N
N

N

HAL

open science

WELL-POSEDNESS AND APPROXIMATION OF
SOME ONE-DIMENSIONAL LEVY-DRIVEN
NON-LINEAR SDES
Noufel Frikha, Libo Li

» To cite this version:

Noufel Frikha, Libo Li. WELL-POSEDNESS AND APPROXIMATION OF SOME ONE-
DIMENSIONAL LEVY-DRIVEN NON-LINEAR SDES. Stochastic Processes and their Applications,

2021, 132, pp.76-107. 10.1016/j.5pa.2020.10.002 . hal-02446337

HAL Id: hal-02446337
https://hal.science/hal-02446337
Submitted on 20 Jan 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02446337
https://hal.archives-ouvertes.fr

WELL-POSEDNESS AND APPROXIMATION OF SOME ONE-DIMENSIONAL
LEVY-DRIVEN NON-LINEAR SDES.

NOUFEL FRIKHA AND LIBO LI

ABSTRACT. In this article, we are interested in the strong well-posedness together with the numerical approximation
of some one-dimensional stochastic differential equations with a non-linear drift, in the sense of McKean-Vlasov,
driven by a spectrally-positive Lévy process and a Brownian motion. We provide criteria for the existence of
strong solutions under non-Lipschitz conditions of Yamada-Watanabe type without non-degeneracy assumption.
The strong convergence rate of the propagation of chaos for the associated particle system and of the corresponding
Euler-Maruyama scheme are also investigated. In particular, the strong convergence rate of the Euler-Maruyama
scheme exhibits an interplay between the regularity of the coefficients and the order of singularity of the Lévy
measure around zero.

1. INTRODUCTION

In this paper, we are interested in the strong well-posedness as well as the numerical approximation of the
following one-dimensional non-linear stochastic differential equation (SDE for short) with positive jumps and with
dynamics

t t t
(1) Xt:§+/0 b(s,xs,[xs])der/O a(s,XS)dWs—i—/o h(s, Xo_) dZs,

(2) 2= | t / N (ds.dz)

where W = (W,);>0 is a standard one-dimensional Brownian motion, Nisa compensated Poisson random measure
with intensity measure dsv(dz) satisfying the condition [;°(z A 2%)r(dz) < oo and with starting point & (with

law 1). We here assume that the random variables £, W and N are defined on some filtered probability space
(Q, F, (Ft)t>0, P) satistying the usual conditions and that they are mutually independent. Throughout the article,
we will denote by P(R) the space of probability measures on R, P,(R) the subset of probability measures in P(R)
that have finite moment of order ¢ > 0, equipped with the corresponding Wasserstein distance Wy, and by [0] the
law of a random variable 6.

The SDE (1) generally appears as the mean-field limit of an individual particle evolving within a system of
particles, which interact with each other only through the empirical measure of the whole system, when the number
of particles goes to infinity. This property is commonly referred in the literature as the propagation of chaos
phenomenon. The weak and strong well-posedness in the diffusive setting, i.e. when A = 0, have attracted
considerable attention of the research community from the last decades to the present day. We refer the reader to the
works of Funaki [11], Oelschlaeger [31], Géartner [12], Sznitman [33], Jourdain [18] and more recently, Li and Min [26],
Chaudru de Raynal [2], Mishura and Veretennikov [30], Lacker [25], Chaudru de Raynal and Frikha [3] for a small and
incomplete sample. When Z is a square integrable Lévy process, the strong well-posedness of multi-dimensional
non-linear SDEs with time-homogeneous Lipschitz coefficients R? x Py(R?) > (z,p) + b(x,p),o(x, 1), hiz, 1)
together with the strong convergence rate of propagation of chaos have been investigated by Jourdain, Méléard and
Woyczynski [19]. The well-posedness in the weak and strong sense of some multi-dimensional non-linear SDEs driven
by non-degenerate symmetric a-stable Lévy processes, a € (0,2), under some mild Holder regularity assumptions on
the drift and diffusion coefficients with respect to both space and measure variables have been recently established
by Frikha, Konakov and Menozzi [9].

In the absence of the Lipschitz regularity of coefficients and/or non-degeneracy of the underlying noise, it ac-
tually turns out to be challenging to establish the well-posedness of such non-linear dynamics and to obtain some
quantitative rates of convergence for the propagation of chaos by the related system of particles and for the time
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discretization by the so-called Euler-Maruyama scheme. Concerning the well-posedness, we again mention the works
[2, 3, 9, 18, 25]. For some quantitative rates of propagation of chaos in the diffusive setting, we mention the recent
work of Holding [16] who studies systems of interacting particles with a constant diffusion coeflicient and a drift
coefficient given by an Holder continuous interacting kernel of convolution type are established. Still in the non-
degenerate diffusive setting, some new quantitative estimates for propagation of chaos have been recently obtained
by Chaudru de Raynal and Frikha [4] for McKean-Vlasov SDEs under some mild Hélder regularity assumptions on
the drift and diffusion coefficients with respect to both space and measure variables.

Our main objective here is twofold as it consists specifically in investigating the strong well-posedness and the
numerical approximation of the one-dimensional non-linear SDE (1) without any non-degeneracy condition on the
underlying noise and only assuming that R x P;(R) > (x, 1) — b(t, x, u) is one-sided Lipschitz, uniformly in time,
and that both coefficients o and h are Holder continuous in space, uniformly in time.

Motivated by the recent developments of continuous-state branching processes, the well-posedness of such dy-
namics in the linear setting, i.e. when there is no dependence with respect to the measure argument in the drift
coefficient, was first addressed by Fu and Li [10] and then later extended by Li and Mytnik [27]. Equations of such
type have recently found applications in financial mathematics due to the positivity of the solution and the ability
to capture self-exciting effects through the inclusion of the Lévy component Z. We refer to the works of Jiao et al.
[22, 23, 24] for the modelling of sovereign interest rate, electricity prices and stochastic volatility. For multi-curve
term structure models we refer to Fontana et al. [5]. Our results thus allow to consider and to study from both
theoretical and numerical point of view some mean-field extension of the models proposed in the aforementioned
references. In this direction, it is worth mentioning for instance the recent works of Bo and Capponi [1] and of
Fouque and Ichiba [6] for the modelling of systemic risk of a banking system through the lens of interacting particle
system driven by independent Brownian motions.

Concerning the study of the time discretization schemes in the linear framework, we can mention the two recent
works of Li and Taguchi [28, 29] concerning the strong rate of convergence of the corresponding Euler-Maruyama
approximation scheme and of a positivity preserving time discretization scheme. In the spirit of the aforementioned
works, we employ the Yamada-Watanabe approximation technique to derive both theoretical and numerical results.
Let us however mention that compared to the two recent works [28, 29], we here improve the strong convergence
rate of the Euler-Maruyama scheme and we also remove the restrictive boundedness assumption on the diffusion
and jump coefficients at the price of some integrability constraints. Let us also mention that such boundedness
assumption on the jump coefficient h has appeared persistently in the literature on the numerical approximation of
a-stable driven SDEs by the Euler-Maruyama scheme, see for example the works of Hashimoto [14] and Hashimoto
and Tsuchiya [15].

The organization of the paper is as follows. The main theorems together with their proofs are presented in
Section 2. In Section 3, we mention briefly conditions for which positivity of the solution holds and some potential
applications. Section 4 is an appendix and contains some important but auxiliary results. In particular, a general
weak existence result as well as as some moment estimates for some non-linear SDEs of jump-type with continuous
coefficients having at most linear growth are presented.

2. ASSUMPTIONS AND MAIN RESULTS

2.1. Strong solutions to the mean-field SDE. Let (2, F, (F;):>0,P) be a filtered probability space satisfying
the usual conditions. On this probability space, let us consider a standard one-dimensional (F;)>o-Brownian
motion W and a compensated (F;);>o-Poisson random measure N with Lévy measure v on (R, B(R,)) such that
th 2 A 22v(dz) < co. Suppose that W and N are independent. Given a real-valued random variable £ defined
on (Q,F, (Fi)i>0,P) and independent of the pair (W, N ), we will say that strong existence holds for the non-linear
SDE (1) starting from £ with law p at time 0 if there exists a real-valued and cadlag process X = (X;);>0, with
marginal law [X,] at time ¢, adapted to the augmented (and completed) natural filtration (G;);>o generated by W
and N, that satisfies equation (1) almost surely for all ¢ > 0. We will say that weak existence holds for (1) starting
from & with law g at time 0 if there exists a filtered probability space (Q, F, (F)i>0,P) and a triplet (X, W, Z\Nl) of
(Fi)i>o0-adapted process such that X is cadlag with [Xo] = u, W is a Brownian motion, N is a Poisson random
measure independent of W with Lévy measure v and satisfying (1). We will say that pathwise uniqueness holds for
the same equation if for any two solutions X! and X2 of (1) (possibly defined on two different filtered probability
spaces) satisfying X¢ = X2 = ¢, W! = W? and N! = ]VQ, we have X} = X? almost surely for every ¢t > 0. In
particular, note that strong uniqueness implies uniqueness of marginal laws, i.e. [X}] = [X7?] for all ¢ > 0, which in
turn implies that the non-linear SDE (1) may be regarded as a linear SDE with time-inhomogeneous coefficients.
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In the spirit of Li and Mytnik [27], we introduce the quantity
R R E B-1 - _
ay, =inf{f>1: Igrg+x /1; zv(dz) =0}

which represents the order of singularity of the Lévy measure at zero. For instance, if v is the Lévy measure of
a spectrally positive a-stable like process, that is, if v(dz) = l(o,m)(z)g(z)/zHa dz, with a € [1,2], g being a
non-negative bounded and continuous function on R, one has a,, = « and the infimum is actually achieved. We
recall from Lemma 2.1 of [27] that «, € [1,2]. Moreover, for any a > «,,

m wo‘*l/ zv(dz) = 0.

(3) lim x"‘*z/ 22v(dz) =0 and i
0 x—0+

x—04
Note that in our current setting, both limits in (3) are also valid for & = 2. We now introduce our assumptions
on the coefficients b, o and h in order to tackle the strong well-posedness of the SDE (1).

