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Abstract

We consider a chain of particles connected by an-harmonic springs, with a
boundary force (tension) acting on the last particle, while the first particle is kept
pinned at a point. The particles are in contact with stochastic heat baths, whose
action on the dynamics conserves the volume and the momentum, while energy
is exchanged with the heat baths in such way that, in equilibrium, the system
is at a given temperature T. We study the space empirical profiles of volume
stretch and momentum under hyperbolic rescaling of space and time as the size
of the system growth to be infinite, with the boundary tension changing slowly in
the macroscopic time scale. We prove that the probability distributions of these
profiles concentrate on L2-valued weak solutions of the isothermal Euler equations
(i.e. the non-linear wave equation, also called p-system), satisfying the boundary
conditions imposed by the microscopic dynamics. Furthermore, the weak solutions
obtained satisfy the Clausius inequality between the work done by the boundary
force and the change of the total free energy in the system. This result includes
the shock regime of the system.

1 Introduction

Boundary conditions in hyperbolic systems of conservation laws introduce challenging
mathematical problems, in particular for weak solutions that are not of bounded vari-
ations. The solution may depend on the particular approximation used, and reflects
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different microscopic origins of the equation. Recently (cf. [6]) we have considered L?-
valued weak solution to the isothermal Euler equation in Lagrangian coordinates on [0, 1]
(also called in the literature non-linear wave equation or p-system):

{8,57’—895}9:0 , (1.1)
Op — 0pt(r) =0

with the following boundary conditions: p(t,0) = 0 (the material is attached to a fixed
point on the left side), 7(r(¢,1)) = 7(¢) (a time dependent force 7(t) is acting on the right
side). The precise sense an L?-valued solution satisfies the boundary condition is given in
Definition 2.2. In [6] we consider viscous approximations of (1.1), that requires two extra
boundary conditions. We choose these extra boundary conditions to be of Neumann type
(i.e. conservative). Adapting the L?-version of the compensated-compactness argument
of Shearer [9] and [8], we prove in [6] the existence of vanishing viscosity solutions to
the p-system. Furthermore, these solutions satisfy the usual Lax-entropy production
characterisation and the thermodynamic Clausius inequality, which relates the change
of the total free energy to the work done by the boundary force (see Section 5). We call
such weak solutions thermodynamic entropy solutions.

In the present article we study the microscopic statistical mechanics origin of (1.1).
We want to understand how equation (1.1) emerges in a hydrodynamic limit, i.e. a
hyperbolic space-time rescaling of a microscopic dynamics. We consider a chain of N +
1 particles connected by N anharmonic springs (see Figure 1). The first particle on
the left is fixed at a point, while on the rightmost particle is acting a time-dependent
force (tension). The Hamiltonian dynamics of this system is perturbed by the action of
stochastic heat baths at temperature 7. Each heat bath is acting, independently from
the others, between two springs connected by a particle, randomly exchanging momenta
and volume stretch. The energy of the particles is not conserved but exchanged with
the heath baths in such a way that, in equilibrium, the system is at temperature 7. The
intensity of the action of the heat baths is such that it does not affect the macroscopic
equation directly, but sufficiently strong to provide the required regularity at certain
microscopic scales and establish an isothermal macroscopic evolution. In this sense
these heat baths act like a stochastic viscosity, vanishing after the space-time hyperbolic
rescaling. The conservative nature of these stochastic heat baths also provides at the
boundaries the analogue of the extra Neumann conditions as used in [6].

We rescale space and time using N as parameter in such a way that the time-
dependent external force is changing on the macroscopic scale (i.e. very slowly on the
microscopic time scale). We prove that the probability distributions of the random pro-
files of volume stretch and momenta concentrate on the L?-valued weak solutions of (1.1)
(in the sense of Definition 2.2), that satisfy the Clausius inequality. Proving uniqueness
would complete the convergence theorem. Unfortunately, uniqueness for such weak so-
lutions is a well known and challenging open problem.
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Figure 1: Microscopic model

The proof of the convergence to the weak solutions is adapted from the stochastic
version of compensated compactness developed by Fritz in [3] for the same dynamics but
without boundaries (see also Fritz and Toth [4] for a different two component dynamics).
In a previous work [7], we considered the same problem as here, but we proved that (1.1)
were satisfied only in the bulk by the limit profiles, without giving any information of
the boundary conditions, nor on the entropic properties of these solutions.

The main new contributions of the present article are the followings:

e the limit profiles obtained are L?-valued weak solutions that satisfy the boundary
conditions, in the sense of Definition 2.2;

e the work done by the boundary force is larger than the change in the total free
energy (Clausius inequality).

The proof of the Clausius inequality is the content of Section 5. It uses the vari-
ational characterisation of the (microscopic) relative entropy in order to connect it to
the macroscopic free energy and estimate its time derivative. In other words, Clausius
inequality follows from the microscopic entropy production.

2 The Model and the Main Theorem

We study a one-dimensional Hamiltonian system of N + 1 particles of unitary mass. The
position of the i-th particle (i = 0,1,..., N) is denoted by ¢; € R and its momentum by
pi € R. We assume that particle 0 is kept fixed, i.e. (go,po) = (0,0), while on particle N
is applied a time-dependent force, 7(t).

Denote by q = (qo,---,qn) and p = (po, - .-, pn). The interaction between particles
i and ¢ — 1 is described by the potential energy V(¢; — ¢;_1) of an anharmonic spring,
where V' is a uniformly convex function that grows quadratically at infinity: there exist
constants ¢; and ¢y such that for any r € R:

0<c <V'(r) <e. (2.1)
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Moreover, there are some positive constants V', V", o and R such that
V'(r)=V{|<e ™, r>R
V'(r) = V| <e*, r<-R.

For 7 € R and 8 > 0 we define the canonical Gibbs function as

+oo
G(r):= log/ e VBT gy (2.4)

o0

For ¢ € R, the free energy is given by the Legendre transform of G:

F(0) :=sup {rl— 'G(7)}, (2.5)
T€R
so that its inverse is
G(7) = Bsup{rl — F({)}. (2.6)
¢eR

Note that we neglect to write the dependence of F' and G on [, as it shall be fixed
throughout the paper.

We denote by ¢(7) and 7(¢) the corresponding convex conjugate variables, that de-
pend parametrically on § and satisfy

1) =BG (1), 7)) =F'0). (2.7)

We identify 7(¢) with the equilibrium tension of the system of length ¢, and we assume
that the potential V', besides satisfying the assumptions above, is such that 7 is strictly
convex (i.e. 77(¢) > 0 for all £ € R).

Remark. At the present time, we do not know a general condition on V' that yield a
strictly convex tension, but as example (cf [7], Proposition A.7) one may take V' to be a
mollification of the function

1 1
r— 5(1 — K)r? 4 §/£r|r]+, (2.8)

where |r|; = max{r,0} and x € (0,1/3).

Define the Hamiltonian:

HN(qa pat) = Z (]%12 + V(Ql - qzl)) - QN%(t)v (29)

where 7(t) is the external tension. Since the interaction depends only on the distance
between particles, we define

Ty = q; —(gi—1, Z:1,,N (210)



Stefano Marchesani - Stefano Olla February 10, 2020 5t

Consequently, recalling that py = 0, the configuration of the system is given by (r,p) :=

(r1,...,7N,D1,---,pn) and the phase space is R?". Thus, the Hamiltonian reads
N2
Hy(r,p,t) = ; (51 +V(r) — T(t)m) . (2.11)

We add to the Hamiltonian dynamics physical and artificial noise. Thus, the full dy-
namics of the system is determined by the generator

G = NL® + No (SN + 5*;(”) . (2.12)
o = o(N) is a positive number that tunes the strength of the noise. We take it such that

N
lim 2 = lim — = 0. (2.13)

N—oo N N->oo 02

The Liouville operator L]f\;t) is given by

N N-1

szv(t) = Z(pz' -

=1 =1

(M)%HT@)—V’(W))@%, (2.14)

together with py = 0. Note that the time scale in the tension is chosen such that it
changes smoothly on the macroscopic scale.

The operators Sy and S’j\,(t) generate the stochastic part of the dynamics, modelling
the interaction with a heat bath at constant temperature 37!, and are defined by

N-1 N
Syi=-Y DiD;, Sy .= Z D:D;, (2.15)

i=0 i=1

where, fort=1,..., N — 1,
0 0
i = - =, D} :==pis1 —pi— B'D; 2.16
oo o pir1 —pi— B (2.16)
Di = 0 - 0 E* = V/(T’i+1) - V/(T’Z'> - Bilbi. (217)
8ri+1 87”1'7 !

