N

N

(Gaussian concentration bounds for stochastic chains of
unbounded memory
Jean-Rene Chazottes, Sandro Gallo, Daniel Takahashi

» To cite this version:

Jean-Rene Chazottes, Sandro Gallo, Daniel Takahashi. Gaussian concentration bounds for stochastic
chains of unbounded memory. The Annals of Applied Probability, inPress. hal-02444596v2

HAL Id: hal-02444596
https://hal.science/hal-02444596v2
Submitted on 23 Mar 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02444596v2
https://hal.archives-ouvertes.fr

Optimal Gaussian concentration bounds
for stochastic chains of unbounded memory

Jean-René Chazottes *!, Sandro Gallo 2, and Daniel Y. Takahashi 3

!Centre de Physique Théorique, CNRS, Ecole Polytechnique, Institut
Polytechnique de Paris, France
?Departamento de Estatistica, Universidade Federal de Sao Carlos (UFSCar), Sao
Paulo, Brazil
$Instituto do Cérebro, Universidade Federal do Rio Grande do Norte (UFRN),
Natal, Brazil

March 23, 2020

Abstract

We obtain optimal Gaussian concentration bounds (GCBs) for stochastic chains of un-
bounded memory (SCUMs) on countable alphabets. These stochastic processes are also known
as “chains with complete connections” or “g-measures”. We consider two different conditions
on the kernel: (1) when the sum of its oscillations is less than one, or (2) when the sum of its
variations is finite, 4.e., belongs to ¢*(N). We also obtain explicit constants as functions of the
parameters of the model. The proof is based on maximal coupling. Our conditions are optimal
in the sense that we exhibit examples of SCUMSs that do not have GCB and for which the sum
of oscillations is strictly larger than one, or the variation belongs to £'7¢(N) for any ¢ > 0.
These examples are based on the existence of phase transitions. We also extend the validity of
GCB to a class of functions which can depend on infinitely many coordinates.

We illustrate our results by three applications. First, we derive a Dvoretzky-Kiefer-Wolfowitz
type inequality which gives a uniform control on the fluctuations of the empirical measure.
Second, in the finite-alphabet case, we obtain an upper bound on the d-distance between two
stationary SCUMs and, as a by-product, we obtain new (explicit) bounds on the speed of
Markovian approximation in d. Third, we obtain exponential rate of convergence for Birkhoff
sums of a certain class of observables.
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1 Introduction

Stochastic chains with unbounded memory (SCUMSs) are a natural generalization of Markov chains.
Their dynamics is provided by a family of probability kernels that describe the probability of
observing a symbol at any time given (possibly) the entire past. Such processes first appeared in
[48], and, since then, have been intensively studied in different fields under different names. In
the literature of stochastic processes Doeblin and Fortet [16] coined the name chains with complete
connections, while Harris [31] later called the same objects chains of infinite order. In symbolic
dynamical systems, stationary SCUMs are studied under the name of g-measures [36, 41, 53, 34].



In the applied statistics literature, SCUMs have been used to model various natural phenomena,
including some popular stochastic processes, e.g., categorical time series and binary autoregressive
models [45, 37, 21, 52]. SCUMs are also natural dynamical counterpart of Gibbs measures on the
lattice Z in statistical physics and the family of probability kernels has been called left interval
specifications [20]. Different fields investigated SCUMs using different techniques, making this
family of stochastic processes a rich object to be studied.

One of the main interests in SCUMs comes from the fact that they exhibit different mixing
properties depending on the characteristics of the probability kernels. For instance, kernels with
strong dependence on the past can have two or more shift invariant measures compatible with the
kernel [4, 33, 23, 22, 14, 1]. Weak dependence on the past leads to uniqueness of the compatible
measure. Different uniqueness conditions and the respective mixing properties have been studied
[16, 31, 10, 5, 20, 26, 24].

In the present paper, we investigate the relationship between the characteristics of the proba-
bility kernel and the existence or non-existence of Gaussian concentration bounds (GCB) for the
associated SCUMs, i.e., non-asymptotic exponential inequalities for the probability that functions
of finite samples deviates from its mean [3]. The formal definition of GCBs will be given in Section
2.3. We prove that when the kernel has sum of oscillations less than one, or has summable varia-
tion, the respective SCUMs satisfy a GCB. Moreover, we show that both conditions are tight by
exhibiting processes that do not satisfy GCB whenever the oscillation is strictly larger than one, or
the variation belongs to £*+¢(N) for any € > 0.

We show that a reason for the failure of GCB comes from the non-uniqueness of measures that
are compatible with the same kernel. Our proof has an interest in its own by providing a method
to prove that a GCB cannot be satisfied.

Our bounds are explicit and involve constants that are straightforwardly calculated from the
kernels. We apply our inequalities in some important examples. Whenever possible, we make
comparisons with other papers obtaining GCB for non-independent processes in the literature
[43, 50, 40, 39, 29]. Finally, as a simple application of our results, we use the relationship between
GCB and transportation cost inequalities to obtain new bounds for d-distance between SCUMs.
As a corollary, we obtain the speed of Markovian approximation in d-distance for SCUMs, in cases
not covered in [10, 6, 27]. We also prove a Dvoretzky-Kiefer-Wolfowitz type inequality for SCUMs
with summable variation.

Notation and necessary definitions are given in Section 2. Section 3 contains our main results
and in Section 4 we present some consequences of these results. We end the paper with the proofs
of our results in Section 5.

2 Definitions and notation

Let A be a countable set (“alphabet”) endowed with the discrete topology. We then put the product
topology on A%, the set of bi-infinite sequences drawn from A. We denote by T the shift on A%,
that is, (Tw); = wit1, ¢ € Z. We equip this space with the sigma-algebra generated by the cylinder
sets [a_ni1,.. .y an_1] = {w € A% 1 w; = a;,|i| <n—1}, a; € A, n € N. Tt comprises all Borel sets
of AZ.

For i,j € Z such that i < j we write [i,j] = [i,j] N Z. For i < j, we indicate the “string”
(wi, ..., wj) by writing w/. We also use the convention that if ¢ > j, w] is the empty string. When
we write o € Al we stress at which coordinate the string (04, ...,0;) starts. When we treat a
string of length k as a “pattern”, regardless of where it is “located”, we will simply write o € A*.



Define XY~ = Al=>=1 For z € X=, n > 0, and ¢ € Al®"] 2 = 20 is a concatenation of
the respective symbols, such that (...,z_1,20,...,2,) = (-..,2_1,00,...,0y). For all § C Z and
o € A® we define the projection function associated to all indices 4,5 € S, i < 4, by 7/ (0) = o7.

Throughout the paper z,y, z will denote left-infinite sequences and w and n will denote right-
(or bi-) infinite sequences.

2.1 Kernels and SCUMs

To define the probability measures of interest in this paper, namely stochastic chains of unbounded
memory (SCUMs, for short), we first need to define what we mean by a probability kernel.

Definition 2.1 (Probability kernel). For all n € Z, a probability kernel g,, is a function g, :
A x Al=een=1l 10 1] such that for all x € Al=2on=1 S~ _ g, (s|z) = 1. Because we will only
consider shift-invariant kernels, with some abuse of notation, we will always refer to function g
instead of g, regardless of the index set inside the function.

Let us first introduce SCUMs started from a fixed past.

Definition 2.2 (Probability measure started with a fixed past). For x € X—, k > —1 and 0 €
A0kl e define P*° as the probability measure specified by g when started with xo € Al=°%Fk]
that is, for allw € AN and alln > k+1

n

P (i) = [] g(wlzowiil).
j=k+1

Sometimes we will write Py® when it is not clear from the context to which kernel the measure
corresponds.

Now, we introduce the definition of SCUMs compatible with a kernel, which is similar to the
definition of a Gibbs measure compatible with a specification. We denote by F] the o-algebra
generated by the cylinders with base in the interval [4, j]. We use the shorthand notation F; = F§,
k > 0.

Definition 2.3 (Probability measure compatible with a kernel). We say that a probability measure
w on A% is compatible with g if, for alln € Z, a € A and p-a.e. x € Al=°0"=11 we have

p[all F ) (@) = g(al).

A stationary stochastic process (X,,)nez, where the random variables take values in A, is chara-
terized by a shift-invariant probability measure p on A%, that is, a measure satisfying poT~! = p.
The canonical process (X, )ncz corresponding to a measure p compatible with a kernel is called a
stochastic chains of unbounded memory (SCUM) compatible with g. Equivalently, we say that a
SCUM (X, )nez is compatible with g if it satisfies

Ey[La(X)| X3 = 2] = g(al2)

for all n, a € A, and p-a.e x € Al=2°"=1 where 1,(-) is the indicator function of the symbol a.