Assumption 2.1.
(i) The coefficients Ry xRxP1(R) 3 (¢, z, u) +— b(t,x, ), 0(t, z), h(t,x) are continuous functions, P1(R) being
equipped with the Wasserstein metric Wy, and have at most linear growth in x and p locally uniformly with
respect to t, that is, for any T > 0, there exists some positive constant Cr such that for any (x, ) € RxP(R)

(4) s {[b(t,z, ) + o (t, 2)[ + [h(t, 2)[} < Cr(1 + [z] + Wik, do))-

(ii) There exists some positive constant denoted by [b]1, such that for all (t,z,y, u,v) € [0,00) x R? x P1(R)?,

sign(z — y) (b(t, @, p) = b(t,y,v)) < [blr(|z — y[ + Wi(u,v)).
(i) For anyt >0, the diffusion coefficient x — o(t,z) is y-Hélder continuous with v € [1/2,1] and x — h(t, )
is n-Hoélder continuous with n € (1 — 1/a,, 1], uniformly with respect to t. We denote respectively by [o],
and [h],, the (uniform) Hélder modulus of o and h.
(iv) There exists a positive constant denoted by [h]L such that for all t € [0,00), for all z,y € R,

sign(y — @) (h(t,2) — h(t.y)) < (WLl — I

The assumption (i) is required in order to prove weak existence of solutions to the SDE (1) by employing a
compactness argument together with some moment estimates. Though the previous result seems natural, to the
best of our knowledge, it is new. The precise statement together with its proof are postponed to the Appendix, see
Lemma 4.1 in Section 4.1. The regularity assumptions (ii), (iii) and (iv) allow to prove pathwise uniqueness as well
as to study the propagation of chaos for the corresponding system of interacting particles. As already mentioned
in the introduction, we will rely on the Yamada-Watanabe approximation technique which is briefly exposed in
Section 4.2.

Before proceeding to the statement of our first main result, let us make some additional comments on Assumption
2.1. Observe that the condition on b holds as soon as b(t,z,u) = bi(t,z) + ba(t,x, u), with b; non-increasing in
space, uniformly in time, and by(t, .,.) Lipschitz-continuous on R x P;(R), uniformly with respect to time ¢. Our
assumption on h holds if h(t,z) = hy(t,z) + ha(t,x) with hq(¢,.) Lipschitz continuous (uniformly in time) and
ha(t,.) n-Holder continuous (uniformly in time) for some n € (1 — 1/ay,, 1] and non-decreasing in space. This last
assumption is reminiscent of those introduced in [27].

We now present two results concerning weak existence and pathwise uniqueness of solutions for the mean-field
SDE (1).

Lemma 2.2. Suppose that assumption 2.1 (i) holds and that [, |z|’u(dx) + [, 2Pv(dz) < oo for some B > 1.
Then, weak existence holds for the SDE (1) starting at time O from the initial point & with law p.

Proof. Weak existence follows from a compactness argument stated in a more general form in Lemma 4.1 of the
Appendix in Section 4.1. O

Lemma 2.3. Suppose that assumption 2.1 holds. Then, pathwise uniqueness holds for the SDE (1) starting at time
0 from the initial point & with law p € Py (R).

Proof. Consider two solutions X and Y to (1) with the same input data (£, W, Z). We will use the notation
Ay:=Xy—Y,and v :=0(t, Xy) — o(t, Y1), A := h(t, Xy) — h(t,Y}). Let € € (0,1) and § € (0,1). Using (38) and
then applying 1t6’s formula, we get

(5) Ay| S e+ @5e(Ay) =+ M)+ 105+ J)° + K7,
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where we set

t t [e'e] -
M i [ B maWt [T oA+ ) = 0800} Nlds. ),

1 = / 85 (D) {b(s, X, [X.]) — b(s, Y, [Ya]) }ds,
1 t

Jt&E ::i ¢g7E(AS)|'yS|2dS,

0
K5 = /0 t /0 h {¢575(A5_ Ao 2) — bse(De) — )\s_nggys(AS_)}y(dz)ds.

By a standard localization argument, we can define a sequence (7,,,)m>1 satisfying 7,, T 0o as m 1 co and such

that (Mt(s . )>0 is an L'(PP)-martingale. After taking expectation and performing the above computations, one can
finally pass to the limit as m 1 co using Fatou’s lemma and the right-continuity of (A¢);>o. Since this procedure
is standard, for sake of simplicity, we omit it here and refer the reader to the proof of Theorem 2.2 in [27] for a
similar argument. We now quantify the contribution of 1%, J2¢ and K.

In order to deal with I we make use of Assumption 2.1 (iii)

O5.e(Ds){b(s, X, [X]) = b(s, Y, [Ya]) } = |65 c (As)Isign(As){b(s, X, [Xs]) — b(s, Y, [Ya])}
< [b]L(|As‘ + Wl([Xs]v [Ys]))
so that
e < [b]L/ (18] + Wi ([X.], [Va))) ds.
0
From Assumption 2.1 (iii) and (41), we directly get

2y—1

J5’6<[12/t a8 < B
o TA 11~/ S\ "lE/OE s o .
t= ) A Tog(6) /0 "log(6)

In order to deal with K{*°, we write it as the sum of K}**¢ and K>*° with

t fe%e]
K1 i [ {00+ 0m2) = 050800) — Ams6 (800) b Lansoprlda)ds,
0 0
t [e'e]
2 ::/ / Lo5e(Ba 4 Au2) = 652 (B0) = M 265 (80) Jga, a,<opr(d2)ds.
0 0

To deal with Kt1,5,57 we apply Lemma 4.2 with y = As_, £ = A;— and u > 0 to be chosen later. From Assumption
2.1 (iii), we obtain
/ {sbé,s(As— +Ae—2) = ¢5e(As) — /\s—Zéf’fs,s(As—)} Lia, x._>0yv(dz)
0

As—2 u [oe]
<2a o soloal8e D { R [ v+ [ ot

2[h]727 2n—1 “ 2 n >
(6) < orbe /O 2u(dz) + [hle /u u(dz).

To proceed, we aim at selecting a sufficiently small u, which equilibrates the two terms that appear in the above
upper-estimate. Having in mind (3), we observe that the upper-bound (6) can be further bounded as follows

2[h]% E277 1 /u z2y(dz) n [h]ngn /oo Zy(dz)
log(d) 0 .
Z[h]% g1 a2 w 9 en o1 )
= log(0) w2 " /O Zv(dz) + [hly o /u 2v(dz)
2An], ! e gl-a(l-n)

= log(0) w2 [h]”ual] ([ +J2) = Clnl; + [h]n)W(I?JrJ?)
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g2n—1 _ &N
log(®)u>—2 — uo—1»

where in the last equality we have chosen u so that that is, u = log(§)e!™" and introduced the

two quantities

log(8)et =" )
1o = (log(8)e!~myo—2 / 2u(dz) and  J* = (log(8)el ") / u(dz)

0 log(8)et—n
for a fixed a € (a,,1/(1 —n)). Note that this choice of « is admissible since n € (1 — 1/a,,1]. If n < 1, from
(3), there exists g := g9(a,d) > 0 such that I& + J* < 1 for any € € (0,e9). If n = 1, we select 6 = 2 and from
Assumption 2.1, one may bound the quantity I& 4+ J& by 2 fooo 2 A 2%v(dz). From the above computation, for any
a € (ay,1/(1 —n)), there exists a positive g such that for any e € (0,2¢)
6170‘(1777)

1,9,
K= Clogap

In order to deal with K>*°, we remark that on the set {A,_A,_ <0}, from assumption 2.1 (iv), one has

0 < —sign(As_)As— = [As—| < [h]r|As—]| so that separating the v(dz)-integral into the two domains z € (0, 2||A)f’_‘| A1]
1A ]

and z € (2‘/\37‘ A1, 00), we get

Al
A, _[logs

Ay
Vz € <07 2||)\ | A 1:|7 ¢6,5(As— + )\s—z) - ¢6,€(As—) - >\s—Z¢I575(As—) < Ol(O,a](lAs—D

and

A,
Vz € (é/\ || A 1,00), |95, (As— + Xs—2) — P (A5 )| + |)\5,z¢g’€(As,)\ < ClAs—|z < ClA_|z.

Combining the two previous bounds, we obtain

/0 {¢5,€(Asf + )\S,Z) - ¢5,€(A57) - )\sfngg,s(AS*)} 1{AS_>\S_<0}V(dZ)

|)\37|2 %/\1 ) o)
< Cl(o,e](|Asf|)m ; zv(dz) + C|Ay| N zv(dz)
o Elpw

(7) <C{log€(5)+|As|}.

Hence,

t
K2 <ol & / A )
R A

Taking expectation in (5) and gathering the above estimates we obtain

i ‘ e2v—-1  l—a(l-n)
) Blad < Cle(1+ s ) + [ @I+ WL as+ s Tl

for any o € (v, 1/(1 — 1)) and for any € € (0,g9). Hence, passing to the limit as € | 0 and then using Gronwall’s
lemma yield

mmmzkoum&mmw

By the very definition of the Wasserstein metric of order one, one has W1 ([X],[V:]) < E[|A;]] which combined
with the previous inequality allows us to conclude the proof. O

Combining the two previous lemmas with Yamada-Watanabe theorem, we thus obtain our first main result.

Theorem 2.4. Suppose that assumption 2.1 holds and that [ |z|°u(dx) + [ o, 2°v(dz) < oo for some B > 1.
Then, there exists a unique strong solution to the SDE (1) starting at time 0 from the initial point & with law p.

Remark 2.5. We recall that in the case of a-stable like Lévy measure, that is, v(dz) = 1(0’00)(z)g(z)/z1+°‘ dz,
with a € (1,2], g being a non-negative bounded and continuous function on R, one has o, = . In this case, one
may slightly weaken assumption 2.1 (iii) by letting n € [1 — 1/a,,1], if @ € (1,2]. Indeed, if n = 1 — 1/a, with

€ (1,2], then the last term appearing in the right-hand side of (8) becomes log(§)'~* so that, after passing to
the limit as e | 0, one may conclude by letting § 1 co.



6 NOUFEL FRIKHA AND LIBO LI

2.2. Approximation of the mean-field limit dynamics by a system of interacting particles. In this section
we consider the approximation of the dynamics (1) by the corresponding system of particles. For a positive integer
N, let us introduce a sequence (£, W*, Z%)1<;<n of i.i.d. copies of (§, W, Z) which is assumed to be defined on the

same probability space (2, F,P) for sake of simplicity. The system of interacting particles {XZ ’N, 1<i<N,t> O}
is defined by the following N-dimensional SDE with dynamics

(9) X;’N:gwr/ b(s,X;’N,,uiV)ds—i—/ a(s,X;’N)dWS’+/ h(s,X!™ydzi, 1<i<N
0 0 0

where pl¥ = N~1 ZZI\LI (5X;',N, t > 0, is the empirical measure associated to (9) taken at time ¢.

