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ON IDENTITIES FOR ZETA VALUES IN TATE ALGEBRAS

HUY HUNG LE AND TUAN NGO DAC

ABSTRACT. Zeta values in Tate algebras were introduced by Pellarin in 2012.
They are generalizations of Carlitz zeta values and play an increasingly impor-
tant role in function field arithmetic. In this paper we prove a conjecture of
Pellarin on identities for these zeta values. The proof is based on arithmetic
properties of Carlitz zeta values and an explicit formula for Bernoulli-type
polynomials attached to Pellarin’s zeta values.
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INTRODUCTION

A classical topic in number theory is the study of the Riemann zeta function ((.)
and its special values {(n) for n € N and n > 2. By a well-known analogy between
the arithmetic of number fields and global function fields, Carlitz suggested to
transport the classical results to the function field setting in positive characteristic.
In [10] he considered the rational function field equipped with the infinity place and
introduced the Carlitz zeta values (4(n) which are considered as the analogues of
¢(n). Let Fy be a finite field having ¢ elements, ¢ being a power of a prime number
p, and 0 an indeterminate over F,. Let A = F,[f], and let K = F () equipped
with the rational place co. Let Ko = F,4((5)) be the completion of K at oo, and
let Co be the completion of a fixed algebraic closure of K, at co. Ford € N, A, 4
denotes the set of monic elements in A of degree d. For n € Z, the value at n of
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the Carlitz-Goss zeta function is given by

1
CA(n) = Z Z ain € K.
d>0a€Ay g4
One can show that {4(n) € Aif n < 0 and even {4(n) =0ifn <O0andn =0
(mod ¢ — 1) (see [19, Chapter 8]).

We now move to the context of Tate algebras. Let s > 1 be an integer, and let
t1,...,ts be s variables over K and we write t for the family of variables (¢1, ..., ts).
Let Ty be the Tate algebra in the variables ¢, with coefficients in C (see Section
1.2). In 2012 Pellarin [24] introduced the following element in T} called the zeta
value in the variables t,

CA(]-,LQ) — Z Z a(tl) . ..a(ts) c T:

a
d>0a€A 4

We also call it the zeta value in Tate algebras, and also Pellarin’s zeta value in the
variables t,.

For s = 1, he proved the remarkable identity (see [24, Theorem 1]):
Ca(1,t1) w(ty) 1

™ 972&1

where 7 is the Carlitz fundamental period (see [19, 30]), and w(¢1) is the special
function introduced by Anderson and Thakur in [1] and given by

witr) = (~0)7 ] (1 _ (;;,)_1

J=0
for a fixed choice of the (¢ — 1)th root of (—6) in C.

Since their introduction various works have revealed the importance of these
zeta values for both their proper interest and their applications to values of the
Goss L-functions, characteristic p multiple zeta values, Anderson’s log-algebraicity
identities, Taelman’s units, and Drinfeld modular forms in Tate algebras (see for
example [4, 6, 7, 8, 9, 11, 12, 14, 15, 26, 27, 31]). We should mention that general-
izations of Pellarin’s zeta values to various settings have been also conducted (see
for example [2, 3, 21, 22, 23]).

In a recent work [25] Pellarin investigated a more general setting for Drinfeld
modular forms and formulated several conjectural identities for zeta values in Tate
algebras. Roughly speaking, he predicted that the multi-variable zeta value (4 (1,¢,)
belongs to the [F)-algebra generated by negative or positive twists of zeta values in
one variable (a(1,¢;) for 1 < i < s, and that an elegant explicit expression is even
provided for q large enough. These conjectures combined with other results could
lead to new identities for Eisenstein series as explained in [25, Section 9]. We refer
the reader to Conjectures 1.1, 1.3 and 2.4 for the precise statements.

The main result of the present paper is to give an affirmative answer to the above
Conjectures 1.3 and 2.4 with an explicit bound for ¢ (see Theorem 1.4). To prove
this result we study the several variable Bernoulli-type polynomial B¢ which encodes
the deep connection between Pellarin’s zeta values and Taelman’s class formula
thanks to the work of Angles, Pellarin and Tavares Ribeiro in [5, 7]. We introduce
a notion of weight for polynomials and show that if the weight of the polynomial
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B is greater than 1, then Theorem 1.4 holds. Therefore, to prove this theorem it
suffices to prove the above estimation for the weight of Bs when ¢ is large enough.
We succeed in doing so by computing explicitly B, (for ¢ large enough) based on
combinatorial arguments. We should mention that combinatorial properties of of By
have already had important applications in function field arithmetic (see [4, 20, 2]
for more details).

Our paper is organized as follows. In Section 1 we review the aforementioned
conjectures of Pellarin and state our main result in Theorem 1.4. In Section 2 we
study the several variable Bernoulli-type polynomial Bs. We introduce a notion
of weight for polynomials and explain how to deduce Pellarin’s conjectures from
a lower bound on the weight of B, (see Theorem 2.9). Section 3 is devoted to
prove a key result, Theorem 3.1, which gives an explicit expression of B, in terms
of symmetric polynomials. Putting altogether, we prove Theorem 1.4 in Section
4. At the end we discuss some interesting questions in Section 5, which we will
investigate in a future project.

Acknowledgments. The authors would like to thank Bruno Angles, Federico
Pellarin and Floric Tavares Ribeiro for many helpful discussions and suggestions
and for encouragement throughout this project.

The second author (T. ND.) was partially supported by ANR, Grant COLOSS
ANR-19-CE40-0015-02. Both authors (HH. L. and T. ND.) were partially supported
by CNRS IEA ” Arithmetic and Galois extensions of function fields” and the Labex
MILYON ANR-10-LABX-0070.

1. IDENTITIES FOR ZETA VALUES IN TATE ALGEBRAS

In this section we first set up the necessary preliminaries. We then review Pel-
larin’s conjectures given in [25] and state the main result of the present paper in
Section 1.3.

1.1. Notation.

In this paper we adopt the following notation.

N: the set of non-negative integers.

N* =N\ {0}: the set of positive integers.

Z: the set of integers.

F,: a finite field having ¢ elements.

p: the characteristic of F,.

F,: a finite field having p elements.

0: an indeterminate over [F,.

A: the polynomial ring F,[6].

A, : the set of monic elements in A.

For d € N, A, 4 denotes the set of monic elements in A of degree d.
K =T,(0): the fraction field of A.

oo: the unique place of K which is a pole of 6.

Uso: the discrete valuation on K corresponding to the place oo normalized
such that vy (6) = —1.

e Ko, =F,(($)): the completion of K at occ.
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o C,.: the completion of a fixed algebraic closure of K,. The unique valua-
tion of C,, which extends v, will still be denoted by vy..

o (—G)ﬁ: a fixed (¢ — 1)th root of (—0) in Cw.

e For s € N, {t1,t2,...,ts} denotes a family of s variables, and we will also
denote this family by ¢..

We will work with the set of all (finite) sequences of integers £. When we consider
a sequence ¢ = ({1,...,¢;) of integers, the reader should keep in mind that d
depends on the sequence ¢, and that ¢; may be 0.