2.2 Regularity assumptions on kernels

In order to study the statistical properties of SCUMs we will quantify how the kernel g depends on
the past in two ways. We will use the oscillation of g of order j > 1, defined by

Osc;(g) sup{ Z|g (a|z) — z)|:z,z'€X,zk—z;€,Vk‘7é—j}.

acA

and the variation of order j > 1, defined by

Var;(g) —sup{ Z\g a|z)|:z,z’eX‘,zk:z;,VkZ—j}.
acA

We also define Varg(g) := sup, .rcx— 3 >0ca l9(alz) — g(alz’)|. Note that the usual definition of
oscillation ([33, 20, for instance]) and variation ([31, 36, for instance]) are, respectively,

osc;(g) :==sup{|g(alz) — g(alz’)| :a € A, 2,2" € X7,z = 21, Vk # —j}
and
var;(g) := sup {[g(al2) — g(al2")| :a € A, 2,2" € X7, 2 = 2, Yk > —j} .

When the alphabet is finite the definitions are equivalent since we have var;(g) < Var;(g) <
|A|var;(g) and osc;j(g) < Osc;(g) < |Alosc;(g). We use Osc;(g) and Var;(g) as these quantities
appear naturally in the proofs when we introduce maximal coupling and they are more convenient
to state our results when |A| = co. Given a kernel g, the following quantities will play a central
role:

A(g):==1-Y Oscj(g) (2.1)
j=1

and

.:18

I(g) == | | (1 — Var;(g))- (2.2)

0

J

Remark 2.1 (Relation with existence/uniqueness criteria of the literature). A natural question to
ask is whether there exists a unique shift-invariant measure compatible with a given kernel g. If
A(g) > 0, Theorem 4.6 in [20] states that there is at most one compatible measure, which is therefore
shift-invariant. In the case of finite alphabet, the assumption T'(g) > 0 implies uniqueness of a shift-
invariant compatible measure (see [31, 36] for instance). In the case of countably infinite alphabets,
the conditions for uniqueness of the compatible measure are not based on var;(g) anymore, and it is
not obvious how to compare the assumption I'(g) > 0 with other assumptions of the literature. For
our purpose, we only discuss the conditions of uniqueness and existence when needed in the proofs.

2.3 Gaussian concentration bound

We first define a class of functions. Let n > 0 and f : A"T! — R. Since A is countable and endowed
with the discrete topology, f is continuous. Define

0;(f) = sup{’f(wg_law;H) — f(wg_lbw;‘_kl)‘ ta,be A,w e A”+1}

for0<j <n.



Definition 2.4. Let

L=|]JLn where L,={f: A" 5 R:5;(f) <+00,j=0,...,n}.

n>0

Each f € L is bounded. Indeed, for each f € L, there exists n such that f € £,,. Now pick
an arbitrary «’ € A"*L. An obvious telescoping then gives |f(w) — f(w')| < > i=09;(f), whence
[flloo < (W) +327—09;(f) < 400. We denote by (f) the column vector of size 7+ 1 whose j-th
coordinate is 6;_1(f). For a function f: AY — R, we define the semi-norm

18CHIE =D o5 () (2:3)

If f € L, we have ||§(f)||3 = > im0 8;(f)?, in which case [|3(f)||* < 4o0.
For every interger p > 1 and v = (vg, vy, ...) with v; € R, define

(oo}
ol = >~ fos1P-
j=0

We say that v € (P(N) if [jv||, < +o0.
For f: AZ — R p-integrable, we use the notation E,[f] = [ f du.
We can now define what we mean by a Gaussian concentration bound.

Definition 2.5 (Gaussian concentration bound). A probability measure i on A% or on AN is said
to satisfy a Gaussian concentration bound (GCB for short) if there exists a constant C > 0 such
that, for all f € L, we have

E, [ef*]Eu[f]] < ClIBNI3 (2.4)
where ||6(f)||2 is defined in (2.3).

A key-point in this definition is that C' does neither depend on n nor on f. Since f is bounded,
this inequality implies that, for all § € R, we have

E, [69(1‘—]%[)‘])} < OSN3

and using a standard argument (usually referred to as Chernoff bounding method, see [46]), we
deduce that, for all u > 0,

1F = Bylf]l > ) < 260 (ot ) (25)

The formulation of Definition 2.5 is made in such a way that we can take a probability measure
with a fixed past (see Definition 2.2). Also, if we have a shift-invariant probability measure y, then
it is indifferent to work either with A% or AN.



3 Main results and examples

3.1 GOCB under a condition on the oscillation of the kernel

Our first result is a GCB for a probability measure started with a fixed past in the sense of Definition
2.2. Note that the bounds are uniform in the past z € X'~.

Theorem 3.1. Let g be a kernel such that A(g) > 0. Then, for all f € L and 0 € R, we have

sup Eps {ee(f—IEpa:[f])} S el LG (3.1)
TeEX

As a consequence, for all u > 0, we have

- 2u?
sup P~ Epelfl] > ) < 2exp (—A(Q)W) . (3.2

Let us illustrate this theorem with two examples.

Example 3.1 (Binary autogregressive process). Consider a function v : R — (0,1) such that
Y(r) + ¢(—r) =1 and an absolutely summable sequence of real numbers (§;);>0. Then the kernel
g: {1, +1} x {—1,+1}[=°=1 — (0,1) is defined as

glalz) =¢ |0 &r_j+a&

J=1

The process generated by this kernel is called a binary auto-regressive process [37]. If ¢ is differ-
entiable, we have that Osc;(g) < 2(supy’)|¢;], hence we have A(g) > 1 — 2(supsp) 3272, [€;]. For
instance, if (u) = (1 +e724)~! then A(g) > 1 — > &1

Example 3.2 (Poisson regression for count time series). Let A =N and (&;);>0 be a sequence of
non-positive absolutely summable real numbers, and a constant ¢ > 0. For all x € NI—co: =11 jet

v(x) = exp ij min{z_;, c}
j=1

For alla € N and x € X, the kernel of a Poisson regression model is defined as [37]

—v(x) ( )a
e vr
glal) =

Applying the mean value theorem to 1(r) = e~ ¢ €™ /a!, and mazimizing on r € (—oo,0] for each

a € N, we obtain Oscj(g) <e™? >0 L1&1 = |&|. Therefore, A(g) >1— > &1
We also have a theorem for stationary SCUMs.

Theorem 3.2. If y is a shift-invariant measure compatible with a kernel g satisfying A(g) > 0,
then inequalities (3.1) and (3.2) hold with p in place of P*, with the same constant.



3.2 GOCB under a condition on the variation of the kernel

We have the analog of Theorem 3.1 under a natural condition on the variation. The bounds are
uniform in the past x € X'~

Theorem 3.3. Let g be a kernel such that T'(g) > 0. Then, for all f € L and 6 € R, we have

02r(g)—2 2
sup Epe [ee(fflﬁpw m)} < TE—NEDIE (3.3)
reEX

As a consequence, for all u > 0, we have

" 2u?
sup P = Epelfl] > 0) < 2000 (e ) (3.4

We give a class of examples illustrating this theorem.

Example 3.3 (Convex mixture of Markov chains). Let (A;);>1 be a sequence of non-negative real
numbers such that Z;L Aj = 1. Let A be a countable set. Define a family of Markov kernels
plel = A x Al=R=1 5 (0,1],k > 0, that is, for all z € X, Y oaca pl#! (a|a::,1€) = 1. The kernel for
mixture of Markov chains is defined, for all a € A and x € X~ , as

glalz) =X pV (alzZ}).
j=1

We have Z;; Var;(g) < Z;’il JAj. This result is quite general since a large class of kernels,
including all kernels g on finite alphabet with lim; Var;(g) = 0, can be represented as a convex
mizture of Markov chains [35].

The next result complements Theorem 3.3 in the case of stationary SCUMs.

Theorem 3.4. If u is a shift-invariant measure compatible with a kernel g such that T'(g) > 0,
then inequalities (3.3) and (3.4) hold with p in place of P, with the same constant.

3.3 Optimality of the bounds

Here we show that Theorems 3.2 and 3.4 are optimal already for binary alphabets. Theorems 3.5
and 3.6 below give necessary conditions to get GCB for a large class of processes that exhibit phase
transition. Our optimality results are simple consequences of these theorems.