The extra boundary operators were first considered in [5] and are given by
Dy :=p1 — 7' Dy, (2.18)

Dy:=————, Dy :=7(t)=V'(ry) — ' Dy. (2.19)
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On the one-particle state space R? we define a family of probability measures

1 —ﬁ —p)? - r Brr — T
A (dr, dp) 1= —me 2P P VOO =GB gy (2.20)

The mean elongation and momentum are

/T dAgpr = L(T), /p dN\gpr = P. (2.21)
We also have the relations
/V’(T) dN\gpr =T, /p2 dNgpr — P2 =p"1, (2.22)

that identify 7 as the tension and S~ as the temperature.
Define the family of product measures A = )\é\f 0.7+ Where

N
Nop(dr,dp) = H Agp.r (dri, dp;). (2.23)

i=1

Notice that L;}t) is antisymmetric with respect to AV, while Sy and Sjv(t) are symmetric.
It follows that, in the case T is constant in time, )\é\{ 0 18 the unique stationary measure
for the dynamics. This is the canonical Gibbs measure at a temperature 371, pressure 7
and velocity 0.

Define the discrete gradients and Laplacian by

Vai = Qi1 — Q4 V*ai = a;—1 — ag, (224)
Aai = —VV*CEZ = —V*VGZ = A;+1 + a1 — Zai. (225)

The time evolution of the system is described by the following system of stochastic
differential equations

(dry = Npydt + o NVV'(r)dt — \/26-1o N dw,
dr; = —NV*p; — dt + e NAV'(r;)dt + /2810 N V*duw;, 2<i<N-—1
dry = —NV*pydt + 0N (7(t) + V' (ry_1) — 2V'(ry)) + /28 10N V*diby,
dp; = NVV'(r1)dt + o N (py — 2p1) dt + /28~ o N V*dw,
dp; = NVV'(r;)dt + o NAp;dt + \/26-To N V*duwy, 2<j<N-1
Ldpy = N(7(t) = V'(ry))dt — cNVpy_1dt + /2810 N dwy_,

(2.26)
Here {w;}2,, {w;}2, are independent families of independent Brownian motions on a
common probability space (£2,[P). The expectation with respect to P is denoted by E.
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Notice that the noise introduced by the heat bath respects the boundary conditions
V'(rn41(t)) = 7(t) and po(t) = 0 already present in the Hamiltonian part of the dy-
namics, while it introduces the Neumann type boundary conditions ro(t) = r1(t) and
pn+1(t) = pn(t). In this sense these boundary conditions are the microscopic analogous
of those taken in the viscous approximation used in reference [6].

Thanks to the assumptions we made on the interaction V| it is possible to show (cf
[3] or Appendix A of [7]) the following

Proposition 2.1. For any fixed 5 > 0, the application 7 : R — R is smooth and has the
following properties:

i) et <T(0) < et foralll €R;
i) ™, 7" € L*(R) N L™(R).

Furthermore, we assume 7”(¢) > 0 for all £ € R.

Remark. The condition 7/ > ¢;* > 0 is a condition of strict hyperbolicity. On the other
hand, 7”7 > 0 is a condition of genuine nonlinearity, and it is easy to see that it rules out
symmetric interactions (V(—r) = V/(r)). Nevertheless, such a condition may be relaxed
as in [8] and we can allow 7” to vanish at most at one point, which is compatible with
having a symmetric interaction.

Denote by u¥ the probability measure of the system a time t. Then, the density f}
of u¥ with respect to A)¥ solves the Fokker-Plank equation

9 o)
= () = (G 1Y) A (2.27)
Here . . .
0 = NI + No (SN + s;v(“) (2.28)

is the adjoint of Q;,(t) with respect to AN.
We define the relative entropy

Hy(t) := / N log FNAAY, (2.29)

and require that the initial distribution f&' is such that Hy(0) < CN for some C
independent of N.

We are interested in the macroscopic behaviour of the volume stretch and momentum
of the particles, at time ¢, as N — oo. Note that t is already the macroscopic time, as
we have already multiplied by N in the generator. We shall use Lagrangian coordinates,
that is our space variables will belong to the lattice {1/N,..., (N —1)/N,1}.
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Consequently, we set u; := (r;,p;). For a fixed macroscopic time 7', we introduce
the empirical measures on [0, 7] x [0, 1] representing the space-time distributions on the
interval [0, 1] of volume stretch and momentum:

Cy(de,dt) == %Z ) (w - %) w,(t)dx dt. (2.30)

We expect that the measures ¢y (dz, dt) converge, as N — oo to an absolutely continuous
measure with density (r(¢,x),p(t,z)), satisfying the following system of conservation
laws:

=70 " 3

Since (2.31) is a hyperbolic system of nonlinear partial differential equations, its solutions
may develop shocks in a finite time, even if smooth initial data are given. Therefore, we
shall look for weak solutions, which are defined even if discontinuities appear.

Definition 2.2. Fiz T > 0 and let Q7 = [0,T] x [0,1]. We say that (r,p) € L*(Qr) is
a weak solution of (2.31) provided

1
/ (0, z)ro(x da:+/ / (royp — poyp) dadt =0 (2.32)

/wapo d:c—l—/ / (pOyp — T(r)0x1) dq:dt+/ W(t, )T (2.33)
for all functions p,v € C*(Qr) such that p(t,1) = (t,0) =0 for all t € [0,T).

Denote by Qy the probability distribution of {, on M(Qr)2. Observe that {5 €
C([0,T], M([0,1])?), where M([0,1]) is the space of signed measures on [0, 1], endowed
by the weak topology. Our aim is to show the convergence

R ( /O ' /0 ()t o)t /0 ' /0 1 J(t,m)p(t,x)da;dt), (2.34)

where r(t,z) and p(t,z) satisfy (2.32)-(2.33). Since we do not have uniqueness for the
solution of these equations, we need a more precise statement.

Theorem 2.3 (Main theorem). Assume that the initial distribution satisfies the entropy
condition Hy(0) < CN. Then sequence Qy is compact and any limit point of Qn has
support on absolutely continuous measures with densities r(t,x) and p(t,z) solutions of
(2.32)-(2.33) and belonging to L>=(0,T; L*(0,1)).
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Moreover, if the system at time t = 0 is at a local equilibrium, namely if

e He () =)o (5)e] =0 (o (3))) =aen=3m ()

(2.35)

then we have the following Clausius inequality

E2 </OT /Ol[f(t,y) — F(O,y)]dy) < E° (/OT W(t)dt) : (2.36)

Flt,z) = p(t’T@Q +F(r(t, 7)) (2.37)

where

1s the free energy and

W=~ [ (o) / (s, 9)dy + 71 / 't y)dy — 7(0) / ldy (2.39)

1s the work done by the tension T.

Notice that in the case the total length L(t) = f ! r(t, y)dy is time differentiable, the
definition of work coincide with the usual one: W (t fo

3 Some bounds from Relative entropy and Dirichlet
forms

Define the Dirichlet forms

_ [ v — [ (RN U= (0 oMY
—/ft (=Snlog fi)dN _/ﬁ [(5]91) +;(3pz’+1 B 8]%‘) i

_— oryN  afrN\?  [ofM\’
:/ft O log £ dAiV_/ft [ (0T]:+1 ai)Jr(aiN)]dAiv'

(3.1)

Proposition 3.1. The following inequality holds for any t > 0:

Hy(t) — Hy(0) < -8 / #(s) / > n() NN + NG / F)(F(s)ds.  (3.2)

Moreover, there is C(t) independent of N such that
t

Hy(t) + Nog™! (DN(S) + DN(S)) ds < C()N. (3.3)
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Proof.
dHN / A(fNAN) log fN drdp + / ANO, N drdp (3.4)

— / (g;v " )log fNa\y — / fYoAY drdp + 0, / fed\Y (3.5)
=[£G 0g sE Y = 570 [ lax - Ner(o)] £EanY (3.6)

—— Nog ™t (Dy(t) + Du(0) ~ 57'0) [ law = Ner)] PN, (37)

since [ fN L]f\;t) log fNdAY = 0, by the antisymmetry of L]?V(t). Thus, (3.2) follows after
an integration in time and recalling that ¢y = Zfil r; and that the Dirichlet forms are
non-negative.