1.2. Tate algebras.

Let L be an extension of K, in C,, such that L is complete with respect to vo.
Let s € N be a non-negative integer. The polynomial ring L[t,] = L[t1,...,ts] is
equipped with the Gauss valuation: for a polynomial f € L[t], if we write

— i 7;5
f - E Qi ..., istll "'ts v Qi € Lv

then the Gauss valuation of f is defined by
Voo (f) = inf{veo(aiy,...0,), %1,...,%s € N}

By definition, the Tate algebra T,(L) in the variables ¢, with coefficients in L
is the completion of L[t,] with respect to the Gauss valuation. Explicitly, T4(L) is
the set of formal series

_ i1 is
f= > i ittt ai. . €L,
B yeeey is €N
such that

o lim wee(ayy, i) = 400,
11+...+1s—+00

When L = C, we will write T instead of Ts(Cs). Let 7 : Ty — Ts be the
continuous homomorphism of F,[t,]-algebras such that

T(c) =1, c€Cxw.
Explicitly, for a formal series f € T, if we write
f= > @ittt ai €Cu,
i15eeeyis EN

then

()= > al .t

015000005 EN

1.3. Conjectures of Pellarin and the main result.

For the rest of this paper we will always suppose that s =1 (mod g —1). We set

(1.1) Si={1,...,s},
and
(1.2) mi= LN

qg—1
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Recall that the Carlitz fundamental period 7 is given by (see [19, 30])
. o\ "
F=0(-0)a1[] (1 - W) € CX.

j=1
Following Anderson and Thakur [1], for ¢ € X, we introduce the following function

. ti\ !

Jj=0

In 2012 Pellarin [24] introduced the following function in T} called the zeta value

in the variables t,
t1) - alts
e =Y Y i) alts) g
d>0acA 4 a

We also call it the zeta value in Tate algebras, and also Pellarin’s zeta value in the
variables .. We observe that it can be written as a Euler product

A R | I o

P
P6A+
P irreducible

In particular, when we have one variable t;, we get the zeta value in one variable

Gt =3 % “gi).

d>0a€A, 4

In [25] Pellarin revisited the theory of Drinfeld modular forms which were initially
developed by Goss in [16, 17, 18] and Gekeler in [13]. In his investigation he
proposed several conjectures for the zeta value (4(1,¢,) which would lead to new
identities for Eisenstein series. We refer the reader to [25, Section 9] for more
details.

Conjecture 1.1 ([25], Conjecture 9.1). We have
Ca(Lt,) €F, [77(Ca(lity)): 1<i<s, keZ].

As Pellarin mentioned in his paper (see the discussion just before [25, Conjecture
9.1]), the central point of this Conjecture is that negative twists are allowed, and
that the coefficients belong to F,. Further, Pellarin suggested an explicit formula
for Ca(1,t,) when q is large enough. More precisely, letting k € Z and U be a subset
of ¥, we set

(1.3) LW = ¥ (H CA(l,ti)> .

ieU
Definition 1.2. An ordered set partition of 3 is a set partition Uy U ... Uy of

> equipped with a total order on its blocks U; < --- < Uy. Here we require that
Uy # () but the other blocks may be empty.

We will denote this ordered set partition of ¥ by
U=U|Uz|...|Ug).
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Conjecture 1.3 ([25], Conjecture 9.4). Let ¥ and m be defined as in (1.1) and
(1.2), respectively. Suppose that q is large enough, depending on m. Then the
following formula holds

Callt)=>"c5" o Lf?

where the sum runs through the set of ordered set partitions U = (Uy | --- | Ug) of
> satisfying
U U
M + -+ ‘7;” =1.
q q
The aim of the present paper is to give an affirmative answer to this conjecture
with an explicit bound for g.

Theorem 1.4. Conjecture 1.3 holds for g > m.

A proof of Theorem 1.4 will be given in Section 4. Let us outline the main ideas
of the proof.

(1) First, using the link between Pellarin’s zeta values and Taelman’s class
formula due to Angles, Pellarin and Tavares Ribeiro in [5, 7], we state
an equivalent statement of Conjecture 1.3 (see Conjecture 2.4). Instead
of identities on Pellarin’s zeta values, it gives conjectural expressions on a
certain several variable Bernoulli-type polynomial B, € F,|[ts, 0].

(2) Next, using the polynomial B; we give an expression of the zeta value
Ca(1,t,) in terms of products of twists of zeta values (4(1,¢;) for i € ¥
with coefficients in C, (see Proposition 2.7). Using some specialization
arguments we are able to compute explicitly some coefficients of this ex-
pression (see Lemma 2.8). Furthermore, we introduce a notion of weight for
polynomials in Definition 2.6 and show that if the weight of B, is bounded
below by 1, then the other coefficients vanish which implies Conjecture 1.3
(see Theorem 2.9).

(3) Finally, we succeed in proving the previous bound for ¢ large enough (see
Section 3). In order to do so we express B as a linear combination of
symmetric polynomials in ¢,. For ¢ large enough we then compute explicitly
this expression of B (see Theorem 3.1), which implies immediately the
desired estimation of its weight (see Section 4). We mention that the proof
of Theorem 3.1 is of combinatorial nature.

2. THE SEVERAL VARIABLE BERNOULLI-TYPE POLYNOMIAL

In this section we study the several variable Bernoulli-type polynomial Bs. In
Section 2.1 we recall its definition, its basic properties, and its connection with
zeta values in Tate algebras. In Section 2.2 we use this polynomial to formulate a
conjecture equivalent to Conjecture 1.3 (see Conjecture 2.4). Section 2.3 is devoted
to express the zeta value 4(1,2,) in terms of products of twists of zeta values in

one variable (4(1,t;) for ¢ € ¥ (see Proposition 2.7). The key result states that
under some mild condition on By, Conjecture 1.3 holds (see Theorem 2.9).
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2.1. The several variable polynomial B,.

We briefly recall the deep connection between the zeta value (4(1,t,) and some
several variable Bernoulli-type polynomial By as explained in [5, 7].
Recall that for s = 1, Pellarin proved the following identity (see [24, Theorem

1)):

(2.1) Ca(Lity)w(ty) 1

T S0ty
For s > 2 and s =1 (mod g — 1), we define
1, t1)...w(ts
(2.2) B, = (~1ym Al ’*S)”(%l) wits) ¢,

where m is given by (1.2). Then by [7, Lemma 7.6] (see also [0, Corollary 21]), we
have

Proposition 2.1. The element B, is a polynomial in F,lt,,0]. Moreover, it is a
monic polynomial in the variable 6 of degree m — 1 and a symmetric polynomial in
the variables t.

Inspired by Taelman’s theory in [28, 29], Angles, Pellarin, and Tavares Ribeiro
showed that the polynomial B, is closely connected to the class module Hy of a
certain Drinfeld A[t.]-module ¢ of rank one as follows (see [7, Section 7] for more
details). Let ¢ : A[t,] — Ts[t,]{7} be the Drinfeld A[t,]-module over Ty given by a
homomorphism of F[t,]-algebras such that

b0 =0+ (tr—0)- (1, — O)r.
There exists a unique formal series exp, € T{{7}} called the exponential series
attached to ¢ such that
expy =1 (mod 7),

and

baexXpy = expga, a € Alt].
One can show that the exponential series induces a natural F[t.]-linear map

expy T, — T,.