The following result shows that, for kernels satisfying strong regularity conditions, a “phase
transition” is a fundamental obstruction for having GCB.

Theorem 3.5. Let g be a kernel such that inf,c 4 zex- g(alz) > 0 and lim; Var;(g) = 0. If g has
two (or more) distinct ergodic compatible measures, then they do not satisfy GCB.

It is proved in [33] that, for all € > 0, there are examples of g such that A(g) + € < 0 and exhibit
multiple shift-invariant ergodic compatible measures. Because of Thereom 3.5, this implies that the
shift-invariant ergodic compatible measures do not satisfy GCB. This shows optimality of Theorem
3.2 regarding the assumption A(g) > 0, a fact that we now state as a corollary of Theorem 3.5.



Corollary 3.1. For any € > 0, there is a kernel g on a binary alphabet and a compatible shift-
invariant probability measure p such that Z;‘;l Osc;(g) € (1,1 + €] and p does not satisfy GCB.
Moreover, g can be chosen to satisfy lim; Var;(g) = 0 and inf,c 4 zex— g(alz) > 0.

To demonstrate the optimality of Theorem 3.4, we consider “renewal measures”, a particular
class of SCUMs. Let (g;);>0 with ¢; € (0,1). Given x € X, let 4(x) = inf{k > 0: 2_j_1 = 1}
and £(...00) = co. We define the renewal kernel § : {0,1} x {0, 1}[=>=1 — (0,1) by taking
G(1|z) = qo(zy. Obviously, if ¢go, = 0 then the degenerate measure do is stationary and compatible,
and trivially satisfies GCB. However, we call renewal measure the stationary measure fi compatible
with g satisfying fi([a]) > 0 for any a € {0,1}, when it exists. It is not difficult to see that this
measure will actually consists of a sequence of i.i.d. concatenation of blocks of the form 01,7 > 1.
The probability that the distance between two consecutive 1’s equals n > 1, denoted f,, is

n—2
fo = PIHO"M) = g H(1 —q), Vn>1VeeX~ (3.5)
=0

with the convention Hi_:lo = 1. The probability distribution (fy),>1 is usually called inter-arrival
distribution in the literature. Then, the renewal measure exists if and only if the expected distance
between consecutive ones, Y -, nfy, is finite, which is equivalent to

ST -a) <. (3.6)

j>14i=0
We have the following result.

Theorem 3.6. The renewal measure fi satisfies a GCB if, and only if, >, far™ < oo for some
r>1.

Consider now the particular case in which ¢; = j=* for j > 2 with a € (0,1) so that (3.6)
is satisfied and therefore the renewal process exists. A simple calculation shows that in this case
fn is stretched exponential, and therefore, by Theorem 3.6, the renewal process does not satisfy
GCB. In order to fix ideas, let us put ¢o = 2/3 and ¢; = 1/2 and go, = 0. It is easy to check that
Var;j(g) = ¢; < 1,7 > 0 and in this case, I'(g) > 0 is equivalent to >, Var;(g) < co. Hence, if
we choose o = (1 +¢/2)(1 + €)' the variation will not be summable, but > 5=y Var, (g)1Fe < oo,
proving that Theorem 3.4 is optimal, a fact that we state as a corollary of Theorem 3.6.

Corollary 3.2. For any € > 0, there is a kernel g on a binary alphabet and a compatible shift-
invariant probability measure p such that

z:\/'arj(g)1+€ < 00, ZVarj(g) =00
j=1

Jj=1

and p does not satisfy GCB. Moreover, g can be chosen to satisfy inf,cx- g(alz) > 0 for some
a€ A

Remark 3.1. Note that the two kernels used to obtain examples of processes which do not satisfy
GCB exhibit phase transition since for the renewal process, when q; = j~* we have that oo = 0 (to
get Varg(g) — 0), in which case the Dirac measure §g is also compatible. However, this kernel does
not fall into the class considered by Theorem 3.5 because it does not satisfy inf,e 4 rcx- g(alz) > 0.



Remark 3.2. Kernels satisfying inf,e s zex- g(alz) > 0 are said to be “strongly non-null”. If we
restrict to strongly non-null kernels g instead of assuming the weak non-nullness ) inf,cx- g(alz) >
0, then we don’t know if the summable variation condition is tight for the validity of GCB. Neverthe-
less, even if we restrict to strongly non-null kernels g, GCB does not hold in general beyond square
summable variation because of Theorem 3.5 and the existence of examples with phase transition for
strongly non-null kernels such that 3777 Var, (9)?T¢ < 00,€ >0, see [1].

3.4 GCB for a more general class of functions

Denote by C(AY) the set of real-valued continuous functions on AN that we equip with the supremum
norm. We define two of its subspaces, namely the set of bounded continuous functions, denoted
BC(AY), and the set of uniformly continuous functions, denoted UC(AY). As AN is in general
not compact, UC(AY) intersects but does not contain BC(AY), nor does BC(AY) 2 UC(AY).
Obviously, the set £ (see Definition 2.4) is contained in each of these three spaces. We have
C(AY) = UC(AY) = BC(AY) if and only if AN is compact, which holds if and only if A is finite.
For f € C(AY), let

var, (f) = sup{|f(w) — f(W)| i wi =w.,i =0,...,n},n > 0.

One can easily check that var,(f) — 0 if and only if f € UC(AY).
We can generalize Theorems 3.1, 3.2, 3.3 and 3.4, thanks to the following abstract result.

Theorem 3.7. If a probability measure p satisfies a Gaussian concentration bound for some con-
stant C' > 0, then this bound remains true for all f € UC(AN) NBC(AY) such that ||§(f)|l2 < +oo,
with the same constant C.

We refer the reader to Section 4.3 for a natural application of Theorem 3.7.

3.5 Comparisons with existing results

We first mention that, in the independent case, I'(g) = A(g) = 1, so we recover McDiarmid’s
inequality with the optimal constant [46]. Next, for the sake of clarity, we will distinguish between
the one-step Markov case and the non-Markov case.

3.5.1 The Markov case

In the one-step Markov case I'(g) = 1 — Varg(g) = 1 — Osci(g) = A(g). In order to compare our
results with those in the literature, let us make a slight abuse of notation and put g = @ where
Q: Ax A—]0,1] is the transition matrix defined by ¢ through Q(a|b) := g(a|z) for any x € X~
such that z_; = b. Now, observe that

Varg(g) = sup [|Q(-|a) = Q(-[b)[[+v =: d(Q). (3.7)

a,be A

This is the Dobrushin ergodicity coefficient (see [15] and [17, Section 18.2] for instance). Therefore,
our theorems state that, if d(Q)) < 1 we have

2u?
u(lf = Bulf]l > u) < 2exp (_ (1— d(Q))‘Qllé(f)H%) '

10



GCBs for Markov chains on countable alphabet under d(Q) < 1 were previously obtained by other
authors [39, 42]. The literature on GCB for Markov chains is extensive and the interested reader
should consult [49] for a nice review. Here, we make a brief comment on the limitation of our
result in the Markov case. Without getting into details, let us mention that uniform ergodicity of
a Markov chain is equivalent to d(Q™) < 1 for some m > 1 [17, Section 18.2]. So our condition
is slightly stronger than assuming uniform ergodicity. Now, uniform ergodicity is stronger than
geometric ergodicity, which is necessary and sufficient for having a Gaussian concentration bound
for a Markov chain [12]. As far as we know, the only explicit bound under geometric ergodicity was
recently obtained in [32].
For a uniformly ergodic Markov chain, Corollary 23.2.4 in [17] states that, if

d:= ) dQm) <

m>1

then 02
u(|f = Eulf]] > u) < 2exp <_(1+d)2u||5(f)”§> ; u>0. (3.8)

We note that we obtain the same inequality using our Theorem 5.1 below for the case of Markov
chains. When d(Q) < 1 we have that d(Q™) < d(Q)™ [17, Equation 18.2.2] and obtain the
inequality 1 +d < (1 — d(Q))~!, which permits to compare the two previous bounds. The main
advantage of the bound (3.8) is that it might hold even if d(Q) = 1 but d(Q™) < 1 for some m > 1.
Furthermore, there is in principle a slight advantage, even in the case where d(Q) < 1, on having
1+ d instead of (1 — d(Q))~!. However, calculating d(Q™) is intractable even for large but finite
alphabets. Finally, let us also mention Theorem 7.1 of [9] is also based on a coupling approach,
but the obtained constant is not optimal, even for nice particular cases. We point out that in [9]
Theorem 7.1 the constant C should appear in the denominator of the quotient appearing in the
bound and in the example of the house-of-cards process, in the uniform case C' should be equal to
1/2q instead of 1/2(1 — q).

