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ON IDENTITIES FOR ZETA VALUES IN TATE ALGEBRAS

HUY HUNG LE AND TUAN NGO DAC

ABSTRACT. Zeta values in Tate algebras were introduced by Pellarin in 2012.
They are generalizations of Carlitz’s zeta values and play an increasingly im-
portant role in function field arithmetic. In this paper, we prove a conjecture
of Pellarin on identities for these zeta values. The proof is based on arithmetic
properties of Carlitz’s zeta values and an explicit formula for Bernoulli-type
polynomials attached to Pellarin’s zeta values.
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INTRODUCTION

A classical topic in number theory is the study of the Riemann zeta function ((.)
and its special values ((n) for n € N and n > 2. By a well-known analogy between
the arithmetic of number fields and global function fields, Carlitz suggested to
transport the classical results to the function field setting in positive characteristic.
In [10], he considered the rational function field equipped with the infinity place and
introduced the Carlitz zeta values (4(n) which are considered as the analogues of
¢(n). Let F, be a finite field having ¢ elements, ¢ being a power of a prime number
p. Let A = F,[6] with 6 an indeterminate over F,, K = Fy(0), Koo = Fy((5))
and let C, be the completion of a fixed algebraic closure of K. For d € N, A4 4
denotes the set of monic elements in A of degree d. For n € Z, the value at n of
the Carlitz-Goss zeta function is defined as follows:

G =Y Y ek

d>0a€Ay 4
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One can show that (4(n) € Aif n <0 and even (4(n) =0ifn < 0and n =0
(mod ¢ — 1) (see [19], Chapter 8).

We now move to the context of Tate algebras. Let s > 1 be an integer and
let Ty be the Tate algebra in s variables ti,...,ts with coefficients in Co (see
Section 1.2). In 2012, Pellarin [24] introduced the following elements in T called
the several variable L-series

— _ a(t) ---alts) _ rx
CA(lais) = Ls(ts) = Z Z T c Ts .
d>0a€Ay 4
For s = 1, he proved the following remarkable identity (see [24], Theorem 1):
Ll(tl)w(tl) - 1

™ 9—t1

where w(t1) is the special function introduced by Anderson and Thakur in [1] and

given by
-1
witt) =2 [ (1 - ;;) €T
Jj=0
where Ay is a fixed (¢ — 1)-th root of —0 in C.

Since their introduction, various works have revealed the importance of these
zeta values for both their proper interest or their applications to values of the Goss
L-functions, values of multizetas, Anderson’s log-algebraicity identities, Taeclman’s
units and Drinfeld modular forms in Tate algebras (see [4, 6, 7, 8, 9, 11, 12, 14,

, 26, 27, 30]). We should mention that generalizations of Pellarin’s zeta values to
various settings have been also conducted (see for example [2, 3, 21, 22, 23]).

In a recent work [25], Pellarin investigated a more general setting for Drinfeld
modular forms and formulated several conjectural identities for zeta values in Tate
algebras. Roughly speaking, he predicts that the several variable zeta values belong
to the IFp-algebra generated by negative or positive powers of one-variable zeta
values and that an elegant explicit expression is even provided for q large. These
conjectures combined with other results could lead to identities for Eisenstein series
as explained in [25], Section 9. We refer the reader to Conjectures 1.1, 1.2 and 2.3
for the precise statements.

In this paper, we succeed in giving an affirmative answer to the above Conjectures
1.2 and 2.3 (see Theorem 1.3). In Section 2, we first recall the Bernoulli-type
polynomials B, which encodes the deep connection between Pellarin’s zeta values
and Taelman’s class formula thanks to the work of Angles, Pellarin and Tavares
Ribeiro [5, 7]. Next we show that for ¢ large, this Conjecture follows from an
explicit expression for By (see Theorem 2.7). The arguments are based on a notion
of weights and arithmetic properties of Carlitz’s zeta values. Then we prove this
explicit formula for By for ¢ large by a combinatorial proof, see Section 3. We
should mention that combinatorial properties of of By have already had important
applications in function field arithmetic (see [4, 20] for more details). Finally, we
conjecture that the explicit formula for B, holds for all ¢ and provide some hints
to support it.

Acknowledgements. The second author (T. ND.) was partially supported by
ANR Grant COLOSS ANR-19-CE40-0015-02.
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1. IDENTITIES FOR ZETA VALUES

1.1. Notation.

In this paper, we will use the following notation.

N: the set of non-negative integers.

N* =N\ {0}: the set of positive integers.

Z: the set of integers.

Fy: a finite field having ¢ elements.

p: the characteristic of F,.

0: an indeterminate over F,.

A: the polynomial ring F,[6].

AL the set of monic elements in A.

For d € N, A, 4 denotes the set of monic elements in A of degree d.

K =T,(0): the fraction field of A.

oo: the unique place of K which is a pole of 6.

Uso! the discrete valuation on K corresponding to the place oo normalized

such that v (0) = —1.