Let us point out that even if the above system of particles appears as the natural candidate for the approximation
of the mean-field SDE (1), at the moment it is not clear if it is well-defined. Our first aim here is to investigate the
well-posedness in the strong sense of (9). We then provide an error bound for the L!-distance between X" and
the dynamics X%V constructed as i.i.d. copies of the limit equation (1) with the same input (¢!, W% Z%)1<;<n as
the system (9), namely

- . t —_ . .
(10) N =gt [ b XN s+
0

0

t t ) )
a(s7X§aN)de+/ h(s,X:™NYdzi, 1<i<N
0

where pi = [XN], ¢ > 0. Note that by weak uniqueness of solutions to the SDE (10) and interchangeability in
law of the §’ satisfying [¢] = p one has ué = py, for any t > 0 and for any i € {1,---, N}, so that the system of
particles (X" );<;<n indeed corresponds to i.i.d. copies of the SDE (1).

Theorem 2.6. Under assumption 2.1, the SDE (9) admits a unique strong solution for any initial distribution
we P (R)

Assume additionally that fz>1 2P u(dz) < oo for some B> 1, B # 2, and that the initial distribution p € Pi(R)
of the SDE (1) has a finite B-moment, that is, Mg(p) = [g|z|°u(dz) < co. Then, for any positive integer N, for
any T > 0, one has

(11) max sup E[[X;Y — XN+ sup E[W (e, )] < C(NTY2 4 NTOD/5)
SisSNo<i<T 0<t<T

for some positive constant C' depending only on T, 8 and Ma(u).

Proof. Step 1: Weak existence. First let us note that under assumption 2.1 the maps Ry x RY 3 (t,2) —
b(t, i, ulY), o(t,x;), h(t,z;), with ply = N-1 Zfil dz,, are continuous with at most linear growth for any 1 <
i < N. Indeed, for any fixed N > 1, if (#",2"),>1 converges to (t,x) € Ry x RY, then lim, Wy (u2., pulY) <
lim,, N~1 va:l |z — x;] = 0. Therefore, the triple (b(t,,z%, u.), o(tn, 27), h(tn, ))n>1 converges to the triple
(b(t, x4, uX), o(t, x;), h(t,z;)). In the spirit of step 2 in the proof of Lemma 4.1, we then introduce the sequence
(X(m) = (Xi’(m))lgiSN)mzl of SDEs with dynamics

‘ ¢ _ t _ ¢ ‘ '

12)  xP0mD — g g / b(s, X2 ¥ () ds + / o(s, X)) dW, + / h(s, X"™ydzim  1<i< N
0 : 0 0

where Z"™ = fot f]R\{O} zﬁfn(ds, dz), an, 1 <4 < N, being N-independent compensated Poisson random measures

on [0,00) x R\{0} with intensity measure dt1.|<,,v(dz). Following similar lines of reasonings as those employed in

the first step of Lemma 4.1, one may prove that for any weak solution to (12) with starting distribution u € P;(R),

for any 7' > 0, one has

sup max E| su Xi’(m) < 0.
mzpﬂéifN [0§t£T| ¢ !

Similarly, relabelling the indices if necessary, one may assume that the sequence (Xi’(m)7 Ztm 1 < i < N)m>1
converges in law to (X%, Z°,1 < i < N) in D([0,00), RN x RY). The sequence (Z%(™ 1 <i < N),,>1 also satisfies
the P-UT property since

max E[ sup |AZ-™|] <1+ Ct
I<isN sefo,4]

with C := fz>1 zv(dz) < oo. Finally, in a completely analogous manner as in step 2 of the proof of Lemma 4.1,
since the maps [0,00) x RY 3> (¢t,z) = b(t,z;, puY), o(t, x;), h(t,x;) are continuous, from the continuous mapping
theorem, the family

(XD (e, XU N ) o, XU, B, XPUD), WEL 201 <0< N)iso, m > 0
t
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converges in law to (X7,b(t, X7, u¥,), o (t, X{), h(t, X]), W}, Z{,1 < i < N);>0 in D([0,00), (R%)"). Thus, passing
to the limit in the dynamics (12), we deduce that there exists a weak solution to the SDE (9). It thus suffices to
prove pathwise uniqueness.

Step 2: Pathwise uniqueness. Let us consider two weak solutions X~ := (XN 1 <i < N) and (Y*V,1 <i < N)
of (9) with the same input (£*,W?, Z*)1<;<n. Following exactly the same lines of reasonings as those employed
in the proof of Theorem 2.4, introducing similarly the quantities A := XZ’N — Yf’N fori=1,---,N and v} =
N1 vazl 8yi.n, instead of (8) we get

t
E[|Al] < C {5 +/ <]E[|Ai|} +E Wi (Y, v)] ) ds + 271 4 glmelt=n)
0

for any a € (1 —1/a,,,1/(1 —n)). Passing to the limit as € | 0, then summing over ¢ and finally using the standard
inequality Wi (ul,v]) < N—1 21]21 |AL, we get

1 & 4 t1 XN ,
¥ L Elail <C [ 5 Bl as
i=1 i=1

so that, by Gronwall’s lemma, we deduce that E[W;(u2, V)] = 0 for all ¢t > 0. Hence, pathwise uniqueness holds
for the SDE (9) so that, by the Yamada-Watanabe theorem, it has a unique strong solution.

Step 3: Propagation of chaos. In order to prove (11), we again follow the lines of reasoning of the proof of Theorem

2.4. Namely, introducing the quantity Ai := XY — XN for i =1,--- ,N and gy = N~* Zi\il d i, instead of
t

(8) we get

t
Bl < e+ [ (BIAL+E WG ) ) dsot 2207 et
0

By the triangle inequality
AR
(13) Wil ps) < Wil i) + Wa(ad's ) < 5 D 1AL + Wil )
i=1
and noticing that the processes (X, X)), ;<n are identically distributed yield
t
BlAH) < e+ [ (BIAL 4 B Wy, )] ) ds 277t 4 oot
0
Applying Gronwall’s lemma and then letting ¢ | 0 we finally get

(14) BIAN < C [ B )] ds.

We now discuss the rate of convergence stated in (11) under the additional assumption that the Lévy measure
satisfies fz>1 2Pv(dz) < oo and that the initial distribution x has a finite moment of order 3, for some 3 > 1. Now,
from Lemma 4.1 (i), it holds

max E[ sup |X;V|?] < cc.
1<iSN o<t<T

It then follows from Theorem 4 in Fournier and Guillin [8] that there exists some positive constant C' only
depending on S such that
EWy (i7" )] < CE[X |V I(N12 4 N=0=D8) g o2,

Taking the supremum over ¢ € [0,7] and plugging the above bound into (14) we firstly get the desired upper-
bound for the quantity max; <;<n supg<;<7 E[|A}[]. Then, from (13), we derive the similar estimate for the quantity
supo<;<7 E[W1(uf", pue)]. The proof is now complete. O
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2.3. Euler-Maruyama time-dscretization scheme for the system of particles. In the previous section,
we established a strong rate of convergence of propagation of chaos for the system of particles associated to the
McKean-Vlasov SDE (1). From a numerical perspective, the system of particles is not tractable and one usually has
to approximate the dynamics of the system (9) by considering the so-called Euler-Maruayama time discretization
scheme that we now introduce and analyze. To facilitate our computations, we here only consider the time-
homogeneous setting and we claim that, given appropriate regularity assumptions on the maps ¢t — b(t, z, u),
t— o(t,x) and t — h(t,z), the time non-homogeneous case could be dealt with from similar lines of reasonnings.
For a given finite time horizon 7' > 0 and a positive integer n, let us introduce the equally spaced time grid on
the interval [0, 7], given by 0=ty <t; <ty<---<t, =T, where ty = ké and 6 = T/n. We define n(t) = t;
for t € (tg, tk+1] for k=0,---,n—1, n(0) = —oo0 and n(t) = T for t > T. The Euler-Maruyama approximation

scheme (X™% )te[O 1,1 =1,. of the system of particles (9) is given by the following dynamics
7llN ni,N n,N nvN i nlN i
(15) §+/b N n())ds—i—/ o(XIN) W + /h Ny g7
where we set uV = N1 Zi:l ) xmin . We also introduce the integrability index of the tail of the Lévy measure

By, =sup{f <2: /Oo Pu(dz) < oo}
1

Note that the above supremum does exist and satisfies 3, > 1 since floo zv(dz) < co. In the case of a-stable like
Lévy measure, with index a € [1,2], we have 3, = @, = « and in the case of tempered a-stable Lévy measure, we
have 3, = 2 and «, = . In order to derive the strong L'(P) convergence rate of the Euler-Maruyama scheme, we
introduce the following additional assumptions on the coefficients and the Lévy measure:

Assumption 2.7.

(i) For any pn € P1(R), the map x — b(x, ) is p-Holder continuous, uniformly in w, for some p € (0,1].
Namely, there exists some positive constant  such that for any p € P1(R):
b(z, 1) = b(y, p)| < K|z —y|’.
(i) v € [1/2,8,/2).

(iii) B, > now.

The assumptions (ii) and (iii) stem from some integrability constraints when one investigates the convergence
rate of the Euler-Maruyama approximation schemes. Let us note that for a-stable like Lévy measure with index
a € (1,2], the assumption (ii) imposes v € [1/2,«/2) and (iii) imposes 7 < 1 while for tempered a-stable like Lévy
measure with index « € [1,2], the assumption (ii) imposes v € [1/2,1) and (iii) is always satisfied if a # 2 and
imposes n < 1 for a = 2.

Before stating the main result of this section, we start with the following preparatory lemmas.

Lemma 2.8. Let S be a F-stopping time taking values in the interval [0,T] then
(i) the random time 7(S) = inf{s > 0:n(s) > S} is a F-stopping time and {7(S) >t} = {n(t) < S},
(ii) for any F-adapted process X, we have X, sy and 1(S) are both Fs_ measurable.

Proof. (i) Using the fact that 7 is left-continuous, for any it holds

{r(S) >t} ={n(t) < S} = (Dl{ti <t<tipn{ti < S}) U ({T <t}n{T < S}) € Fi—
i=0
(ii) For any ¢ € R, using the fact that S is a F-stopping time taking value in [0, 7] we have
n—1
{Xn(S) < C} = U {ti <S8< ti+1} N {Xt,i < C} € Fs_.
i=0
Similarly, we see that n(S) is Fg— measurabltz. O

Lemma 2.9. Under the same assumptions as in the statement of Lemma 4.1 (i), for any T > 0, there exists a
positive constant Cr such that for all positive integer n

wlw

N |8 } < Cr and max sup ]E[|X7”N—X"ZN| < Cprn~

max E| sup |X
p | 1<i<N g<i<T n(t) =

1<isN [te[o T]

where we recall that n(t) =ty for any t € (tg,tx4+1] and for any k=0,--- ,n— 1.
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Proof. The proof of the first moment estimate follows from similar lines of reasonings as those employed to prove (31)
of Lemma 4.1. We focus below on the particularities which are induced by having piecewise constant coefficients.