3.5.2 The non-Markov case

In general, I'(g) # A(g) and our conditions are complementary to each other, as we now illustrate.
Consider the kernel in Example 3.1 with ¢(u) = 1/(1 4+ exp(—2u)), & > §; > 0 for all j > i > 1,
and & = > & We have

2285 9 e261
mﬁj < Oscj(g) <§ and Arem)e D & < Var(g) <> &
k>j k>j

If £ = ¢/j'"° with e € (0,1] and small enough ¢ > 0, we have A(g) > 0 but I'(g) = 0. On the
other hand, if §; = C//j' ¢ with € € (1,00) and large enough C we have I'(g) > 0, but A(g) < 0.

There are SCUMs that satisfy GCB, but are not covered by our results. Here is an example using
the renewal kernel defined in Section 3.3. For this example, let « € (0,1) and consider the sequence
gj = goo + a/j®. For the renewal kernel we have Osc;(§) = Var;(§) = ¢; — ¢oo = /% If goo > 0
we easily find that the inter-arrival distribution defined in (3.5) is exponential, and therefore, by
Theorem 3.6 this renewal process satisfies GCB. However, neither the oscillation nor the variation
are summable, and therefore we have A(g) < 0 and I'(§) = 0. The problem in this example is that
we have slow uniform variation rate. The interested reader should consult [25, 28, 26].
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Marton [43] proved a property which is equivalent to a version of Theorem 3.4 in which ||3(f)||3 is
substituted by n||d(f)||%,. Because [|5(f)[13 < (n+1)]|8(f)]|%, our result gives a slight improvement.
For example, consider A = {0,1}, € > 0, and f(zj) = Z?:o z;/(j + 1)49)/2 In this case, for
all n > 0, [|8(f)||3 < C for some constant C, but n||§(f)||% = n + 1. Perhaps more importantly,
we offer a different proof. Marton’s proof is based on a transportation cost inequality together
with its tensorization, whereas our proof is based on the martingale method together with coupling
inequalities. Because of the stationarity requirement in [43], we do not know if we can obtain
Theorem 3.3 using the same method as in [43]. We also note that [29] obtained a version of
Theorem 3.4 for finite alphabets by a different approach than the one we use here (coupling-from-
the-past algorithm), and with a suboptimal constant 2/9 instead of 2 as we obtained here. To
conclude, let us mention that [40] proved a GCB for Gibbs random fields satisfying the two-sided
Dobrushin condition. On Z, if a Gibbs specification satisfies the two-sided Dobrushin condition
then it also satisfies A(g) > 0 [19, Theorem 4.20]. Therefore, our Theorem 3.2 implies the result in
[40] for one-dimensional Gibbs measures, but we do not know whether the converse also holds.

3.6 Some open problems

There are only a few results in the literature giving necessary conditions for the existence of GCB for
dependent process. We think that answers to the following questions could help in the development
of new tools to prove necessary conditions for GCB.

e Is there a SCUM on finite alphabet with a unique compatible stationary measure but which
does not satisfy GCB?

e Do we have GCB when A(g) = 0 and Var;(g) = O(1/4)?

e What is the “rate of concentration” for kernels with more than one compatible measure?

4 Applications

In this section we explore some consequences of our results. We show (1) a new bound on the
probability of deviation of the empirical distribution from the stationary distribution, (2) new
bounds for the distance between two processes under the d-distance, and (3) an exponential bound
for the rate convergence of Birkhoff sums for SCUMs. For further applications of GCBs in general,
the reader can check [8].

4.1 Dvoretzky-Kiefer-Wolfowitz type inequality

In statistics we are often interested in the empirical distribution. For o € Al and w € AV, let

1 n—k+1
N _ j+k—1
Pk (0, w) = n_kEr2 ;:0 Lo (m; w).

We will simply write p,, (o) for the corresponding random variable. To estimate the probability
of deviation from the expected value, it is natural to use Theorem 3.3 to obtain

i ([fnk(0) = p(0)] > u) < 2exp (~(n — k+2)T(9)*u?)
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where pp, 1 (0) = pni(0,-) and p(o) := E,[pn.x(0)] = p([o]). If we want to obtain a uniform bound,
we should upper bound

il — pllso > w) = 1 (supmn,k(a) (o) > u) w0,

In this case, it is tempting to use a union bound. However, when the cardinality of the set of
symbols is large, we get a bad bound, and when A = N this approach obviously fails. One possible
solution is to concentrate directly the uniform deviation ||p, r — pllso, Which yields the following
result.

Theorem 4.1. Let g be a kernel and p be a shift-invariant measure compatible with g. If T'(g) > 0,
we have, for allu > 0 and for alln >0 and 0 < k <mn,

~ u + \/ﬁ
g (”pn’k BTy ey s 2)r(g)> <o (~T6)+) -y

A similar result for & = 1 was obtained in [38] for Markov chains and hidden Markov models, but
as far as we know, our result is the first in the literature for SCUMs. Because Theorem 4.1 gives a
uniform control on the empirical distributions, we can use these results to estimate quantities that
can be written as functionals of empirical distribution, e.g., entropy, kernels, and potentials of the
processes.

4.2 Explicit upper bound for the d-distance, and speed of Markovian
approximation

Given two probability measures p and v on A%, a coupling of 1 and v is a probability measure P
on A% x A? satisfying, for all B € F*°

P(B x A*) = u(B) and P(B” x A) = v(B).
Let J,, denote the set of couplings of u and v. The d-distance between p and v is then defined as

CZ(/’% V) = ]P’GI%E VIP ({(777W> € AZ X AZ * 1o 7é WO}) :

It is natural to ask if given two “close” (in a sense to be made precise below) probability kernels g
and h, whether we can upper bound the d-distance between the respective compatible measures p
and v. The following result gives such a bound.

Theorem 4.2. Let p be a shift-invariant measure compatible with a kernel g such that

inf alr) >0
a€A,xeX ™ g( | )

and satisfying either the conditions of Theorem 3.2 or of Theorem 3.4. Let also v be a shift-
invariant measure compatible with a kernel h with lim; Var;(h) = 0 and infoe 4 zex- h(alz) > 0.
The d-distance between p and v is bounded by

d(u,v 7C\f“ log (4.2)

where C equals A(g) or T'(g) depending on which condition g satisfies.
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Remark 4.1. The conditions

inf >0 inf A >0
aeAl,I;eX* glafz) ’aeAl,gcleX* (alz)

imply that the alphabet is finite. Although this condition can be weakened, it is the simplest way
to guarantee that |10g%| < 00, so that the upper bound on the right hand side of (4.2) remains
meaningful.

In Theorem 4.2 we measure the closeness of h and g by E, {log g} It was proved in [10], but

without obtaining an explicit upper bound, that if the variation of kernel g satisfies ), .. H?:T(l —

(|A|/2) var;(g)) = oo, for some r > 1, then a small ||g — h|l« implies a small d(u,v). As a
consequence of Theorem 4.2 we have

h h h — h —
E, [log] —/1ogdy—/log(l+g>dyg/gdl/
g g g g

/Z h(a|z) Wdu(x)

a€A
-/ ZA Hek) gl o,
< mfg/z (alz) — g(alz))? dv(x)
< g s 35 ) ot

acA

where inf g := inf,c 4 ye x- g(alz). Therefore, Theorem 4.2 yields

h( 4.3
C’721nfg$selg)—z| alz) — g(alz)|. (4.3)

Theorem 4.2 can also be used to upper bound the d-distance between a measure ; with kernel
g and a k-step Markov approximation of p, ,u[k] k > 1. We introduce the kernels

gM(alz=y) = glalaZhy=it), k> 1

for some fixed y € X~. [6, 18] showed that if the kernel g satisfies I'(g) > 0, then there exists
a sequence pl*l k > 1 such that d(u, u*) < Cvari(g) where C is some positive constant. Later
[27] extended this result, obtaining, via “coupling from the past” arguments, upper bounds in the
case where > - [1y_;(1 — varg(g)) = oo, but their results are not explicit, depending on the tail
distribution of the time for success in the coupling. Such bounds have proved to be a valuable
tool to obtain further properties of the measure p [11, for instance]. Here, if either I'(g) > 0 or
A(g) > 0, using (4.3) we obtain the following result (where we use varg(g) since A is finite).

