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PROPAGATION OF WAVE PACKETS FOR SYSTEMS PRESENTING
CODIMENSION 1 CROSSINGS

CLOTILDE FERMANIAN-KAMMERER, CAROLINE LASSER, AND DIDIER ROBERT

ABSTRACT. We analyze the propagation of coherent states through general systems of
pseudodifferential form associated with Hamiltonian presenting codimension one eigen-
value crossings. In particular, we calculate precisely the non adiabatic effects of the
crossing in terms of a transition operator.

1. INTRODUCTION

We consider the system of N equations of pseudodifferential form
(1) iedp)® = H(t)y°, wﬁf:to = 1/}8

where 1§ is a bounded family in L?(R%, CV), H (t) the semi-classical Weyl quantization
of a Hamiltonian H(t,z,&) which is a N x N matrix satisfying a growth condition of
subquadratic type that we explain below. We recall that if a € C>®(R?? CNN) with
adequate control on the growth of derivatives, the operator @ is defined by

op? () f(z) == af (x) = (2me) /

" (x +y ) egg-(a:fy)f(y)dy ¢, vf € SR, CM).
Rd

2 )
We consider initial data that are wave packets, i.e. 9§ = %Wpiogo where zo = (qo,po) €
R2? V€ C§°(R*,CY) and ¢ € S(RY, R), we set
—d/4 tp(r— -
(2) WPp(x) = e~ ¥ ecp @ q)sé?(mqu) :
Our aim is to describe the structure of the solutions associated with and for systems
presenting codimension 1 crossings.

This question has already been addressed on special cases corresponding to physical
settings: Schrodinger type Hamiltonians in [?]:

2
(3) Hy(2,6) = 1o V@), Ve cm@t oY),

and models arising in solid state physics [?]:

(4) Ha(z,€) = A() + W(x)lce

Key words and phrases. Gaussian states, coherent states, wave packets, systems of Schrodinger equations,
eigenvalue crossing, codimension 1 crossing.
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where A is a matrix arising in a Bloch bands decomposition and V a scalar function.
We develop here a method which applies for general Hamiltonians H with subquadratic
growth situations and for codimension 1 crossings of eigenvalues which have multiplicity
larger than 1. In particular, we give a computation of the transfer operator which describe
the interactions due to the crossing, that is direct and transparent (see Corollary ?7).

Our motivation is related with the development of numerical methods using Gaussians,
such as the Herman-Kluk and other Gaussian-based methods propagators as developed in
the chemical literature [?, 7, 7, 7, ?]. These approximations rely on a good understanding
of the propagation of Gaussian states, and have been studied mathematically for scalar
systems [?, ?] with applications in numerics [?, ?], that makes this field very active (see
for examle [?] and references therein). Therefore theoretical results in this direction should
lead in improvement in the understanding of algorithmic realizations of the propagator
of systems. For example, we explain here that how to derive a Herman-Kluk realization
of the propagator for datas that are polarized along a mode of constant multiplicity (see
Corollary ?? below).

It turns aout that the propagator Uy, (t,to) associated with H is well defined according
to [?] provided that the map (¢,z) — H(t,z) is in C(R x R??, CN*N) valued in the set
of self-adjoint matrices and that it has subquadratic growth, i.e.

(5) Va e N¥ |a| >2, 3C, >0, sup [ 0%H(t, 2)||cvy < Ch.

(t,2)ERxR2d
These assumptions guarantee the existence of solutions to equation (??) in L2(R?,CV)
and, more generally, in the functional spaces

YRRE,CN) = {f € LARE,CN), Va,8 €N, |a| +|8] <k, ()’ f € LARE,CN)}

endowed with the norm

Ifllse = sup  [la*(e82)" f| 2.
lal+]B|<k

However, the analysis below could apply in more general settings as long as the classical
quantities are well-defined in finite time with some technical improvements that are not
discussed here.

Remark 1.1. Indeed, as symbols a € C>°(R??) with bounded derivatives define bounded
operators @ (uniformly in €) in ¥¥, the propagators of symmetric bounded (or subquadratic)
symbols (may be time dependent) are also e-uniformly-bounded in any X¥. This can be
easily proved using the symbolic semi-classical calculus and observing that ¥¥(R?) is a

natural domain of the semi-classical harmonic oscillator and its powers (—EQA + |x\2)k/ 2

([7])-

Assuming that H(t,z,£) has a smooth eigenvalue hq(t,x,§), the eigenspace of which
admits a smooth eigenprojector 11y (¢, x, ), the two following cases may happen:
(1) Gap situation: The eigenvalue hq(t, z) is separated from the remainder of the spec-
trum of H(t) by a gap larger than some fixed positive real number dy.
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(2) Smooth crossing: The eigenvalue hj(t,z) cross another smooth eigenvalue ha(t, 2)
which also has a smooth eigenprojector. We shall then assume that the set of
these two eigenvalues is separated from the remainder of the spectrum of the ma-
trix H(t,z) by a gap (uniformly in ¢ and z).