Following Taelman [28, 29], we define the class module Hy by

Hy o D)

equﬁ(Ts (KOO)) + (b(A[ts])
where ¢(A[t,]) is the Fy[t,]-module A[t,] equipped with the Aft,]-module structure
induced by ¢. By [7, Proposition 7.2] the class module Hy is a finitely generated
F,[t,]-module of rank m — 1. The importance of the polynomials B, is explained in
the following theorem.

Theorem 2.2 ([7], Theorem 7.7). We denote by Fitt sy, |(Hy) the Fitting ideal of
the torsion Alt,]-module of finite type Hy. Then

FittA&S] (H¢) = BSAES].

In particular,

By =, det (210~ 99 lieu,, mie i) 7=
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A few explicit examples of the polynomials By are given in [4, 7] (see also [26]).
We need to introduce some more notation.
Definition 2.3. For any sequence £ = ({1,...,¢q) € N we set
Lo ::s—(€1+--~+€d) € 7,

and define
d
os(l) :=o0s5(ly,...,4q) = Z H H th,
k=1i€U,
where the sum runs through the set of ordered set partitions U = (Up | -+ | Ug) of

Y such that |Ug| = € for 0 < k < d.

In particular, o4(¢) = 0 if 1 4+ --- + €4 > s, which is equivalent to the condition
lo < 0. The reader should keep in mind that ¢; may be 0. For example,

+(0,0,1) Zﬁ’

Here are some more explicit examples that will appear in the explicit formulas of
B, for small values of s:

02q-1(q) = > tiy o tig,

1<i1 < <ig<2g—1

03q72(Q) = Z H tiss

1<iy < <iq<3q—2 j=1
2q—1

03¢g-2(2¢—1) = Z H ti,

1<y <+ <igg_1<3¢—2 j=1

0'3q72(2Q) = Z H tzj7

1<i1 <+ <igq<3q—2 j=1

03g-2(g—1,q) = 3 > Htu Ht

1< < <ig-1<3q—2 1<k < <kq<3q—2 j=1 =
kg;élj

By [4, Lemma 3.4] we have
(23) B, =1,
(24) Bag1 =0—02-1(q),
(2.5) Bago = 0" — 0losg2(q) + 03g-2(29 — 1)] + [034-2(q — 1,9) + 935-2(29)].

2.2. A conjecture equivalent to Conjecture 1.3.

In this section we use the several variable polynomial B to formulate a conjecture
equivalent to Conjecture 1.3 (see Conjecture 2.4).

Let k € N*. Since Tw(t1) = (t1 — 0)w(t1), we get

» 1 (b —0FT) (g — 07)
! ((u —e>w<t1>) - w(th) '




ON IDENTITIES FOR ZETA VALUES IN TATE ALGEBRAS 9

By Equation (2.1), we know that

A = G T = o)

It follows that

TRCa(lty) = 77F (

7 >%ql’“(t19q"l‘1)~~(t19<11)
(t1 — O)w(t1) w(t1) '

Similarly, for 1 < i < s, we obtain

_ _ %ﬁ(ti—eqlﬂ%l)”'(ti_eé) _ %%kb*(ti)
(2.6) TH(Ca(lty) = — w(t) T W(Z‘)

where we set
(2.7) bi(ts) o= (1 — 07 7) - (t; — 07).
For a subset U de X, we define

B (ty) == [ ] bi(ta)-
=
By the previous discussion we deduce that Conjecture 1.3 is equivalent to the
following conjecture.

Conjecture 2.4 ([25], Conjecture 9.7). Suppose that q is large enough, depending
on m. Then the following formula holds

(2.8) By = (-1)""" Y Bi(ty,)--- Y Bilty,)

where the sum runs through the set of ordered set partitions U = (Uy | --- | Ug) of
> satisfying

4 1.

TR
q q4

We now present the cases m = 1 and m = 2 to illustrate combinatorial compu-
tations which we may encounter. We follow the presentation of Pellarin given in
[25, Section 9.1.1] and see that by direct calculations Conjecture 2.4 holds in these
cases.

(1) For m = 1, Conjecture 2.4 holds since both sides of (2.8) are equal to 1
(see (2.3) for the left-hand side).
(2) For m = 2, by (2.4) the left-hand side of (2.8) equals

Bog—1 =60 — 02g-1(q).
Since |X| = s = 2¢—1, we see that the only ordered set partitions appearing

on the right-hand side of (2.8) are (U; | Us) with |Uy| = ¢—1 and |Us| = q.
It follows that the right-hand side of (2.8) is equal to

- Y 11 (ti—el/q).
UsCS, |Us|=q €Uz

We claim that this expression is equal to 6 — 024—1(¢g), which confirms
Conjecture 2.4 for m = 2. In fact, it is easy to see that all the terms
defined over F,[0'/9] but not over F,[f] cancel. Further, the terms over
F,[0] give exactly the polynomial 8 — o2q_1(gq) as desired.
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(3) More generally, our strategy follows that given in the case m = 2. On
the one hand, we show that on the right-hand side of (2.8) all the terms
not defined over F,[0] cancel, which is exactly explained in the rest of this
Section. On the other hand, we compute the terms over F,[f] and prove
that they give exactly B, which will be done in Section 3.

Remark 2.5. Let U = (Uy | --- | Ug) be an ordered set partition of ¥ satisfying
U U,
M + e ‘75| = 1.
q q

We set ¢; = |Uj| for 1 < j < d. Then the sequence £ = ({1,...,£q) € N with
£4 > 1 is a solution of the system

14+ ...+4g=s
(29) Zl [d_l

We assume further that m < ¢ where m is defined as in (1.2). Then one can
show easily that if £ = (¢1,...,¢4) € N? with £;4 > 1 is a solution of the above
system, then we can write {1 = g — 51,02 = $1q¢ — So,...,{q = sq—1q for a sequence
(s1,...,84-1) € (N*)971 with sy + ...+ s4_1 = m — 1. In fact, the map

(gl,...,fd) — (51,...,8(1_1)

gives rise to a bijection between the set U, of solutions £ = (¢1,...,44) € N¢ with
£y > 1 of the system (2.9) and that of sequences (si,...,54-1) € (N*)4~1 with
$1+...+84-1 = m— 1. In particular, for m > 2, the cardinal of the set U,,, equals
om=2,

We will give, for m = 1,2, 3,4 and m < q, the explicit list of the elements of U, .

2.3. Twists of zeta values in one variable.

In this section we will first give an expression for the zeta value (4(1,t,) in
terms of products of twists of zeta values in one variable (a(1,¢;) for ¢ € ¥ with
coefficients in Co, (see Proposition 2.7). Next, using specialization properties we
determine some coefficients of this expression (see Lemma 2.8). Finally, under some
mild condition on By, we deduce Conjecture 1.3 (and its equivalent form, Conjecture
2.4) from the previous calculations (see Theorem 2.9).

