a long D state is
regarded as available, the model will become another one which is same as model Il in [23],
called failure delayed failure model.
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Figure 2. Aillustration of MRS-HDS with neglected failures

3. Modelling MRS-HDS with neglected failures using aggregated stochastic
processes
In this section, we use aggregated stochastic processes, a mathematical tool mainly
developed in the theory of ion channel, to model the behaviour of MRS-HDS with neglected
failures. First, the Markov process in which the finite number of states is partitioned into three
sets, U ,C,and D has transition rate matrix

Qu Quc Quo
Q=|Qw Qcc Qcp |- oy
Qou Qoc Qoo

Then, a semi-Markov process can be defined, which is imbedded at the instants when the
system switches between the three groups. The stochastic properties of this semi-Markov process
are governed by a transition matrix G(t) , which can be partitioned in a similar mannerto Q as



0 Guc(t) Gypl(t)
G(t) = ch (t) 0 GCD ® |, )
Gpy (1) Gpc(t) 0

where G, (t)=exp(Q,,t)Q,,, provided a # g, for a,f=U ,C,or D.

3.1 Modelling the history-dependent behaviour

Next, from another viewpoint, once the system enters one U state, then the system is
sojourn in Up period until one long D duration (duration in D longer than the given value)
occurs. More specifically, no matter what transitions happening after that U state, the system is
always in Up period as long as no arriving in long D duration.

Similarly, the system is sojourn in Down period once it comes to one D duration longer
than the given value. And the Down period will terminate when one U state occurs. The
following diagram, Figure 3 can illustrate this viewpoint.

T
A *—2e
U | e — — e eeeens
c e ‘ .
b —
time t
A
Up
Down —
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Figure 3. Alternative Up and Down periods path for the system
If we use stochastic process {X (t),t> 0} to describe the running path for the system, then
another stochastic process {Y (t),t> 0} , can be seen as the results of our observation. That is

whether the system is in Up or Down period. The stochastic process {Y (t),tZO} is an
aggregated stochastic process.

If we denote the Up period as W , Down period as F , then the properties of this system
may be described by considering a semi-Markov process. That is to say, the aggregated stochastic

process {Y (t),t> O} is a semi-Markov process.

The semi-Markov process has a density kernel, which will be denoted by



e— 0 eéWF ()
G(t)=|,_ . 3)
Grw (1) 0
For some purposes, it is useful to have their Laplace transforms:
e—* 0 e(E\’;\IF (S)
G (s)=|,_. . (4)
Grw (9) 0

If we ignore the durations of the sojourns and merely consider the sequence of states that are
occupied at the start of each sojourn, we have an embedded Markov chain with transition
probability matrix,

e
— 0 G ©e— —
G=| =[Gt ="G (0). 5)
Grw 0
Here we use the convention of dropping the star and the argument to denote a Laplace transform

evaluated at S =0, which is the integral of the original function over the interval (0, o).

3.2 Modelling the neglected failures
Taking neglected failure into consideration, we need to distinguish short (less than 7) and
long (greater than 7 ) sojourns in D . So in the manner of Hawkes et al. [29], we break up the

Laplace transform of G, (S) into two parts as follows.
[, & exp(Qupt)Qpcdt = (1 —exp(~(s1 ~Qup)7))(8 ~Qop) *Qoc = Spo(S)Gic (5).

J‘:O e_St eXp(QDDt)QDC dt= exp(—(sl - QDD)T)(SI - QDD )_1QDC = L*DD (S)G;c (S) J

where
Lo (5) = exp(—(sl = Qpp)7), (6)
Soo(8) = I —exp(=(sl =Qpp)7). ()
In order to get more indexes and distributions for the system, we need to make some change

on the system states. Considering the changeability of the states in C, in the following we
duplicate the changeable states. More specifically, according to the assumptions in Section 2.2, the

states in C denoted as C, are changeable-up states. Then we duplicate the states in C, to
another subset, standing for the statesin C when they are changeable-down states, C, states.

For the state space of the system, we can analyze it via the disaggregation procedure by

adding a subset of states. We assume U ={1,2,---,nu}, C ={nu +1Ln, +2,...,n, +nc} , and

D={n, +n.+1,n, +n. +2,...,n}.



Thus, a new stochastic process {X t),t> 0} generated from duplicating a subset of state
space of {X(t),t > 0} is obtained. The state space of {X(t),t ZO}, denoted as S, has n
(N=n+n;) different statesand S=U UC, UDUC,.