The first case is very well understood and corresponds to adiabatic situations that have
been studied by several authors (see in particular [?, ?]). The second case is less studied;
some results on the subject focus on the evolution at leading order of quadratic quantities
of the wave function for data which are not necessarily wave-packets (see [?, 7] and the
references therein). The main results devoted to wave packets in this setting are [?, 7],
where the authors show on model problems from physics that one can give a rather explicit
description of the wave function itself, exhibiting transitions that occur at the crossing
between the two modes at order y/c. We give here a transparent description of these
transitions for general systems, through an approximation of °(¢) for initial data which
are polarized along hq with a wave packet structure. Our result (Theorem ?? below) shows
that if the initial data is a wave packet polarized along 171, an eigenvector corresponding
to the mode h;

(6) U5(z) = Vovg, v = WP 00, (to,20) € R*, g € S(RY),
and Vy € C*(R??) is a function that satisfies in a neighborhood U of zp:
Yz e U, Hito,2)Vo(2) = hilto, 2)Vo(2),

then the solution writes

Y () = Vi(OWPS, (1 (90(1) + VERL (1) + VELis p Va()WPS, (ypa(t) + 0(V/2)
where

(1) the maps 21(t), 22(t) are classical trajectories associated respectively with the modes
hy and hg satisfying

2(t) = z(t),
(2) the time #’ is the first time where 21 () meets the crossing set
(7) T ={(t,2) € R*™, ha(t,2) = ha(t, 2)}

(3) the profiles of the wave packets Wpil(t)(gog(t) + VEpl(t)) and WP, yp2(t) are
Schwartz functions (), ¢1(t) and ¢2(t) that solve e-independent PDEs on [0, ]
and [t°, t] respectively, with the property

pa(’) = T (1)
for some transfer operator 77 that we prove to be a metaplectic transform (which
implies that the structure of Gaussian states is preserved, see Corollary ?7),
(4) the families Vi(t,z) and Va(t, z) are smooth normalized eigenvectors for hq(t, z)

and ha(t, z) respectively, they are obtained via parallel transport and manifest the
polarization of the wave packet along a mode.
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We point out that, in the gap case, the solution at time ¢ associated with a polarized data
remains polarized along the same mode up to terms of order O(e), which is the standard
order of the adiabatic approximation, while for smooth crossings a perturbative term of
order O(4/e) polarized along the crossing mode has to be taken into account for an O(g)
approximation.

Before giving a more precise statement of the result, note that the propagation of wave
packet has also been studied for nonlinear systems in [?, ?, 7], including situations with
avoided crossings [?], however, nonlinear systems with crossings in presence of codimen-
sion 1 crossing have not yet been studied and our result should extend in this nonlinear
setting with additional assumptions for treating the nonlinearity. Finally, this result opens
the way to the derivation of Herman-Kluk realizations of the propagators with the asso-
ciated algorithmic realizations, as in the adiabatic setting (see Corollary ?? below). We
postpone this result to further works.

2. PRECISE STATEMENT OF THE RESULTS

Before stating our main results, we recall basic facts about the scalar propagation of
wave packets and adiabatic results. That allows us to introduce notations and arguments
that we use all other this paper.

2.1. Scalar propagation and scalar classical quantities. The most interesting prop-
erty of the coherent states is the stability of their structure through evolution, which can
be described by means of classical quantities. Note that for all z € R*! and k € N, the
operator ¢ — WPy is a unitary map in L2(R?) which maps continuously ¥ into X5 with
a continuous inverse, other elementary properties of the wave-packet transform are listed
in Lemma ?7. We shall use the notation

®) 1=,

and, for smooth functions f,g € COO(RM), that might be scalar-, vector- or matrix-valued,
we denote the Poisson bracket by

d
{f,9}:=JVf -Vg= Z (8§jf8%'9 - al‘jfaijg) :

j=1
The Hamiltonian vector field of the eigenvalue h(t) is then defined by
Vf e COR™), Xy f = {h(t), [} = Jdn(1) .

For (tp,z0) € R?™! we consider the classical Hamiltonian trajectory z(t) = (q(t),p(t))
issued from zg at time tg, and defined by the ordinary differential equation

() = JO:(t, 2(t)) = Xn(t)(2(1)), 2(to) = 20.

The associated flow map is then denoted by <I>';l’t° (z0) and we have

(9) NP = JO,h(t) o @, B0 = Tpaa.



We take a notation for the blocks of the Jacobian matrix of the flow map:

_ A(ta t07 ZO) B(t, t07 ZO) L t,to
10) Ft,to, 20) = (C(t,to,zo) D(t,to,20)) =~ 0=y (20);

which satisfies the linearized flow equation
OcF (t,to, 20) = JHess;h(t, z(t)) F(t, to, 20), F(to,to,20) = Igea,
and we associate with it the metaplectic transformation
MIF(t,t0,20)] = po — (1)
where ¢ solves the Schrodinger equation
i0yp = opy (Hess, h(t, z(t))z - 2)p, ¢(to) = vo.
We will also use the action integral

(1) (10,70 = [ (6) - 0(5) — hls,2(5) s

to

Proposition 2.1. [[?]] Let h(t) be a smooth scalar Hamiltonian of subquadratic growth (?7)
As e \, 0 we have for all pg € S(R?) and zp € R?*? in the norm of ¥, k > 0,

Ui (t 1)) WPS 00 = e 0WPE  o5(1) + O(e),
where the profile function ©°(t) is given by

(12) ©°(t) = M[F(t,to, z0)] (1 4+ Ve bi(t,to, 20)) ¥o,
and the correction function by(t,to, z0) satisfies
11 [t
(13) bi(t, to, z0)p0 = Z 17 0T h(s, z(s)) opY [(F (s, to, 20)2)*] po ds.
laj=3 to