Step 1: For notational convenience, in the proof of the first moment estimate, we write X* := (X" )o<i<r,
e = i N te [0,T], Wi = (W})o<t<r, 7i = (Zf)ogth and 7' = (Zi)ogth where we introduced the notations
Zi = [y fo 2dN'(ds,dz) and Z} = [} [7° 2dN*(ds,dz). From the Yamada-Watanabe theorem, there exists a
measurable map

Dy : (R x (cao,T];Rd))N « (o1

N N

X (D([O,T];Rd))N — <C([07T];Rd)>

such that N N
(Xla"' 7XN) :(PN((€17 aé-N)v(Wlf" aWN)v(Zla"' 7ZN)7(Zl>"' aZN))
Moreover, by symmetry of the dynamics (15), for any permutation ¢ of {1,---, N}, we get
(XS L XSy = @ (€6 g6y (e 7wC(N))7(Z<(1)7... 724(1\7))7(2«1),... ’2C(N))).

Now, combining the fact that (217... ,2N) and ((51,-~- LN, (W ,WN),(Zl,--- ,ZN)) are independent

together with the fact that (£, W?*, Z%);<,<n are i.i.d, we deduce that conditionally on (21, ceey Z\N) the processes
(X%)1<i<n are identically distributed.

Step 2: The integral against 7 generates jumps at discrete instants, that is, one may write the restriction of Nito
the set [0,00) x {z > 1} as > o, 61 z:) where (T},)n>1 are the jump times of a Poisson process J* with intensity
A = [T v(dz), the random variables (Z}.),>1 being i.i.d. with law A™'1.>1v(dz). We denote by G' := (T, n > 1)

the o-algebra generated by all the jump times of the compound Poisson process Zt

We now prove some conditional moment estimate for X*. As the computations are similar between two successive
instants 7}, T): |, we only give the estimate on the interval [T} AT, T4 AT]. The dynamics after T{ AT and strictly
before T4 AT is given by

16 X=Xt |

| o(XE ) AW + / WX )dZ:
(TinT 1]

b(Xz](s)aﬂn(s))dS + / )
(TiAT ]

(TiAT )

with b(z, 1) := b(x, p) — h(z) [.s, 2v(dz).
By using Lemma 2.8 and the linear growth condition on b and h, for any t € (1% AT, T), the absolute value of
the drift can bounded as follows

DX o)) |
‘/( ATt n(s)> ()

t
<Cr / (1+ ‘X;(Tf/\T)D Lio<r(rinT)yds + Cr /
et TinT

t t

N
i 1 j
(1 + X505 Yyssr@inryyds + Cr /T v E REPNEE
int NV i

t

< Cr(1+|X! (TIAT)\)Tn—wCT/ Liyzriny | X5 s>|ds+CT/ Z\X olds

i

t

N t N
, 1 . _ 1 .
i J o ) i ) J
< Or | 141X i) | + 7 ; X7 i ny| + /TMT 106> Tiny | X lds + /TMT Liy2miaT) 35 ]; X7, lds

where we have used the fact that |7(s) — s| < Tn~! for all s € [0,T].
On the other hand, again by using Lemma 2.8, the stochastic integrals against the L?-martingales W% and Z*
can be similarly decomposed into

(X )AWE = o(XE . Wi oy — Wik +/ (X L sysrinry dWE
/<m:p . (Xp0) (Xoeriar)) Weipary = Wriar) i (Xp) Lin()>1i AT}
By using the Burkholder-Davis-Gundy inequality and then the Jensen inequality, we obtain

E[ sup \Xti\ﬁ}}-TfATVU(Zlv“' ,ZN)] <CT<1+|Xif/\T|Bv|X7i;(Tf/\T + 5 Z| n(T’/\T

TINT<t<TiNT

ToNT
- / Liney>riary BIX 5 (0| Frinr Vo (2, Z27)]ds

TIANT



10 NOUFEL FRIKHA AND LIBO LI

TiNT N ] R R
N
+/T, . 1oy (5)>T{AT} 77 Z |Xf,(s)|ﬂ| ‘FTfATVU(Zlv"' L )] ds
A

TiNT g N N
i 2 1
TiAT
Next, in order to apply Gronwall’s inequality, we first notice that
]

2

TINT ) [ fTinT . 2(1-
/, |X:7(s)\/(T1i/\T)| ds| = / (|X:7(s)v(T;'AT)|B) |Xz ($)V( Tl/\T)| ds

TiAT TinT

wlw

JE2
F0-9) ’

[ minT } }
sup | X! o [P | X! o |Pds
/TfAT (TfAT<s<T5’/\T n(&)VTIAT) n(SVTIAT)

IN

TIAT 2

_By2 i
(407)' 2)B/TMT X v rinm| ds
1

1

a
= sup | ;(S)V(TiAT) 7
4CT TiANT<s<TiAT !

and then we apply the Young inequality with p~! =1 — g and ¢~ ! = g to obtain

8 .
2 TINT

ToNT
i 1 i i
V |Xn<s>v<TfAT>|2d51 < 3G S X gvaianl’ + Crs / o Eeveiam | ds.

TiAT 4Cr TiNT<s<TiNT AT

Note that since Cr x ﬁ = i < 1, we can move the first term appearing on the right-hand side of the above

inequality to the left hand side of (17) and obtain
E[  sup |Xti|B’fo’/\T\/o—(217"'72N)]
TiNT <t<TiAT

N
. ~ 1 ~ -
<Cr|1+E X[ P\ FrippVo(Zh,---, *E colP| Fpiap V(2 ZN
<Cr|l+ [OStS;lTE}AT| |71 Frinr vV o( N 2 77(;p1/\;p)|| rinr Vo ( )l

TiAT ‘ N N
JFOT/Y . l{n(s)sz/\T}]EUXVZ](s)|ﬁ‘FTfATVU(Zlv"' ,ZN)] ds
N

Bt 1 EN: B 71 >N

] J A

+CT /TiAT 1{77(5)2Tf/\T}N E[|X'fl(é)| |]:T1"/\T\/O'(Z gt ,Z )] ds.
1 j=1

In order to deal with the average term, we take the conditional expectation with respect to 0(21, S ZN) in the
preceding inequality, from the tower property of conditional expectation and the conclusion of step 1, we obtain

N

1 . ~ ~ . ~ ~

v 2 EIX ) Plo(Zt - 2] =E[|X, )P o(Z", - ZV)].
=1

We point out here that since X ;( 5) is the Euler-Maruyama scheme at a grid point, it is clear that it is a functional
of the Brownian and the Lévy increments. From the previous computations, we thus get

E[  suwp  |X{|P|o(Z',-- . ZN)]
TiNT<t<T§AT

0<t<T{AT TinT TiNT<t<sA(TiAT)

ToNT
<Cr <1+E[ sup \Xf\5|a(Zl7~-~,ZN)]+/ E| sup |X§|’6‘U(Zl,~-~,ZN)}>

so that, by Gronwall’s inequality

B[ sw X |o(Z% 2N <Cr(1+E[ s |X{Plo(ZY,--,2N))),
TiNT<t<TiAT 0<t<T}AT

and, taking conditional expectation w.r.t G, we thus obtain

(18) E[  swp  X7|g] <Cr(1+El sw  [X[7I67).
TiNT<t<TiAT 0<t<TIAT
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In particular, the preceding upper-bound yields
(19) B[ swp  |X[P|G) <Cr(14E] sw  |X{1G7) +E[X5 17| G117y gy
TiAT<t<TIAT 0<t<TiAT
Now at the jump time T4, X%L = X;i + h(X! (Tz))Zé and by using the linear growth assumption of coefficient h
2 . 2 ) X )
(uniformly on [0,77), we have |X%,|? < Cr(1+ |XE, |P Vv |X:;(Ti)‘5)(1 + |Z3]P) on the set {T4 < T'}. From (18)
2 2 2
and the fact that [~ 2°v(dz) < oo, we obtain

E[[Xpy°16") < Cr(1 + B[ ZI") (1 + B[ _suwp |X{|%G7)

0<t<TiNT

<Cr(+EIZ ) (1+E[ sw  [XIPIGT+E swp |X{PIg).
0<t<T{AT TiNT<t<TiAT

(20) <Cr(+E|ZI)(1+E[ swp  |X/|g]).
0<t<TIAT

From (19) and (20) we deduce that there exists constant My (now depending on [, 2°v(dz)) such that

B[ swp X9 < Mr(1+E[ sw  |X{PI0).
TiNT<t<TiAT 0<t<TIAT

Performing similar computations on any time interval [T) A T, T}, A T], one deduces that

(21) B[ s X6 < M (1+E[ sup |X]°|G7))
TiAT<t<T} AT 0<t<TiAT

for any integer n, with the convention T¢ = 0.
Thus for any pair Tj < Ty, by setting Siri 1) := E[SUPT?'/\Tgngi/\T |X?|%| G] and by using (21), we observe that

L+ S0, ) < 1+ Sp,7) + Smj 10, ) <1+S[0T]+MT(1+SOT]) (14 Mr)(1+ Sjo.17),

which implies that 1 + S[O,T;;l] < (14 Mg(p))(1 + Mp)F*t where Mg(p) = [, |#|°dp(z). Finally by setting
Ky :=(1+ Mg(u))(1+ Mr), we obtain

i B )
El sup 1Xi17] = Dl sup X771 5,0y

n>0
= ZE {T1<T<T;+1}E[ Sup |Xf|ﬁ|gl]]
n>0 0<t<T} AT
n+1 (AT)H —A\T
SZKTJF 1€ ds < oo.
n>0

Step 3: We now prove the moment estimate on the time increments of the Euler-Maruyama scheme. We note that
from the linear growth assumption of the coefficients and Jensen’s inequality for any ¢ € [0, 7] it holds

n,i,N nzN nzN n,N 7 7 7 7
(22) XN = XN < K1 XN Z\Xn(z) ? (1t = a1 + Wi = Wi + 128 = Z3 7).

We observe that maxi<;<y E[|W] — Wni(t)|5] < On*Q and

+(t—n(t)’'E [/ﬂ;) /221 2P N (ds, dz)D

< C’(rfg + n*ﬂ/ zﬁl/(dz)) < Cn*%
z>1

Niie)

max E(|Z} - Z}y|°] < C((t —n(t))

Then, taking the expectation in (22), using the first moment estimate established in the previous step together with
the fact that the processes (X"”’N)lgiSN, are identically distributed, we obtain

max sup E[|X/"N — Xn(z)N\ ]<C[1+ max E[ sup |X;"N|? ]} (n_’g-i-n_%) <COn 5.
1<i<SNo<t<T 1<iSN “o<t<T
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Theorem 2.10. Suppose that the assumptions of Theorem 2.4 and assumption 2.7 hold. Then, for all'T > 0, there
exists a positive constant C (independent of n and N ) such that

max  sup E[X/N — XN < Ce,
1<i<N 0<t<T

with )
£, 1= n*gp/\n +n7p ) if7 € (1/2aﬂu/2),
" log(n)~!, ify=1/2
and )
AN _
* ’7/\,’7_7M7 ifalle[lﬂ2(}7"/)]7
b= 2,7 1)
’I’]*Wn_n)_é, lfay€(2 1_7]72]

for any 6 € (0,1 — (1 —n)ay,). In the special case where v(dz) is an a-stable like Lévy measure for a € [1,2], we
can take o, = « and § = 0 in p*.