By the entropy inequality and the strict convexity of G(7) we have, for any « > 0,

‘57'@)/[%—1\[4(7@))] FNANY <o 'Hy(t) + o~ llog/ —as# (Oax—NEO) AN
= o 'Hy(t) + o 'N[G(7(t) — a7 (1)) — G(F(t)) + oF ()7 (t))]
< o™ Hy(t) + a7 (t)’NCq. (3.8)
|—1

By choosing a = |7/(t)|~! we obtain the bound

%HN( )+ Nog™ (Dw(t) + Dw(t)) < [7 ()] (Hx(t) + NCe) (3.9)

By Gronwall’s inequality we get

t t
Hy(t) + Nop™! / (Dx(s) + D (5)) ds < Hy(0)ehi "% 4 N / 17 (5) e 17 Wl g
0 0
< C(t)N. (3.10)
[

Observe that C(t) in this proposition is equal to Cy if 7/(¢) = 0, and that can be
chosen independent of ¢ if 7/(t) = 0 for ¢ > ¢, for some .
The energy bound is a standard consequence of the bound on the relative entropy.

Proposition 3.2 (Energy estimate). For anyt > 0

N

[ (Fve)

=1

FYaAY < ()N, (3.11)

and the constant C(t) can be chosen independent of t in the case T'(t) = 0 fort > t,.
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Proof. By the entropy inequality and for 0 < a < 3,

/ [i (%2 + V(n-))

i=1

N

1 1 (YZ ﬁ#»V(ri)
frdX: < EHN(t) + Elog/e =1 <2 >d)\iv (3.12)

1 N o= 8) (B4 vim)) + prin — o d
:—HN(t)+—log/e( (5 +ven) eron-cae),  dp
(07 « /27-(-5—1

Note that thanks to our choice of a the last integral is convergent and bounded with
respect to t. Thus, the conclusion follows as a consequence of Proposition 3.1. O]

4 The hydrodynamic limit

4.1 Microscopic solutions

Let (r;(t),p:(t))X, be solutions of (2.26). Let ¢,v € C*(Qr) be such that ¢(t,1) =
(t,0) =0 for all t € [0, 7], and let

@i(t) == (t, %) . i(t) = (t, %) : i=1,...,N. (4.1)

We set V/ := V'(r;) and evaluate

1 N

%;S@i(T)H(T}_NZSOZ'(O)TZ‘(O) :/0 NZgbi(t)ri(t)dH (4.2)

i=1
T N-1

+/ (p1901 - ZV*I%%’ + V*pN80N> dt+
0 i=2

T N—-1
0

=2
> T N-1
+ 2ﬁ_1ﬁ/ (—(pldﬁ)l + Z%V*dwz + @Nv*dﬁ)N> .
0 i=2
We use the summation by parts formula

N-1

N-1
D wiViai = aVe + pra — pray (4.3)
=2

=1
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with a; = p;, a; = V| = V/ and a; = dw; in order to obtain

1 1
NZ%(T)H(T) - NZ%(O)”(O)
TN-1 T
= / NZ% ri(t)dt — / ZszsozdtJr / NpNdt+
0 0

T N—-1

/ ZVQOZVth—FU/ on(T(t) — Vi )dt+

7 N—1
w205 | v
=1
7 N—1

T 1 T N-1
_ / NZgbi(t)ri(t)dt— / > Vepdt — o / > Ve VVidi+
0 i=1 0 =1 0 =1

~ o T N—-1 .
0 =1

as pn(t) = ¢(t, 1) = 0. After a second summation by parts we obtain

N-1 N-1

=Y VeV = V/Api + VIV = ViVin

i1 i=1
so that we can write

T N—-1

12

(4.4)

(4.5)

(4.6)

%Z%(T)n(T)—%Z%(O)n(o):/O %Zgbi(t)m(t)dt—/o Zin(pidt+f{N’

with

T N—-1 T N—-1
Ry =0 / Zv’ )Apidt + 1 [28-12 / > Vi (t)dais(t)
i=1

to / V/(6)Vodt — o / V()Y dt.

0 0

Lemma 4.1. E[|Ry|?] — 0

(4.7)

(4.8)
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Proof. Since ¢ € C*([0,1]), we can estimate |Ap;| < [|02,¢|leN 2. Moreover, since
c1 < V"(r) < cg we have [V/(r)]? < C (1 +r?), and

<oT (me?) | B0y

i=1

T N-1

/ o V/Apdt
0 i=1

E

o’T

< o— i (1+r2(1) | dt < C(T) .

Since the Brownian motions dw; are independent, we evaluate

20 (T iy
\/ AN /0 Zv%dwz
In order to evaluate the boundary terms in (4.8), we estimate, for any ¢ = 1 and i = N,
Joriay = [rovia + [ -rowiod (4.10)

— / FOVIFNAY + / V() fY AN + / v’%ft Y

< C+oz/(1/;’)2ftNd)\iV+/ (%{j ) f—d)\N

where we have used Cauchy-Schwartz twice and used the boundedness of 7(t) and V",
Here we can choose C' > 0 and 0 < a < 1 such that do not depend on t or N, so that

we have
/ N N / aft N
/(%)th A\ <C (H/(—%) 7 —d)] )

For i = N this gives directly (1 — a) [(V/)2fNd\N < C" (1 +15N(t)>. For i = 1, by

T N—-1

T
<— ZV%th CU

writing
2
(%)2: s 1(aft aftN) Lot (4.11)
ory = Orj+ or; ory
(£ (- ()
- = 8rj+1 8rj (‘37“]\;
we obtain

(1-a) [(PEEaNY <+ NDxl), (4.12)
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and, in turn,

T N N
/ /(V{)thNd/\iV < O(T) (1 + —> < O'(T)—. (4.13)
0 o o
This allows us to estimate
T 2 o2 T .
E (a/ Vll(t)Vgoodt) <T-—E U (V{(t))th} < COr—, (4.14)
0 N 0 N

which vanishes as N — oo. In a similar way we estimate the boundary term involving
Vi
O

Thus, we have obtained the following

Proposition 4.2. Let ¢ € C*(Q7) such that p(t,1) =0 for allt € [0,T]. Then

T N-1

%Z%(T)MT)—%Z%(om(m— /0 %Z@i(t)n(t)dwr /0 > niipud =0 (4.15)

wn probability as N — oo

From similar calculations and recalling that vy = 0, we evaluate
1 1
NZ%(T)I%(T) - NZ%(O)]%(O) (4.16)
i=1 i=1

T 1 N . N—-1 T
= / NZ@bi(t)pi(t)dt—Zv;widtJr / nT(t)dt + Ry,
0 i=1 i—1 0

where

TN-1 o [T N—-1
_ A 19 A
Ry O'/O ; pididt + /28 N /0 ;szdwz—k (4.17)

T 5 (T
— U/ pNVYy_1dt + \/25_1—/ prdwo,
0 N Jo

Similarly to Lemma 4.1, we prove the following
Lemma 4.3. E[|Ry|?] — 0.

Thus, we have proved
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Proposition 4.4. Let v € C*(Qr) such that 1¥(t,0) =0 for all t € [0,T]. Then

FLTT) = 5w - [ GOm0 (43)

T
+/ > VIVt +/ W(t, 1)F(t)dt — 0
in probability as N — oo.

4.2 Mesoscopic solutions

For any sequence (a;);eny and any [ € N, smoother block averages are defined as

R N ] ,
Qi =5 Z iy >, (4.19)
l71<i
where we will choose
[ =I(N):= [Nia(N)%} . (4.20)

Remark. Since o/N and N/o? vanish as N — oo, we may choose o = N2 with
a € (0,1/2). This means [ is of order N275.

o : : ) 1
Let 1y,(z) be the indicator function of the interval [N “IN' N + SN | then we
define functions on [0, 1] from the sequence (a;);en as
N-l
an(x) =Y Iyi(@)ag, = €[0,1]. (4.21)
i=l+1
Notice that for any function f on R and p(x) € L'(]0, 1]) we have
1 1 N—-I
flan(a)p@)dr = 3 fla)@t (4.22)
0 i=l+1

I/N+1/(2N) 1
+ f(0) / gp(x)dx+/ o(x)dx
0 1-1/N—1/(2N)

where

i/N+1/(2N)

1
Oi = N/ o(x)Ini(x)de = N o(x)dz, i=1,...,N—1. (4.23)
0 i/N—=1/(2N)
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We have, by Cauchy-Schwarz inequality,

1 1 N-1
/ an(z)%de < — Y a2
0 N
k=2
Recalling that u; = (r;, p;), we define
N—1
ay(tz) = > Ini(@)u(t),  (tz) € Qr. (4.24)
i=l+1

As a consequence of (4.24) and the energy estimate given by Proposition 3.2, we have

that
E (/T ]ﬁN(t,x)\z) < Cr, (4.25)

i.e. almost surely ty(¢,7) is uniformly bounded in L?*(Qr) and is therefore weakly
convergent, up to a subsequence. The following proposition ensures us that ¢ (dz, dt)
has the same weak limit points as uy(¢, z).