Corollary 4.1. For all k > 1 we have

d(p, p) <

d(p,v) <

A
Q\fC\/mf

where C equals A(g) or T'(g) depending on which condition g satisfies.

ary(g)
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Proof. Apply (4.3) with v = plkl. O

Remark 4.2. A similar bound was obtained by [18] under the assumption that I'(g) > 0, while
Corollary 4.1 also holds if A(g) > 0. We refer the reader to Subsection 3.5 where an example
satisfying A(g) > 0, but such that T'(g) = 0, is provided, showing that our result is strictly more
general than the one in [18].

Example 4.1 (Bramson-Kalikow-Friedli model). Let A = {—1,41}, € € (0,1/2), (Aj);>1 be a
sequence of positive real numbers such that Z;}il Aj =1, and (m;);>1 be an increasing sequence
of positive odd integers. Let also ¢ : [—1,1] — [g,1 — €] be a monotonically increasing function
satisfying o(—s) + ¢(s) =1 for s € [-1,1]. The Bramson-Kalikow-Friedli model is given by

g(+1|z) = ijcp(nijzjx_J ,TEXT.
=1

There always exists at least one compatible measure p since the alphabet is finite and Var;(g)
vanishes in j. If p(s) = € + (1 — 2e)1z_,(s), we get the original model introduced by Bramson
and Kalikow [4]. They showed that the sequences (A\;);>1 and (m;);j>1 can be chosen so that the
corresponding kernel exhibits multiple compatible shift-invariant measures [4].

For all k > 1, the my-step Markov approzimation u™*! is defined by the kernel

g (+1z) = Z)\]gp (771 im_¢> +(1 —s)z/\j.
7 =1

>k

The sequence of measures ul™* k > 1 was used by [23] for their proof of phase transition of the
Bramson-Kalikow model.

Suppose for now that there exists a shift-invariant measure p compatible with g. We can easily
derive a lower bound for d(p, u™*!). Indeed, from the definition of d-distance, we have that

d(p, pb™ ) > ™ (1]) = p([]).
By symmetry and uniqueness of u, we have that u([1]) = 1/2. A direct calculation then shows that

pm (1) > ey N +1/2,
>k

d(p, p™) 237N
i>k

IfT'(g) > 0 or A(g) > 0, Corollary 4.1 allows us to show that this bound is actually of the right
order in k since we have that for all k > 1,

d(p, ™) < 2\FF ZA

hence

Thus, it only remains to give examples of kernels for which T'(g) > 0 or A(g) > 0. First, observe

that, for any function @, we have
S Varyto) < Y YA

j>1 J>1 i>j
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So if Z;’il m; Y s Ai < 00, we have I'(g) > 0 and Varg(g) = 1 — 2e > 0, independently of the
function ¢. Observe that, if Z(;il m; Zizj A; = 00, we can still have examples in which A(g) > 0

and use Corollary 4.1. For example, take o(s) := % + (% — e) s, which was studied in [22]. In this
case, a simple calculation shows that

ZOscj(g) <(1- ZE)ZAj <1

j=>1 i>1

and therefore A(g) > 0, independently of the choice of the sequences (\;);>1 and (m;);>1.

4.3 Concentration of functions that depend on infinitely many coordi-
nates

A natural application of Theorem 3.7 is the following. For n > 1, let S, ¢ := ¢p+¢poT+---+poT™ !
where ¢ € UC(AY) N BC(AY) and satisfies ||d(¢)[l1 < +oc. Then we have, for all n > 1 and u > 0,

w50~ foanf>w) <200 (g 4

where C equals A(g) or I'(g) depending on which condition g satisfies. The proof is as follows.
Taking f = S, ¢, we can check that

13(Sn)ell5 < nllg(@)IF, n > 1. (4.5)

Then we apply (2.5) to get (4.4). To prove (4.5), observe that §;(S,)¢ < > HJ( ¢), and apply
Young’s inequality for (discrete) convolutions: if v € ¢P(N) and w € (1(N), for some 1 <p<gq<
+00, then v+ w € ¢"(N) where r > 1 satisfies 1 + r~! =p~! + ¢~ and |Jv* w|, < ||Jv]p|lw], We
use it with r =2,p=2,¢q =1, vy = Lo ,,—17(k) and wy, = o5 (h). S

5 Proofs of the results

5.1 Gaussian concentration bound using coupling

All the GCBs obtained in this work are consequences of an abstract GCB proved in [7] for finite
alphabet processes. The point is then to have a good control on a certain “coupling matrix”, which
is what we do hereafter for stochastic chains with unbounded memory. We will state it in a form
more adapted for our purpose.

Initially we write f(of) — E[f(c{)] as a sum of martingale differences. Defining Vj (o) :=

Eu[f“rk](o-) - E;t[,ﬂ]:k—l](o'), we have

n n

f(og) — Z ulfIFR)(0) = Bulf|Fr-1l(o)) = ZVk(0)~

k=0 k=0

Observe that E,[f| 7] = Sy f(obwp s )(wityy]lof). where u(Blof) = u(B N [o§])/p((ob]) for
all measurable sets B. Now, we will obtain an upper bound on Vi (c) based on coupling.

INote that we don’t have a convolution defined as usual, but one can readily check that the proof of Young’s
inequality works if we use Y~ u;vj4; instead of Y, <o usvj_;.
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Lemma 5.1. For o0 € Al0=l a b e A, n>1, and j > 0, let u;’a’b be any coupling

u(-lod ™t a) and p(|ol " b). For all k € [0,n] we have
n—k—1
Vi(o) < o (f) + Sup, D v kg # wirg) Skt (f):
a,bec j=1
Proof. Following [7] we have for o € A"*! We have

= Zf(UISWZH) p([wia |00 Zf 0 wi) [w;j”ag_l)

= Z f(UISWIZH)M [WI?HHUO')
=3 sttt ™) it
< SIGIB Z flo awk_H) ([WZ+1]|Glf_1a)

—mfo 6 bwiy) p(lwiialoy™'0) p(fwillos ™)

SSZB > f(U]oC*lawkH)N([WZHHU(IJSAG)
a n
Wit

— inf Z f(Ug_lbWI?-s-l)M([WIZL+1}|U§_1b)~

beA
Wit

Let ny := a and wy, := b. We have

[f(or ™ anpir) = Floybwiyy)l

n—k
k—1 k

< |f(UiC 1‘% +J77k+g) f("iC ! +j77lc+g+1)|
7=0
n—=k

< Okt () Loy aons s }-
§=0

Hence, from (5.2) and (5.3), we have
n — n o,a,b n n
) < sup Z (o6 anity) = flog bwite )l ve ™ (s wit])

a, bEA

,a,b n n
< sup E E Ot () Wiy 2wy Vo ([hgr, wiga])
a,beA n i=0
M1 %Wkt J=

n—k
< (5k(f) + sup Z Voa b(??k+g # Wk+])6k+J(f)

a,be A =1

This ends the proof of the lemma.
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At the end of the proof we used the notation [a?,,b7,] := {(w,n) € AZx A : w" =a

m7m

as a natural extension for denoting cylinder sets in A% x A%.

=b}

m777m

Theorem 5.1. For o € Al0®l o bec A, n>1, and k > 1, let I/Z’a’b be any coupling between
(- |U§_1a) and p( - |O'§_1b). Also, define

r= Zsip sp sup Vg (s # i)
j=1 7

Forall0 €eR, n>1and f: A" — R such that 0;(f) < +oo for j =0,...,n, we have

B [60-3) < exp (ELE0 ).

As a consequence, we get, for all u > 0,

2u?
(| f _Eu[f“ > u) < 2exp (_(1-|-7’)2||5(f)||%> .