Remark 2.11. Before proceeding to the proof, let us make some comments about the convergence rate obtain
in Theorem 2.10. First, observe that in the case v < n (or equivalently 2(1 — ~)/(1 —n) > 2), i.e. when the
jump coefficient h(.) is more regular than the diffusion coefficient o(.), one obtains a convergence rate of order
n=2PA 4 p=(=3) for any «, € [1,2] which is the same as the one established in the Brownian setting by Gyongy
and Résonyi [13]. Otherwise, if v > 7, the rate is worse than the one corresponding to the Brownian setting.
Moreover, it becomes poorer and poorer as «, increases, starting from n=2PM 4 nf("fﬁ), which is less than the
rate of the Brownian setting, if a, € [1,2(1 —)/(1 — 1)] down to n~ 2P + n~(1755) a3 =3 for
any 6 € (0,2n — 1), if @, = 2. We emphasize that the latter rate of convergence should not come as a big surprise
since, in the case of stable-like Lévy measure, it formally corresponds to the rate of the Brownian setting with a
jump coefficient h being n-Holder continuous, n € (1/2,1].

Proof. For ¢ € (0,1) and ¢ € (0,1), to be chosen later, we apply the Yamada-Watanabe function ¢s. to the
difference Y™ := X%V — X"%N_ Employing (38) and then Itd’s formula, we get

(23) |thn,7,| S 5+¢5,s(1/;n’i) :€+Mti,n,5,s +Iti,n,é,s<i>Jtz',r7,,5,s +];(ti,n,zs,s,

where we set

t . .
My = / G5, (V) (o(XN) = o (X)) W
// b5 (Y + (h (Xﬁfv)—h(Xné)N))Z)—¢5’6(}@T)}Ni(ds’dz)’
[imbe / G5 (V) (BN, ) = b(X 5N, i) ds,

g = [l () — ot s,

Kimoe / / {0 (V20 (XN — ROXIEN))2) = 65 (V) — (ROXEY) = X)) 265, (7 bo(dz)ds,

Once again, similarly to the proof of Theorem 2.4, one needs to employ a localization technique using a sequence
(Tm)m>1 so that (MZATfI',iE>tZO is an L!(P)-martingale and then pass to the limit as m 1 oo using the fact that Y™
is right-continuous and Fatou’s lemma. Since this procedure is standard, we omit it for sake of simplicity. We now
quantify the contribution of the terms IZ"”’&’E, JZ’”"S’E and Kz’n’é’e. For the rest of the proof, we denote by C a
positive constant that may change from line to line but depends neither on n nor N.

For the first term associated to the difference of the drift, we make use of assumption 2.1 (ii)

t
i,m,0, n,i i, n,i n
1 = [ (e ) = b s
t
= [ O ) — b s + / G5 (V)X ) BTN ) ds
0

t t
e [ 12 ds + Bl [ WG s + / XN XN s,
0 0 0
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From the very definition of the Wasserstein distance and the triangle inequality

Wi (il NZIY"’J
j=1

n,j,N n,j,N
HIXST = X5

so that

t + N
1,m,0,€ n,i 1 n,j n,i, n,i n,i, n,i
(24) I <C /0|Ys'|d5+/ON§1|Ys’j|d5+ {lX N Xn(sN|+‘X N - X )|
j=

To estimate J;"™*¢, we make use of assumption 2.1 (iii) and (41) so that
¢
l n,d, n, z , n,: n,: n,t n ),
: <2/ ¢ (V)| (XpN) — o (X ’N)|2d3+2/ e (Yo (XI0N) — o (X5 [Pds
0

1 Yn,z Yn,i 27 tla&,s Y'Sn,i )|anN Xn;N 2y
o [ Lo, | [ a4 Ecili
0 0

Y4 log 8 Y| log 6
2271 5 t ‘
25 SOl +—7— [ XP N =XpoV P
(25) - {logé—’—slogd/o 8 [7ds

i\n,5
We then decompose K;"™"¢ as the sum of two terms, namely
i,n,0,e i,n,0,e,1 i,m,0,6,2
K, =K, + K

im,0,e,1 i m,0,6,2 .
where K™% and K;™"%~ are given by

. t o . . . .
kim0t im [0y {900 () = ROCEN)2) = 05 372)

— {R(XEY) = (XN ) bh (V) fu(dz)ds,

5 i [ (0 () = RO 2) = 5 (32 4+ (BEN) = B2

— {R(XN) = (XY 25, (V) bo(dz)ds

where for the first integral we used the fact if Y** = 0 then h(XHN) — h(X™4N) = 0, for any s € [0,t]. Now, let
y=Y™ and z = h(X:N) — h(X™5N). If yz > 0 we can apply Lemma 4.2. For any u > 0, we get

/Ooo {06,V + {R(X2Y) = M(XPTY)}2) = 95, (V) = {A(XEY) = WX N) a5 (V) } v(dz)

< 2RXEY) = h(XE ) P10, (1Y) /“Z
— ‘szn,z 0
Y2110, (1Y)

<C < St S / Z2V dz) + st,i 1 . s" / . dz:|
= [ Fiogs  Jy © VT ea (VD [ ar(d2)
527]—1 u o)
(26) = C[ / ZZV(dZ)-l-e"/ zu(dz)}
0 u

log 0

2y (dz) + 20R(XIN) — B(XTN) 10,4 (V7)) / u(dz)

u

where in the second last inequality, we used the fact that h is an n-Holder continuous function. Next, by picking
u = log(8)e! =", the quantity appearing on the right-hand side of (26) can be further bounded by

S KV log(él)al—l6

ghmoall=n) mor | gnoa
log (&)~ 1[1 +Js }’

—(1— a1 —1 ,Q
O{log(éw—le n—(1=m)(ea )Jgél]SC'

where, for sake of clarity, for any a > «,, and any n € (1 — a%, 1], we introduced the quantities:
log(8)e*—" 0o
175 = [log(d)e = 7’]0‘72/ 22v(dz) and JT5 = [1og(5)51*”]0‘*1/ zv(dz).
0 ’ log(d)el—n

We select a; such that o, < o < 1/(1 — 77) Observe that this choice is admissible since n > 1 — 1/«,,. Next,
we note that from (3), one has sup.¢ (g 1) { LT a1} < oo (if p =1, we set § = 2 and bound the quantity
I8 4 J05 by 2 I 2 A 2Pv(dz)).
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On the other hand, if yx < 0, using assumption 2.1 (iv) and following analogous computations as those used to
derive (7), we obtain

/OOO {06 (V" + {R(XN) = W(XPPN)}2) = 05, (V) = {R(XDN) = (XN egs o (V) } v(dz)

£ .
< n,i )
< gy + 1)

From the above computations, we thus deduce that for any a1 € (o, 1/(1 — 7))

(27) Fimdel C( e . cl—ai1(1-n) / v 1|d$)
¢ ~ \log(d) log(d)r—1
for some positive constant C' independent of n and N.
To estimate K"™*%? we apply Lemma 4.3 with y = Y z = h(Xg’N)—h(X:(’i’)N) and 2’ = h(XHN)—p(X5N).
Note that if yz' < 0, by assumption 2.1 (iv), one has 0 < —sign(y)z’ = |2'| < [h]r|y|. Therefore, for any as € (e, 2],
we obtain from Lemma 4.3

Ktz,n,é,s,2 < C/O {h(X;z,z,N) o h(Xn KN N)‘(XZ

0
elogd

RN — Y|

n(s) n(s)

1 .
o BOCE) = RO+ IB(XEY) = R(Y))

log(é) n(s) n(s)
+ [R(X™EN) — h(X:(;)N)| Ll"logé/o 2?v(dz) —|—/u zy(dz)} }ds
t
; )
<C Xn,z,N anNa27] nlN anNn nzN anNn
<o [ i et B e - XY
oo
(28) + |X;z,z,N X:(; N|n + | X N X:(; N|n Llﬂogé/ 22v (dz) + /u zu(dz)] }ds.

By taking the expectation in (23), (24), (25), (26), (27) and (28), for any ¢ € [0,T], we obtain from Lemma 2.9,
E(Y;""] < e + E[I;"] + E[J;"] + E[K;"*]
1 g1 § 1 € glmea(l=m)
ne/2 + log 6 + slog(é) T log(9) + log(§)er—1

t
. 1
n,i

§E+C[/o E[Y; |]ds+n1/2+

+ ! d + L + ! ! + ! zudz) /Oozy(dz)
ne2n/2 glog(§)  n/2  nn/2log(d) /2 |el- "10g5 u

where, due to integrability constraints, we require that 2y < 8, and select an € (v, 8,/1) N (v, 2]. Note that if
a, = 2 then one may take as = 2. Then, by using Grénwall’s inequality
1 et 5§ 1 € glmaa(l=m

ne/2 + log ¢ + elog(6) nv + log(9) + log(§)0‘1*1

(20) e-CTE[mn’inswc[ T

nl/2

+ 1 J + ! 4 ! 1 + ! zudz) /Oozz/(dz)
e o)+ ) o 5vions : |

To optimize the above bound, we proceed as follows.
Let us first consider the case v € (1/2,,/2). In this case, we select § = 2 and u = £!~". We obtain

1 1 1 s 1
P S 1—ai(1—n) 1-as
n1/2+7f’/2+ +€n7+€ +gna2n/2+nn/2+<gln +u )nn/g}a

E[7 ) < ¢ { n

1 2y1, 1 oy L1 1 e=mras) g
SC({E_Fnl/? + ne/2 te +57ﬂ7+€ +gnazn/2 nn/2 gl-n nn/2
1—
where, for the first inequality, we used the fact that for ¢ > 0 sufficiently small, by (3), we have [5(1’")(0‘3*2) foa ! 22v(dz)+

c(1- n)(l asz) f .2V dz)] < oo for any ag > a,,. We now regroup the above terms into

1 1 1 291, _1-a(1-m] , L[1L 1 1 1
] SC{[n1/2 +np/2 +n”/2} + [s—l—s +e } +E 54—”0‘27]/2 +€(a3_1)(1_n) T2