3.3 Transition rules among states for the system

The transitions among states in S are shown in Figure 4 as follows.

OO

Figure 4. The transition diagram for the new Markov process

According to the assumptions of the model, D can be decomposed into two parts: Dy

and D, . D stands for short (less than 7) sojournsin D and D, represents long (greater

than 7 ) sojournsin D . Then we can get a decomposed trasition diagram in Figure 5.

Figure 5. The decomposed transition diagram for the new system
Note that the dashed line in the transition diagram presents the difference between our new
model and the original model.

The new stochastic process {X (),t> O} is still a Markov process. However, it no longer

obeys Markov properties when the neglected failure is taken into consideration. We just want to
illustrate the possible transitions among the states if we need to distinguish whether the duration in
D s longer than 7 by Figure 5, which makes the transitions rules more clearly. The transition
rules are as follows:



a) Rules for U states: The bidirectional transitions can happen between U and other states

exceptC, . Because if the system is in U states following by a changeable state, then it
must be a changeable-up state. Therefore, there is no transition from U to C;.

b) Rules for D states shorter than 7 : The bidirectional transitions can happen between Dg
and other states except D, . What should be mentioned here is the special transition from

D, to C,. It happens when the state before D is a Down state, then this Dy is still

regarded as in Down period. Consequently, the following changeable state is supposed to be

a Down state, whichiis C, .
In addition, there are no transitions between D, and D, .
c) Rulesfor D states longer than 7 : The transition rules of D, are similar as that of Dy .

It is impossible that the system runs from D, to C, and Dj.

d) Rules for changeable states C : The transitions can occur between changeable states and

other states, except that transitions from U to C_, from D, to C,, and transitions
between C, and C, are not allowed.
Then based on the new Markov process{X(t),t > 0}, a new perspective to analyze the

system in view of the state space as S of {X t),t> 0}, we define that A=U UC,, . Thus,

the system can be considered available during states set A . And we regard the system are “good”
in states set A, some changeable states and short-failure states.

The properties of this system may be described by considering a semi-Markov process
embedded at the time points which form the start of an available state, the start of a
changeable-down sojourn, the start of a sojourn in D states. Denote the semi-Markov process as

{Z(t),t>0},sothat {Z(t),t>0} isan aggregated stochastic process.

The semi-Markov process {Z t),t> 0} has a density kernel, which will be denoted by

0 Gap(t) 0
G(t) =| Goa(t) 0 Gog, (1) |. (8)
Geoa(t) Gep(t) 0

For some purposes it is useful to have their Laplace transforms:



0  Gm(s) O
G(s)=| Goa(s) O  Goc,(s)|. )
Gea(s) Gepo(s) 0

If we ignore the durations of the sojourns and merely consider the sequence of states that are
occupied at the start of each sojourn, we have an embedded Markov chain with transition
probability matrix,

0 Gw O
G=|Gom 0 Gog |= _[:G(t)dtzG*(O). (10)
Ge,a Geop 0

Here we use the convention of dropping the star and the argument to denote a Laplace transform

evaluated at S =0, which is the integral of the original function over the interval (0,0) .

4. Reliability indexes of MRS-HDS with neglected failures

In this section, we use the model developed in Section 3 to derive some
reliability-related indexes for MRS-HDS with neglected failures, i.e., the instantaneous
availability, steady-state availability and some sojourn time distributions.

4.1 Instantaneous availability for MRS-HDS with neglected failures

According to the definition of availability, we define the availability for a system in
traditional sense, which is based on the original model. If the system isin U and up-changeable
states, it is regarded available for the original model. However, taking the neglected failure into
consideration, the definition of the availability will be extended.

According to our new model, the system is regarded as available in Up period under several
situations. Of course, the system is still available when it is in U and up-changeable states.
Besides, when the system is in D whose duration is less than the critical value and the state the
D moving fromisan A state, then the system is still available. In addition, if the system is in
C state whose previous state is one short failure duration with an A previous state, then it is in
Up period.

Therefore, we list all the scenarios that the system is available as follows.
(1) Scenario 1: The systemisin U states

Apparently, the new system is available when it is in U states, which is shown in Figure
6(2).

10



t
Figure 6(1). The systemin U states in Scenario 1

We can get the availability in this situation easily,

AN (t) = 7,e%1, , (11)

where 1, = (1,...,1,0,...,0)L‘S‘.

ul
(2) Scenario 2: The systemisin C; states

According to the description for the system, the changeable states are history dependent, so

that the system is available when itisin C states, which is depicted in Figure 6(2).