Ko =F,((3)): the completion of K at occ.

o C.: the completion of a fixed algebraic closure of K,. The unique valua-
tion of C,, which extends v, will still be denoted by vy-

e )\g: a fixed (¢ — 1)th-root of —6 in Cx.

e For s € N, {t1,ta,...,ts} denotes a set of s variables and we will also denote

this set by ¢..

We will work with the set of all (finite) sequences of non-negative integers m.
When we consider a sequence m = (my,...,mq) € N? of non-negative integers, the
reader should keep in mind that d depends on the sequence m and that m; may be
0.

1.2. Tate algebras.

Let L be an extension of K, in C,, such that L is complete with respect to voo.
The absolute value of L is defined by

la) = ¢7"=)  forae L.

Let s € N be a non-negative integer. The polynomial ring L[t,| = L[t1,...,ts] is
equipped with the Gauss valuation: for a polynomial f € L[t.], if we write

_ i1 Ts
f - E ai17-~»7ist1 s tsbv @iy ,..is € Lv
i1,0yis €EN

then the Gauss valuation of f is defined by
Voo (f) := inf{voo(ai, ... 4.), %1,...,%s € N}

By definition, the Tate algebra T4(L) in the variables t1, ..., ts with coefficients
in L is the completion of L[t,] with respect to the Gauss valuation. Explicitly,
Ts(L) is the set of formal series

_ i1 Ts
f - E ai17-~»7ist1 s tsbv @iy, iy € Lv

i1,..,1EN
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such that

o lim veo(as ) = 400
11+...F1s—>+00

When L = Cu, we will write T instead of T4(Cy). Let 7 : Ty — Ty be the
continuous homomorphism of F,[t,]-algebras such that

7(c) =¢?, forceCyx
Explicitly, for a formal series f € Ty, we write

f= Z iy, zstzf A ag, . € Co,
then

i1,eyis EN

1.3. Conjectures of Pellarin and the main results.

For the rest of this paper, we will always suppose that s =1 (mod g—1). We set
Y= {tl,...,ts}

and
s—1

qg—1
Recall that g is a fixed (¢ — 1)-th root of —6 in C,. We have set

F=x0]] (1~ 91—qj)71 e Cyk,

eN.

m =

j>1
and for i =1,...,s, we set
-1
. _ X
_>\9H<1 0q]> GTS.
7>0
In 2012, F. Pellarin [24] introduced the following elements in T called the several

variables L-series or several variables zeta values
Caly) _y s i) alt) o
d>0acA, 4

We observe that it can be written as a Euler product

PeA,
P irreducible
In [25], Pellarin revisited the theory of Drinfeld modular forms which were ini-
tially developed by Goss [16, 17, 18] and Gekeler [13]. In his investigation, he
proposed several conjectures for these zeta values (4(1,t,) which would lead to
new identities for Eisenstein series. We refer the reader to [25], Section 9 for more
details.

Conjecture 1.1 ([25], Conjecture 9.1). We have
Ca(l,t,) €eFp[7™(Ca(1,t)) : 1<i<s,melZ].
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As Pellarin mentioned in his paper (see the discussion just before [25], Conjecture
9.1), the central point of this Conjecture is that negative powers are allowed and
that the coefficients belong to IF,,. Further, Pellarin suggested an explicit formula
for C4(1,t,) when ¢ is large enough. Precisely, let m € Z and U be a subset of %.

We set
Ly = <H CA(LQ)) :

icU
Recall that an ordered set partition of X is a set partition of ¥ equipped with a
total order on its blocks. We will write

U,u---ul, =%
for the partition Uy U- - -UU,,, = X of ¥ equipped with the total order Uy < --- < U,,.

Conjecture 1.2 ([25], Conjecture 9.4). Suppose that q is large enough depending
on m. Then the following formula holds

Callit) =D L oLy
where the sum runs through the set of ordered set partitions of %
Uu---ulU, =%
such that
O, al _

= -
q q

1.

In this paper, we give an affirmative answer to this Conjecture.

Theorem 1.3. Conjecture 1.2 holds.

A proof of this Theorem will be given in Sections 2 and 3.4. Let us outline the
main steps of the proof.

(1) First, using the link between Pellarin’s zeta values and Taelman’s class for-
mula due to Angles, Pellarin and Tavares Ribeiro [5, 7], we state an equiva-
lent statement of Conjecture 1.2 (see Conjecture 2.3). Instead of identities
on Pellarin’s zeta values, it gives conjectural expressions on certain several
variable polynomials B;.

(2) Next, we give an expression of By and manage to calculate explicitly some
coefficients of this formula as predicted by Conjecture 2.3 (see Lemma 2.4
and Lemma 2.5). The main ingredients are a notion of weights and arith-
metic properties of Carlitz’s zeta values. To conclude, it suffices to prove
that the other coefficients vanish.

(3) Finally, we succeed in proving the last assertion. It follows from another
explicit formula for By for ¢ large whose proof is of combinatorial nature
(see Theorem 2.7).