<C 1 1 1 1
- E + n462 + nés—a + nGa—Csq

E[y;"*
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where we have set ¢ = n~? and

Clzé(P/\W)v G=2y-DA1-ai(l-n), CSZ'Y/\%y 4=g7 G = (a3 —1)(1—n)

with the constraints: oy € (ay,1/(1—17)), as € (o, B /1) N (0w, 2] and ag > a,,, where we recall that if a,, = 2 then
ag = 2. We now need to pick the optimal ¢ which maximises the above rate of convergence. By linear programming,
the optimal ¢ is the minimum of the solution to g(o = (3 — g and g(> = (4 — q(5, that is, the optimal ¢ is given by

q*min( (3 C4 )
G+ 6+¢G)

From the above computations, we deduce

, . C
max sup E[XY — x| < -
1<i<N o<i<T nt29

Let us now discuss the optimal value of the parameters (a, @z, ) which maximizes the above rate of convergence.
We distinguish two different cases: a, < 2(1 —«)/(1 —n) and a, > 2(1 —+)/(1 —n). In the first case a, <
2(1—=~)/(1—mn), we select oy = 2(1 —~)/(1 —n) so that {2 = 2y — 1. We now consider the two following sub-cases:
n < « (or equivalently 2(1 —v)/(1 —n) < 2) and n > v (or equivalently 2(1 —+)/(1 —n) > 2). In the first
sub-case < 7 one has 2n < 2y < /3, which implies 2 < 2v/n < 8, /n. We thus take as = 2 so that (3 = n which
in turn implies (3/(¢2 + 1) = n/(2y). We finally pick a3 = a3 so that (s + (s < 7 which in turn implies that
C1/(C2 + ¢5) > 1/2. Hence, if n < =, one has (2¢* = 7 — n/(27). Now, in the second sub-case n > 7, we can pick
ag € [2v/n,2 A (By/n)) so that (3 = v which in turn implies (5/(¢2 + 1) = 1/2. With the same choice of a3, we
thus obtain (2¢* =~ — 1/2. To sum up, if o, < 2(1 —v)/(1 — 1), one obtains a convergence rate of order n~(7—2)
if vy <mand n” ") if < 4.

We now turn our attention to the second case, namely o, > 2(1 —v)/(1 — ). Note that since o, € [1,2] a
necessary condition is 2(1 — v)/(1 — n) < 2 which is equivalent to 7 < . Then, one has (o +1 =2 — ay(1 — 7).
Since f, > 2y > 2n, we select oy = 2 so that {35 = y An = n. The maps a1 — (a(a1)3/(¢2(a1) + 1) and
aq + Ca(aq)Cs/(Ca(ar) + ¢5) are decreasing so that we select a; as small as possible, namely a3 = a,, + /(1 — 1),
with 6 € (0,1 — (1 —n)a,) and we denote this choice of a; by o, in order to save notation. This in turn yields
GGG+ =n1—-af(1—=7)/(2—af(1—mn)). We finally select (5 = (ag — 1)(1 —n) = %(Cg + 1) — (o, that is,
a3 =1+ %aj. Note that this choice is admissible since ag > v, is equivalent to 2 +6/(1 — 1) > «,. Hence, one
has (2C4/(Ca + (5) = 2C3/(C2 + 1). We thus obtain a convergence rate of order

_(=af(@-n)

n 2—af (1-n) — nin(l

ey a==3)
for any 0 € (0,1 — (1 —n)a,).

We conclude by investigating the case v = 1/2. Coming back to (29), under the constraints «a; € (cv,,1/(1—1n)),
ag € (aw, Bu/m) N (aw,2] and as > a,, we get

wiyvrin<cod (i 1 1 el glreall-m) 1 5§ 1
s, Bl < {( * 1og(5)) ST T log(8) T (log(0)) T | np2 T clog(d) m

R S A L e L 1)1
- ) e -
e log(8) no2n/2 log(d) ) nn/? el=nlog(d) w/) nn/2])’

for any u € (0,7), r > 0 being fixed, we have again used the fact that by (3) we have sup,¢ g, [u*=2 [" 2%v(dz) +
u'=* [* 2v(dz)] < oo. To proceed, we pick u = u, = e'~"log(6), e = n~% and § = n? with p,q > 0. Note that
taking n large enough, one has u,, € (0,7). We then select the couple (p,q) € (R4)?\(0,0) such that p+q < oAy
and 4 — ¢(1 —n)(az — 1) > 0. For instance, if §, < 27, as previously done choose « large enough so that
2y < agn < By, any a1 € (ay, (1 —n)71), ag =1+ (1 —n)~"1y~n and then select p = q < /2. If B, > 27, choose
as =2, any oy € (o, (1=n)71), as =1+ (1 —n)"(y An)~'n and then select p = g < (y A n)/2. Hence, with this
choice of parameters, we obtain

2 B S

for some positive constant independent of n and N. The proof is now complete. O
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3. POSITIVITY OF THE SOLUTION AND APPLICATIONS

Finally, in this section, we briefly mention some potential applications and conditions under which the solution
of the McKean-Vlasov SDE (1) is positive. A possible application we have in mind is the mean-field extension of
the following equation

t t t
X, =¢+ / b(X,)ds + / o X AW, + | 02 %/X,_dZ,,
0 0 0

where W is a Brownian motion and Z is a spectrally positive a-stable process with index a € (1,2]. In particular,
when b(x) = (a — kx) where a and k are some positive constants, the above equation have recently attracted large
attention in financial modelling. We refer to the works of Jiao et al. [22, 23, 24] for the modelling of sovereign
interest rate, electricity prices and stochastic volatility. For multi-curve term structure models we refer to Fontana
et al. [5].

The additional introduction of a dependence with respect to the law in the drift b is motivated by the fact that in
the modelling of large credit portfolio or more generally of large financial markets, one tractable way to understand
systemic risk can be done through the lens of interacting particle systems. Indeed, it has now become more and
more important to capture not only self-exciting effects but also contagious effects, i.e. how the default of one firm
affects another firm with the aim of shedding light on macro-aspects of how crises emerge in large interconnected
systems. Researches in this direction have been considered e.g. by Giesecke et al. [20, 21], where the authors have
introduced a model for the default intensities of IV firms, through the following system of interacting particles

N
AN, = (a — kX)dt + o\ NdW] + > eV dH] + o2\ dX,
J#i
where X; is some common risk factor which affects all firms, W = (Wi)izl’wN is an N-dimensional Brownian
motion independent of X, (ch )i<j<n are positive constants,

t
= inf{t:/ Mds > U}, and H{ :=1(icy
0

with the random variables (U%)1<;<n, being i.i.d. with exponential distribution.

The contagion effect is here modeled through the introduction of the sum Zj\;l cjng which induces a change in
the default intensity of the i-th firm when other firms default. We believe that the mean-field dynamics presented and
analyzed in this work could be used to develop extensions of the model proposed in the aforementioned references by
introducing positive jumps, interaction in the default intensities between the firms not only at the time of defaults,
but also instantaneously in time through the drift term. Obviously this is not within the scope of the current paper.
We postpone to future works for a more specific discussion of the stylized features of such models.

To conclude, we provide here some sufficient conditions on the coefficients under which the McKean-Vlasov SDE
(1) is non-negative.

Assumption 3.1. For any fized (t,p) € [0,00) X P1(R) such that p(Ry) = 1, the coefficients b(t,-, ), o(-) and
h(-) satisfy, o(¢,0) = h(t,0) =0 and b(¢,0, ) > 0.

Proposition 3.2. Under the same assumptions as in Theorem 2.4 and assumption 3.1, for any initial condition
& such that P(§ > 0) = 1, the unique strong solution X = (X;)i>0 of the McKean-Viasov SDE (1) satisfies
P(X;>0,Vt>0)=1.

Proof. For the initial condition P (t) = y, t > 0, we consider the sequence {X (™) = (Xt(m))tzo,m > 1} given
by the dynamics (36). Since each X (m) is given by the solution of a standard SDE with positive jumps and time
inhomogeneous drift coefficient b,,(t,z) := b(t, x, [Xt(m_l)}), by induction on m > 1, it follows from Proposition

2.1 of [10] that ]P’(Xt(m) > 0,Vt > 0) = 1. Up to the extraction of a convergent subsequence, we may assume
that (X(™)),,>; weakly converges to the unique strong solution X of the SDE (1). We thus deduce that P(X; >

0) = lim,, IP’(Xt(m) > 0) = 1. Now, applying again Proposition 2.1 of [10] to the linearized SDE (1), with drift
b(t,x) := b(t, x, [X¢]), allows to conclude the proof. O

Example 1. As a toy model, the default intensities can interact through the average intensity, that is
d\i = k(N — ke ADdt + oy (/[N | dW]E 4 ogsign(NL_) ¢/ |\._|dZE

where (W, Z")1<i<n are i.i.d. copies of (W,Z), W and Z being respectively a one-dimensional Brownian motion
and a spectrally-positive a-stable process with index o € (1,2) such that 1/g+1/a>1 and ¢ > 1, 1 <r < 2. Here,
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A =N"1 Zjvzl )\{ s the average intensity, o1, oo are some non-negative constants and t — kg, ky are deterministic
functions, t — k; being non-negative, which measure the strength of the mean-reversion. As the number of entities
N goes to infinity, the N -interacting particle system will converge to the mean-field equation with dynamics

d\i = k(B[] — ki Ae)dt + o1/ | Ae|dWy + oasign(As—) I/ | As—|dZs.
Combining Theorem 2.4 and Proposition 3.2, we deduce that for any non-negative initial condition & with law
w such that My(u) = fR+ 2P u(dx) < oo, for some 3 > 1, the above mean-field SDE admits a unique non-negative
strong solution. Note that taking expectation on both hand side of the above equation, the mean can be written
explicitly namely

E[\] = B[] + /Ot E[\Jrs(1 — ky)ds = E[¢] exp (/01t kel — ko)ds).

Note that instead of h(x) = oasign(x) {/|z|, one can take h(x) = o9 {/|x|T in the particle system. In the limit, the
resulting mean-field equation will have the same dynamics.

4. APPENDIX

4.1. Weak existence and moment estimates for some jump-type non-linear SDE. We establish here the
weak existence as well as a moment estimate under mild assumptions on the coefficients for some general jump-type
non-linear SDE with dynamics

(30) Xt:§+/0 b(s,Xs,[Xs})ds+/0 a(s,Xs)dWs—i—/O h(s, X._) dZ,

where W is a one-dimensional Brownian motion, Z is a compensated Poisson random measure independent of W
with intensity measure dsv(dz) satisfying fR\{O}(‘Z| A 22)v(dz) < oo and with starting point ¢ independent of W
and Z. The following result seems to be quite standard but we were not able to find a proof.