Ui ------ h
>

Ci

Di

Figure 6(2). The systemin C, states in Scenario 2

We denote the avaliability in C, statesas A’(t), then
t —
A () = [ 7e® ", Quee®" L dh, (12)

|
where E, =£ UXUJ , 1o :(1,...,1)L‘C‘. Note that h in Figure 6(2) means the duration
ISxu]

of the system staying in C before time t.
The explanation of equation (12) is because the system is working at time t—h, then

making a transition from the set U to set C and staying in C, which is called C, , during

the time length h. 1. isacolumn vector of |C| ones to sum up all the desired probabilities.

11



(3) Scenario 3: The systemisin D states
Since if the repair time in D s sufficiently short, then when the failure can be neglected the
system is regarded as available. In order to present the availability function, denoted as A® t),

we must figure out what the state before this short D state is. Thus, three cases for Scenario 3
will be considered as follows.

a) Case 1 for Scenario 3: The previous state to D isa U state
We describe this situation by Figure 6(3a), in which the duration in D is less than critical

value 7 (i.e.the systemisin D) and the state before D is U .

Figure 6(3a). The previous stateto D, isa U state in Scenario 3

According to the description of this situation, we can obtain the availabilty,
A1) = [ 7,2V, Qo (€% —e%) 1, s, (13)
where 1, =(1,... ,1)IX‘D‘. Note that S in Figure 6.(3a) means the duration of the system staying in
D, before time t.
For equation (13), because ﬁer(t_s) E, is a probability vector which gives the probability

of the repairable system being in each U state at instant time t—S, and Q,, means the

system transfer from states U to D . e®rc® —e®»7 keeps the system stays in D, state which

means the duration in D is shorter than 7.

b) Case 2 for Scenario 3: The previous state to Dy isa C, state

If the states before Dy isa C state, it is depicted in Figure 6.(3b).

12



Figure 6(3b). The previous stateto D, isa C, state in Scenario 3

The availability under this situation is

t-u
A®(t) = J' [ % E Qe Qe (€% ™)1, dv}du. (14)

tAT

0

Note that in Figure 6.(3b) u stands for the duration of the system staying in Dy before
time t and v means the duration of the system staying in C .

The explanation of equation (14) is: The durations that the system stays in C, is V, in
D, untiltime t is u.The system has a transition from U to C attime t—u—Vv and then
transfersto D after C . Moreover, the durationin Dy is shorter than 7.

c) Case 3 for Scenario 3: The previous state to D is an available C, state

In this case, an available C_ state refers to that the changeable-down state with a previous
D, state and the D state has been treated in Up period. Hence, we call this kind of C, state
as available C, state.

Thus, we get a transition chain that the system currently stays in an available in D state
with a previous available C_ state and the available C_ state comes from another available
D, state. Furthermore, the second previous D state could come from another available C,
with a previous D state, and so forth in the way D, to conditional C, to D, state.

If we denote the current D state the system is staying as the kth D, state and all the

D, states are numbered in order as time going, then what we concern is the previous state to the

13



first Dy state. The previous state to the first D state could be U or C, states so that the

availability for this case, denoted as A* (t), is again divided into two subcases. In addition, K
could be 2 to infinity.

e Subcase 1 of case 3 for Scenario 3: the previous state to the first Dy stateis U,

denoted as  A*®(t) , which is depicted as figure 6(3c)-1.

T
—
U
C
L]
l r
The first D; state The kth D; state '

Figure 6.(3c)-1. The previous state to the first D, stateis U in Subcase 1 of case 3

for Scenario 3

Q(tfzk‘,ui *EVi)
A3C(1) (t) — z I L. I 7,8 i1 i1 EU QUD (eQDDUk _ eQDDT) .

©
k=2 —
2k-1

[QDCchcVH QCD (eQDDUH _ eQDDT )] X (15)
e [QDCeQCCV1QCD (eQDDu1 —e%* )]10 dukdvk—lduk—l o dvldul'

e  Subcase 2 of case 3 for Scenario 3: the previous state to the first Dy stateis C,

denoted as  A**®(t) , which is depicted as figure 6(3c)-2.

14



A real Cp state

1 /it

The first Dy state The kth D stute:

Figure 6.(3c)-2. The previous state to the first Dy stateis C_ in Subcase 2 of case 3

for Scenario 3

K K
o Qt-D u->w)
A3C(2) (t) = z I .. j T48 i1 i EU QUCchch QCD (eQDDuk _ eQDDT)

k=2 S———
2k

[QDCchcVH QCD (eQDDUH _ eQDDT )] . (16)
- [Qpe€% Qg (%2 —e%7)]1, dv, du, dv, ,du, _, ---dv,du,.