2. THE SEVERAL VARIABLE BERNOULLI-TYPE POLYNOMIALS

We briefly recall the deep connection between the zeta values (4(1,¢,) and some
several variable Bernoulli-type polynomials B, as explained in [5, 7].
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2.1. The several variable polynomials B;.

Recall that for s = 1, Pellarin proved the following identity (see [24], Theorem
1):
CA(l,tl)w(tl) 1
2.1 = .
21) G 60—t

For s > 2 and s =1 (mod ¢ — 1), we define

(2.2) B, = (_1)2%} CA(LES)W(P) - w(ts) €T,

T
Then by [7], Lemma 7.6 (see also [6], Corollary 21), we know that

Proposition 2.1. The element B, is a polynomial in Fylt,,0]. Moreover, it is
a monic polynomial in 0 of degree m — 1 = Z:‘{ and a symmetric polynomial in
variables t.

Thanks to the work of Angles, Pellarin and Tavares Ribeiro, we know that the
polynomial B, is closely connected to the class module Hy of a certain Drinfeld
Alt,]-module ¢ of rank one as follows (we refer the interested reader to [7], Section
7 for more details). Let ¢ : Alt,] — T,[t,]{7} be the Drinfeld A[t,]-module over T,
given by a homomorphism of F[t,]-algebras such that

pg=0+({t1—0) - (ts — 0)T.

There exists a unique formal series exp, € Ts{{7}} called the ezponential series
attached to ¢ such that

exp, =1 (mod 7)

and
baexpy = expga, a € Alt].
One can show that the exponential series induces a natural Fy[t,]-linear map
expy T, — T,.
Following Taelman [28, 29], we define the class module H, by
_ (T (Ko0)
expy(Ts(Koo)) + o(AlL])

where ¢(A[t,]) is the Fy[t,]-module A[t,] equipped with the Aft,]-module structure
induced by ¢. Then by [7], Proposition 7.2, the class module Hy is a finitely
generated F,[t,]-module of rank m — 1 = >={. The importance of the polynomials
B is explained in the following theorem:

Theorem 2.2 (Angles-Pellarin-Tavares Ribeiro [7], Theorem 7.7).

We denote by Fitt 41, j(Hg) the Fitting ideal of the torsion Alts]-module of finite
type Hy. Then

FittA[ﬁs] (H¢) = IBSAES]

In particular,

By = det (214 = 66 lnye0, 1, otz 12— -

qlzs
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A few explicit examples of the polynomials B, are given in [4, 7]. We need to
introduce some more notation. Denote by S the set of all (finite) sequences of
non-negative integers m. For any sequence m = (my, ..., m4) € N of non-negative
integers, we set

mo=s—(my+---+my) €Z

and
d
os(m) = os(my,...,mg) = Z H H e,
u=14i€J,
where the sum runs through the ordered set partitions J; U---U Jy of {1,...,s}

such that | Jy, |= my, for 1 <wu < d. In particular, o5(m) =0 1f my + - —i—md > s,
which is equivalent to my < 0. The reader should keep in mind that m; may be 0.
For example,

5(0,0,1) Zﬂ

Here are some more explicit examples that will appear in the explicit formulas
B, for small values of s:

O2q-1(q) = Z tiy =iy,

1<iy <+ <ig<2g—1

034-2(q) = Z H Liss

1<) < <3¢ <3g—2 j=1
2g—1

03g-2(2¢ —1) = Z H tijs

1<i1 < <igqg—1<3¢—2 j=1

2q
034-2(2¢) = Z H Liys

1<iy <+ <igg<3q—2 j=1

O'3q,2(q— 1,q) = Z Z Ht% H t2 0

1<ig < <ig_1<3q— 21<k1< <ky<3¢—2j=1
/7611
By [4], Lemma 3.4, we have
1) B, = 1.
2) Bag—1 =0 — 024-1(q).
3) Bag—2 = 0% — 0[osg—2(q) + 034—2(2¢ — 1)] + [034—2(q — 1, q) + 034—2(29)].

2.2. A conjecture equivalent to Conjecture 1.2.

In this section, we use the several variable polynomials B to formulate a con-
jecture equivalent to Conjecture 1.2, see Conjecture 2.3.

By Equation (2.1), we know that

Ca(l,t) = [(EDEO)
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Since Tw(t) = (6 — t)w(t), it follows that for m > 1, we have

w(tyr™ (W> — (=0T T (t—07),

™

For m > 1, we set

and

1

b () = (t— 07T ). (t — 07)

B (ty) =[] brto).

1€EX

By the previous discussion, we deduce that that Conjecture 1.2 is equivalent to
the following Conjecture.

Conjecture 2.3 ([25], Conjecture 9.7). Suppose that q is large enough depending
on m. Then the following formula holds:

(2.3)

By = (—1)""" Y Bi(ty,) -+ > Bh(ty,)

where the sum runs through the set of ordered set partitions of

uu---ul,=%

such that

@, 1l _
q qm

1.