We start introducing a notions of weight for polynomials.
Definition 2.6. 1) Let £ = (¢1,...,{s) € N° be an s-tuple of integers. We consider

S Zi
i=1 tz

and define its weight by

1
£y .
W(EE) T Z q€i+1 :

=1

the monomial g% =11
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2) Let P(t,) € C[t,] be a non-zero polynomial. If we express

P(zs) = Z%l%, 73 S (Cooa
L

where the sum runs through the set of s-tuples £ = (¢4, ...,¢s) € N*, then we define
its weight by
w(P) := min{w(tf) : a; # 0}.

Proposition 2.7. With the notation as above, we can express

_ ~1-370 ) - e
(210) Ca(Lt) = ()™ S F T [0 (Callt), e € Co,
Le(N*)s i=1

where the sum runs through a finite set of s-tuples £ = (¢1,...,¢s) € (N*)® such
that if ¢ # 0, then

S

w(B;) < Z 1‘.

7
i=1 q

Proof. The proof is divided into several steps.

Step 1. First, we will express the polynomial B, € Fy[t., 0] as a sum of products
of b} (t;) defined as in (2.7).

Recall that for k£ € N* and for 1 <14 < s, we have set in (2.7)
Bi(t) = (ti — 07T) -~ (t; — 6%) € Cac[ti]

which is a polynomial in the variable t; of degree k — 1. It follows that for n € N,
we can write

n+1
(2.11) 7= akmbi(ti), arn € Coo.
k=1

We note that the coefficients ay_ , do not depend on 7 € 3.
For the polynomial B, € F,[t,, 0], we write

j j j -
B.=Y fith=Y gt ...th, with 8 €F,fo],
J J

where the sum runs through a finite set of s-tuples j = (j1,...,js) € N°.
For any s-tuple of positive integers £ = (¢1,...,¢s) € (N*)*, we set

(212) Ve = Zﬁl]i[ali’ji S (szn
j =l

where the coefficients ay, ;, are defined as in (2.11), and the sum runs through the
set of s-tuples j = (j1,...,js) € N® such that j; + 1> ¢; for 1 <i <.
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By (2.11), we get

(2.13) By =) Biti...th
J
s Ji+1
=> B[] D ar.ibi.(t)
j i=10;,=1
= ebp, (tr) -+ b, (ts)-
L
Here
e the first and second sums run through a finite set of s-tuples j = (j1,...,js) €

N%.
e the third sum runs through a finite set of s-tuples £ = (¢1,...,4;) € (N*)*.

Step 2. Next, letting £ = (¢1,...,¢s) € (N*)® be an s-tuple of positive integers, we
claim that if v # 0, then

w(Bs) §Z i )

i
i=1 q

In fact, if 7, # 0, then by (2.12), there exists an s-tuple j = (ji,...,js) € N°
such that ¢; < j;, + 1 for 1 <7 < s and

ﬂiHagi,ji 7& 0.
i=1
It implies that 8; # 0. Thus we obtain
(B,) < w(t] tjs)—ii<i 1
w(Bs) <wl(ty'...t) = g S g
i=1 i=1

Here the first inequality and the second equality follow from the fact that 3; # 0
and Definition 2.6. The last inequality comes from the fact that £; < j; + 1 for all
1<1<s.

Step 3. We now switch to zeta values in Tate algebras. We have
(—1)™7Bs
1,t,)=—F/—"——
Callty) w(ty) ... w(ts)
(=1)™T 2 peveys Veby, (E1) -+ b (ts)

B w(t) ... w(ts) by (2.13)

S (=174 )
= (i Y A [Tl ) o

1
2

by (2.2)

Le(Nr)e =1 e
o met ~1=300 - —4; _ ; 1) = —
=(-1) Z T a ’YgHT (Ca(1,t;)) since (—1)° = —1
LE(N*)s =1

where the sum runs through a finite set of s-tuples of positive integers £ € (N*)5.
The proof of Proposition 2.7 is finished. (]
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We now calculate some coefficients of the expression (2.10) using specialization

arguments. Let k = (k1,...,ks) € N° be an s-tuple of non-negative integers. We
study the following specialization of (¢1,...,ts):

Let ¢ € ¥. For an s-tuple £ = ({1, ...,¢s) € (N*)®, we have

b (CA(I,ti))’ti:(_)q—ki = Z a(z)

d>0a€A; 4

Recall that (4(n) =0ifn <0and n =0 (mod ¢—1), 4(0) =1 and Ca(n) #0
if n > 0 (see for example [19, Chapter 8]). It follows that
0 if 4; > ki,
(2.14) 4 ((A(l,ti))’t:eqfki =<1 if 4; = k;,
' #0 otherwise.

We now analyze the term CA(LES)} —x; - We write

t; =09
a(ty)...a(ts)
AL g = (3 3 et
d>0a€cAy g4 t.—ga ki
- Z Z a(()q_h) e a(@q_ks)
d>0a€Ay 4 a

:Z Z (1_ leqzl).

d>0a€cA
>0ac *’da

Since s =1 (mod ¢ — 1), we can write
1 U
oy Lo
ks k
im1 4 4
with v = 0 (mod ¢ — 1) and k € N*. Again, since {4(n) =0ifn <0and n=0
(mod ¢ — 1), €4(0) =1 and a(n) # 0 if n > 0, we deduce
0 if 320 & > L
(2.15) CA(lats)|tA:94*ki =41 if Zf:l qii =1,
%0 otherwise.
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Lemma 2.8. We continue with the notation of Proposition 2.7. Then for any
s-tuple k = (k1,...,ks) € (N*)*, we have

L[ if S
ET ) (—ymt szH =

q i

\/

Proof. We divide the proof into two steps.

Step 1. Recall that the coefficients «, are defined as in Proposition 2.7. We
consider the set B of s-tuples £ = (¢1,...,¢s) € (N*)® such that v, # 0. We choose
one s-tuple k = (k1,...,ks) € B such that the sum >>_, q—ii is maximal. Thus
Vi 7# 0.

We claim that >°7_ 17 k < 1. In fact, suppose that Y ;_ 15 > 1. We consider
(2.10) and study the spemahzatlon of (t1,...,ts) given as above

t=01" =0, i=1,...,s.
Since Y 7_; q—ii > 1, Equation (2.15) implies
(2.16) L)), gy =0

k3

Thus the specialization value of the left-hand side of (2.10) equals 0.

We now analyze the right-hand side of (2.10). First, we consider the term cor-
responding to the s-tuple k = (k1,...,ks) € (N*)*. By Equation (2.14), we get

(-1t (% e er (Calt, 1) >> = (1 iF TR

}tizéq_k

i

Next, for other s-tuple £ € ‘B, that means 7, # 0, we claim that there exists
1 < ¢ < s such that ¢; > k;. Suppose that ¢; < k; for 1 < i < s and ¢; < k; for
some 1 < j <s. Thus we get 337, 7 < >2;_; .7, which contradicts with the fact

k;
qe
‘ha,‘ E : 1 7£'i iS maXimal.

Since ¢; > k; for some 1 <14 < s, by (2.14) we have
Tl (<A(1’ti)){ti:9q*ki =0.

Thus we obtain

t;=09

Putting altogether, the specialization value of the right-hand side of (2.10) equals

(2.17) (- R

By (2.16) and (2.17) we conclude that (—1)”‘1%1725 > v, = 0. Thus v, =0,
which is a contradiction.