And,

A () = A¥O (1) + A¥O(t) (17)

Thus,

A1) = AR (1) + A® (1) + A*(t). (18)

(4) Scenario 4: The system is in an available C, state
Basically, the system is not available in C, states in the original Markov history-dependent
model. However, the system can be regarded as available when it is in an available C, state
with a previous Dy state. Similar with Scenario 3, the availability of this scenario denoted as

A’ (t), depends on what the state is before the previous D, state. Also, three cases for Scenario
4 will be considered as follows.

a) Case 1 for Scenario 4: The previous stateto D isa U state

15



U* ...... - u
C v
Di

t

Figure 6.(4a). The previous state to D, isa U state in Scenario 4

According to the analysis for this situation, if the previous state to D isa U state, we

can get the availability A*(t) as follows. This situation is illustrated in Figure 6(4a).

0

t (t-u)Ar u—v oo o
AR (t) = jo [ j 7,2 E, Qupe ™ Qpee” ”lcdv}du : (19)
Note that in Figure 6.(4a) u stands for the duration of the system staying in C_ before

time t and v means the duration of the system staying in Dy .

For equation (19), it is because that the system has a transition from U to D at time
t—u—v and then spends V stays at D (V is shorter than 7). Then, the system transfers

from Dy to C (itis C,)and the durationin C_ untiltime t is U.

b) Case 2 for Scenario 4: The previous stateto Dy isa C, state

Figure 6.(4b). The previous stateto Dy isa C, state in Scenario 4
If the previous stateto D¢ isa C, state, the situation is shown in Figure 6(4b). Note that

in Figure 6.(4b) u stands for the duration of the system staying in C, before time t, v
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means the duration of the system staying in Dy and w represents the duration of the system
stayingin C .

Similarly, we can obtain the A*(t) is

A4b (t) _ J'(: {J‘(IU)AT lij«tuv ﬂ_OeQ(t—u—V—W) EU QUCchcWQCDeQDDVQDCchcu lc dwjldv} du . (20)

0 0

The explanation of equation (20) is similar to that of equation (16), adding the consideration

of the system has a transitionto C,, after U and before Dj .
c) Case 3 for Scenario 4: The previous state to D is an available C, state

The availability for this case, denoted as A*°(t), is handled similarly with A¥(t). It is
again divided into two subcases, the explanation can be reffered to that in Case 3 for Scenario 3.

e Subcase 1 of case 3 for Scenario 4: The previous state to the first D, stateis U ,

denoted as  A“@(t) , which is depicted as figure 6(4c)-1.

T
*>—e
U e von ves :
c - | = — e M
L |
VY
The first D: state The kth D, state '

Figure 6.(4c)-1. The previous state to the first Dy stateis U in

Subcase 1 of case 3 for Scenario 4

K K
@ QU= ui-> %)
'[ .. J. ﬂ-oe i1 id EU QUDeQDDuk QDCchch
k=2 “———
2k
[QCDeQDDUkilQDC eQCCVk—l] . (21)
T [QCDeQDDU1QDC e%ct ]lc dukdvkduk—ldvk—l o duldvl'

A4C(l) (t) —

e Subcase 2 of case 3: The previous state to the first Dy stateis C , denoted as
A" (t), which is depicted as Figure 6(4c)-2.
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Areal Cp state

The first D; state The kth Dj state '

Figure 6.(4c)-2. The previous state to the first Dg stateisreal C, in

Subcase 1 of case 3 for Scenario 4

K+l

A4C(2) (t) - i J- .. J. ﬂOeQ(t7EUi7§Vi) EU QUCeQCCVkﬂ

k=2 (S —
2k+1

QCDeQDDuk QDC chch [QCD eQDDuk—lQDC chcVH ] . (22)
o [QCDeQDDulQDceQCCV1 ]1c de+1dudek duk—ldvk—l o duldvl'

Theoretically,

A () = A*O () + A*A(t). (23)

Similar with that in Case 3 for Scenario 3, all the expressions for A*°(t) will turn to be tiny

when computation is done, which will be demonstrated in the numerical example.
Thus,

AL (L) = A" (1) + A () + A (t). (24)
Finally, we can get the instantaneous availability for the system as follows,
A(t) = A'(t) + A% (1) + A% (1) + A'(t), (25)
and the matrices in this formula have been already obtained in the previous section.
4.2 Steady-state availability for MRS-HDS with neglected failures

According to the definition, the steady-state availability can be got from the limitation of
instantaneous availability, when time t approaches infinity.