We now present the cases m = 1 and m = 2 to illustrate combinatorial compu-
tations which we may encounter. We follow the presentation of Pellarin given in
[25], Section 9.1.1 and see that by direct calculations, Conjecture 2.3 holds in these

(1)
(2)

For m = 1, Conjecture 2.3 holds since both sides of Equation (2.3) are
equal to 1.

For m = 2, we have seen in the previous section that the left-hand side of
Equation (2.3) is

Bog—1 =0 — 024-1(q)-

Since |X| = 2¢ — 1, we see that the only ordered set partitions appearing
on the right-hand side of Equation (2.3) are Uy WUz = ¥ with |U;| = ¢ —1
and |Us| = q. It follows that the right-hand side of Equation (2.3) is equal

- > 11 (tj—el/Q).

UxCXE, |Uz|=q j€U2

We claim that this expression is equal to 6 — 024—1(¢g), which confirms
Conjecture 2.3 for m = 2. In fact, it is easy to see that all the terms
defined over F,[0'/9] but not over F,[f] cancel. Further, the terms over
F,[0] give exactly the polynomial 8 — o2q_1(gq) as desired.
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2.3. An expansion for the polynomials B,.

For a monomial t5* = H;:1 t;ﬁj with m; € N, we define its g-weight by
1
Wt =Y

j=1

For a polynomial P(t,) € Fy[0][t,], its weight is defined to be the minimal weight
of its monomials.

For an ordered set partition U = Uy U - - - U U, of X, we define its ¢-weight by
-l
wl) = T F
j=1
We set
1
K™=, [ermm e N} .

Lemma 2.4. For m > 1, we can write

(2.4) Ca(Lity) = apli V- £G™, with ay € K™,
where the sum runs through a finite set of ordered set partitions U of ¥
U U---UU, =%

such that w(U) > w(By).

Proof. Recall that for m > 1, we have set
1
D () = (= 07T ) - (£ — 07),
In particular, for ¢ € N, we can write
it1
=" ambj,(t), with ay, € K™,
m=1
It follows that
B, = > ambl,, (t1) -+ bk (ts), with am, € K™,
m=(ma,...,ms)€(N*)*
We claim that if a,, # 0, then w(B;) < Z;:l q% In fact, if a,, # 0, then there
exists a monomial #1' ... t% with nonzero coefficient in By such that i; +1 > m; for
all 1 < j < s. It follows that
: 1 1
wB) Swlty - )= T3 <

Jj=1 Jj=1

as required.

Thus we get

> 1,t
CA(]-vés) =7 E amHT*mi (W) , with Um c Krad
m=(ma,me)ENT)s  i=1 T

S

_ Al-X 1/ > am [[77 (Ca(1,1:)

m=(my,...,ms)E(N*)s i=1
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Further, if a,,, # 0, then w(B;) < Z‘;:l q% The Proposition follows immediately.
O

We now calculate some coeflicients of the above expression using an argument
of specialization. Let k = (k1,...,ks) € N°. We study the specialization of
=077 i=1,...s.

Recall that (4(n) =0ifn <0and n =0 (mod ¢ — 1), (4(0) =1 and (4(n) # 0 if

n > 0 (see for example [19], chapter 8). Thus we get
0 if m; > k‘i,
(25) M <<A<1’ti))‘ti:0—qki = 1 if m; = k'i,

# 0  otherwise.
Further, since s =1 (mod ¢ — 1), we see that
0 if 671 >,
(2.6) CA(l,zs)’tr:e_qki =<1 ity 07 =1,
# 0 otherwise.

Lemma 2.5. We keep the notation of Lemma 2./. Then for an ordered set partition
U of ¥, we have

L,
1.

o ifww) >
T e =

Proof. We divide the proof into two steps.

1) Suppose that there exists a ordered set partition U of ¥ such that w(U) > 1 and
ay # 0. We choose a such partition of maximal weight, says V. Thus w(V) > 1.
We will specialize to

where k; is the unique integer such that ¢ € Vj,. By Equation (2.6), since w(V) > 1,
we have

CA(Lts)|ti:0,qki =0.

Thus the specialization value of the left-hand side of Equation (2.4) is 0.
Next, by Equation (2.5), we see that

(=1) (=m) _
Ly - Ly |ti:07qk,., =1.
For any ordered set partition U of ¥ which correspond to m = (my,...,ms), there

exists 1 <14 < s such that m; > k; (since otherwise we would have w(V) < w(U),
which contradicts with the fact that the weight of V is maximal). It follows that

(-1 p(=m) _
LG g™ e =0,

We obtain that the specialization value of the right-hand side of Equation (2.4) is
equal to ay.