To summarize we have proved that for any s-tuple £ = (¢,...,45) € (N*)®, if
Dy q%i > 1, then v, = 0.
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Step 2. We consider an s-tuple k& = (ki,...,ks) € (N*)® such that the sum
Zf:l qii =1

We claim that v, = (—=1)""'. As before, we consider (2.10) and study the
specialization of (¢1,...,ts) given as above:

—ky 1
t; =09 =0, i=1,...,s.
Since Y7, q—ii = 1, Equation (2.15) implies that

(2.18) CA(LES)’”:@Q—M =1

Thus the specialization value of the left-hand side of (2.10) equals 1.

We now analyze the right-hand side of (2.10). For any s-tuple £ € (N*)® such
that v # 0, we know that

iﬁ,@:s -

q q ‘
Thus the arguments given in Step 1 can apply so that the specialization value of
the right-hand side of (2.10) equals
1= L m—
(2.19) (1) IR T Ry = (—1) .
Here the equality comes from the fact that Y ;_; = 1.
By (2.18) and (2.19) we get (—1)™ 1y = 1. Thus v, = (—=1)""! as required.

The proof of Lemma 2.8 is complete. a

As a consequence of Proposition 2.7 and Lemma 2.8, we prove the key result of
this section.
Theorem 2.9. Suppose that w(Bs) > 1. Then

1) We have w(Bg) = 1.

2) Conjecture 1.3 holds, that means we have

Calt) =55 Ls?

where the sum runs through the set of ordered set partitions U = (Uy | --- | Ug) of
> such that
L%

q

U,
++M 1.
q!

Proof. Proposition 2.7 states that we can write

CA(]-vts) = (_1)m71 Z 7 Z IF’YZHT CA ]- t )7 A/EE (Cooa

Le(N*)®

where the sum runs through a finite set of s-tuples £ = (¢1,...,¢5) € (N*)® such
that if v, # 0, then
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Thus the hypothesis w(B;) > 1 implies that if 7, # 0, then Y, =+ > w(B;) > 1.

b =

Combining this property with Lemma 2.8, we conclude that w(Bs) = 1, and that

Z Hr (Ca(1,t))

)s =1

where the sum runs through the set of s-tuples £ = (¢1,...,4s) € (N*)* satisfying

i=1

We wish to re-index the above sum by ordered set partitions of . For an s-tuple
L= (l1,...,4s5) € (N*)% we can associate an ordered set partition U = (U; | ... |
Ug) of ¥ as follows. We put d = max{¢; : i € ¥} and for 1 < j < d,

Uj={iex:t;=j}.

In fact, we see that this association gives rise to a bijection between the set of
s-tuple £ € (N*)® and the set of ordered set partitions of X. Furthermore, it is clear
that

LU 1
Jj= i=

Using this bijection we conclude that

Zg( ...

where Egﬁ) are defined as in (1.3), and the sum runs through the set of ordered set
partitions U = (Uy | - - | Uy) of ¥ satisfying

U U
Q+...+L§|:1,
q

The proof is complete. (Il

3. COEFFICIENTS OF THE BERNOULLI-TYPE POLYNOMIAL

In this (long) section we study the expression of B, as a linear combination of
symmetric polynomials in ¢,. We will give explicit formulas for some coefficients
of this expression (see Theorem 3.1). To do so we need to write down similar
expressions of zeta values (see Propositions 3.10 and 3.12) and Anderson-Thakur’s
special functions. We then deduce such an expression for B (see Sections 3.3 and
3.4). For the desired coefficients we are able to compute them by combinatorial
tools (see Section 3.4).

3.1. The key result.

We recall that for any sequence £ = ({1,...,4;5) € N% we have defined the
symmetric polynomial o4(¢) as in Definition 2.3.
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In what follows, we define

(3.1) AT :={a=(ag,...,aq) € (N*)IF1:

A:={a=(ag,...,aq) €

g

7=0

‘RZ' ={n=(n1,...,nq) € (N)%: nlg...gnd,an:Z}, e N,

d
m[::{ﬂ:(nla"wnd)G(N*)d:anzg}’ KGN*

It is clear that 2" C 2 and M C Ny for all £ € N*.
We now state the main result of this section whose proof will be given in Section
3.4.
Theorem 3.1. Recall that (see Proposition 2.1)
By =60+ B10™ 2+ ...+ By_1, BTt

Let £ € N* such that 1 < { < q—2, and let My and AT be defined as in (3.1). Then
we have

=Y Y B(n,a)os(ar(g—1)+n1—na,.. ., aa-1(q—1)+ng-1—n4, aa(g—1)+na)
neNy aeA+

where

e the first sum runs through the set of sequences n = (ni,...,nq) € (N*)4
satisfying 2?21 n; = £, that means n € Ny,

e the second sum runs through the set of sequences a = (ao, .. .,aq) € (N*)4+1
satisfying Z?:o aj = m, that means a € AT,

o the coefficient B(n,a) € F), is given by

Remark 3.2. 1) We note that if the coefficient B(n,a) # 0, then a; > n; for
1<j<d

2) The reader may compare the above expression with formulas given in (2.3),
(2.4) and (2.5). We leave the reader to write down explicitly the polynomial Bs,—_3
for ¢ > 4.

Remark 3.3. We now present a heuristic explanation for the formulas given in
Theorem 3.1. We assume that m < ¢ (see the discussion after Conjecture 2.4 for
m = 1,2). By Conjecture 2.4 we write

)" 1231 (tu,)- ZBd (tu,)
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where the sum runs through the set of ordered set partitions U = (Uy | - -+ | Ug) of
Y. satisfying
U U
M 4+ 4 ‘7[‘1” =1.
q q

By Remark 2.5 we have an explicit description of the set of such partitions when
m < ¢. Using this description we can write down all the terms defined over F,[6]
of the right-hand side. By this way we obtain a nice formula for B, as given in
Theorem 3.1.

3.2. Preparatory lemmas.

We first collect several combinatorial lemmas which will be necessary in the
sequel.

Lemma 3.4. Let n € N* with n < q, and let a € N*. Then we have

<a(q -1 +n-— 1> = (c1)n <a - 1> (mod p).

n—1 n—1

Proof. This lemma is an application of Lucas’s theorem. We write down completely
the proof for the convenience of the reader.