The special case of Gaussian states is of special interest. The Gaussian states are wave
packets with Gaussian profiles the variance of which is taken in the Siegel state & (d) of
d x d complex-valued symmetric matrices with positive imaginary part,

S (d) = {r e C™d P =T7, Iml > o} :
With I' € &1 (d) we associate the Gaussian profile
(14) g =cr eslTe,

where cp = 7~ %4det’*(ImI") is a normalization constant in L2(R%), it is a non-zero com-
plex number whose argument is determined by continuity according to the work environ-
ment. By Proposition 7?7, the Gaussian states remain Gaussians through the evolution by
Us: for Tp € &1 (d), we have

MIF(t,to, ZO)]gFO _ gF(t7t07zO)
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with T'(¢, 9, 20) € &7(d), and the width and the normalization constant of the resulting
Gaussian function are determined by initial width I'g and the Jacobian F'(t, to, z¢) according
to

(15> F(t7 th ZO) = (C<t7 t07 20) + D(tv tO? zO)PO)(A(t7 tOv ZO) + B(ta th ZO)FO)il
CP(ttose) = crodet™2(A(t,to, 20) + B(t, to, 20)To),

1/2

where the branch of the square root in det™ /< is determined by continuity in time.

2.2. The case of systems, parallel transport. For treating systems, one need to con-
sider vector-valued solutions and to take into account the vectorial aspects of the wave
packets. For this, we consider initial data at time ¢ = ¢y that are wave packets and focal-
ized along a mode, that is of the form (??). For this, we need to introduce the following
matrices

(16) O(t, z) = 11(¢t, 2){1I, H} (¢, 2)IL(¢, 2),
(17) K(t,z) = (Ien — (¢, 2)) (O11(¢, 2) + {h, 1T} (¢, 2)) 1(t, 2)

that are smooth and satisfy algebraic properties detailed in Lemma ?? below. The next
result introduce normalized eigenvectors that evolve inside a given mode by the so-called
parallel transport. This construction generalizes [?, Proposition 1.9 |, which was inspired
by the work of George Hagedorn, see [?, Proposition 3.1]).

Proposition 2.2. Assume that II(t) is a smooth eigenprojector such that II(t)H(t) =
HOI(t) = h(t)IL(t). Let Vo € C&(R?I,CN) be such that there exists zg € R?*? and a
neighborhood U, of zy such that

Vz € Uy, Volz) =1(tg, 2)Vo(2).
Then, there exists a smooth normalized vector-valued function satisfying
Vz € ®VO(U), Vit tg,z) = TI(t, 2)V (¢, to, 2)
such that for allt € R and z € R*,
OV (t,to, 2) + {h, V}(t to, 2) = Q(t, 2)V (£, to, 2) + K (t, 2)V (t, 10, 2), V(to,to, 2) = Vo(2).

Note that Proposition 7?7 does not require any gap condition, and we will use it also in
the crossing situation, with smooth eigenvalues and eigenprojectors.

The parallel transport is enough to describe at leading order the propagation of wave-
packets focalized along gapped eigenvalues, that are eigenvalues h(t, z) of the matrix H(t)
that are uniformly separated from the remainder of the spectrum: there exists § > 0 such
that for all (,2) € R x R??,

(18) dist (h(t, 2), o (H(t, 2)) \ {h(t, 2)}) > &.
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Note that, this gap assumption implies the existence of a contour C in the complex plane,
such that its interior only contains the eigenvalue h(t, z) and no other eigenvalues of H (, z).
Then, one can write the associated eigenprojector as

1
19 H(t,2) = —— ¢ (H(t,z) — ) dc,
(19) (t:2) = 57 PHED) 07 C
which implies the smoothness of II(¢, z). Since the works of Kato [?, ?], numerous works
have been devoted to this adiabatic situation (see for example the articles [?, 7, ?] and [?])
and one can sum-up these results in the next statement

Theorem 2.3. [[?, 7, ?7]] Assume the existence of an eigenvalue gap as in Assumption (77)
and consider initial data of the form

W5 = Voui + O(e) in L*(R, CN),

where Vy is a smooth eigenvector and vg € L*(R%,C). Then, for all T > 0, there erists
C > 0 such that = (t) = U5 (t,t0)Y§ satisfies the estimate

—
—

+ HW” V()

sup H (Iew — T1(2) )zps(t)) < Ce
te(0,7

L2 R L2(Re)

where v¢(t) = U (t,to)vg. Besides, if there exists k € N such that (§)e>0 s a bounded
family in E’g, then the convergence above holds in E’g.

Note that the operator ﬁ(t) is no longer a projector. However, it coincides at order
O(e) with the operators constructed in [?, ?], which are projectors. Besides, the reader
will find in [?, ?], various results about the adiabatic approximation, including expansions
at any order by means of superadiabatic projectors. The precise time evolution of coherent
state itself was studied in the adiabatic setting in [?, ?, ?]. Their result is obtained by
constructing an asymptotic quantum diagonalization, in the spirit of the construction of
superadiabatic projectors of [?]. However, the leading order approximation is enough for
our purpose.