Putting altogether, we get ay = 0, which is a contradiction. We conclude that
if w(U) > 1, then ay = 0.
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2) We have already known that if w(U) > 1, then ay = 0. By a similar argument,
we can prove that if w(U) = 1, then ay = 1. O

As a direct consequence of Lemma 2.4 and Lemma 2.5, we have proved:
Proposition 2.6. Suppose that w(Bs) > 1. Then Conjecture 1.2 holds, i.e. we
have

Callit) =Ly, ety
where the sum runs through the set of ordered set partitions of ¥

vu---ul,=%

such that
1% |Un|
L R L e B
q qm
2.4. An explicit formula for B, when m < q.
We recall that for any sequence u = (uy, ..., uq) € N of non-negative integers,

we have set
up=8—(ug+---+ug) €Z
and
d .
os(u) = os(ur,...,ug) = ZH H t7,
j=14€U;
where the sum runs through the ordered set partitions of X of type u
UgU---UUg=% With|Uj‘:’Uj,j:0,“',d.
We are ready to state the second theorem of this paper.
Theorem 2.7. Recall that s =m(q—1) + 1 and
By =0™"' +B10™ 2 +...+ By,_1, BTt
Let © € N such that 1 < i < q—2. Then we have,

(2.7)
B; = Z Z B(n,z)os(z1(g—1)+n1—n2,...,za-1(¢—1)+n4-—1—na, a(q—1)+na)
where
i) the first sum runs through the set of sequences n = (ny,...,nq) € (N*) such
d .
that 35y mj =1,
ii) the second sum runs through the set of sequences x = (xq,...,xq) € (N*)d+!

such that Zj:o xr;=m,

i11) the coefficients B(n,x) are given by

In Section 3, we will give a proof of Theorem 2.7 (see Section 3.3) and show that
Theorem 2.7 implies Theorem 1.3 (see Section 3.4).
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3. PROOFS OF MAIN RESULTS

This section is devoted to the proofs of Theorems 1.3 and 2.7.
3.1. Preparatory lemmas.

We first collect several combinatorial lemmas which will be used in the sequel.
Lemma 3.1. For any integer j > 0 and any sequence (my,...,mg) € N?, we have

o(j)os(mr, ... oma) = Y (m1 +_Jljz> (dech_zjdﬂ)x

J=01,--»Jd+1) 1 Jd

X os(ma + j1 = J2s ..oy Ma + Ja — Jd+1.Ja+1)
where the sum runs through the set of sequences j = (j1,...,jat1) € N+ such
that j1 + ... + jai1 = J.
Proof. Left to the reader. O

We recall that for any m € N, the expression

<x> a1 —m+1)

m m!

represents a polynomial in variable x with rational coefficients.

Lemma 3.2. Let nyj,ne € N be two integers. Then we have the following equality

in Qlz]: B
() ) e

m=0

Proof. We set

Prame) = S0 (T M) () i

m=0

For ny € N* and ny € N, we have the following equality of polynomials:

P’ﬂl,n2+1(x) - Pn17n2 (‘T) = Pnlfl,fm (JJ)

Thus we get
(3.1)
(P"l,n2+1(l’)( 2+ 1) (l2 : ))(Pm,m(ﬂﬂ) : (2l : )>
ni-: ny!
ng -+ (ng —ny +2
= P11, (2) — 2 (n2 1 )

By induction on n, we will show that for all ny € N, we have
n2~--(n2—n1+1)

Py o () = ! .

For n; = 0, the assertion is clear. Suppose that for all no € N, we have

n2-~(n2—n1+2)
(nl—l)!

Pnlfl,nz (.’L‘) =
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We have to show that for all ne € N, the following equality holds:

77,2"'(77,27711%*1)
Pnhnz (.’,U) = nll N

In fact, we will distinguish two cases.

Case 1: we suppose first that no < n;. We write

Py () = i (=™ (x j;lni ;m> (Zz)

m=0
ni

m@=—m+1)(z—m+2)...(x —m+ng)

:(m+n2—n1+1)---$z<_1) (ny —m)Im!
m=0

We consider the following polynomial in variable ¢:

(~t+x+1)(~t+z+2)...(~t+z+n)

n1!

Q1) =

It is a polynomial in ¢ of degree ny, which implies that deg @ < n;. Thus

i(—l)'”(’;)c;(m) )

m=0

and we obtain

ni

z—m+1)(z—m+2)...(x —m+nsy
$5 (Cayn = mr 1) (m_mm!< +ny)

=0.
m=0

Hence we get
ny---(ng —ny + 1)
nl! '

Pﬂhnz(x) =0=

Case 2: we now work with ny > ny. By Equation (3.1), Step 1 and the induction
hypothesis, we deduce that for all ny € N,

ng---(ng —ny + 1)
n1! ’
The proof is finished. O

Pﬂhnz (.13) =

Lemma 3.3. Let ni,ne € N be two integers such that n; < ne. Then we have the
following equality in Q|x]:

(G - G

Proof. We consider the polynomial in Q[z] given by

A

(ng—xz)...(no—xz—m+1z...(r— (1 —m)+1)
my! (n1 —m)!