Proof. Define

o) = sup 3 f(of awfsn) p(fofallod ™ a) ~ Bulf1Fk](0)

and

(0) = inf > flog~"bwppy) p(lwiiallog ') — Eulf|Fi-a)(0).

beA
Wit

For k,j > 0, let us also define

o,a,b
Dy otj == sup sup v (Ni4j # Wt j)-
o abeA

From Lemma 5.1, we have

n—=k n—=k
U — L < 8,(f) + ) sup Sup, Ve (kg # i) O3 (F) = D Diors kg (f) -
=1 o abeA =0

Now observe that Ly < Vj, < L+ (Ug — L), and thus, using Lemma 2.3 of [13] and then proceeding
as in the proof of Theorem 1 of [7] we get for all 6 > 0

2 D 2 2
E, [eeu—mﬂ)} < oxp (9””285(f)||2>

and, for all u > 0,

1 (1f = Bulf]] > u) < 2exp (_HDH25(f)H>

Using the inequality || D||3 < || D]|1||D]ls < (14 7)?, we conclude the proof of the theorem. O
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5.2 One-step maximal coupling

Here we introduce what is called the one-step maximal coupling. We will assume without loss
of generality that A = {1,...,]A|}, when A is finite, and A = N when A is infinite. We will
define a probability kernel on p: A x A x X~ x X~ — [0,1] as follows. For (s,s’) € A x A and
(z,2') € X~ x X, we put

DY pleda,a’) =Y glelr) A Y gld]a).
c>s d>s' c>s d>s’
Let us denote by P the measure specified by the kernel p. The following equalities
Z Zp(c,d|x,x’) = Zg(c|x) and Z Z ple,djz,x') = Z g(d|z")
c>sd>1 c>s c>1ld>s’ d>s’
imply that P is a coupling of two copies of the process specified by g. It is called one-step maximal
coupling because it maximizes the probability of agreement (diagonal of the coupling) at each step,
given any pair of pasts,
p(s, sz, 2') = g(s|z) A g(s]z’).
In particular, notice that

> pleda,a’) =1-" g(s|z) Ag(s Zlg slz) — g(sl2’)].

c#d seEA SEA

5.3 Bounding the coupling error by oscillation

We have the following important lemma.

Lemma 5.2. Take any x € X~. For all a,b € A, let P*%" be the one-step mazimal coupling
between P*® and P™. Then, for all j > 1, we have

[PEsa:b (77j £ wj) < OSC] )+ Z OSC] k(g) P b (e # wr) -

Proof. We want to compute P*%?(n; # w;), which equals
S B ) B £l )

i—1 _i—1
Y1 21

Under the maximal coupling we have
Pt (s # willyy A7) < 5 Z |g(s|lzayi™") — g(slzbzi)].
seA

Let yo := a and zp := b. We get for each s € A

%

Jo(skwayi ™) — g(slob=i~)| = [ 3 g (sload ™) ~ o(sleaiuiz)|
=0
i—1

<> la(sleg ™'y ") — g(slezyiin) |
=0
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Putting yo := a and zy := b, we have the bound

i—1
1 i i
3 Z |g(8|xay1 1) - g(s\xbzl 1)| < Z]l{yﬁfzj} Osci—;(9)-
seEA j=0
Hence
i—1
Pot(n #wi) < D PR 271) D Ly, s Oscini()
yi—l)zi‘—l 7=0
i—1
_ Px7a7b([ i—1 i*l])ﬂ O . ( )
Y1 %4 {yj#2;} V8Ci—j\9
=0 y;i—17zi‘—1
i—1
= D P(lys z) Oseinj(9)
J=0y;#z;
i—1
< Osci(g) + Y P™""(n; # wy) Osci;(g)
j=1
which concludes the proof. O

The following result is a straightforward consequence of Lemma 5.2.

Proposition 5.1. For alla,b € A andx € X, let P*% be the one-step mazimal coupling between
P and P™. If A(g) > 0, then, for all n > 1, we have

- 1-A(g)
sup PP (n. £ w;) < ———22.
; a,beA (77] 7 j) A(g)
TEX™

Proof. From Lemma 5.2, we have

j—1
sup P*P (n; # w;) < Oscj(g) + Z Osc;_x(g) sup P™*° (ny # wy). (5.4)
i SR

Define vectors o and 3 such that for i > 1, a; = supapea P¥*° (1; # w;) and B; = Osc;(g). We

TeX
also define a matrix L such that for ¢ > j, L;; = Osc,—;(g) and L;; = 0 otherwise. Hence, from
(5.4) we have

a< La+ .
Therefore,
fally < W2l _ 2y Oto)
L= Ll 1*23':1 Osc;(g)
as we wanted to prove. O
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5.4 Proofs of Theorems 3.1 and 3.2

Proof of Theorem 3.1. In the statement of Theorem 5.1, for ¢ € Al9®l ¢ b e A, n > 1, and
k>1, let VZ’a’b be the one-step maximal coupling between pros e — P’”(~|a’0€_1a) and P*70 b —
P“’(~|J§_1b). In this case, for all x € X, Proposition 5.1 implies that 1+ r < A(g)~!, proving
Theorem 3.1. O

In order to prove Theorem 3.2, we need the following lemma. Recall that T denotes the shift
operator defined by (T'z); = x;+1 and define the shifted probability measures PP =P%o T77,57>1
in which P* is the measure compatible with g started from the fixed past x € X~. We need
the following definitions and facts on weak convergence of probability measures. A sequence of
probability measures (i, ), on AZ weakly converges to u if for every bounded continuous function
h: A% — R we have [ hdu, — [ hdu. By Remark 3 of Section 4.1 in [30], this is equivalent to the
convergence (i, (C) — p(C) for every cylinder C. (This is well known when A is finite.)

Lemma 5.3. Under the assumptions of Theorem 3.2, (P]-Tfj“")jzl converges weakly to p for p-a.e
x.

Proof. We need to find a set S C X'~ satisfying the following conditions: u(S) = 1, and for any
x € S, PJ-Tﬂ”:(C) converges to u(C) for all cylinders C. Fix a cylinder set C. According to
Definitions 2.2 and 2.3, we have, for sufficiently large j’s, PjTﬂz(C) = w(C|F~1 ) () for p-almost
every past 2. On the other hand, the Reverse Martingale Theorem ensures that u(C|F "7 )(z) —
(C|F-oo)(2) for p-almost every past z, where F_oo = (\;5, F~J_ is the left tail sigma-algebra.
By [20, Theorem 4.6], if ¢ is continuous and satisfies A(g) > 0, then the measure p is the unique
measure compatible with g. We are in force of both assumptions since on a countable alphabet,
condition A(g) > 0 automatically implies continuity. Thus p is the unique measure compatible
with g. Now, invoking [20, Theorem 3.2 items (a) and (b)], we get that p is trivial on F_. It
follows that p(C|F_s)(z) = p(C) for p-almost every past 2. We have therefore proved that there
exists a set S(C) C X~ such that u(S(C)) =1 and PjTﬂg”(C) converges to u(C) for any x € S(C).
We conclude observing that, since the alphabet is countable, there are countably many cylinders
and we can take S = (), S(C). O

We are now ready for the proof of Theorem 3.2.

Proof of Theorem 3.2. Let f € L. Recall that f is bounded and continuous. Lemma 5.3 above
guarantees that PjTﬂx converges weakly to u, for py-a.e. x. So let us fix such a point x and take

0 € Ry. For o € Al0H] et fi(0) := f(a§+"+1). Now, for any € > 0, there is a jp such that for
all j > jo we have

E, [exp (9(f - Eu[f]))] < (EPjT_jx [exp (9(f - EPJ_T_”[f}))] + e) exp(fe)
< (Bprse [exp (808~ Epr-sal£)] + ) exp(6e)

< (e (PR 130)1E) + ) exoe)

where the last inequality follows from Theorem 3.1 because f; € £ and ||6(f)]|2 = ||d(f;)]|2. Taking
€ — 0, we conclude the proof for § € R;. The proof for § € R_ is very similar. O
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5.5 Bounding the coupling error by variation

Fix y,z € A[7°001 Let P¥* be the one-step maximal coupling between measures P¥ and P? with
kernel g. We want to obtain an upper bound P¥># (n; # w;). To achieve this, we will use an auxiliary
process. Given x € X, let £(z) = inf{k > 1:2_; = 1} and ¢(...00) = co. Consider the kernel h
associated with g as h9 : {0,1} x {0,1}[=°=1 — (0,1) where h9(1|z) = gy, and ¢; = Var;(g).
For any = € {0,1}* consider the measure Pl constructed as in Definition 2.2 using h in place
of g. It is the undelayed renewal measure, and will be our auxiliary process. Recall the definition
of the projection functions 77, i < j given in Section 2, and put m; := 7! as the projection on the
single coordinate i.

Lemma 5.4. We have that, for all y,z € Al=°°01 and all j >0,

PY* (n; # w;) < Pil(m; = 1).