Proposition 4.5. For any function ¢ € C'([0,1]) we have that

lim E ( /01 i (t, 2) (@) — %éui(ﬂgp (%) D _o. (4.26)

Proof. By (4.22) with f(ly) = Gx we have

1 | N
/o uy (b, z)p(z)de = N Z ;i p;. (4.27)

i=l+1

Next, we note that we can neglect the first and the last [ points at the boundaries.
Namely, we have

v (= (5 () (S wmer) " e

=1

N 1/2
< O\/% <% 2; lui<t>|2) 7 (4.29)

%Zui(t)w (%) “ 0. (4.30)

so that
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Similarly, we have

%4 i wi(t)p (%)“ 0. (4.31)

| e | Ve . | N ;
N 2. Wit - ; u; (N) =N > (- w)y <N) + (4.32)

i=l+1

1 = i
TN Z uy; (%—SO(N)>-

i=l+1

) 1 4 1
Thel ion i i i hat there i i . e T
e last summation is estimated by noting that there is a point &; € [N N N + QN]
such that ¢; = ¢(&;). Thus,

- o (L) < Iel
QO'L (IO N —SOOO

1 ;
N Z g <95z‘ — @ <N>)‘
i=Il+1

i 1] 00
— < == 4.33

SNl IN

and therefore

[ N o 1/2
(E N Z |G| ]) (4.34)

i=l+1

¢
N
- 1/2
C (R C
< |E|~= - <.
<5 (l5n]) <7

and recalling that Z\jl<l c; = 1, we write perform a change

I — 7]
l2

Finally, defining ¢; =
of variables and write

N-I

1 i R it 1 = i
v 2 (B mm)e (N) =24 [N, 2 W( N ) P (N)]
i=l+1 l7]<1 i=l+1—j i=l+1
(4.35)
N—l . :
1 1+ 1 [
EAE ) ) ()
gl i=l+1

The conclusion then follows similarly to (4.34). O
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The proposition allows us to replace each u; with their average 0 ;. In the same way
we can replace V'(r;) by the average

. I—1—|j
e vy (4.36)
l71<t

and then replace ‘A/}’Z by 7(7;) via the following proposition, which we shall prove in
Section A.1.

Proposition 4.6 (One-block estimate).

Z/ “—Tm) dt] —0. (4.37)

z 1+1

lim E

N—oo

Therefore, combining Propositions 4.2, 4.4, 4.5 and 4.6, we obtain the following

Proposition 4.7. Let ¢, € C?(Q7) such that o(t,1) = ¥(t,0) = 0 for allt € [0,T] and
let un(t,z) = (rn(t, ), pn(t,z)). Then, the following convergences happen in probability
as N — oo

/0 (T 2)n(To) — 00, 2)7 (0, 2)) da+ (4.38)
- /Q (e 2)p (6 2) + vt 2l ) dodt = 0
and
/0 (AT, 2T 2) — 9(0, 2)pw(0, ) drt (4.39)

- / (PN (t, )00 (t, ) + T(Fn(t, )0 (¢, x)) dedt + /0 W(t, D)7 (t)dt — 0

T

4.3 Random Young Measures and Weak Convergence

The purpose of this section is to prove that any weakly convergent subsequence will
converge strongly. We use the compensated compactness argument of Fritz 3], inspired
from the work of Di Perna, Serre and Shearer, properly adapted to the presence of
boundaries [6].

Denote by ﬁtj’\; = Oay(t,2) the random Young measure on R? associated to the empirical
process uy(t, r):

/ F) oY (y) = flan(t,z)) (4.40)

R2
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for any f: R* = R. Since uy € L*(Q x Qr), we say that % is a L?-random Dirac
mass. The following

E [ / |y\2dz>g§(y)dxdt] _E [ / |ﬁN(t,x)]2da:dt} < Cy (4.41)
Qr JR? T

with C7 independent of N, implies that there exists a subsequence of random Young
measures (77') and a subsequence of real random variables (||, || 12(Q,) that converges
in law.

We can now apply the Skorohod’s representation theorem to the laws of (2,7, ||, || 12(Qr))
and find a common probability space such that the convergence happens almost surely.
This proves the following proposition:

Proposition 4.8. There exists a probability space (Q,]}, Ip), random Young measures
Uiws Vi and real random variables a,,a such that v, has the same law of ﬁg;, a, has

the same law of |[Un,|[12(g,) and 7, B Dy, an — a, P-almost surely.

Remark. Since ﬁt{\[; is a random Dirac mass and 7}, and ﬁf\;? have the same law, 7/,

is a L*-random Dirac mass, too: 7}, = dg, (1) for some 1, € L2(Q x Qr). &, and 1y,
have the same law. Since a, — a almost surely, we have that (a,) is bounded and so 1,
is uniformly bounded in L*(Qr) with P-probability 1.

Since from a uniformly bounded sequence in LP we can extract a weakly convergent
subsequence, we obtain the following proposition:

Proposition 4.9. There exist L*(Qr)-valued random variables (0, ), G such that @, and
Uy, have the same law and, P-almost surely and up to a subsequence, 0, — 0 in L*(Qr).

. ~ * o~ . o .
The condition 7', — 7, in Proposition 4.8 reads

lim | f(y)dv,(y)dedt = | [(y)dvi.(y)dedt (4.42)
oo JR2 R2
for all continuous and bounded f : R? — R. By a simple adaptation of Proposition 4.2
of [1], (4.42) can be extended to a functiion f : R* — R such that f(y)/|y|* — 0 as
ly| = +oo.

Because of Proposition 4.7 we are interested in the weak limit of 7(7y(t,2)). Since
7 is linearly bounded, the main Theorem 2.3 is proved once we show that 7y, = dg(1.2),
almost surely and for almost all (¢, z) € Q7.

We shall now prove that the support of 7 , is almost surely and almost everywhere
a point. The result will then follow from the lemma:

Lemma 4.10. 7, = 0guq) almost surely and for almost all (t,x) € Qr if and only
if the support of Uy, is a point for almost all (t,x) € Qpr. In this case, @, — U in
LP(Qr)?-strong for all 1 < p < 2.
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Proof. Suppose there is a measurable function u* : Qr — R? such that Vo = Our(t,q) for
almost all (t,z) € Q. For any test function J : Q7 — R? consider the quantity

/ J(t, ) - a,(t, z)dzdt = / / J(t, z) - ydv}, (y)dzdt. (4.43)

By taking the limit for n — oo in the sense of L?-weak first and in the sense of (4.42)
then, we obtain

/ / 3(t, 2)-(t, o) dedt = / / 3(t, 2)-ydiso (y)dudt = / / 3(t,2)w (b, 2)ddt
T JR? 7 JR? T JR?

(4.44)
almost surely. Then u(t,x) = u*(t,z) for almost all (¢,x) € Qr follows from the fact
that J was arbitrary.

Next, fix 1 < p <~2. TaNking fy) = [y[P in (4.42) gives |[Un|l 100,y = 10|20 (gp):
which, together with @, — u in LP(Q7) and the fact that LP(Qr) is uniformly convex
for 1 < p < oo implies strong convergence.

The case p = 1 follows from the result for p > 1 and Holder’s inequality. m

4.4 Reduction of the Limit Young Measure

In this section we prove that the support of 7, , is almost surely and almost everywhere
a point.
We recall that Lax entropy-entropy flux pair for the system

Oyr(t, z) — Oup(t,z) =0 (4.45)
atp<t7 I‘) - axT(p(t7 .T)) =0
is a pair of functions 7, ¢ : R? — R such that
om(u(t,x)) + dq(u(t,x)) =0 (4.46)

for any smooth solution u(t,z) = (r(¢t,z),p(t,x)) of (4.45). This is equivalent to the
following:

{8747(7", p) + apQ(ra p) =0 (447)

T/(T)apn(r7 p) + arQ(r, p) =0

Under appropriate conditions on 7, Shearer ([9]) constructs a family of entropy-entropy
flux pairs (7, ¢q) such that 7,q, their first and their second derivatives are bounded (cf
also [6]). As shown in [7] and [3], our choice of the potential V' ensures that the tension
7 has the required properties, so the result of Shearer applies to our case.
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In particular, following Section 5 of [9], we have that the support 7, is almost surely
and almost everywhere a point provided Tartar’s commutation relation

(Mma2 — Neqr, Vew) = (M, Dra){Q2y Vrw) — (M2, Dra) (G, Drac) (4.48)

holds almost surely and almost everywhere for any bounded pairs (11, 1), (72, ¢2) with
bounded first and second derivatives.