(]

3

P(x) =

(]

s 3

3
Il
o



14 HUY HUNG LE AND TUAN NGO DAC

Since n; < ng, the degree of P(x) is bounded by ns. We know that for all integer
x with 0 < z < ng, we have the equality:

Pa)= 3 (mm x) (m . m) - <ZT>

m=0

It follows that P(z) is the constant polynomial (Zf) O

3.2. Basic sums.

Following [4], Section 5.2, we recall some facts of basic sums. For a sequence
k= (ko,...,kq_1) € N, we set
l(k) =d,

U}(E) = dko + (d - 1)k1 + ...+ kd—l,
k| = ko+ ...+ ka1,
E|!
k= (1) Teol .. kq_1!
Letting a € Ay 4, we write a = ag +a10+ ...+ ag—10%"" 4+ 6. Thus we get

11 L1
L3 3

€F,.

d-1 K,
where we put a® = [[{_, at".

It follows that

s — Z a(ty)...a(ts)

aEA+,d a
1 1 .
= eid Z CEM Z afa(tl) e a(ts)
keNd a€Ay 4
1 1 .
:07 Z CEM Z Z aﬁafas(ml,...,md)
keNd a€A4 g meNI+L |m|=s
1 1 k+m
= 2 ZOEM Z os(my,...,mg) Z a“= T,
keNd meNIHL |m|=s a€Ay.a

We say that m is k-admissible if (ko + mo, ..., ka_1 +mq_1) € ((g — 1)N*)4.
We see that if m is k-admissible, then the sum ) ak+m s equal to (—1)%.
Otherwise, this sum is equal to 0.

a€A+,d

Given a sequence k = (k1,...,kq) € N? as above, we define another sequence
n=(ny,...,nq) € N? as follows:
ny =ko+1,

no =ko+ k1 +1,

ng=ko+...+kq_1+1.
The sequence n. = (n1,...,nq) € N satisfies the following properties:

1) 1<n; <...<ny,
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.. d .

i) Yo My =i
We observe that the sequence k is completely determined by the associated sequence
n.

Let n = (ny1,...,nq) € N be such a sequence and let k£ be the associated
sequence. We set
B, = {m = (mg,...,mq) € N1 : m is k-admissible et [m| = s}.
Then
(=17 1
ld’S:T Z CEW Z O—S(ml,...,md).
keNd meEBn, s
Let m = (mg,...,mq) € By, s. By definition, there exist strictly positive integers
Zo,...,rq—1 € N* such that
mo=xzo(¢g—1) —n1 +1,
m1 =x1(¢ — 1) + ny — ng,
Mmi—1 = Ta-1(¢ — 1) + na—1 — na-
Thus we get
d—1
md:szmj =x4(q— 1)+ ng
§=0

with xg = m — Zj;é z;. Since m € N4t we deduce the following lemma:

Lemma 3.4. The set B, s consists of the elements m = (mg,...,mq) € Ne+1 of
the form

mo = ro(q — 1) —ny + 1,

my; =x1(¢ — 1) + n1 — no,

mg_1 = xq-1(q — 1) +ng_1 — ng,
mg =x4(q—1)+ng
where xg,...,xq are integers such that
i) ©9>0,...,24-1 >0,
) Zj:o xT; =m.
To summarize, we have proved the following proposition.

Proposition 3.5. We have

Ca(l,t) =D ;07

i>0
with
Qs = Z é(ﬂ) Z US(m)
n meEBy, s

where
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i) the first sum runs through the set of sequences of integers n = (ny,...,nq)

verifying 1 <mn; <...<ngq and 2?21 n; =1,
ii) the coefficient C(n) equals to

(71)d+’ﬂd*1 (nd B 1)‘ ]
(n1 — Dl(ng —ng)!...(ng —ng-1)!
3.3. Proof of Theorem 2.7.

In this section, we give a proof of Theorem 2.7 which gives an explicit formula
for the polynomial Bs under the hypothesis m < q.

We now suppose that m < g. Under this hypothesis, Lemma 3.4 implies:

Lemma 3.6. Let i be an integer such that 1 <i <m—1 andn = (ny,...,ng) € N
with 1 < ny < ... < ng and Zj‘:l n; = i. Then the set By, ; consists of the
sequences m = (Mo, ..., mq) € N1 of the form

mo :$0(q—1)—n1+1,

my = z1(q — 1) + ny — ng,

ma—1 = 24-1(¢ — 1) + ng—1 — ng,
mg = x4(q— 1)+ ng
where xg,...,xq are integers such that
1) g >0,...,24-1 >0 et x4 >0,

.. d
i) Yo Tj =m.