We denote the steady-state availability as A(w) , and
A(0) =lim A(t) (26)
Therefore, after we derive the function for instantaneous availability, we take the limit to get

the steady-state availability for the system. It will be shown in the numerical example section later.
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4.3 Some sojourn time distributions for MRS-HDS with neglected failures

Based on the analysis in Section 3.1, we can present the transition matrix Q for the new

Markov process { X(t),t> 0} ,

Quu QucU 0 QUD
_ QCUU QCU Cy 0 QCU D
QCDU 0 QCDCD Qc D

D

Qou 0 QDCD Qoo

Q (27)

Since we have defined that A=U UC, , from matrix Q we can get

Qu Que up
QAA:( ’ ]’ QAD:[Q J' DA=(QDU QDCU)' Qoo =Qpp-  (28)

chu QCUCU QCUD
And
Gao(s) = (51 —Q,,) Qo (29)
Goa(5) = (sl —Qpp ) Qpp. (30)

According to what has been discussed in Section 3.1 about Up and Down periods for the
system, combining with the meanings of the semi-Markov process, the elements in the density

kernel e(_B(t) (in equation (3)) can be obtained.

Firstly, the Laplace transform OfGGWF (t) is given by the following equation,

“Gur (5) =G0+ GL+G2+G3+G4+G5+G6

where

GO0 =Gy (5)Gep () Lo (0)
61= Y[ Gl (9182 (5)] [Bie ()80 (5)Loo (0) + Bl () Lon (O).
G2= i[G;D ()50 (5)Gpy (8) ] [ Guc (5)Gin (8) Lo (0) + G () L (0)

63 =Gl (8)).[ 6o (5)Si0 (5185 ()|
{62y ()] Bl (9)Geo ()L (0) + G ()L (0) |+ G () Lo (0)
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G4 = Y[ Gl (91520 (9)53(5)Gc (62, (9) |

[ Glc (8)Gep (8) Lo (0) + Gl (5) Lo (0) |,

0

G5=>[Glo(8)Sm0 (5)Gnc (8)G2, (5) | [ (51Gn ()L (0) + G (8) L (0) ]

r=0

§6 =Gl (653 (5)G5c (5) 2 Gio (955 ()55 (9)

Gy ()] Gl (8)Geo () Lo (0) + G () Lo (0) ]+ G (8) L (0) -
The Laplace transform of e(_SWF (t) can be presented as follows,

e(_B*FW (S) =
Lo (5)Gy (5) +Lp (5)Gre (s)i[@éa ()Gpc (5) | [ Gic (8) +Gen(8)Gny (5) ].

Next, some distributions for the Markov history-dependent repairable system can be obtained
as follows.

(1) The distribution for the k th working period from the beginning up states

We suppose the system is in up states (U states) at the beginning. Let ﬂ\g,k’l) be the state

occupancy probability vector at the start of the k th working period, ke {l, 2, } .
Then, the probability density function for the duration of the K th working period is given by
25D “Gue ()1, (31)

e— e—
where 70 = 7™ Gwr () Grw (), and 7 =7, , which can be got from the initial

probability vector 7, = (7Z'W T ) 1_ is a column vector of |F| ones.

From eqution (25), we can know the Laplace transform ofe(_SWF ®.

Therefore, we can get the probability density function for the duration of the K th working
period by computation of inverse Laplace transform and normalazition.

(2) The distribution for the K th failure period

Correspondingly, if we focus on the failure period (Down period of the system) instead of
working period (Up period of the system), the probability density function for the duration of the
k th failure period is given by
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ﬂ,(:k_l) eaFW )3, . (32)

where 7% = 78D Gy (0) Gur (), and 7% =7, which can be got from the initial

probability vector 7, = (7Z'W VT ) 1,, isacolumn vector of |V\/| ones.

Similarly, we have got the Laplace transform of eEWF (t) by equation (26). Consequently,

the probability density function for the duration of the K th failure period can be obtained.

(3) The distribution for the real working time in an effective working period

In fact, there is some time the system is not at working as the short failure is neglected for the
Markov history-dependent repairable system. Thus, we can consider the real working time in a
working period.