Obtaining (4.48) in a deterministic setting is standard and relies on the div-curl and
Murat-Tartar lemma. Both of these lemmas have a stochastic extension (cf Appendix
A of [2]) and what we ultimately need to prove in order to obtain (4.48) is that the
hypotheses for the stochastic Murat-Tartar lemma are satisfied (cf [1] , Proposition 5.6).

This is ensured next theorem, for which we will give a preliminary definition. Let
(n,q) € C*(R?) be a Lax entropy-entropy flux pair with bounded derivatives. We assume,
without loss of generality, 1(0,0) = ¢(0,0) = 0.

For ¢ € H}(Qr) N L®(Q7) define the corresponding entropy production functional
as

Xnloun) = - / (n(a)Ohp + q(tin)Byip) derd (4.49)

T
Theorem 4.11. The entropy production Xy decomposes as Xy = Yy + Zn, such

that (Yy) is compact in H-Y(Qr) and (Zy) is uniformly bounded as a signed measure.
Namely,

Ell¥n(e. ] < anllellmrory with  lim ay =0, (4.50)
EllZn(p.ml < bxligllz=(@r with limsupby < oo, (4.51)
—00

where apy,by > 0 are independent of .

Definition 4.12. We say that the random variables Yn(@,n) are of type Y provided
(4.50) holds for some ay independent of p. We further say that the random variables
Zn(p,n) are of type Z provided (4.51) holds for some by independent of .

By recalling that ¢ vanishes on 0Qr, a direct calculation involving Ito formula we
can integrate by parts in time and obtain

Xy = Xon + Xon + Xon + My + My + Qu, (4.52)
where
T N—I
Xon(oon / S° o [V — 0@ Vp| i+ (453)
i=l+1

T N—I

+/ Z @i [0rq(Q,:) Vi — 0pq(Ty,:) Vipr] dt,

0 =41
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T N—I T N—I

Xs,N((Pan) - U/ Z sz pn ulz)Apl zdt TL Z 901 77 ulz 7 (454>
0 i=i+1 i=l+1
_ T N-I T N-I
N(@?TI) = 0/ Z 901 7‘77 ulz A‘/llzdt+ l?’ / Z 901 rﬂ] ulz 7 (455>
0 i=1+1 i=l+1

T N-I
Mo ) = 2% / S Gy dV i, (4.56)

i=l+1

T N—I
My (,m) \/2—/ Z @0 (y;)dV Wy ; (4.57)

i=l+1

_ /O /0 Do (t, 2)q(ty (t, ) )dadt (4.58)
T N-I

—/ > i[0:q(tu) Vv, — Dpq(t;) V7 pr) dt.

0 =111
We shall prove Theorem 4.11 via a series of lemmas. We start with two preliminary ones.

Lemma 4.13. Let (A;)ien and (B;)ien be families of L*(R)-valued random variables such
that

N T N T
limsup | E Z/ Ai(s)*ds| E Z/ B;(s)%ds| | < . (4.59)
N—oo i=1 70 i=1 70
Let ¢ € L*(Qr) and let
N+2N
N/ Ini(x)p(t,x)dr = N/ o(t, x)dx (4.60)
Then
N T
> | e | <ol (4.61)
i=1 70
where by is independent of ¢ such that
limsup by < oo. (4.62)

N—o0
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Proof.

|@i| =

N /0 ot 7)1y s(x)dz

< [[ellz=@n)- (4.63)
Then, by the Cauchy-Schwarz inequality, we have
N 1/2 1/2
< Hsonoo(nz > A?dt) (E ) -
i=1 70

(4.64)
Lemma 4.14. Let (A;)ien be a family of L*(R)-valued random variables such that

O
Z / 2ds] =0. (4.65)

Let p € HY(Qr) and @; as in (4.60). Then

N

T
> / B2dt
0

i=1

T
@i A; B;dt

lim E

N—oo

Z/ i (Pit1 — @)l dt] < anllella@r), (4.66)
where ay is independent of ¢ and
lim ay = 0. (4.67)
N—o0

Proof. By Cauchy-Schwarz we have

N 1/2
Z/ ‘A Pit1 — i ‘dt] (%2/ N2 901+1 901) dt) X (4.68)
>1/2

Gir1 — Pi = N/ Iy (@)e(t,x)de — N | 1n(x)e(t, z)dx (4.69)

[ (
x+N
/0

— N/ Ini(x 1 oot 4] (y)Oy(t, y)dydz

We write
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Thus, Cauchy-Schwarz inequality implies

dx (4.70)

1 1
[Pir1 — @il < N/ Lyi(z) / 1[x,m+i] (Y)0yp(t, y)dy
0 0 N
1/2

¥ [ ([ @) ([ 10ttt
- ([ wsteora) N

N-1

T 1 T 1
[ XV @u-oris [ [ otoPdo (4.71)
0 0 0

=1

and so

= 10:011720r) < el gy)-

Remark. The same result applies if we replace V¢; by V*@;.

In the following we shall diffusely use the following formulae, which hold for any two
sequences (a;)ien, (b;)ien-

N—I N-I
Z aZVb, = Z b,V*a, + aN—le—l-i-l - albl—H (474)
i=l+1 1=Il+1

Lemma 4.15. X, y be defined in (4.53). Then it decomposes as Xon = Yo n+Zan such
that Y, n is of type Y and Z, y is of type Z in the sense of Definition 4.12. Moreover,
by — 0 as N — 0.

Proof. Since (n,q) is a Lax entropy-entropy flux pair, we have

7(rom+0,g=0

so that we can write

T N—-I

X = [ 3 @dgntins) [VV - 7', Vi e (4.76)
0

i=l+1
— X!y +Z (4.77)
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where
T N—I .
X!y _/ > i)V (Vi = 7(0)) dt (4.78)
i=l+1
T N—I
Zyn=| > @i0pn(in:) V() — 7' () Vi) dt (4.79)
0 =111

The term Z, y is of type Z with by — 0. This follows from Lemma 4.13, the fact that
d,n and 7" are bounded Corollary A.7, and the following estimate,
(V7 (75) — 7' (F) Vi < |7 (ar; + (1 — a)fin) — 7' (7) | Vi) (4.80)
< 7" loo (1 = @) (V)%

which holds for some « € (0,1).
After a summation by parts, we write

Xon=Yon+Zon+ Z0 n, (4.81)
where
T N—-I
Vv = [ 3 (9 @0tynlinioa) (7, = (1) (182)
i=l+1
T N—I )
Ziv=[ 3 A OV, — rli)de (483
0 i=i+1
T A
Zy n :/ ON-10pm(lu,N-1) (Vi N1 — T(Fin—r41)dt+ (4.84)
0

T
_ / 210 (i0)) (V1o — (o))t
0

Y.~ is of type Y. This follows from Lemma 4.14, the fact that 9,7 is bounded and Corol-
lary A.11. ZiN is of type Z with by — 0. This follows from Lemma 4.13, Corollary A.11
and Corollary A.7 after writing, for some intermediate 1 ;,

V*Opn(in:) = 02,0(ti:) Vi 4 0nn (i) Vi (4.85)

and using the fact that the second derivatives of 1 are bounded. Finally, Za N is of type
7 with by — 0.This follows from

T
128 51 < 1l @n 19pm ]l / (I xir = 7Gvein) |+ [V = ()] ) b (486)

and Corollary A.11. O
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Lemma 4.16. Let X be defined in (4.54). Then it decomposes as Xsn = Ysn+ Zs N
such that Ys n is of type Y and Zs n is of type Z in the sense of Definition 4.12.