To continue, we introduce the following sets:

d
N, ::{Q:(nl,...,nd)éNd : 1§n1§...§nd,2nj:i},
j=1

d
X :={z = (20,...,24) € (N*)* x N : ij =m}.
§=0
As an immediate consequence of Lemma 3.6, we obtain:

Corollary 3.7. We continue with the notation of Proposition 3.5. Let i be an
integer such that 1 <i <m —1. Then

(3.2) s = Z Z 5’(@) os(x1(qg—1)+n1 —na,...,zq(q— 1)+ ng)
neN; ze€X
where the coefficient C(n) equals to
(ng —1)!
(ng — Dl (ng —n1)!...(ng —ng_1)!

Cn) = (~1)*+ma?

We recall that B, is a monic polynomial in 6 of degree m — 1. To calculate By, it
suffices to look at both sides of Equation (2.2) modulo 6~™. Since ¢ > m, we have

(3.3) 11 (1 - (;i) =1 (mod 6™™).

i>1




ON IDENTITIES FOR ZETA VALUES IN TATE ALGEBRAS 17

and

fin( ) h(-5)

(3.4) =(1—0.(1)0 4 ...+ (=1)7as(r)0) " (mod 67™).

By Equations (3.2), (3.4) and (3.3), we deduce the following equality:
(14B107 +. . 4B 16~ D) (10 (1)07 +. . +(=1)" 0y (m—1)0~(""1) Zaua 3

In other words, if we set By := 1, then for 1 <i <m — 1,

(35) Bl - O'S(].)Bi,1 +...+ (—1)i05(i)Bo = 04 5.

Proposition 3.8. Let i be an integer such that 1 <i<m — 1. Then

(3.6) B, = Z Z C(n,z)os(zi(g—1)+n1 —na,...,zq(qg— 1) + nq)

neMN; zeX

where the coefficient C(n, z) is equal to

Cln,z) = (—1)° ﬁ <xj(q —1)+n; — 1).

n; —1
j=1 J

Proof. Let i be an integer with 1 < ¢ < m— 1. It suffices to prove the equality (3.5)
where B; are given by Equation (3.6) and o s given by Equation (3.2).
We set

S = Bl - Js(l)Bi_l + ...+ (71)lUS(Z)B0
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By Lemma 3.1, we have

S=DB;—o,(1)Bi_1+ ...+ (=1)'04(i) By

=Y (~1o.() > Y. Clma)x
§=0

m=(m1,...,ma) EN;—;j x=(T0,...,xq)EX

X os(x1(qg —1) +my —ma,...,24(q¢ — 1) +mq)

= Z(—l)j Z Z C(m,z)os(j)os(x1(q—1) +my —ma,...,xq(q — 1) + mq)
7=0 meN; _; z€X

DY Y Clma)x

7=0 meN; _; z€X

y Z (xl(q_1)+m1._m2+jl_j2>“.(xd(q_l)"'”.ld‘i‘jd_jd—i-l)

J1 Jd

Jit..Ajar1=J
x os(x1(q—1) +m1 —mo+J1 —Jo, ..., a(q — 1) + mq + ja — ja+1,Jd+1)
Z os(x1(g—1)+n1 —na,...,xq(q— 1) + ng,ng41)

n=(ni,..., ng4+1) z=(x1,..., zq)
% Z (_1)d+(n17m1)+...+(nd*md)+nd+1

m=(m1,...,ma) <(n1,...,n4)

§ (xl(q— 1) +m —n2> (md(q— 1)+ ng —nd+1)

ny —my Ng — My

(DT L)

Here in the last line,

(]

i) the first sum runs through the set of sequences n = (n1,...,nq11) € (N*)¢xN
such that n; + ... +ng441 =1,
ii) the second sum runs through the set of sequences z = (o, ..., zq) € (N*)4+!
d
such that };_,x; =m,
iii) the third sum runs through the set of sequences m = (my,...,mq) € (N*)4
such that m; <mn; forall 1 < j <d.

To finish the proof of Proposition 3.8, it suffices to prove the following proposi-
tion:

Proposition 3.9. Let 1 <i < m—1 be an integer, n = (n1,...,nq+1) € (N*)4x N

be a sequence such thatny +...+ngy1 =i and x = (x1,...,24) € Z% be a sequence

of integers. We set

So = Z (_1)d+(n1_m1)+"'+(nd_md)+nd+1 z1(q = 1) + 11 =g Tald = 1) + 14 = nap X
ny —ma Ng — Mg

m ) <x1(qy—1)+m1—1)”.<Id(q—1)+md—1)

mip — 1 mg — 1

where the sum runs through the set of sequences m = (my,...,mq) € (N*)¢ such
that m; < mnj for all1 < j <d.
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Then we have
i) If ngy1 > 0, then

~ - !
= = (—1)ttnan (nas1 .
So = COlm, -y maa) = (=1) (n1 — Dl(ng —n1)!... (ngs1 — na)!

1) If ng11 =0, then

=Cl(n ng) = (—1)dtna—1 (ng — 1)t
SO—C( Tyeens d)—( 1)+ (nl_1)!(n2—nl)!...(’n‘d—’ﬂdfl)!.