Proof. For any n,w in AZ, let 0;(n,w) := 1y, +#w,y for j € Z. By definition, for all j > 0, we have

sup  P¥~ (O'j =107 ' =0,00 = 1) < Var;11(9) = ¢j+1-
y,2€Al=20,0]

By stochastic domination, we conclude that
P¥* (0 = 1) < Pil(m; = 1)
as we wanted to prove. O

Lemma 5.5. Let y1(g) = Varo(g) and for k > 2, vi(g) := Vari_1(g) Hf:_(?(l — Var;(g)). If P!
be the measure specified by renewal kernel h9 starting with xo = 1 then, for all j > 1, we have the
renewal equation

Jj—1
Pt (my=1) =(9) + > vi-s(g) PF* (me = 1)
k=1

Proof. We want to compute (for any i > 2 we denote by 0° the string 00...0 of i consecutive 0)
Pil(my=1) =P (my =17 ' =0 4> PN (my =170, =0 = 1),

For k > 1, we have that

Pt (my =17 =0 =1) =P (nj = 1w =0 e =1)
X H Pt (mi =07y =0 m =1)
i=j—k+1
k—2
= Vary,_1(g) [ [ (1 = Vari(9)) P (mj— = 1)
=0

= (9) Pt (mjx = 1)
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where we used the convention H;:lo = 1. Similarly,

Pt (my=1,m =007 = (9)-

Therefore, we have
P;fl( <’yj —I—Z’yk 7Tj_k:1).

Using the symmetry between the indices k and j — k in the summation, we conclude the proof. O

The next result is a direct consequence of Lemmas 5.4 and 5.5.

Proposition 5.2. For all y,z € Al=001 et PV# be the one-step mazimal coupling between PY
and P*. IfT(g) := [[;2,(1 — Var;(g)) > 0, then, for alln > 1, we have

z 1-T g
wp ety oz 1O
iD1 yzeAl-oo0l (9)

n

Proof. From Lemma 5.5, we have

Pt (my =1) =5(9) + ) v-r(9) Py (m = 1) (5.5)
k=1

Define vector « such that for j > 1, a; = P! (7; = 1). We also define a matrix L such that for
i>j, Lij = vi—j(9) and L;; = 0 otherwise. Therefore, from (5.5) we have

a< La+ 8.
Therefore,
00 j—2
] [l _ ijl Varj—l(g) H?@:O (1 _Vark(g)) (5.6)
1= = — . .
L=lLle 1= 3552, Varj1(g) [TiZ (1 — Vari(g))
Because
ji—2 j—2 Jj—1
Var;_1(g) H (1 — Vark(g)) = H (1 — Varg(g)) — H (1 — Var(g))
k=0 k=0 k=0
we have
Jj—2 s} o)
ZVarj 1( H (1 — Vary(g)) = Varg(g) — H (1 - Varg(g)) <1-— H (1 — Varg(g)).
k=0 k=0 k=1
Therefore, from (5.6), we get
laf: < - Hl?;o ( Vark(g)) .
— I (1= Vark(g))
From Lemma 5.4, we have that
sup  PY*(n; # w;
j=1y,z€Al===.0] ! J Z
which concludes the proof. O
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5.6 Proofs of Theorems 3.3 and 3.4

Proof of Theorem 3.3. We proceed exactly as in the proof of Theorem 3.1, substituting A(g) by
'(g). O

Proof of Theorem 3.4. Let p be a measure compatible with g. Let also o € A%l g be 4, n>1,
and k > 1. Let first define a coupling VZ’a’b between pu(- | b~ a) and p(- | of~'b). Forallz,y € X,
let PYY7*" be the one-step maximal coupling between P7(- | of~1a) and PY(- | ok~ 'b). We define

o,a,b ,Y,0,a,b — —
vy () = /X* / ) Pyt (~)p(dx|a§ 1a)u(dy|a§ 1a).
From the definition of the above coupling, we have

o,a,b z,y,0,a,b
sup sup sup vy (1l4j # Wk+;) < sup sup sup sup Py (Mhetj 7 Wh+j)
k o a,b k o ab zy

< sup  PYF(n; £ wj)
y,z2€ Al—00.,0]

where PY* is the one-step maximal coupling between PY and P?. Using Proposition 5.2 and
Theorem 5.1, we conclude that 1 +r < T'(g)~! and GCB holds, as we wanted to show. O

5.7 Proof of Theorem 3.5

We first need to define two properties: the positive divergence property, and the blowing-up prop-
erty.

Definition 5.1. We say that an ergodic measure . on A% satisfies the positive divergence property
if for any ergodic measure v on A” different from p we have
1 v,
liminf ——E,, {log n} >0
no n+l Hn

where pw, = plF, and v, =v|x,.
We now state two propositions that we will use to prove the next theorem.

Proposition 5.3. Let g be a kernel such thatinf,c 4 ,ex- g(alx) > 0 and lim; Var;(g) = 0. Suppose
that there are two distinct ergodic measures p and p compatible with g. Then the positive divergence
property does not hold.

Proof. Let pu be an ergodic measure compatible with a kernel g, and v another ergodic measure
compatible with a kernel h. Assume that lim; Var;(g) = lim; Var;(h) = 0 and inf,c 4 zcx- g(alz) >
0, infye 4 zex- h(alz) > 0. We have

vl 1 [ uleg])
MJ “nt1) )

—E, |1
n+1 ’Vl{og

L Zlog :E[%Hié_ ) + log :([io]) v(dz"
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where the last equality uses shift-invariance of the measures. By uniform continuity of g and h we
have

IOg V([:COH‘T:Jl) j—oo IOg h(l‘)
p([zoll2=5) 9(z)
uniformly in z, and therefore
J— v([zo] 30:1-) n—oo h(z)
log — log 5.7
n+1 32:31 ﬂ([moﬂﬁ_;) g(x) (5.7)

uniformly in 2 by Cesaro lemma. By the dominated convergence theorem we conclude that

1 . h
lim E,, {log ”] —-E, [log ] .
n n+1 ) Hn g

Therefore, if g = h and if there are multiple ergodic measures compatible with g, then the measure
cannot have the positive divergence property. Indeed, if v is an ergodic measure compatible with
g but different from g, then the r.h.s. of (5.7) is equal to 0, which violates the positive divergence
property. O

For all n > 0, define the normalised Hamming distance between w and o on A"*! by

1 n
dy (0, w) = 1 Z 1 s} - (5.8)
=0

For F C A" and € > 0, (F). denotes the e-blowup of F, that is
(Fye ={o € A" . d,(0,w) < e for some wy € F}.

Definition 5.2. An ergodic measure p has the blowing-up property if given € > 0 there is a o > 0
and ng such that if n > ng then u((F)¢) > 1—¢, for any subset F C A" for which u(F) > e~ (+1e,

We make a slight abuse of notation by writing p(F') instead of u, (F'), or, stated differently, we
use the same notation for a subset of A”*! and the union of cylinders it generates.

Proposition 5.4. Suppose that p is a probability measure which satisfies GCB with a constant C.
For any n >0 and any F C A" such that u(F) > 0, we have

W(F)) > 1—exp |~ <e—2 W) (5.9)

4C n+1

Clog(u(F)~1)

whenever € > 2 P

. In particular, p has the blowing-up property.

Proof. Let n> 0 and f(wg) = inforcr > i L{o,w,}- It is obvious that 6;(f) =1 for i =0,...,n.
Since p satisfies GCB with a constant C' by assumption, we get from (2.5)

u(f > E,lf] + ) < exp (‘40<Z+1>) Cuso
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We now derive an upper bound for E,[f]. We use (2.4) with —60f, where § > 0 will be fixed later
on, to get
exp(0E,[f]) E.[exp(—0f)] < exp (CO*(n +1)).

But, by the very definition of f, we have

E,[exp(—0f)] = E,[exp(—0f)1p] = pu(F).

Hence, combining the two previous inequalities, taking the logarithm, and dividing out by 6, we
obtain

Eulf] < jnf {C(n +1)0 + %log (u(F)‘l)}

which gives

E,[f] < 2/C0n + 1) log(u(F) 7).
To finish the proof of (5.9), observe that u(f > €) = u((F)<).

Now, if we fix € > 0 and take F such that u(F) > exp(—(n + 1)p), for some ¢ > 0 to be chosen
later on, subject to the condition € > 21/C’, we get from (5.9) that, for all n > 0,

n+1 2
>1- —— T (e—2vy .
u((Fle) 21 exp( e, (6 2 CQ) )
We now take ¢ = €2/(4C') which gives

p((Fe) 21 —e
for all n > ng := |4 2log(e~1)]. We thus proved that GCB implies the blowing-up property. [
We are ready to prove the following result, which is of independent interest.