Proof. Write

Xon=Xon+ Zin (4.87)
where

T N—I
XlN - 0/ Z ‘;01 p77 ulz)Apl zdt (488)

i=l+1

1 20 T — 02 ~
ZeN = g Z Pi0ppn(y,;)dt (4.89)
0 j—it1

Since 82 7 1s bounded, we have that Z; !  1s of type Z with by — 0. In order to evaluate
X 17 N We sum by parts and write

Xon =Yon + Zin + Yy, (4.90)
where
T N—-I
Yiy= _U/ Z (V@i)0pn(Qyi41) Vradt (4.91)
0 =141
T N—-I
Ziy = _0'/ > @i(VOn(tu,:)) Vit (4.92)
0 i—it+1
T T
Yy = ‘7/ ON-10p0(tU,N—1) VD1 N—141dE — 0/ @10,m () Vi1 dt. (4.93)
0 0

Thanks to Lemma 4.14, Lemma 4.13 and Corollary A.7, V!5 is of type Y, and Z7  is
of type Z. However, we obtain |Z7 y| < by||¢||o with by only bounded, since

N-l

3 / (o—(v]al,i)%o—(wmy)dt] (4.94)

i=l+170

E

is bounded but does not necessarily vanish as N — oo. Y;b y is of type Y. We focus only
on the boundary term in /, as the boundary term in N —[ is analogous. Since ¢(¢,0) =0
we write

ng N/ 1Nl dx—N/ 1Nl /8yg0ty (495)
—N/ Ing(z /1[0,m](?/)3y90(tay)dy-
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By Cauchy-Schwarz, we estimate
1/2

/01 Lo, ()9yep(t, y)dy' <V (/01 \%w(t,y)!Qdy) : (4.96)

so that

1 1/2 e %
3 < ( / |ayso<t,y>12dy) N Vids (4.97)
0

N 2N

_ (/01 |aygo<t,y>l2dy) " \/% (1 o (%» |

Thus, we obtain

T T T 1/2
E[o / \w@n(fbhnvmﬂydt}suapnuoo ( / \m?dt) ( U A (Vi)? D
0 0
o
(//\3y<pty\dy> ( —0> (4.98)
o\ 1/2
< Clelmen (v)
]

Similarly, we have the following

Lemma 4.17. Let Xs N be defined in (4.55). Then it decomposes as XS N =Y, N+ Z&N
such that Y; ~N s of type Y and ZSN 1s of type Z in the sense of Definition 4.12.

Lemma 4.18. Let My be defined in (4.56). Then it decomposes as My = Y, N + Zm N
such that Y, n is of type Y and Z,, n is of type Z in the sense of Definition 4.12.
Moreover, by — 0 as N — oo.

Proof. By a summation by parts we obtain

My =Ypun + Znn + 2y (4.99)

T N—-I
g _ N N
2% | 3 (e, (4.100)

with

i=l+1

p T N-I
—\/2N/ Z Gi(VOpn(tiy))day; (4.101)

0 =111

T
o N N _ N N
Zp = \/ QN/O (ON—1410p0 (U141 )y N1 — Pi10pM (Ug141)dalyy) - (4.102)
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Y.~ is of type Y. In fact, we have

2
T N—I

0- —_ A~
E [Yri,N] = QNE Z/ Z (V@i)Opn (1 is1)dw;_; (4.103)
0 .
l7]<l i=l+1
201 L—1y - A
< NI | | Z [/ v%>8p77(ul,i+1))2 dt
VIR i=l+1
T N—-I
< Flomligs [ 3 ¥(9ad
i=l+1

20
< llelln@r 77 19wl

Thanks to the coefficient /o /N, the boundary term Z° ~ 1s of type Z with by — 0.
Finally, we show that Z,, x is of type Z as well, by estlmatmg

TNZ

E [an N] < O3 @y / [(Vﬁﬂ.y + (Vﬁzﬂ-)ﬂ dt
i=l+1

< ||80||%00(QT)N

Similarly, we prove the following

Lemma 4.19. Let My be defined in (4.57). Then it decomposes as My = ffm N+ Zm N
such that YmN is of type Y and ZmN is of type Z in the sense of Definition 4.12.
Moreover, by — 0 as N — oo.

Lemma 4.20. Let Qu be defined in (4.58). Then it decomposes as Qn = Yyn + Zyn
such that Y, v is of type Y and Z, y is of type Z in the sense of Definition 4.12. Moreover,
by — 0 as N — oo.
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1
Proof. Let ¢;(t) = ¢ (t — 4+ —) Then

N 2N
T N l
/ / Dpp(t, )q(Un(t, x))dxdt = / (/ Opp(t, )1y ,(x )dIL’) q(uy,;)dt
i=l+1
T N-I
= [ 3 (v et (4.104)
0 i=i+1
T N-I T
:/ Z @iVQ(’&l,i)dt-l-/ (@1q(tiu41)+
0 =141 0

— @n-1q(ly—i11))dt.
Thus, since we may write, for some a € (0, 1),
Vq(ﬁlyi) = 8T77(ﬂlcfz)v7ﬁljz -+ 8pn(&§fi)Vﬁlyi, (4105)

where uf; = aty; + (1 — )ty 41, we obtain

Qn=Qin+ Q' y+ Z! y, (4.106)
where
T N—I
Z,N_/ Z (@i0rq(a7) Vi1 — @i0pq(tu,;) V1) di (4.107)
0 = +1
T N—I
Q= [ Y (B0alif) Vi + eyl V') d (4.108)
0 i=i+1
T
Zyy = / (P1q(Ugp41) — On—1q(tin—141)) dt. (4.109)
0

Since ¢ is bounded, Z; ~ is at glance of type Z. Next, we write

Z,N = YqT’N-i—Z;N, (4.110)
where
T N— l
YN —/ — i) 0rq (1) V7 it (4.111)
i= l+1
T N—-I
ZyN = / > @i (0vg(af) — Ovq(iung)) Viyadt. (4.112)

0 =41
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In order to estimate Y,"y we estimate
i) (5 (o) — o)) d
; —+ — | —p) | dx
o V\PANTaN) T
1 1
SJV/imA@ Lo o (00,00t y)dy
1 2 1 1/2

< L 2

¥ [ (e g e) ([ etra) e

=§z§(é|@w@waQU%

Thus, by Cauchy-Schwarz,

T N— z 1/2 T N-l /2
N|<c</ i)zdt> (/ S (Vi) dt) (4.114)

i= l+1 i=l+1

T 1 1/2 T N-I 1/2
<C </ / |Oyp(t, y)|2d?/dt> (/ Z (sz,z’)2dt>
0 Jo 0 ,—

I+1
T N—I 1/2
< CH%OHHI(%)( > (Vi) dt)

0 =111

pi — @il = N (4.113)

dx

and so Y,y is of type Y. Z] v is easily seen to be of type Z with by — 0 since we can
estimate, for some intermediate value 1 ;,

|8,,q(zll‘fi) — 0pq(ty ;) } = 10rq(duy; + (1 — @)y i11) — Opq(tu)| (4.115)
= |02.q () (1 — @)V 4+ 02,q(t:) (1 — ) Vil
<Ng oo (L = @) (V71| + [VDral) -

In order to evaluate sz N Wwe write

Qqiv = Qg T Xon, (4.116)
where
T N—-I
/ Z (701 Pq ul z)Vpl 7 QozapQ(ul z)vpl z) dt (4117)
i=l+1
T N—I
Xon = / > Pi0paliu) (Vs + Vi) dt. (4.118)

0 1=p+1
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Qg ~ is evaluated exactly as Q) y and so it writes as a sum of a type Y term and of a
type Z term with by — oo. Finally, since

Vi + Vi = Apy, (4.119)

the term X,y is entirely similar to the term X v of Lemma 4.16, except the latter has
an extra factor 0. Thus, X, y writes as a sum of a type Y term and a type Z term with
bN — 0. L]

5 Clausius Inequality

This section is devoted to proving the second law of Thermodynamics in the form of the
Clausius inequality. We recall here the variational formula for the relative entropy

_ N _ 6 \N
Hy(t) Sgp{/gbdut log/e dA; }, (5.1)

where the supremum is carried over all measurable function ¢ such that [ e?d\Y < +oo.
Lemma 5.1. Any solution 0 belongs almost surely to L>=(0,T; L*(0,1)).