Lemma 4.1. Assume that b, 0 and h have at most linear growth in x and p, locally uniformly in t, in the sense of
(4). Assume that f\z\zl |z|% v(dz) < oo for some 3> 1 and that the initial distribution p € P(R) of the mean-field
SDE (30) has a finite B-moment, that is, Mg(p) = [g |z|°u(dz) < co. Then, the following statements hold:

(i) For any weak solution to (30) with starting distribution u, for any T > 0, one has

(31) E[ sup |X:|] < oo.
0<t<T

(ii) Assume that the aforementioned assumptions hold with B > 1. If [0,00) x R x Pi(R) > (t,z,pu) —
b(t,z, p), o(t,z), h(t,z) are continuous functions, P1(R) being equipped with the Wasserstein metric Wy,
then there exists a weak solution to (30).

Proof. Step 1: We first prove the moment estimate (31). We restrict ourself to the case 8 € [1,2]. The case g > 2
can be treated in a completely analogous manner. We adapt to our current mean-field setting the argument of
Proposition 2 of Fournier [7]. We introduce the auxiliary equation

t t t

(32) Yi=¢ +/ o(s,Ys) dW +/ / h(s,Ys_)zN(ds, dz) +/ c(s,Ys, [Ys]) ds
0 0 Jz|<1 0

with c(s, z, ) = b(s,x, p) — h(s,x) f\z\zl

distribution p satisfying Mg (u) = [; ||’ p(dx) < co. Since b, o, h have at most linear growth at infinity in z and

1 locally uniformly w.r.t. the time variable ¢ and f‘z 22 v(dz) < oo, it is easily checked that for any T > 0, there

exists a constant Cr such that

zv(dz) and £ is a real-valued random variable independent of (W, N) with

I<1

T T 2
E[ sup Y?|¢] <Cr 1+§2+/ E[YZ2|¢] ds + (/ Wl([Ys],éo)ds>
0 0

0<t<T

which in turn by Gronwall’s lemma yields

N T

IE[ sup Yf}ﬂ > < Cr (1 + ¢ +/ E[|Ys]] ds).
0<t<T 0

Hence, by Jensen’s inequality

T
(33) B[ sup v2l¢)? SCT<1+|£B+ il ds>
0<t<T 0
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so that, by taking expectation and applying again Jensen’s inequality
T
(34) E[ sup |Y;|°] < Cr (1 + Mga(p) +/ E[|Y,]?] ds)
0<t<T 0

where we recall that Mg(p) = [, [#[°dp(z). Observe now that the dynamics (30) can be rewritten as

(35) Xt:£+A a(s,Xs)dWs+/0 /||<1h(s,xs_)zﬁ(ds,dz)

v (5, X, (X)) ds + / t /|Z|>1h<s,xg_>zN<ds,dz>.

The last integral of (35) generates jumps at discrete instants. More precisely, one may write the restriction of
N to [0,00) x {|z| > 1} as >, <, 6(1,,2,) Where the (T,),>1 are the jump times of a Poisson process denoted in

what follows by J with parameter A\ = fl v(dz) and where the random variables (Z,),>1 are i.i.d. with law

z|>1
A1, >13v(dz). We thus see that conditioning w.r.t the o-field G = o(T},,n > 1) the dynamics (35) reduces to
(32) on each time interval (T},, Ty, +1). Namely, X solves (32) on [0,77). Hence, by (34)

TYAT
E[ suwp |X°|G] <Cr (1 + Mga(p) +/ E[|X,|?] ds).
0<t<Ty AT 0
The preceding upper-bound together with (34) yield
E[ sup |X|°[G] <E[ sup |X,|°|G]1qz>my +E[ sup |Xil?|G]1im ry +E[| X1, [7[G] 112, <1y
0<t<TIAT 0<t<T 0<t<T
TYAT
<or(1+30+ [ EIXP)ds) + B[ P91,
0
Now, X7, = Xp,— + h(T1, X1,-)Z1 so that, using the linear growth assumption of the jump coefficient (uniformly
on [0, 7)), [Xr,|” < COp(1+|X1, - |?)(1+|Z1]7) on the set {T1 < T}. Again by (34), E[| X1, -|°|G] < Or(1+Mp(p) +
fOTl/\T E[|X,|%] ds) which in turn clearly implies

E[| X1, |%G] <CT(1+IE[|Z1|5D<1+MB(/L)+/O1 E[|X,|%] ds)

on the set {T} < T'}. Hence, up to a change of the positive constant Cr (which from now on depends on E[|Z; |°] :=
f|z\>1 |2|Pv(dz) < 00), we therefore deduce the following estimate

TWAT
E[ suwp |X°|G] <Cr (1+M5(,u) +/ E[|X,|?] ds).
0<t<T1AT 0

Similarly, on each time interval (T, Tk+1), & > 1, one has

Ty AT
E[  sup |th3|9]<CT(1+EHXTMTW|QJ+ / E[Xsmds)
Tk/\TStSTk+1/\T T NT
Tk+1/\T
<or(ieml s pxlel s [ R )
T A NT<t<Tp AT T NT

where C'7 is a positive constant that does not depend on the index k. We thus deduce that there exists a constant
Kp > 1 (which depends on Mg(p) and T') such that

Tk+1AT

E[ sup 1 X/°|G] < Kyt 1+/ E[|X,|?] ds
TR AT<t<Ty 1 AT 0

which in turn implies

E X,|°1G] <E Xi|°
I:Ogtsgu’zli/\’f| t| ‘g] - I:lrél]aSXkT]_1/\'ls—'1§1£)STj/\T| t| ‘g}

T ANT
< (Kp+---+ K%) <1+/ E[|X,|?] ds)
0

Kk:+1 T NT s
A 1 E[| Xs|"]ds | .
e (e [ B s

IN
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Hence, using the fact that {Jr =n} = {T,, <T < T,,41} together with the above estimate, we conclude
E[ sup |X;|°] = E[ sup |X¢|*1¢),.—n
[ sup X)) =" 502, 1%t L]

0<t<T "0

=Y Elyp,<r<r, B[ swp  [X:/°|G]]

n>0 0<t<Ty, 1 AT
]_ +2 Tn+1/\T 5
< KIXE|1 1 E(|X|"]d
= Kr — 17;) T [ {TnST<Tn+1}< +/0 [| Xs]7] 5)}
1 AT T
< Krt2i— L o=AT (g / E[|X,|%]ds ).
*KT—lnz;O T + ), ElXFlds

Finally, one concludes the proof of the moment estimate (31) by using again Gronwall’s inequality.

Step 2: We now prove that weak existence holds for the SDE (30) under the additional assumptions that Mg(u) +
f|z\>1 |z|# v(dz) < oo, for some B > 1 and that the coefficients b, o and h are continuous. We proceed using
a compactness argument on the space of probability on D([0,00),R). We thus aim at constructing a sequence
of probability measures on D([0,00),R) that will converge (up to the extraction of a subsequence) to a solution
of the corresponding martingale problem with associated infinitesimal generator (£} )t>0. A probability measure
P € D([0,00),R), with time marginals (P(t)):>0 is a solution to the martingale problem starting from x at time 0
if, denoting by y = (y(t))¢>0 the canonical process and F the canonical filtration, one has P(y(0) € I') = p(I"), for
all T' € B(R) and for any ¢ € Cg°(R)

Fu(t)) - / LPo(y(s)) ds

is an (F, P)-martingale where

£F () = bt 2, P()¢! (@) + 50° (1,7, P(1)¢(2)

+ /]R {<p(a: + h(t,z, P(t)z) — o(z) — ¢ (2)h(t, z, P(t))zl{‘z‘gl}} v(dz).

We consider the sequence of probability measures (P(™),,>o on D([0, 00), R), constructed as follows: for a given
probability measure P(®) on D([0,00),R), such that lim,_,; Wi (P©(t), P (s)) = 0 and SUp, > Wi (PO (s),d0) <
00, and for a given non-negative integer m, we let P(™*1) be the probability measure induced by a weak solution
to the following SDE with dynamics

t t t
(36) Xt(erl) :£+/ b(S,Xg"H_l),P(m)(S)) d8+/ U(S7X§m+1))dWs +/ h(S,XS(TJrl))dZ;n

0 0 0
where Z" = f(f Jervioy 2Ny (ds,dz), N,, being a compensated Poisson random measure on [0,00) x R\{0} with
intensity measure dt1|.|<,,v(dz). Following similar lines of reasoning as those employed in the first step, one may
prove that for any weak solution to (36) with starting distribution p, for any 7" > 0, one has
(37) sup E[ sup \Xt(m)|ﬁ] < 0.

m>1  0<t<T

We deliberately omit the proof of the above estimate. Similarly, for any weak solution to (36), m > 0, for any
0 < s < t, there exists a positive constant C' (possibly depending on m) such that

E[|Xt(m+1) _ X(m-‘rl)” < C(t _ 8)1/2.

The previous bound directly stems from (36) and some standard computations. Now, by induction on m > 1, using
the fact that lim,_,, W1 (P™)(t), P (s)) < lim,_,, E[|X{™ — X{™)|] = 0, the continuity of the coefficients b, o and
h,and [ _ - |z|?v(dz) < oo, from Theorem 175 of Situ [32], weak existence holds for the SDE (36) for any m > 0.

|z|<m
We now establish the tightness on D([0,00),R) of the sequence (P(™)),,~¢ by employing Aldou’s criterion. Let

(S,58") be two stopping times satisfying a.s. 0 < .5 < S < S+ < T, for some § > 0. We also introduce for some

constant A > 0 (to be chosen later on) the stopping time 74 = inf {t > 0: |y(¢)] > A}. For any ¢, take ¢ € C;°(R)

so that 0 < ¢ <1, ¢(0) =0 and ¢ = 1 for |z| > . Given an integer m and a stopping time 7, we let PT(TU) be the

regular conditional probability distribution of P("™) given F,. Then,

tAS’

Syt A S") —y((S ATa)(w))) - / £E™ d(y(r) — y(S(w))) dr

(SATA)(w)
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is a PéTlA’w—martingale so that

P (1y(S) = y(S(w))] > &,74 > T) = P ([y(S" ATa) = y((S ATa)(w))| > £,74 > T)
< EPY [B(y(S" A 7a) — y(S(w) ATa))]

pomy [ [E@FOATA
SE[ /3 . L8 oy(r) — y(S(w)))| dr

< CO(1+ A%
where we used the fact that P("™)-a.s., for all s € [0,74 A T],
(s, y(5=), PV ()] + o (s, y(s=)F + k(s y(s=)P S K(L+ A%+ sup WP D(1),60)),
m>1,t€[0,T]
and where the constant K depends only on the C*-norm of ¢. Note that sup,,>g ie(o,7] W1 (PU™)(t), 80) is finite by
(37). Also, again from (37),

C
P(m)(TA <7T)< P(m)( sup |y(s)| > A) < =T
0<t<T A

From the above computations, we thus derive
P (Jy(S') —y(S)] > ) < C(1+ A%)5 + o
so that by choosing A = §~/3, for all § € (0,1), we get
P (jy(8") = y(S)| = €) < Crés.
where the constant Cr does not depend on m and §. We thus conclude that for all 7" > 0, for all € > 0

lim lim sup sup P(m)(|y(5’) —y(S)| =¢e)=0.