We always work in F,,. Since 1 <n < ¢, by Lucas’s theorem we can assume that
1 < a < gq. By Lucas’s theorem and the fact 1 < n < ¢ again, we get

(a(q—1)+n—1> _ ((a—l)q+q—a+n—1)

n—1 n—1

g—a+n-—1

()
C(g-at+n-1)...(¢g—a+1)

B (n—1)!
(—a+n—-1)...(—a+1)

(n—1)!
_ (_1)n71(a_”+1)---(a_1)
(n—1)!
a—1
— (=1 n—1
cor(00))
as required. O
Lemma 3.5. For any integer j > 0 and any sequence ({1,...,4q) € N, we have

oa()oullr . lg) = Z (51 —|—j'1—J2>”.<€d+]d'—Jd+1)x
eNd+1 Ja

o - J1
l:(len;]dJrl)

X 0s(lr + 1 — Jou - - la + Ja — Jat1,Jas1)

where the sum runs through the set of sequences j = (ji,...,Jar1) € N+ such
thatj1+...+jd+1 :]

Proof. Left to the reader. O
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In what follows, we fix  to be an indeterminate over K. We recall that for any
k € N, the binomial polynomial
(z) z(z—1)...(x —k+1)

k)T ! € Qlz]

represents a polynomial in the variable x with rational coefficients. Note that its
value at ¢ € N is equal to the binomial coefficient (i)

Lemma 3.6. For M, N € N, we have the following equality in Q[z]:
ﬁ/[:(—l)k r+N-—k\(z\ (N
M—k k) \M)

k=0
Proof. For M, N € N, we define

M

a k(T tH Nk [z
Py (@)=Y (-1) < Mok )(k) € Qlx].

k=0

Punto) = (1)

The proof is by induction on M € N. For M = 0, the assertion is clear. Suppose
that we have proved the claim for M — 1 with M € N*, i.e. for all N € N,

Puntor= (o)

‘We now show that the claim is true for M. In other words, we have to show that
for all N € N, the following equality holds

Punto) = (1)

For N € N, we have the following equality in Q[z]:
Prrv+1(x) = Punv () + Pa—a,n (),

We claim that

which implies

resein(%5") = (- (3))+ (i (,2))

By the induction hypothesis, we know that the second term in the above sum
vanishes. Thus

1 N
(3.2) Parxar (2) — <N A; > — Pun(z) - (M>
Since (3.2) holds for all N € N, we deduce
N N -1
PM7N(x)7 <M) :PILI,N—l(‘T)* ( M ) ::PM70(x)

To conclude, it suffices to prove that Py o(x) = 0. In fact, we have
M M
—k T x M
P = _)E(* = —1)k -
wale) = S04 () (5) = () ()
k=0 k=0
The proof is finished. O



20 HUY HUNG LE AND TUAN NGO DAC

Lemma 3.7. For M, N € N with M < N, we have the following equality in Q[x]:

20 () )= ()

Proof. We consider the polynomial in Q[z] defined by

o B )

k=0

S

(x—N)...(x—N+k—-1) z...(e—(M—-k)+1)
(=1)" k! X (M —k)!

We write

P(zx) :=

e

Il
bl
<=

(N—z)..(N—z—k+1) z...(z—(M-k)+1)
k! % (M — k)

k

Since M < N, we have degP < M < N. We know that for all integer ¢ with
0 < /¢ < N, we have the equality

Pr==3 ()Gt = ()

k=0

Il
=]

It follows that P(z) is the constant polynomial (]\]\4[) The proof is finished. O

3.3. An expression of the multi-variable zeta value.

The main goal of this section is to express the zeta value (4 (1,t,) as a series in 6~ *
with coeflicients as symmetric polynomials in £,. We make use of the notion of basic
sums introduced in [4, Section 5.2] to obtain such an expression (see Proposition
3.10).

Following [4, Section 5.2], we recall some facts of basic sums. For a sequence
k= (ko,...,kq_1) € N we set

’LU(E) = dko + (d — 1)]€1 + ...+ ka1,
|E| = k‘o + ... +kd—17
|k|!

e ()
Cp = (1) kol .. kg 1!

€F,.

Letting a € A4 4, we write a =ap +a10 + ... + ag—10%1 4 6. Thus we get

11 L1
A 2. Getem

d—1 Fk;

k
where we put a® = [[;_j a;”.
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It follows that

a(t1)...a(ts
3 ( )a (ts)

a€Ay q
1 1 .
BT Z Cﬁm Z a*a(ty) ... a(ts)
k=(ko,....ka—1)EN? a€AL 4
! 1 k ¢
=7 2 Cmwm 2 S dtdloy(h... t)
k=(ko,...,kq—1)€EN? a€Ay d p=(Lo,... Lq)ENIHT,
€]=s
: ! k+e
:Qid Z Cﬁm Z O'S(gl,...,fd) Z afTE,
k=(ko,.-;ka—1)ENT £=(Lo,...,Lq) ENYTT, a€A; 4
|£]=s

d-1 ¢ d—1 kit
Here we put af = [[{_g a;’ and a"*¢ = [[{_ja;’ .

Letting & = (ko,...,kq—1) € N® and £ = ({o,...,4q) € N1 two sequences of
integers, we say that £ is k-admissible if (ko + fo, ..., ka_1 +f4_1) € ((¢ — 1)N*)<.
We see that if £ is k-admissible, then the sum d

wEAL . ak*t is equal to (—1)9.
Otherwise, this sum is equal to 0.

Given a sequence k = (ko,...,kq_1) € N? as above, we define another sequence
n=(ni,...,nq) € (N)* by

ny I:k0+1,
no :=ko+ k1 + 1,

ndI:]{io—F...—de_l—Fl.

This sequence satisfies

Z) nq S...Snd,
i) Y0 ny =w(k) +d.

We observe that the sequence k is completely determined by the associated sequence
n. In fact, we have kg =ny —land kj =nj1 1 —nj for 1 <j<d—1.

Let n = (n1,...,nq) € (N*)? satisfying ny < ... < ng as above, and let k =
(ko,...,ka—1) € N be the associated sequence. We set
(3.3) Lns i ={L=(lo,...,la) € N1 . ¢is k-admissible and |¢] = s}.

Then

a(ty)...alls —1d 1
Z (t)a (t):(gd) ZCEM Z os(l1, ..., 4q).

aEA_*_,d EENd EGSE,S
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Let £ = (lo,...,¢q) be a sequence in £, ; defined as above. Then there exist
ag, - ..,aq—1 € N* such that

Eozao(q—l)—nl—&—l,

b =ai1(q—1) +n1 —no,

li—1 =ag-1(q — 1) +ng—1 — ngq.

Thus we get
d—1

la=s—> li=as(g—1)+ng
=0

where we put ag := m — Zj;é a; and recall that m is defined as in (1.2). Since
¢ € N1 we deduce the following lemma.

Lemma 3.8. The set £, s consists of the elements £ = ({o,...,Lq) € N+ of the
form

éozao(q—l)—n1+1,
Elial(Q71)+n177’L2,

li—1=ag-1(q — 1) +ng_1 — na,
Ly =a4(q—1)+ng,
where aq, . ..,aq are integers such that
® ayg>0,...,aq_-1 >0,
. Zj:o a; =m.
Remark 3.9. We note that ay may be negative.
To summarize we have proved the following proposition.

Proposition 3.10. We have

CA(I; ES) = Z 04@759_6

>0
with
=3 Cm) Y ou®)
neNy £eLn s
where
e the first sum runs through the set of sequences n = (ni,...,ng) € ‘ﬂ?

defined as in (3.1),

o the second sum runs through the set of sequences £ € £, s defined as in
(3.3),

o the coefficient C(n) € F,, equals

_1\d+ng—1 (nd - 1)'
(=1 (ng — D nz —ni) ... (ng —ng_1)!"
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3.4. Proof of Theorem 3.1.

This section is devoted to prove Theorem 3.1 which compute the first ¢ — 2
coefficients of the polynomial By;. We start proving intermediate results and give a
proof of Theorem 3.1 at the end of this section.