Proof. In fact, we write

S= (it [T S <—1>"f—mj(xj<q—1>+nj—nm)(xj<q—1>+mj—1).

n; —m; m; — 1
Jj=11<m;<n; J J J

For 1 < j <d—1, Lemma 3.2 implies

> (=yrm (xj(q —1)+n; - nj+1> (%‘(q —1)+m; — 1) _ <nj+1 - 1)

1<m, <n, nj — m]’ mj -1 ’Ilj -1
We now study the last factor (e.g. when j = d).

e If ng1 1 > 0, then Lemma 3.2 gives

Z (—1)ra=ma (md(q —1)+ng — ndH) (md(q —1) 4+ mg — 1) _ (nd+1 _ 1).

ng —m mg — 1 ng — 1
1<ma<ng d d d d

o If ngi 1 =0, then Lemma 3.3 below implies

> (~pmeme (xd(q —1)+na— "d+1) (xd(q —1)+mg — 1) = (1)L,

ng —m mg — 1
1<ma<ng d— T d

To summarize, we obtain

i) If ngy1 > 0, then

—1)! ~
So = (_1)d+nd+1 (na+1 —1)! =C(m, ..

n .
(’I’L1 — 1)'(n2 —?’Ll)!...(’nd+1 —nd)! d+1)
1) If ngrq1 = 0, then
— 1) ~
Sy = (—1)d+na=t (na =C(ny,...,nq)-
o=(1 (n1 — Dl(ng —ni) ... (ng — na_1)! (1 )

The proof is complete. O
The proof of Proposition 3.8 is finished. (I

Lemma 3.10. We keep the notation of Proposition 3.8. Then we have the following
equality:

In particular, if x; < nj for some 1 < j <d, then C(n,z) = 0.
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Proof. We observe that for 1 <n < g,
(z+q)...(x+q—n+1) =z...(x—n+1)

n! n!

It follows that

d
no) = (—1)¢ zj(g—1) +n; —1
Cln.2) <1>H( e
d —zj+n;—1)...(z; -1

I
|
[t
~—
u
—=

o ()
- (—1)"1+..<+ndjf[1 (ij - D
— (-1 1j (=20)

The proof is finished. O

<.
Il
-

As an immediate consequence of Proposition 3.8 and the previous lemma, we
obtain Theorem 2.7.

3.4. Proof of Theorem 1.3.
In this section, we will deduce Theorem 1.3 from Theorem 2.7.

We see that Theorem 2.7 implies immediately the following corollary:

Corollary 3.11. Suppose that m < q. Then w(B;) > 1.

Proof. Since m < ¢, the polynomial B, is completely determined by Theorem 2.7.
In particular, the monomials appearing in B, are of the form

Us(xl(q— 1) +nq —’I’Lg,...,l‘d(q— 1) +nd)

with
i)n=(ny,...,ng) € (N*)%,
ii) x = (x0,...,7q) € (N*)4F1 such that Z?:o zj =m,
i) x5 > nj for j=1,...,d.
It implies that the weights of monomials in os(x1(¢ — 1) + n1 — na, ..., x4(q —

1) + ng) are greater or equal to

q—n1  Ni1q— N2 Naq
PR +"'+W_1'
Since the weight of B, is defined to be the minimal weight of its monomials, we
deduce that w(Bs) > 1 as required. O

Thus Theorem 1.3 follows immediately from Corollary 3.11 and Proposition 2.6.
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4. CONCLUDING REMARKS

We have succeeded in proving Conjecture 1.2 and thus get a partial answer to
Conjecture 1.1. We expect that Conjecture 1.1 always holds. Thus it is tempting
to ask whether Theorem 2.7 holds in full generality, that means we can remove the
restriction 1 <7 < ¢q— 2.

Conjecture 4.1. Recall that
By =0""1'+B0" *+...+B,_1, BicF,t].

Then for 1 <i<m—1, we have

B; = ZZB(&;)US(xl(q— 1) +n1—n2,...,za(¢ — 1) + na)

n oz
where

i) the first sum runs through the set of sequences n = (ny,...,nq) such that
n; € N* and 2?21 nj =1,

i) the second sum runs through the set of sequences x = (xq,...,xq) € (N*)d+!

such that Z?:o zr;=m,

i11) the coefficients B(n,x) are given by

B(n,z) = (-1)* H (ij - D

Jj=1
As expected, we prove:

Proposition 4.2. Conjecture 4.1 implies Conjecture 1.1.

Proof. Suppose that Conjecture 4.1 holds. From the explicit formula for B, by
similar arguments to the proof of Corollary 3.11, we see that w(B,) > 1. Combined
with Proposition 2.6, it implies immediately Conjecture 1.1. t

Remark 4.3.

1) For m = 1,2, 3, we have explicit formulas for B, (see Section 2.1) and see easily
that Conjecture 4.1 holds for these small values. They provide the first evidence to
support our conjecture.

2) We should mention that the first author is currently investigating the above
Conjecture in his PhD thesis.
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