It is also interesting to notice that Theorem 7?7 is enough to describe the dynamics of
an initial data of the form (??) focalized on a gapped eigenvalue by means of the scalar
classical quantities introduced in section 77 and by use of the parallel transport. This is
stated in the next Corollary; our aim is to give a similar description in the case of systems
presenting a codimension 1 crossing.

Corollary 2.4. In the situation of Theorem ??, for any k € N, 29 € R?? and ¢ € S(R?),
we have in XF(RY, CN),

Uiy o WP, () = =500V (1, 10) WPy (6°(1) +O(e),

where the profile °(t) is given by (7?) and all the classical quantities are associated with
the function h(t).
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We close this section devoted to parallel transport to derive another consequence of the
adiabatic theorem in terms of numerical realizations of the propagator by a Herman-Kluk
approach. Indeed, the gaussian frame is at the root of the Herman-Kluk approximation of
a Schrédinger propagator as proved in [?, ?]. Let g5 = WPS(g"!) denotes a Gaussian wave
packet centered in z = (g, p) with variance /¢, the family of wave packets (¢),cp2a forms
a continuous frame and provides the reconstruction formula

¢5 () = (2me) / (6, 659 () dz.

zERQd
The results of [?, ?] about the Herman-Kluk approximation for scalar Schrédinger propa-
gators and Proposition 7?7 imply the convergence of a Herman-Kluk approximation for the
propagator of a system of Schrédinger equations, when the data is focalized on a gaped
eigenmode.

Corollary 2.5. In the situation of Theorem ??, in the norm of L*(R?, CN)

Z/{%(t, tOWS = (27r5)_d / <g§a ¢>E(t> t(], z)eéS(tﬂfOVZ)gE t,to dz + O(E)a
R2d @, (2)

where the vector valued Herman—Kluk prefactor ff(t,to, z) is given by

— —

A(t, to, z) = V(t,to, z)a(t, to, 2)
with — a(t,to, z) = 2742 det'/2 (A(t, to, 2) + D(t, to, z) + i(C(t, to, z) — B(t, o, 2))).

The proof of Theorem ?? will be performed in a refined manner that takes into account
the size of the gap in Section ?77. As it is well-known, it extends to the situation where a
subset of eigenvalues are isolated from the remainder of the spectrum (see Proposition 7?7
below). For this reason, in the next section, we reduce to the case of matrices admitting
two eigenvalues that differ outside a hypersurface T and we study the dynamics of wave
packets through this codimension 1 crossings, which is our main result.

2.3. Main result: propagation of wave packets through codimension 1 crossings.
We assume here that the Hamiltonan H writes

(20) H(t, 2) = v(t, )T + Ho(t, 2), olt, 2) = %trH(t,z),

where (t,z) — v(t,z) € R and (¢,z) — Hy(t,z) are smooth functions of subquadratic
growth valued respectibely in R and in the set of N x N trace-free matrices. We assume
that the crossing set T is a hypersurface. Such a situation is called a codimension 1
crossing (see Hagedorn’s classification [?] for example). Then if (#°,2°) € T, there exists a
neighborhood € and a smooth function (¢, z) — f(¢, z) defined in  such that f(¢,z) =0 is
a local equation of Y in . As a consequence, df # 0 and Hy(t, z) = f(t, z)Hy(t, z) for some
smooth map (£, z) — Ho(t, z) valued in the set of trace-free hermitian matrices. We shall
assume that the set of eigenvalues of Hy # 0 consists in two distinct smooth eigenvalues
which do not cross on € and thus, it has smooth eigenprojectors, which are also those of
H(t,z); in other words, Hy is trace-free and invertible on Y.



To sum up, we make the following assumption.

Assumption 2.6. (1) The matriz H(t,z) has two distinct smooth eigenvalues which
cross on a hypersurface T of R24+1
(2) The crossing is non-degenerate in the sense that for any (
local equation f(t,z) =0 of Y in a neighborhood Q of (t*, 2°
and (??)for any (t,z) € Q). Besides, we assume

t°,2°) € YT there exists a
) such that we have (77)

(21) of +{v, f}#0,
Note that one can then modify f in ) so that the functions
(22) hj(ta Z) = U(t7 Z) - (_1)jf(tv Z), ] € {1a 2}

are the two smooth eigenvalues of the matrix H(¢, z), with smooth associated eigenprojec-
tors 114 (¢, z) and TIs(¢, z). We shall choose f in that manner throughout the paper.

Ezample 2.7. Take N = 2 and u € C®°(R?**1 R3) of subquadratic growth, and satisfying
|u|> > 8o > 0. Consider the Hamiltonian

H(t,2) = ot, 2)Id + f(t, 2) (uz(t’ v (_t,iz;)g(t’ . taft:2) j—(tz"t;y))(t, z)> |

The smooth eigenvalues of H, v+ f|u| and v — f|u| cross on the set { f = 0} and H satisfies
Assumption 7?7 as soon as (77?) holds.

Note that the condition (??) implies the transversality of the classical trajectories to
the crossing set T. We associate with each mode h; the classical quantities introduced in
section 7?7, before that we index by j. We consider an initial data at time t = ¢y as in which
is a coherent state associated with the first mode hy where (to,20) € Y, z — Vp(2) is a
smooth map compactly supported in a neighborhood of zg and %(20) =1.