00 m  §,8:8<8'<S+6<T
As a consequence, by Theorem 4.5 on page 356 of Jacod and Shiryaev [17], the sequence of probability measures
(P(m))mzo is tight. By the Prokhorov theorem the sequence (Z™),,>¢ is also tight since it converges weakly
in D([0,00),R) to Z. Relabelling the indices if necessary, we may assert that (P(™)),,>o converges weakly to a
probability measure P> and that (X™, Z™),,>1 converges in law to (X, Z) in D([0,c0), R?).

From (37) and the weak convergence of the sequence (P (t)),,>1 towards P*°(t), by uniform integrability it

follows that E[|Xt(m)|} — E[|X¢|], for any ¢ > 0, so that the convergence of (P(™)(t)),,>; also holds with respect to
the W; metric. Now, by continuity of b, 0 and h, the continuous mapping theorem implies that the family

(X b, x Y PO (1)), o (¢, XYY, h(t, XY, W, Z0) im0, m> 0

converges in law to (X¢, b(t, X¢, P> (t)), o(t, Xt), h(t, Xt), W, Zt)t>0 in D([0, 0), R®).

We now employ Corollary 6.30, page 385 of Jacod and Shiryaev [17] to deduce that the sequence (Z™),>¢ is
Predictably Uniformly Tight (P-UT property) in the sense of Definition 6.1. page 377 of [17]. In order to do that
it suffices to check that sup,,~q E[supscjo |AZ7"]] < oo, for all # > 0. One may bound the previous quantity by
one (coming from the jumps which are smaller than one) plus the sum of jumps bigger than one. This yields

¢
E[sup |AZ*] <1+ E{/ / |z|Nm(d5dz)} <1 +t/ |z|lv(dz)ds <1+ Ct
s€[0,t] 0 J1<|z|[<m 1<|z|<m

where C' = le\>1 |z|v(dz) < oo. From Theorem 6.22, page 383 of Jacod and Shiryaev [17], the sequence

t t t
(XS”*”,/ b(s,X§m+1>,P<m>(s))ds,/ a(s,X§m+1))dW5,/ h(s,XgT“))dZs,Wt,Z;”) ,m >0
0 0 0 t>0

converges in law to

t t t
(Xt,/ b(s,Xs,Poo(s))ds,/ G(S,XS)dVVS,/ h(s,Xs_)dZs,Wt,Zt>
0 0 0

Hence, passing to the limit in the dynamics (36), we find that

t>0

t t t
X, =¢ —|—/ b(s, X5, P™(s))ds —l—/ o(s, Xs)dWs +/ h(s, Xs—)dZs
0 0 0

in distribution, so that P> is a weak solution to (30). O
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4.2. Yamada and Watanabe Approximation Technique. To deal with the Hélder continuity of the coefficients
o and h, we introduce below the Yamada and Watanabe approximation technique (see for example [13, 27, 35]
for some applications of this technique). For each § € (1,00) and € € (0,1), we select a continuous function
Vs : R = RY with a support included in [¢/d, €] and such that

€
2
/5/5 Yse(2)dz=1 and 0<1.(2) < Tlogd’ z > 0.

Let us define the real-valued function ¢s. € C?(R)

®s,() ~—/z|/ V5.e(2)dzdy.

It is straightforward to check that ¢s . satisfies the following useful properties:

(38) |z] < e+ ¢s5e(x), for any = € R,
(39) 0< |6 ()| <1, foramy z € R,
(40) ¢5..(x) >0, for x>0 and ¢j _(x) <0, for z <0,
2 26
/!
() (el = s (e € 2t sall) < o forany x € R\ {0}

We present below two technical lemmas. Lemma 4.2 below is analoguous to Lemma 3.2 given in [27]. We provide
its proof for sake of completeness.

Lemma 4.2. Suppose that the Lévy measure v satisfies [, {2z A2?}v(dz) < co. Lete € (0,1) and § € (1,00). Then
for any x € R, y € R\ {0} with zy >0 and u > 0, 4t holds that

[ st +-52) = 0n) — a6 (b < 2 10 {1 (0 2) [ uian 1ol [ avtan}.

Proof. Let x € R, y € R\ {0} with y > 0 and z > 0. By the second order Taylor’s expansion for ¢s., it follows
from (41) that

20zz|® 1 0115 (ly + O2z])
logd J ly + 0z
Since wy > 0, we have |y| < |y + 0xz| and 1.5 (|ly + 022|) < 1(0,(|y]). Hence we obtain

2|zz*10,4(y]) < A 5)
logd |yl

5.y +x2) — d5e(y) — a:z%a \a:z| / 9(;5 (y + 0x2)do <

(42) Po.e(y +22) — Ps,c(y) — 2205 (y) <

Moreover, since xy > 0, by (40) we have z¢5 _(y) > 0. This together with the fact that the right hand side of (42)
has 1(.(]y|), we obtain

b5.c(y + 22) — ¢s.c(y) — 2205 (y) < L0,6) [y Ps,e(y + 22) — ds5.2(y)}

1
(43) = 1<o,e](|y\)xz/ $5.(y + 022)df < 1o (|y])]z2].
0
The result then follows from (42) and (43). O

Lemma 4.3. Let e € (0,1) and 6 € (1,00). Then, for any a € (o, 2], there exists some constant C > 0 such that
for any u € (0,00, for any (z,2',y) € R? satisfying —sign(y)x’ < kly|, for some positive constant r if yz' < 0 it
holds

Aoo |¢§,€(y+x2) — ¢57€(y+x’z) — (:C —x’)2¢375(y)} I/(dz) < C’l:{l(sg(S + 1} ‘x _x/|a 4 |x —x/|

+1{y$<0}{ ”(5)“};5x'|+1{yw20}{1<ti§g((|5y)<|y| ) |/z1/dz / (dz)}ux/@.

In addition, if a, = 2 then a = 2.

Proof. Note that for x = 2/, the claimed inequality is trivially true. From now on we suppose that = # x’. To
obtain the required estimate, we consider

|65.2(y + 22) = ds.c(y +a'2) — (x — 2') 265 . (y)]|
< |s.e(y+a2) = @se(y +a'2) — (v — 2)2gs (y + 2'2)| + | — 2l[2] [95,.(y) — 5. (y +2"2)[ = A: + B..
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Let u € (0,00). To estimate A, for z € (0,u), we apply a second order Taylor’s expansion for ¢s. and use (41).
This gives

26

1
Az< _ 12 2/ " 1— / < _ 12052
< fo =o' Plaf? | 06Fc(y+ 00z -+ (1= 0)a'2)a0 < o — o/ PJaf? s

while for z € (u,00), by the mean value theorem and (39), we get
1
A, <z — 2|2 / |95, (y + Oz + (1 = 0)a'2) — ¢5 . (y)| d < 2|z — 2'[|2].
0

To this end, for some positive k (which is chosen later) one considers the two cases |z — 2’| < k and |z — /| > k.
In the first case, take u = 1 so that

o0 28 26
< 2 _ b < | o
/0 Azy(dz)_C{kc x| 510g(6)+‘m x|}_Ck{|as x| Elog(é)—Hx x|}

for any a € [0,2]. In the second case |x — 2/| > k, we select u = |z — 2/|* € (0,k71) and remark that

|z—a'| 71
/ 2v(dz) = | — 2'|*72
0

with 17 1= =2 [ 22v(dz). Note that lim.o I} =0 for any a > o, by (3). Similarly,

1

|lz—a’| 71
2 —2 1
m/o 2*v(dz) < |z — 2'|* sup I

e€[0,k—1]

[e.¢] 1 oo
/ 2v(dz) = |z — x’|a_17/ w(dz) < |z —2/|*7' sup I?
| |

_ pl|la—1
e |z — 2| o—a|1 c€[0,k-1]

with 2 ;= g*~! f:o zv(dz). Again we note that lim. o I? = 0 for any a > q,, by definition of ,,. We thus conclude
that for any positive constant C', one can pick k sufficiently large, such that

26
< e 20 _21\
VYa € (o, 2], /0 Azu(dz)_C{;l: x| elog(5+|x :z:}

We now deal with the term B,. Let us first assume that yz’ > 0. We perform a second order Taylor’s expansion
and employ (41) to obtain

1
B, < |o/||z — /|| / o (y + 0’ 2)0d0
0
<ol I [ a2 072
ST 0) Sy Tyt e

lle = 21 Loy (o) (1 5
log & ly| e

where for the last inequality we used the fact that |y| < |y + 0z'z]| since ya’ > 0 and z > 0. Also, it is readily seen
that B, < 2|z — 2'||z|. We thus conclude that if yz’ > 0, for any u € (0, 00)

* oo(s) (1 6 [" *
B.v(dz) < |2’ :cx/[o’e)(/\>/ 22u(dz +2:cfx// 2v(dz).
| Bt < e a1 S 2n ) [t vl =) [ vt

6do

<2

We now treat the case yz’ < 0. We split the v(dz)-integral into the two disjoint sets 2‘@',‘ Al < z and 2'@‘,' ANl >z
lyl

2|z’

In the case of small jumps, i.e. on the set A1 > z, from the mean-value theorem and (41), we obtain

1
B = [ollo =o'l [y -+ 0a2)as
0

1 1 0!
< 2|CL’/HI _ 1‘/|Z2/ [6/6,5)(|y+ T Z|) a6
o |y 0x'2[log(d)

1
S 2|.’17/H.’L' _ .'17,|Z2 [0,28)('3/‘)
ly[log(6)
where, for the last inequality, we used the fact that yz’ < 0 and 2‘@',‘ A1 > z imply

-+ 022] = (1 — 0212/l )| > 2.
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Now, observe that since yz’ < 0, one has 0 < —sign(y)z’ = |2/| < kly|, which combined with the previous
computations yield

S -
log(8) Jo
For large jumps, i.e. one the set 2‘&"\ A1l < z, from (39), we simply note that B, < 2|z — 2'||z| so that

[yl
2WIA1

/ B.v(dz) < 2|z — 2| / 2v(dz) < Clz — 2|
lyl A1
2|z’
where we used the facts that [2/| < k[y| and [ zv(dz) for the last inequality. The proof is now complete. O
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