Proof. Fix 1 < p < 2. By Lemma 4.10 there exists a set A of probability 1 such that
0, — U in LP-strong for for any w € A. For any such w we can find a subsequence {n{}
such that @, (t,x) — u(t, z) for almost all t and x. In particular, for almost all ¢, the
sequence Uy (t,z) converges for almost all x. Thus, by Fatou lemma and the remark
following Proposition 4.8 we have

1 1
/ 6t )Pz < lim inf / (e (¢, 7) 2z < C (5.2)
0 k—o0 0 k

for almost all t. [

Lemma 5.2. For any limit point Q of Qn

/oThN“Lio%f H]jvv(t)dt > BE° ( /0 ' /0 ) — 0] dydt) + /0 e
(5.3)

where )
p(t,y)
2

F(t,y) = + F(r(t,y)). (5.4)
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Proof. To get the lower bound for any fixed ¢ > 0 choose two Lipschitz functions 7(¢, -)
and p(t,-) on [0, 1] and define 7;(\25/) =7 (t, %) and ﬁt/) =P (t, %) Then take ¢ in
(5.1) as

N

oep) = {ﬁ [(50) = 7)1 + plp] - G(R(D) + Glr(t) - 5%} . (69)

Observe that ¢ is such that [e?d\N = 1. Then using the results on the hydrodynamic
limit, along a sub-sequence, we have, for almost all ¢,

lim inf Hy(t) > sup )EQ/O dy{ B (7(t,y) —7(t) r(t,y) + p(t, y)p(t, y)]

N—oo  #(t,),p(t,)€Lip([0,1]
B

—G(7(t,y) + G(7(t)) — §ﬁ(t,y)2}
_ En/o dy{ sup [B7r(t,y) = G(7)] = BF(E)r(t, y) + sup {p’p(t, y) — gpa} b+ 6ew)

TER p'€R

1
= 9E% [ dy(F(t.9) - Br(t)r(t.v)] + G,
0
(5.6)
The conclusion then follows after a time integration. O]

Theorem 5.3 (Clausius inequality).

E2 ( /0 ' /0 Flty) - f(o,y)]dy) <2 < /0 ' W(t)dt) | (5.7)

where the macroscopic work is given by

t 1 1 1
Wi i=— [ 70) [ ey 70 [ ottty -70) [ n@dy 63
0 0 0 0
Proof. By our assumptions on the initial conditions we have

Hy(0)

Jm 25— 6 [ F0.) — O]+ GO (59)

This, together with the previous lemma, yields for almost all ¢,

(t) — Hn(0)
N

BE2 < / 1]-"(t,y)dy> .y / | F(0,y)dy < liminf 2
0 0 e (5.10)

| BE® ( [ F0r ) = 7)) dy) ~G((1) + G (0).
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Finally, from Proposition 3.1 we have

lim int 200 — HNO) /Ot ds B2 (T'(s) /Olr(s,y)dy> +@/Ot ds 7 (s)0(7(s))

N—oo N

(5.11)
— BE® (W(t)) — PE® ( | rort) - 70miw) dy) + [ ds 7 (s)er(s)
— BE2 (W (1)) — E ( | rort) - 70m) dy) LG (1)) - G(r(0)),

which, together with (5.10) and after an integration in time gives the conclusion. O]

Remark. Assume that the external tension varies smoothly from 75 at ¢ = 0 to 7, as
t — oo. Assume also that the system is at equilibrium both at time zero and as t — oo:

po(z) =0, 7(ro(z)) = 70, Vo € [0, 1] (5.12)
tlirgop(t, x) =0, tlggo T(r(t,z)) =mn a.e. x € [0,1]. (5.13)

Then, the following version of the Clausius inequality holds
F(m) — F(r) < E}¥(W), (5.14)

where the total work W is given by
00 1
W .= —/ T'(s)/ r(s,y)dy + ml(T1) — 10(70). (5.15)
0 0

A Appendix

A.1 Microscopic estimates

In the following we will denote, for any sequence (a;);ey and any [ € N the usual block
averages

l
_ 1 Z ,
ap; = Z - Qj—j+1, 1> l. (Al)

For 1 < m < i < N, denote by dum;; € M (R*") the projection of the proba-
bility measure p on {ri_mi1,--., 7 Picmsts---,pi}- This decompose in dpy,i(-) =
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dﬂm,i,t('|fm,i7ﬁm,i)dﬂi,t<fm,iapm,i>7 where Nm,i,t<'|fm,i7ﬁm,i) is the measure Hom it condi-
tioned tO T, i, Prm.i, While dpt; (T i, Pm.i) is the marginal distribution of (7, Prm;) under
N
H
Correspondingly, from the measure ¥, we define d\,; +(+) = d\it (-|Fimis i) ANt (o iy D)
For every value of /, p, we can choose the corresponding regular conditional probabil-
ities umzt Pmit(-|Pmi = £, Pmi = P) and Af,’lplt = Anit(*|Pmi = €, Pmi = p). These are
probablhty measures on ]RQ’” supported on the 2( — 1) hyperplane X, (¢, p) defined by
1 ZJ o T =0+ e D o p; = . Observe that )\mzt does not depend on 7(¢) nor on 1.
Since the potential V' is uniformly convex, the Bakry-Emery criterion applies and we
have the following logarithmic Sobolev inequality (LSI)

m—1

/ g*log gdA? < Crgm® Yy
Em(£,p)

J=1

L (s ar] vz a2

for any smooth g on R?>™ such that fz Qd/\&p = 1. Here O}, is a universal con-
stant depending on the interaction V' only In particular (A.2) holds for g2 = fi7 =

m,i,t

i, P il dN\P. Denote diy,;4(¢,p) the marginal distribution of 7, ;, Pm.; Of fi.

Lemma A.1. Let m < @ < N. Then there exists a constant C' such that, for any

f?p 6 R)
/ At it (P Do) / froiPrtlog frmi Pt g \mm P (A.3)
R2 Zm(fm zvﬁm 1)
- 2
z ]ft (DifjftN>
< Chum?® z / ftN a

dit
Proof. Let foi: = Hmit ¢ decomposes as
d/\m,i,t

f_‘fm,iyﬁm,i

fm,i,t(ri—m7pi—m7 s 7riapi) = m,i,t (Ti—m’pi—m’ .- Twpz)fz (Tm zapm z) <A4>

d,ui,t
dX; ¢ '

where f;; =
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By (A.2), the left hand side of (A.3) is less or equal to

_Tmzpmz 2 _Tmzpmz 2
=S myit ) + (Dl —JJmyit ) N Ti,m-Pi
Clsim d,ulzt Tm zapmz E / Tmzpmz d)\nll;nt o <A5)

m'Lt

"rmzpmz 2 D ‘Tmlpmz 2
1—=jJm,it ) +< 1—jJm,i,t ) i msDi
- Olszm fzt(rmzapmz)d)\zt Tmzapmz E / _V‘mzpmz d)‘TerTt o

]RQ

mzt

= Clsimz . d)‘i,t<fm,iapm,i) Z/ i*jfm,i,t) +( ifjfm,i,t) d;\ﬂ,m,pi’m
R -
7j=1

fm,i,t m,i,t
2N [ (Dicifmit)? + (Dicj i)’
= Clsim Zl = fm’@t 7 d)\m,i,ta
ji
and (A.3) follows by Jensen’s inequality. O

Proposition A.2 (One-block estimate - interior). There exists ly € N such that, for
lo <l < N, we have

N 2 12
Z//VEZ—T 1)) dusds<C’ 7t+; < C(T >0 (A.6)

i=l+1

Proof. Fix a > 0. By the entropy inequality and Lemma A.1:

Z al / ds / (7)) duy (A.7)

i=l+1

= Oél/ ds/d/vbzs leplz / (‘71:1 — T (Fl,i))Q dﬂz;’ﬁ“

i=l+1

<l Clsz/( N (s )+DN d8+ / ds/d,uzs TLis Dui) log (/ LV = (7)) d)\lﬁzztpzz)
=l+1
/ dS/d,qu T’ll,p“ log (/ al (V; T(T’l,i))szlFl,ivﬁl,i)
=l+1

where we have used the bound on the time integral of the Dirichlet form .
We prove now that for o < (4¢p)~! we have

sup /eaz (Wi_T(é))zdj\f“ﬁ <, (A.8)

£,peR

and (A.15) will follow.
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We take [ > [y so that
/ ol (V= 0)” g3 < / et =m0V L (A.9)

Let us introduce a normally distributed random variable £ ~ N (0, 1) so that we can
use the identity

! (V=70)' _ [es@ (Vi — T(f))} (A.10)

in order to write
/eal (‘Zfi—f(f))zd/\g,m(@ = E {/ 65\/@(‘/&—7(5))(;)\15%7(@} (A.11)
=E¢ e T(0EV2al (/ ewfmvl(r)d)\g,pﬁ(e))l ) (A.12)

It is easy to show (cf Appendix A of [7]) that,

/ EVREVIIN < Al = Mg. (A.13)

Hence, we obtain -
/ e V=N gpl ) < B [6252] , (A.14)
and the right hand side is independent of ¢ and p. Taking o = [3/(4cs) the expectation
with respect to ¢ is finite. n

If we do not perform the summation over 7 in (A.7) and we bound the right-hand
side of (A.3) by the Dirichlet forms we obtain the following