We assume that the Hamiltonian trajectory z1 (£, to) = ®7%°(20) reaches T at time t = ¢°
and point z = 2° where (??) holds. Therefore, f(t,z) = 0 is a local equation of T in a
neighborhood Q of (¢”, 2°)and the hypothesis of Assumption ?? implies

d

— f(t, z1(¢, 1 0

dt ( ) 1( P 0)) 7&

close to (¢’, 2°) and guarantees that the trajectory z(t, o, zo) passes through Y. A similar
behaviour holds for the trajectories ®%0(z) starting from z close enough to zy.

We associate with Vp(to, z) the time-dependent eigenvector (Vi (t, z))¢>s, constructed as
in Proposition ?? for the mode h; with initial data Vb(to) at time t5. We also consider the
time-dependent eigenvector (Va(t, z));»s constructed for t >  as in Proposition ?? for the
mode hy and with initial data at time ¢* satisfying

(23) Vg(tb, 2) = Iy (0, I1s + {v, H2}Z‘G
(T2 (0112 + {v, Ha})Vi||cw

(#,2)
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where Vy appears in the definition of the initial data (??). Note that the vector Va(#’, z) is
in the range of IIy(#’, 2).

We introduce a family of transformations which will appear in the crossing process.
When (u, a, 8) € R x R??, we set

T s gis(By—a-Dy)
(24) Toapse(y) = < / e gt YTy d8> ©(y),

By the Baker-Campbell-Hausdorff formula, we have

eisﬁ-yefisa-Dy _ eis,ﬁ-yfisa-Dy +is?a-B/2

and we deduce
+w . .
(25) Trape(y) = / el B 8 oy sa)ds

—00

We prove in Proposition ?? that this operator maps S(R?) into itself if only if j # 0. More-
over, for p # 0, it is a metaplectic transformation of the Hilbert space L?(R?), multiplied
by a complex number. In particular, for any Gaussian function ¢g', the function Eva’ggr
is a Gaussian:

n?a7ﬁ gF = cu7a7B7F gl—‘u’a,ﬂ’r"
where T') o g1 € 61(d) and ¢, o g1 € C are given in Proposition ?7?.

The result is then the following.

Theorem 2.8. Let Assumption 7?7 holds and assume that the initial data is as in (77).
Let T > 0 be such that the interval [ty,t’] is strictly included in the interval [to,to + T).
Then, for all k € N, there exists a constant Ctj, > 0 such that

<v

LV (1) — VELsp V()05 (1)

() —

sup
t€[0,T)

< CT,k: €m7
Sk

€

with an exponent m > 2/3, vi(t) = U (t,0)vg and v5(t) =U;, (t, )05t with

(26) V5(1) = /S WP, TP o1 (),
where @1 is the profile of the coherent state vi(t) given by Proposition 77,
(27) 7-JD - nb’abwgb
, 1
(28) W= 2@+ (0.1))
(29) (o, B") = Jaf (£, 2)

(30) v = || ({v, s} + OIL2) Vi (", 2°) | en-
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Note that by Assumption ??, u” # 0, which guarantees that Tb(Pl(tb) is Schwartz class.
Besides if the Hamiltonian is not time-dependent, this also implies that (a”, 8°) # (0,0).
The coefficient 4 describes the distortion of the projector II; during its evolution along the
flow hi. It is a quantitative information about the torsion of the eigenmodes. In particular,
we have

Y = (v, T2} + 0TI) i(#, 2) [ow = || ({v, T} + 9T10) Va (", 2°) | e

In particular, if the matrix H is diagonal (or diagonalizes in a fixed orthonormal basis),
then 4* = 0: the equations are decoupled (or can be decoupled), one can then apply the
result for two independent equation with a scalar Hamiltonian and, of course, there is no
interaction between the modes.

The error estimate stems from the method of the proof which is done in two steps with
two types of arguments applying far from the crossing step for the first one, and in a
boundary layer of T for the other one. The size of the boundary layer is taken of size § > 0
and we have to balance two kinds of estimates: an error of size O(¢§~1) which comes from
the adiabatic propagation of wave packets outside the boundary layer, and an error of size
O(62+¢) generated by the passage through the boundary. The choice of § = £1/3 optimizes
the error.

The result of Theorem 7?7 can be specified to Gaussian states.
Corollary 2.9. I- If v§ = WP (¢'°) is a Gaussian state then
v5(t) = S IWPS, (o0
with

2 > —T(t,t > > Ty (8,t ’
Cb:’yb l’ szrl(tb,tO,ZO)_ (/B 1( ) 0720)05)®(B 1( ’ 07'20)04)

Z/'L 2/’Lb_ab./8b—|_04b'1—\1(tb7t07ZO)OZb

and T1(t°,tg, 20) is the image of Ty by the flow map associated with hi(t,z) by (2?)
and (77).
2- Let A € C®(R??) be a polynomial function, then op¥(A)glo is the product of a polyno-
mzal by a Gaussian and choosing v = WP, (opY (A)g"®), we have (with the notations of
1-

v5(t) = e WP, (ot (4%)g")
with A’ = Ao @abﬁb(—(élul’)_l) where @, g is given by

(= AB R’ 20’ @,
(31) s (1) = < 2 @B I+2’@p )

As concluding remarks of this introduction, we want to emphasize that our results are
in accordance with those of [?, ?].
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(1) In the example (??7), denoting by F4 and Ep the two eigenvalues of the potential
V,(x) as in [?], one has

ay =0, By =V(Es—Ep)(x), pis(z,§) =& V(Es— Ep)(x).