Proof of Theorem 3.5. If inf,c 4 yex- g(alxz) > 0, then the alphabet has to be finite (see Remark
4.1). It is proved in [44] that, for finite alphabet ergodic stationary processes, the blowing-up
property implies the positive divergence property. But by Proposition 5.3, we cannot have the
latter property since we assume that there are at least two ergodic measures compatible with the
kernel. Hence the blowing-up properties does not hold. But then, by Proposition 5.4, we cannot
have GCB. O

5.8 Proof of Theorem 3.6

Recall the definitions of g, the kernel of the renewal measure fi, and the distribution f,,,n > 1 of the
distance between consecutive 1’s. In order to prove Theorem 3.6 we will use a well-known relation
between the renewal process and an N-valued Markov chain. Indeed, let F : N¥ — {0, 1} be the
deterministic coordinate-wise function defined by (F (U))i = Tpgj(0:),i € N. We refer the reader
to [47], where in particular it is explained that i = v o F~! where v is the Markov measure with
transition matrix @ given by

Q(m,O)zl—Q(m,m—i—l):Z:mef_, m > 0.
i>m+1J?
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Proof of Theorem 3.6. We start by proving sufficiency. Suppose first that > f,r"™ < oo for some
r > 1. Then the time 7° separating two consecutive 0’s for the Markov measure v has distribution
fn,m > 1, by construction. Therefore, E, o [’/‘TO] < oo for the same r, where E, o denotes the
expectation with respect to the measure of the Markov chain initiated at state 0. Following [47],
this characterizes v as a geometrically ergodic Markov measure (in fact, it is equivalent, see [47,
Section 15.1.4]). Using the result of [12], we conclude that v satisfies GCB, and, as a coordinate-wise
image of v, the renewal process i also has GCB. This last step is a consequence of [39, Theorem
7.1].

We now prove necessity. Suppose that fi satisfies GCB. Then, for some sufficiently small ¢ > 0,

a(0") = ({w ; ni : Zw = 0})

On the other hand, by shift-invariance we have

Ao = Y Ao =aa) > Y = aq) Y, f

i>n+1 i>n+1 5> i>n+1

This means that fi([1]) >, fi < e”“" which implies that > f,r" < oo for some r > 1. O

5.9 Proof of Theorem 3.7

Take an arbitrary € AN and for n > 0 define f,(w) = f(winS,). By construction we have
Ilf = falloo < var,(f) — 0. Now, for each ¢, §;(f — fr) goes to 0 when n — oo since for all n > i it
is easy to check that

0i(f = fn) < 2vary(f).

We have the inequality
(0 (f = fu))? < 46i(f)*, Vi, n.

Therefore, since ||d(f)|l2 < co by assumption, we can use the dominated convergence theorem (for
the counting measure on the set of nonnegative integers) to get

16(f = fa)ll2 = 0.
Finally, using GCB for f,,, and the obvious fact that §;(f + g) < §;(f) + d:(g), we get
E, [ef*JEu m} <E, [ewau [fnl] 2= fulloo
< eClAFINE G211 =Falloo

< eClENNZ 2CNISNN2018(F —Fr)ll2 (OIS~ Fr)ll3 o201 = Frllo

where the third inequality follows by writting f, = f, — f + f and expanding (§;(f, — f + f))2.
The result follows by letting n tend to infinity.
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5.10 Proof of Theorem 4.1
Define f = ||pn.k — plloo- Recall that p,, k(o) = pnr(0o,-). For all n > 1, we have ||§(f)||2 = 1, hence,
from Theorem 3.1, we have

1([1nke = plloc — Eulllpnge — plloc] > ) < exp (—2(n —k +2)T(g)*u?). (5.10)

Therefore, to prove Theorem 4.1, we only need to find a good upper bound for E,[||pn.x — pllcc)-
Here, we follow the argument used in [38]. By Jensen’s inequality, and since E,[p, x(0)] = p(o),

we have

Eulll s = plloe))” < Bulllng = pl2] SEu| D (bur(o) = pl0))?
sEAILH]

< Y (Bulpur(0)’] = p0)?). (5.11)

o€ AlL K]

Recall that, for all S C Z and o € A, we define the projection function associated to all indices
i,j €8, j <i, by wi(0) = o). Forall o € AIVFL e have

By [pni(0)?]

1 i n—k+1 2
_ itk—1
_(n—k+2)2E#_<§ g om )

1 (n—k+t1 n—k+41j—1 .

itk—1 itk—1 i+k—1
. = J: =
n—k+17—1

— p(O') + 2 Z Z,Uz(ﬂ'frkil =0, ﬂ_;}kfl _ J)
=0

n—k+2 (n—k+2)?

(o) 2 ! 4 .
ey S S Y sl = alai ot o)
=0

n—k+2 (n—k+2)?

n—k+1j—1

< i X )+ (! = el =) = i),

j=1 =0
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Now let j* = max{j,i + k}. For all a € A, we have

|PJ( Jj+k—1 _ O’|7T7+k 1 O') *p(0)|

k—1 i+k—1 i — i+k—1 i+k—1 1 — ~
< sup (@ =2l o) a T = 0) — p(nl TP = P N o) | = 6
GeAlLK]
1 j—1—1 - j—i—1 j—i—1
= sup |M< j—i- Al = ﬂ;*_zi_k(a)h_i = a) — M(W;*_Zi_k = ﬂ;*_zi_ |7T_k = O’)|
GeAlLK]
—1 1 j—i—1 1
< sup |P$( k= ”J*—Zz r(o ))*Py(”;*—li—k ”J*—Zz k(g))|
T, yeEX ™
1 1
< sup Px,y(ng*zz ”ij . %)
T,yEX ™
j—i—1

< sup > PUY(ne # wi)

T, yeX — l=j*—i—k

where P™¥ is the one-step maximal coupling between P* and PY. Observe that j* —i — k =
max{j — i — k,0}. Coming back to the estimation of E, [, r(c)?], we have

E,u [ﬁn,k(g)z]

n—k+1 j—
p(o)
j=1 i=  t=max{j—i—k,0}
—k

Sh—kt2 n—k+2 >, 2 0l (p(a)+ sup > P“”"”(W#W))
p(o) k

0
+p(0)? + Qpé?nk ¥ 2)+2 : ,7 > sup  P™Y (1 # we))

n-k+2 i=0 ¢=max{n—2k—i+1,0} TYEX"
n—k
p(o) 2 2p(0) k
———— +p(o) + —F— sup P%Y(n; # w;
< Thia trl) nok+2 2, b (ni 7 wi)
p(o) 2, 2p(0)k
-~ 7 L S P$7y i i
Snoha TP TR 2 s P A )
2p(0) k
SP(U)2+ p( )

(n—k+2)(g)

where we used Proposition 5.2 in the last inequality. Finally, we obtain from (5.11) that

2k
(n—k+2)'(g)

which is the desired bound. Combining this bound with (5.10) and rescaling v in an obvious way,
we finally obtain (4.1).

Eulllfnk = plloo] <

5.11 Proof of Theorems 4.2

Recall the definition (5.8) of the Hamming distance between w, o € A®"]. The d-distance between
two probability measures ji,,, v, on A0 is

A(pn,v) =inf Y~ dn(0,6)Pp(0,5)

o,0€AnTtL
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where the infimum is taken over all couplings P,, of u, and v,,.
Consider functions f : A"*' — R such that, for j € [0,n], 6;(f) < 1/(n+ 1). Such functions
are 1-Lipschitz with respect to the Hamming distance because for all o,n € A"*!

n 1 n B
Jj=0 J

0

Let g be a kernel and p a compatible measure satisfying the conditions of the theorem. Then,
Theorems 3.2 and 3.4 state that, for such functions, for all § € R and n > 0,

-2 1 —1p2
E, [0 -2 < exp (C(”;)@) .

The main observation is that this is equivalent, according to [2, Theorem 3.1], to having

_ 1 1 vV,
< i|=——E,, |log 22
dn(V’rm,un) = C\/2(7’L+ 1) - |:Og /an,:|

where p, = p|rz, and v, is any probability measure on A"*!. Consider now the measure v
compatible with h as given in the statement of the theorem and let v, be v|z,. We have by
stationarity [51] that

d(p,v) = limd,, (fin, vn).
So the proof of the proposition is concluded since we have that (recall the proof of Theorem 3.5

above) .
E,, [1og V"] =E, {log ] .
Hn g

lim
n n+1
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