Corollary A.3. There exists Iy € N such that, forly <l <1i < N, we have

/Ot/ (V=7 ()" dulYds < C Gt + g) <coml. (A.15)

g

Proposition A.4 (One-and-a-half-block estimate). Let a; € {p;, V'(r;)}. Then, for any
fized | < k < N — 1, we have

o o

¢ 1
/ /(al,kH — dl7k)2duivd8 <C (7t + l) < C’(T)i (A16)
0
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Proof. We consider a; = V'(r;), as the case a; = p; is analogous. Thanks to the identity

, , ONN aAéV
Vi) = Vi) = -7 (G - %)
i j

(A.17)

we compute

/(Wfk-i—l Vk NdAN Z /V/ Tit1) ))(‘zliﬂ.l /)de)\N (A.18)

zkl+1

LS W v+

i=k—I1+1

o gy (B S (08 RN
+ / (Vs — Vi) (Ti:;H o o ) | D

By using Cauchy-Schwartz inequality on the last term and the fact that V" is bounded,
we obtain

k 2
ofy N
Vi = V2 NaYy < ¢ / ( o5 ) g\l
JL fNZ > o o
H—l 1 N N\ 2
f k I+1 87’]“ Or;
k i+1—1
afy  of. N
< — ZJs
<C +/fN Z Z(arﬂ Tj)d)\) (A.19)

i=k—Il+1 j=t

N N
<C / < <af _ 9, ) d\l
14 i= k 141 j=1 Orjs Ory

<C(Z+IDN( )>

The conclusion then follows after an integration in time. m

Proposition A.5 (Two-block estimate). Let a; € {p;, V'(r;),7:} and ly be as in Propo-
sition A.2. Then, forly <1 < N, we have

N N 2 12
Z a“H a) dpNds < C Tt~ ) <CT)— (A.20)
o

0'
i=l+1
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Proof. We prove the statement for a; = V'(r;). From (A.19) we have
N 1 N-I i k+1-1 8fN afN 2
N s s N
S [ v < 7+/f—Nz z > (5 -G »
i=l+1 S = J J
i+1— N N 2
[ 87’j+1 87’]'
N 2
N 1 N afN
<C|— — : =) d\Y A.21
o l /fNZZl:(aTz+1 or; > 8> ( )

S

gC(];[nLlD ())

The conclusion then follows after a time integration. The proof for a; = p; is analogous.
Finally, since 7’ is bounded from below by a positive constant, we have

(Pt — 713)? < C (1(Fri) — 7(71))° (A.22)
<C [(T(ﬁ,m) - Wi+z)2 + (Vi - T(m)) " + (Vi — _zfi)Z]

and the statement for a; = r; follows from the fist part of the proof and Proposition A.2.

]

We conclude this section by showing the connection between the averages a;; and
Q.

Lemma A.6. For any sequence (a;)ien, any | € N and any i > 1, we have
. L, _
Va,; = j(az,m — ;) (A.23)

Proof. We prove the statement by induction over [. The statement for [ = 1 is obvious,
since both a; ;11 — a@1; and @y ;41 — @1, are equal to a;11 — a;.

Assume now the statement is true for some [ > 1. We prove it holds for [ + 1 as well.
We have

R . 1 [+1—1j] 1 l+1—15
G/l+1,i+1 - al+1,i = H—l Z l_i_—lajlq»lij — l Z l i 1 ai*j (A24)
IJ'I <l+1 lj]<i+1

Z l+1_|.7| Qjy1—j ai*j)
|

? o1 \JI 1
- (Aig1—j — ai—j) + —1)2 Z (Qig1—5 — @i—j).

(I141)2 ll
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For the first summation we can use the inductive hypothesis, while the second summation
is telescopic. Therefore we obtain

1 : 1

141541 — Q41 = 77— itl—j+1 — Qi—j w5 (i — Q;— A25
Q41,41 — A1, (l+1)2 jzl(aﬂ j+1 — @ J+1)+(l+1>2(a+l+1 a l) ( )

I+1
1

= 712 Z(ai—l-l—j—l-l - az’—j+1)
(1+1)* =
1 _
= I+ 1 (al—i-l,i-i-l—i-l - Clz+1,z')-

Combining Proposition A.5 and Lemma A.6 we get the following

Corollary A.7. Let a; € {p;,V'(r;),r;} and ly be as in Proposition A.2. Then, for
lp<l<i<N-—-I1+1,

N 1 1
J= l+1
N 1,1 1
(Vi) dulds < C — ) <C(T)—. (A.27)
l3 la lo

We now show that the two averages we defined are equivalent in the limait.

Proposition A.8 (One-block comparison). Let a; € {p;, V'(r;)}. Then, for anyl <i <

N — 1, we have
! I l
/ /(au — ) dpNds < C (z ) <o) (A.28)
0

Proof. We prove the statement for a; = V’(r;), the proof for a; = p; being analogous.
We can write

NI)—\

(@imj — @i—jy1) - (A.29)

_a'lz_
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Thus,

_ N 1 ] , — N
J = ra = [ 5305 0V = Vi) (V= Vi £5 Y (4.30)

- ll/ Ik 0 9 Mo N — V' (. N \N
o) Zl ori;  Oriju (V' (riek) = Vi(rickr)) ) [ dAS+

_1 . N N

Ori—j  Ori—jy

-1

<B~ ﬁ/Z%W"(n—j) +V(rij)) £ AN+

_ . -2 1 -1 .9 1 N N 2
v vy - B (IS S (2 L)y
=0

l fsN 37“i—j B 37“z‘—j+l

Thus, we obtain

-1 2
_ . V"o 1 1 [ 0fN ofN
/(‘Gfi—%ﬁi)Qdufszﬁl—H zH +ﬁ2/7§ < Js E ) AN (A.31)
Jj=0

< _
fs aﬁ'—j 37”z'—j+l

and the conclusion follows as in the proof of Proposition A.4. O]

Proposition A.9 (Block average comparison). Let a; € {p;,V'(ri), i} and ly as in
Proposition A.2. Then, forly <1 < N we have

=t N & P 2
> / / (ar; — ;) dulNds < C (Tt + —) < CO(T)—. (A.32)
0 g g

i=l+1

Proof. The statement for a; € {p;, V'(r;)} is obtained by the previous proposition after
summing over ¢ as in the proof of Proposition A.5.
In order to prove the statement for a; = r; we write

. 1
fu — ’I“M = 7 Z eri—ja (A33>
1<t

where [¢;| <1 and 37, ¢; = 0. Let a > 0 to be chosen later and follow the proof of
Proposition A.2 in order to obtain

N-I t l3 N-I t ) o
ST fmnpatnzc 5[ fes(fen vt ate
0 0

i=l+1 i=l+1
(A.34)
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We introduce a normally distributed £ ~ A/(0,1) and write, for large enough [,
/ea (Fri — 7, z) d)\glp Lt S C / v (Fri — fl?i)de\,éV,ﬁ,T(f) (A35>

/ V2ag ( 7””7)d)\6p7'(ﬁ):|

\/ﬁ{i HZ<ICJ'I‘i_j AN
- CEE e 7 d)\ﬁ,ﬁﬂ'(é)

\/ﬁé

) - G(7(0)

= CE; He <

L I71<!

> (Gw» V208, () 28 )
= CEg eli<t

for some intermediate value 7. But since -, ¢; = 0, [¢;| <1 and G” is bounded, we

can estimate
6a)|G" |l 1o 1
e 1 ‘|=cC : (A.36)
\/ 12a||G" || 0o
1] — =17 Heo
l
6c]|G" oo

1
provided — < 7 Note that the right-hand side of (A.36) does not depend on

1
¢ and p. Thus, combining (A.34) and (A.36) and choosing o < ml leads to the

_ 2 \2 o) 5
/ e (s = 1) d)‘é’zp—l,iﬂ—l < CE;

conclusion.

Corollary A.10. There exists ly € N such that, forlo <l <1< N —1+ 1, we have

t
/ /(’I“l’i—f“ dp,s d8<0(l l) SC(T)l (A37>
0 o
Corollary A.11. Let ly be as in Proposition A.2. Then, forly <l <i< N —1+1 we
have
N N 12
rl] d,u ds < C Tt + - < C’(T); (A.38)

j= z+1

1,1 l
/ / Ui — T(T14) d,uinSSC'(—t%——) <C(T)-—
l o o
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Proof. Follows from Proposition A.2, Proposition A.9 and the inequality

(wawm02§3K%;—%Q2+G%—rmnf+wdm»—rm»f] (A.39)

2

N2 )
< 0| (7= V) (W= rl) o+ G = 7
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