These coefficients appear in the equation (5.3) of [?]. The latter contribution is
devoted to a special type of wave packets which have a profile consisting of a
Gaussian multiplied by a Hermite polynomial like in part 2 of Corollary ?7.

(2) For the example (?77), we obtain

@ = V(B ~E)©), =0, i€ = 3 VW() V(E, ~ E))

where F, are the eigenvalues of A(&) as in equation (3.41) of [?] and. The result
of Theorem 3.20 (via Definition 3.18) is very a special case of ours.

It is also interesting to notice that in these two examples one of the coefficients o or °
is 0, which is not necessarily the case in our setting since position and momentum variables
can be mixed in the coefficient of the matrix part of the Hamiltonian, as long as the symbol
satisfies the required growth condition. Actually, it is the case in several physical systems,
as Dirac equations with electromagnetic potential (V, A) for example (with the function
¢ — A(t,z) appearing in the coefficients of the matrix), or for the equations describing
the propagation of acoustical waves in elastic media (the Hamiltonian then is of the form
p(x)Id — I'(z, &) where p > 0 is the density and I' the elastic tensor).

Finally, we want to emphasize that the method of proof we propose here allows to avoid
lots of tedious computations which appears in [?] pages 65 to 72 and are also present in [?]
via the reference [46] to which the authors refer therein.

2.4. Organization of the paper. The proof of Theorem ?? is made on two steps: an
analysis outside the crossing region in Section ?? and an analysis in the crossing region
in Section 77, that allows to conclude the the proof in Section 77, together with the
one of Corollary ??. Finally, we gather in four Appendices various results about wave
packets, algebraic properties of the projectors and parallel transport, analysis of the transfer
operators 7, o3 and technical computations.

3. ADIABATIC DECOUPLING OUTSIDE THE CROSSING REGION

In this section, we consider a family of solutions to equation (??) in the case where the
Hamiltionian H (¢, z) satisfies Assumption ?? and with an initial data which is a coherent
state as in (?7). We focus here on regions where the classical trajectories associated with
the coherent state do not touch the crossing set but are close enough. We prove the next
result.

Proposition 3.1. Let k € N, §(g) be such that \/e < 0 < 1. Let f(t,z) = 0 be an equation
of Y in an open set Q@ C R x RL. Assume that for j € {1,2},

s = WPS (7))
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where $1, Po € S(RY), 71, Zo € R? are such that there exist 1,52 € R, ¢,C > 0 such that
for all j € {1,2} and t € [s1, 2], 2;(t) := CD?‘”(%) € Q with |f(2(t))] > ¢ and

‘ P (s1) — Vl(sl)ui — Vg(sl)ug < Ce.
Xk
Then, for all k € N, one has
sup || T (1) = Vi(Us (1)) < Ch=,
t€[s1,s2] ’ sk 0

where the constant Cy, does not depend on § and €.

For fixed §, this Proposition implies Theorem ?7? for ¢t € [O,tb[. We shall choose later
§ = £5/12. We shall also use this Lemma for ¢ > ¢* + § with some initial data in t = ¢’ + 4.

Proof. Because of the linearity of the equation, it is enough to assume that the contribution
of 1%(s1) on one of the modes is negligible at the initial time s;. The roles of the two modes
been symmetric, we can choose equivalently one or the other one. For this reason, doing
the proof with v{(s2) = 0 is enough for proving the Proposition, and it is what we assume
now. We set

w(t) = M (t) — Vi(t)v5(t), wi(t) = ay(t).
We introduce the matrices

(32) Bj(t) = =20,11;(t) — {h; (1), 11;(t)} + {11;(¢), H(1)},

that satisfy Lemma 77 after indexation of the quantities therein by j. We use the next
lemma that gives a system satisfied by w] and w5.

Lemma 3.2. The family w® = (w5, w5) satisfies w*(0) =0 and
ieds = hyws + %B/JTW;? + %En\gwg +0(e?),
iedus = hows + = Balous + o Bl (wf + Vios) + 0(2),
where the O(e?) holds in $5(R%).
We postpone the proof of this lemma in a next subsection and set

1l — 1l—
fls = —§Blﬂlw‘f — iBlﬂgwg,

1+ 1l—
f25 = —§B2H2w§ - §B2H1w§

Therefore, we have for ¢, s € [s1, 2], and in XF(R?)

{ wi(t) = wi(s)+ [Us (t,0)ff(o)do + O(e), N
wi(t) = wi(s)+ [TUE (t,0)f5(0)do — L [TU5 (t,0)BolliVi(o)v5(o)do + O(e).
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At this stage of the proof, we take advantage of the special form of the matrix ITy BoIly
given by (?7), i.e.

Iy Bolly = (hy — ho)TIy {11y, 3 }1Iy
to write in £(XF(R9)),

t — /—»\
/ Uy, (t, o)1 BoIl Vi (o)Uj;, (o, 0)vgdo

—ic / t % (u,; (t,0)op. (Hl{nl, Hl}nlvl(a)) U (o, 0)) vEdo + O(g) = O(e).