The Laplace transform of the probability density function for the real working time in the k
th working period is

3 7 |Glo(5)S5 G (O)T Gro(s)Lss ()1 | (33)
r=0

Where 7™ can be got from thek th working probability vector z{™ =(z¢™, z47). 1,

is a column vector of |D| ones.

Hence, the probability density function can be obtained after doing inverse Laplace transform
and normalazition.

(4) The distribution for the neglected failure time in an effective working period

Since the short failure in a working period is neglected, we also concern the distribution for
the neglected failure time in the K th working period.

The Laplace transform of the probability density function for the neglected failure time in the
k th working period is

Y 78 G0 (0083 (518om(5) | Go (O)Lop O -
r=0
Finally, Inverse Laplace transform and normalazition are needed to do as well.

5. Numerical example

A numerical example is presented in this section to demonstrate the methods developed in
previous sections. For simplicity, we assume that there is only one state in each set U , C, and
D . Assume the transition rate matrix for the original Markov process describing the repairable
system is
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-3 1 2
Q=4 -6 2|,
3 2 -5
and we assume that z=0.1 and that the initial state of the system is an Up state, so that the initial
probability vector is 7, = (1, 0, 0) .
Next, we duplicate the changeable state to yield the transition rate matrix for the aggregated

Markov process {X t),t> O} ;

-3 1 0 2

o 3 4 0 1 | 34)
1 0 -2 1
3 0 2 -5

To calculate the instantaneous availability, we first calculate the expressions for A' ),
i=1,2,3,4, based on the equations obtained in Section 4.1. It should be noted that we only

consider the first two terms in the expressions for A’(t) (Eq. (18)) and A‘(t) (Eq. (24)),

respectively. This is because both A*(t) and A*(t) involve the continuous and repeated

transitions between specific states, whose probability, compared to other terms in (18) and (24), is
negligible. The results are presented by the solid line in Figure 7. Monte Carlo simulations are

conducted to verify the derived analytical expressions. We equally divide [0,3] into 500

sub-intervals and use 10* random samples to calculate the availability at each sub-interval. The
results are also given in Figure 7. From the comparisons, it can be seen clearly that the derived
equations accurately describe the availability of the system.

1.05

Monte Carlo Simulations
Results from Eq. (25)

1¢

0.95

09

0.85

0.8 -

075

0.7

0.65 . . . .
0 0.5 1 1.5 2 25 3

Figure 7. The instantaneous availability for the MRS-HDS with neglected failures
compared with the result of simulation
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Steady-state availability can, then, be obtained through calculating:
A(0) =0.6739.

Next, we calculate the distribution of some sojourn times. For illustration purposes, we only
calculate the distribution of the real working times in an effective working period. Other
distributions discussed in Section 4.3 can be achieved in a similar way. From the values of matrix

Q inequation (34), we can get matrices in equation (28),

QAA{_: _14j QAD=@, Qor=(3 0), Qoo =(-5).

Therefore, equations (28) and (29) become,

2s+9
* 2 *
Gan(s) = S 4;1894-9 : GDA(S)=(ST?’5 0).
$°+7s+9

Assume the predefined critical value is 7 =1. From equations (6) and (7), we can get the

expression of Lo (S), Spp(S), Lyp(0) and S.,(0). Based on equation (29-n33), we

calculate the real working times in the first working period withk =1, 77,&0) = (1 0), as shown

in Figure 8.

8 10
Figure 8. The probability density function for the real working times in the first working period

6. Conclusions

In this paper, the theory of aggregated stochastic processes is employed to develop reliability
analysis methods for Markov Repairable System with History-Dependent up and down States
(MRS-HDS) considering the effect of neglected failures. A new model for MRS-HDS with
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neglected failures is developed first, based on the theory of aggregated stochastic processes, which
allows for the explicit consideration of both history-dependent states and neglected failures in
repairable system models. Based on the developed model, the instantaneous and steady-state
availabilities of MRS-HDS with neglected failures are derived. Also, some reliability-related time
distributions are obtained, including, distribution for the K th working period, distribution for the
k th failure period, distribution for the real working time in an effective working period,
distribution for the neglected failure time in an effective working period. All the derived reliability
indexes can be expressed in closed-form, which provides an effective and comprehensive way to
describe the reliability of MRS-HDS with neglected failures.

In the future, more versatile reliability indexes might be defined and derived so that the
behavior of system reliability from different aspects could be better captured. Moreover,
considering the influence of system configuration, more system structures can be investigated to
achieve a more comprehensive understanding of reliability analysis of MRS-HDS, e.g., series
systems, parallel systems, coherent systems and so on.
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