We first need the following consequence of Lemma 3.8.

Lemma 3.11. Let £ be an integer with 1 < £ < q—2, and let n = (ny,...,nq) €
(N*)4 satisfying n1 < ... < ng and Z?Zl n; = {. Then the set £, s defined as in
(3.3) consists of the sequences £ = (Ly, ..., Lq) € N1 of the form

Zozao(q—l)—n1+1,
51:a1(q—1)+n1—n2,

la—1 = aqg—1(q¢ —1) +ng—1 — ng,
by =aq(q—1)+ng,
where ag, ...,aq are integers such that
® a9 >0,...,a9-1>0¢etag >0,

d
[ ] Zj:O a; =m.

Proof. We have to prove that ag > 0. In fact, the fact that n = (n4,...,nq) € (N*)?

satisfies n1 < ... < ng and Z?:l n; = £ implies nqg < £. Thus ng < ¢ — 2 since
¢ < qg—2. It follows immediately that ag > 0 since ¢4 = aq(q — 1) + nq and
ly € N. O

As an immediate consequence of Lemma 3.11 we obtain

Proposition 3.12. Let ¢ be an integer with 1 < ¢ < g — 2, and let ‘ﬂ;‘ and 2 be
defined as in (3.1). Then we have

Qys = Z Zé(@)as(al(q— 1) +n1—no,...,aq(q—1) +ng)

ﬁemzr ac
where
o the first sum runs through the set of sequences n = (nqy,...,nq) € ‘)’g",
e the second sum runs through the set of sequences a = (ao, . ..,aq) € 2,
o the coefficient C(n) € F), equals
~ _ ng — 1)'
C(n) = (—1)d+na=t ( .
() =(=1) (n1 — Dl(ng —n1)!... (ng — ng—1)!
Remark 3.13. In the above formula, we could take the first sum over the bigger
set of sequences n = (nq,...,n4) € M, defined as in (3.1) since for any sequence

n € N \ N}, we have C(n) = 0.
We set By := 1 and write
By =0" " YBy+ B0+ ...+ B, 10~ V) B, e F L]
Recall that (see (2.2))
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To compute the first coefficients B, ..., By_2 of B, it suffices to divide the above
equality by ™1 and to look at both sides modulo §—(2—1).

On the left-hand side, we obtain
Bo+ B0~ ...+ B, 20772  (mod 9~ V)
where we put By = 0 for k& > m.
On the right-hand side, for the zeta value 4(1,t,), Proposition 3.12 gives
s+ a0 . g 00772 (mod #=@7D),

For other factors, we write

0
[ — = _(q_l)
Il (1 qu>_1 (mod 6 )s

j>1
and
1 s t —1
_ = _n —(g-1)
HH(l W) H(1 9) (mod —(-)
1=175>0 i=1

= (1 — o, + .+ (1) 20, (g - 2)97@72))71 (mod g~ (@~ 1)),
Putting altogerther, we get
(BO F B0 Bq,go*q*?)) (1 oW L+ (—1)T 20, (g — 2)9*@*2))
=aps+ 041,59_1 4.+ aq_2,59—<‘1—2) (mod 9_(q_1)).
In other words, for all 1 < /¢ < g — 2, we have
(3.4) By —0s(1)By_q + ...+ (=1)*0,(0) By = ay .
Hence By is completely determined by By, ..., By_1.

We now prove one of the key results of this section.

Proposition 3.14. Let £ be an integer with 1 < £ < q — 2, and let My and AT be
defined as in (3.1). Then

(3.5) By = Z Z C(n,a)os(a1(qg—1)4+ny —na,...,aq(qg—1) + ng)

neMNy acA+
where
e the first sum runs through the set of sequences n = (nq,...,nq) € Ny,
e the second sum runs through the set of sequences a = (ag,...,aq) € AT,

o the coefficient C(n,a) € F, is equal to

Cln.a) = dH(aJ —l—n] 1>.

Proof. Let £ be an integer with 1 < ¢ < g — 2. It suffices to prove (3.4) where By
is given by (3.5) and oy s is given in Proposition 3.12.

If we set

S:=By—o,()Bp_1+4 ...+ (=1)0,(0)By = > (=1)*c,(k)By_i + (—1)°04(0),
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then we replace By_i by (3.5) for 0 <k </{—1<g—2 to get

~
[

S :Z(—l)kas(k) Z Z Cll,a) os(a1(qg—1)+ 01 —lay...;aq(q— 1) + £q)
k=0 LEN, 1 aceAT
+(=1)%o5(0),

where the second sum (resp. the third sum) is over the set of sequences £ =
(l1,...,4q) € MNy_y. (vesp. a = (ag,...,aq) € AT). By Lemma 3.5 we develop the
above expression to get

-1
S :Z(—l)k Z Z C(la) os(a1(q—1) + b1 — Lo+ j1 — Joy -y aa(q — 1) + La + Ja — Ja+1, Ja+1)
k=0 LENy_j acA+
o Z (al(q_l)""gll_@‘i‘jl_]ﬁ)..'(ad(q_1)+€'d+jd_]’d+1>
J1 Jd

(j}7--~7jd+;)€Nd+1
Jit...+jar1=k

+(=1) os(0).

For sequences £ = ({1,...,4q) € My_j and (j1,...,Jar1) € N with 5, +... +
Ja+1 = k as appeared in the above sum, we put
ny =401 +j51, ..., ng=ALq+ji, Nay1 = Jas1.

Then the sequence n. = (ny,...,nq51) belongs to (N*)? x N and satisfies ny + ... +
ng+1 = . For the last factor o5(f), we put n = (¢).

Using this notation and the formula for C'(¢,a) we can re-index the sums in S
to get

S = Z Z os(a1(q—1)+n1 —ng,...,a4(q — 1) + ng,ng41)

n ageAt
d
o fai(qg=1)+4; =1\ (a;j(g—1)+n; —nj1
_1)d+na+ )yt a;(q J J J J
x ( ) Z H( ) ( gj -1 nj — gj
£ j=1
= Z Z S(n,a)os(ai(g — 1) +n1 —na,...,aa(q — 1) + na, na+1)
n geA+
where
e the first sum runs through the set of sequences n = (n1,...,n4y1) € (N*)4x
N such that n; + ... +ngp1 =4,
e the second sum runs through the set of sequences a = (ag, ...,aq) € AT,

e the third sum of the first equality runs through the set of sequences £ =
(01,...,4q) € (N*)% such that ¢; <n; for all 1 < j <d,
e the coeflicients S(n,a) are given by

S(n,a) = (~1)*"me ﬁ(fl)”f‘f <aj(q D+t 1> <“J'(q —1) +n; - nj+1)'

7 =1 fj—l nj—Zj

where the sum runs through the set of sequences £ = (¢1,...,44) € (N*)4
such that £; <mnj forall 1 <j <d.
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In Lemma 3.15 below we compute explicitly the coefficients S(n,a). Combining
it with Proposition 3.12, we deduce immediately Proposition 3.14. (]

Lemma 3.15. Let ¢ be an integer with 1 < £ < q—2. Let n = (n1,...,N4+1) €
(N*)? x N be a sequence satisfying ni + ... +ngp1 = £, and let a = (ag, . ..,aq) €
(N*)+1 be a sequence of positive integers. We set

S(n,a) = (~1)HHma 3 ﬁ(_l)nr@ (aj(q —;)_i@ - 1) <aj(q - ];3—’—_7;] - ”j+1>.
¢ = j i =4

where the sum runs through the set of sequences £ = ({1,...,4q) € (N*)? satisfying
l; <nj for1 <j <d.