We deduce that for s,t € [s1, s2], there exists a constant C' > 0 such that
(33) < Ce.

t —
/ Uy, (t, o)1 BoIly Vi (o)Uy;, (0, 0)vgdo
S Zlg

Therefore, we are left with the equations
(34)
wi(t) = wi(s)+ [LUS (t,0)ff(0)do + O(e), N
wi(t) = wi(s)+ [LUs (t,0)f5(0)do — L [TUE (t,0) Bl Vi (0)v(0)do + Ofe).

Note that for the moment, we have only used the smoothness of the eigenvalues and the

eigenprojectors, and not the non-crossing assumption. However, for proving that the source
t

term / U, (t,U)H@ﬂZ (o)vi(o)do is small enough, we need the gap assumption. We
set wa(st) = (wi(t),w5(t)) and we prove the next Lemma.

Lemma 3.3. With the assumptions of Proposition 77, 7 € R and k € N, there exist
constants Cy, C1 > 0 such that for all t € [tin, tin + 7] C [s1, 52],

(35) [w* (@) llse < [lw®(tin)llse + CoT S ]Hwe(t)llzg +Cred .
t€(tin,tin+T

Then the proof uses a bootstrap argument. We choose some time step 7. Therefore,
choosing 7 such that Cyt < % and t;, = s1, we get
sup |l (0)[Isr(rey < 2C 1671 = n(e).
te€(s1,51+7)
As a consequence, we can iterate the argument. We obtain

1
Vt € [s1+ 7,51+ 27, [|w (O)llspeey S 0(e) +Cor sup lw(#)llspra) + 51(E),
te[s1+7,51+27]

[\CR V]

whence sup [|w® ()] 528 (may <
t€[$1+T,51+2T] N
[s1, s2] is covered, we obtain that there exists a constant M > 0 such that

sup  [|w® () [lgr@e < Mn(e).
t€[81,t82]

n(e). Iterating again the argument, until the interval



15

We have got the estimate of Proposition ?? and it only remains to prove Lemma ?? and
Lemma ?77?. g

3.1. Proof of Lemma ?77.
Proof. By the symbolic calculus for systems we have:
N €
I H = Tl + o2 (T, H} — {1, Th}) + O(e?).
Therefore, we have in X¥(R9)
ie@twf = i€ﬁ18t1/15 + 7;58/75].—.[\11/16 — i&‘ﬁl@ﬂ)i — ia@tvlvi
= (Ly* + ZBi®) = Vihiof — iV 10§ + O(?)
~ = € ~ - 5 A~ -
= h(wi+ WVvf) + 2—2,31 (w§ + w§ + Vi) — Viho —ied V1o + O(e?)
~ € = €~ 3 e = 3
= hywi + Q—Z,Bl(wf +ws) + Q—iBlVlv‘i — g{Vl, hitof — ied Vivs 4+ O(e?)
~ E ~ ~ € ~ —— e f1l=—~ 3 =
= hywi+ 2—Z,Blﬂlw§ + Q—iBl(H —II)ws + z (2311_[1‘/1 + oV —{W, h1}> v + O(e?)

We observe that by (2) of Lemma ?? and Proposition ?? (with Q1 (¢) = — 4111 () By ()11 (t)),
the vector Vi (t) is chosen in order to have

= = 1l— 1. —— ~ 1 — ~
oVi+{h,Vi} = —§B1H1V1 = —§H131H1V1 - 5(]1 — 1) B1 11 V;.

Remark 3.4. At that point, it is important to notice that we could made another choice.
An alternative would have been to choose Vi (t) satisfying

3t‘A71 + {ﬁ} = —%(H ~TL)BIL T
and iedvi(t) = h/\lef(t) with hqo, = hi + I B111; (which is self-adjoint according to
Lemma ?7).
Therefore, we are left with
iedw] = ﬁlw‘i + %Elﬁluﬁ + %B\lﬁ;wg + O(£2)
and a similar calculus holds for w§(¢). O
3.2. Proof of Lemma ?7.

Proof. Let k € N. We work in ¥(R? C") on the term
t — /—»\
(36) A = / Uy, (t, 0)Ia BoIly Vi (o)vi(o)do.

We recall that 6 > /e. We are going to use that the matrix (H — h;Ily) is invertible
on Ion(r>syRanIly with an inverse that we denote by of (H — h1H2)_1|RanH2 which has a
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norm of size 1. Besides, by assumption, there exists ¢ > 0 such that f(t,21(t)) > ¢d for
t € [s1,s2]. The family v being a wave packet, we can restrict its analysis in close to the
points z1(t) for t € [s1, s2] (see Remark ??, (??)). On this compact, there exists M > 0
such that |f(t,z) — f(t, z1(t))| < M|z — z1(t)|, whence

|f(t,2)] > cd = MRy/e if |z — z(t)] < RVe.

In view of these considerations, we introduce a cut-off function x € C§°(R) sothat 0 < x <1
and xy = 1 close to 0 and we set

- z— ()
(37) o (1) = R()ui(0), K(=1) = x <W> |
Then, by (??), we have in $F(R?, CN) and for ¢ € [tin, tin + 7],
(38) vi(t) = o7"(t) + Oe) + O(R™™)

and v‘i’R(t) is compactly supported in |z — z1(t)] < R+/e. Using § > /e, we can choose R
such that MR\/2 = £ and we obtain that the matrix (H — hyIlz)~! is invertible with a
norm of size ! on the support of Hgkf‘(t) for all ¢t € [tin, tin + 7|. Therefore, we write

t
A= / UE, (1, 0)op. (o BTl 1) (0)05 R (0)do + O(e) + O(R™N)

= /t U, (t, U)Opg(k‘&R(J)Hngl—Iﬂ_/‘l (0))vi(o)do + O(\@R_l) +0(e) + O(R_N).