Then we have

(1) If ng41 > 0, then

n,a) =C(n n — (—1)¢+na+1 (ng4+1 —1)!
S(n,a) =C(ni,...,nar1) = (1) i = Di(na — ) (s — )l

(2) If ng11 =0, then

_ ~n nt) = (— d+ng—1 (nd_l)!
§(n,a) = G, na) = (-1)F (n1 — Dl(nz — ). (ng — ng_1 )"

Here recall that the coefficients C (n) are defined as in Proposition 3.12.

Proof. In fact, we write

S(n,a) = (—=1)*Fmas ﬁ (s (“J‘(q DR 1) (aﬂq — 1 4n; - ”j+1).

- ;-1 n; —¥¢;
j=11<¢;<n; 7 7o

We consider separately each factor of the above product and distinguish three
cases.

Case 1: the jth factor for 1 < j <d-—1.

We apply Lemma 3.6 to z = aj(¢—1)+n; —njp1, M =nj—land N =njpq —1
to obtain

S (s (aj(q _gj)—+1£j - 1) (aj(q —1)+n; - "j+1)

1<ti<n; ny =4
n;—1
J (ag—1 1= (ag—1 .
= Z (—1)k (aj(q ) +1n] i k) (aj (4 ) —;n] 713-1-1) where k =n; —¥;
k=0 CANE

_ (i1
’I’Lj—]. '

Case 2: the dth factor with ngz; > 0.
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We apply Lemma 3.6 to x = aq(¢—1)+ng—ngy1, M =ng—land N =ngy—1
to obtain

> (—pyratte (ad(q _éi)—+1€d - 1) (ad(q —1)+ng— nd+1)

1<ta<na na = La
nd—l
1 1k 1 -
B Z (—1)* <ad(q ) + ng > <ad(q ) + ng nd+1> where k = ny — 0
—0 ng — 1—-k k

_ Ndg+1 — 1
ng—1 )
Case 3: the dth factor with ng4.1 = 0.

Note that ng > 1. We apply Lemma 3.7 to z = a4(¢g—1)+ngand M = N = ng—1
to obtain

S (cayrata (ad(q — 1)+ 44— 1) (ad(q —1)+ng — nd_H)

1<ta<ng g —1 ndg —La
1<4<ng la—1 ng — g
nd—l
-1 k -1
= Z (_1)’ﬂd*1+k (ad(q ) + ) <ad(q ) + nd) where k = £y — 1
k=0 k ng — 1 — k
= (=1,
Putting altogether, we obtain Lemma 3.15. The proof is finished. O

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. By Proposition 3.14, letting 91, and AT be defined as in
(3.1), for 1 < ¢ < ¢q—2, we have

B =53 Cln,a)oy(ar(g—1) +n1 —na, .., aalg — 1) + 1)

where
e the first sum runs through the set of sequences n = (ny,...,nq) € (N*)4
satisfying Z‘;:l nj =14 (e.g. n € Ny),
e the second sum runs through the set of sequences a = (ag,...,aq) €

(N*)4+1 satisfying Z?:o a; =m (e.g. a €AY,
o the coefficient C(n,a) € F, is equal to

nj—l

C(n,a) = (1)(1_1%[1 <aj(q b 1>-

To prove Theorem 3.1, it suffices to prove that for n = (nq,...,n4) € Ny and a =
(ag,...,aq) € AT as above, the coefficients C(n,a) and B(n,a) given in Theorem
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3.1 are the same. In fact, by Lemma 3.4 we have

Cln.a) = dH<aj +1nj 1)

Since Z?:I n; = ¢, it follows that

C(n,a) = (-1)° ﬁ CZ B D = B(n,a)

Jj=1
as desired. The proof is finished. ([

4. PROOF OF THE MAIN RESULT

In this section we present a proof of Theorem 1.4. We have to show that if m < ¢
where m is defined as in ( ) then the following formula holds

Zg( DI

where the sum runs through the set of ordered set partitions U = (Uy | - -+ | Uyg) of
Y satisfying

U U

Ul Wl
q q?

We assume that m < ¢q. Then the polynomial By is completely determined by
Theorem 3.1. We claim that w(Bs) > 1. In fact, by Theorem 3.1 and Definition
2.6 it suffices to prove that

w(os(a1(g—1)+n1 —ng,...,aq(g—1)+ng)) >1

e n=(ny,...,ng) € (N*)9,
e a=(ag,...,aq) € (N*)4! such that Z?:o aj =m,

satisfying a; > n; for 1 < j < d (see Remark 3.2).
We see that
w(os(ar1(g—1)+n1 —na,...,a4(qg — 1) +ng))

_apg—mn1 | ai(qg—1)+ny —ny aq(q—1)+ngq
= + 5 +ot
q q q
Since a; > n; for 1 < j < d and ap > 1, we get
q—ni1  Niq — N2 Naq

w(os(a1(g—1)4+n1—na,...,aq(qg—1)+ng)) > . + 7 —|—...+da:1

as required.
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Now we know that w(B;) > 1. Thus Theorem 1.4 follows immediately from
Theorem 2.9.

5. FINAL REMARKS

We end this paper with some remarks. In this paper we have succeeded in
proving Conjecture 1.3 and thus get a partial answer to Conjecture 1.1. We expect
that Conjecture 1.1 always holds. Thus it is tempting to ask whether Theorem 3.1
holds in full generality, that means we can remove the restriction 1 < /¢ < ¢ — 2.

Conjecture 5.1. Recall that (see Proposition 2.1)
By =601 +B10™ 2 +...+ B, BTt
Let ¢ € N* such that 1 < /¢ <m — 1. Then we have
By, = ZZB(@7Q)JS(G1(C]— D+n —no,...ya4(qg—1) +ng)

where
e the first sum runs through the set of sequences n = (ny,...,ng) € (N*)¢
satisfying 2?21 n; =4,
e the second sum runs through the set of sequences a = (aq, .. .,aq) € (N*)4+!

satisfying Z?:o a; =m,
o the coefficients B(n,a) € F), are given by

By similar arguments as before we prove the following result.

Proposition 5.2. Conjecture 5.1 implies Conjecture 1.1.

Proof. Suppose that Conjecture 5.1 holds. From the explicit formula for B, by
similar arguments as those given in Section 4, we see that w(Bs) > 1. Combined
with Theorem 2.9, it implies immediately Conjecture 1.1. (]

Remark 5.3. 1) For m = 1,2, 3, we have explicit formulas for B, (see Section 2.1)
and see easily that Conjecture 5.1 holds for these small values. They provide the
first evidence to support our conjecture.

2) We should mention that the first author is currently investigating the above
Conjecture in his PhD thesis.
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