We then set

o —

Q(0) = Uy, (t,0)op.((H — hallz) " |Ran 11 ke, 5 (o) 2 BoTI1 ) Vi (0)Us (0, 0)

and differentiating
%Q(U) = éu’% (¢, U)@(O’)Uﬁl(o’, 0) + O(1) + O(R~'e~1/?)

in $F(RY, CN), where (using the the equation satisfied by Vi and differentiating k%), we
have

G = hyop, ((H — h1H2)71‘Ranﬂzka,R(U)HQBQI_Il‘?l(U))
—op. ((H — hiIly) ' Ran 1, ke, r(0) o BoI11 Vi (o)) h1 + O(e)
= —op. (ke,r(0)(H = MTT2) ™ [jan iy (1 — o) BoTl1 Vi () ) + O(e) + O(RVE)
= —op, (ker(@)I2B2ILVi(0)) + O(e) + O(R™'VE),
where we have used the identity

(39) (H — hylly) 7Y (hy — ho)y = II,.
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Finally, we obtain in X¥(R9),

t
(40) 4 = ¢ / %Q(U) v do + O(2) + O(R™'VE) + O(e) + O(R™)
= S(Q1) = Q) vdo +0(e5™") = O(es ™)
since R~/ = %aé‘l and by choosing N large enough so that R~ = O(es~1) g

3.3. Remarks on systems with gapped eigenvalues. Note that the proof of Propo-
sition ?? can be adapted to prove Theorem ?7?7. Besides, this result extends to a more
general setting where two blocks of eigenvalues of H are separated than a gap and where
h is no longer scalar and has to be replaced by a matrix H® with

H=THH + (I — I)H*(I - II).
One can then prove the analogue to Theorem 77.

Proposition 3.5. Assume ﬁwg =5 + O(g) in ZF(R?). Then

e ([T @), + sup %) - 600

< (Ce
SE(RY)

)

where ¢° solves
iedid® = H°¢%, ¢°(0) = 5.
The proof of this proposition follows the lines of the proof of Theorem ?7. However,

some new difficulties arise because H” is no longer scalar and, thus, one cannot use some
commutation relations that we used above in the algebraic Lemma. Setting

B> = —29,11 — {H° 11} + {II, H} and C° = 29,11 — {II, H} + {H*,1I}
one then uses the following properties which are enough to run the proof.

Lemma 3.6. (1) The matriz TLB°II is skew symmetric.
(2) There ezists @ = (I — IT)QII such that

(I-I)CI = [H,Q] = H+Q — QH’
and
IICII = H* ({11, I }IT) — (I{IL, I} H®
Proof. (1) One argue as in the proof of Lemma ?7? by using the relation
(I{H+, I}I)* = —II{II, I = —II{H+, 11}

which comes from the fact thet II{ H+ I} = {II, H,II}. This latter relation can be proved
by use of the property

(41) {A,BC} —{AB,C} ={A,B}C — A{B,C}.
Indeed, taking A = C' =1II and B = H', one gets
(42) 0= {I,H'}II — I{H*,1I}
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whence TICTI = —TI{IT, H”}I.
(2) Finding @ is done by use of the integral relation (?7). We choose

Q=5 -0 a-menur - otac
and observe that
[H,Q] = —% C(H(H — )T I-MCI(H - ¢)~" = (H = ¢)~ (I - MCI(H — ¢)~"H)d(¢

- _% /C((H ~ICI(H — () = (H — ()~ (I~ W)CI)d¢
= —[(I-TM)CIL, 1] = (I - )CIL.

Besides, and, using again the brackets relation (??) with A = B =1l and C = H > we
obtain
{II, TH"} — {II, H°} = {1, I} B’ — TI{II, H"}
whence
TI{I1, H°}II = TI{I1, I} .
We deduce, using again (?77),

IICTI = —TI{IT, T} H® = H+(II{I1, T1}IT) — (II{I1, T1}IT) H”.

4. ANALYSIS IN THE CROSSING REGION

4.1. A priori estimate in the crossing region. The analysis performed before gives
that if /e < § <1 and k € N, there exists a constant Cj, > 0 such that

—

sup [[9°(8) = Vi(t)v* (8) s < Ci

€
tE[to,t>—4] 0

Therefore, using (??), we deduce that there exists C}, > 0 such that

—

— 3
(43) sup [ () = Vi(H)e*(O)le < Cf (04 5))
tE[to,t?+9]

In the next section, we improve this estimate to go beyond this §-approximation.

4.2. Towards a more precise analysis. We now want to derive a more precise estimate
on 1°(t). We prove the following result.

Proposition 4.1. Assume /e < 0 < 1. Then, for all k € N, there exists a constant
Cr. > 0 such that

|

where vi(t) and v5(t) are as in Theorem ?7.

— —

V(" + 8) — VI(t? 4 0)v5 (¢ 4 0) — VeV + 85 + 6)|| < Crle + 62 +2071),

zE
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Here again, for proving the proposition, we follow the arguments of the proof of Propo-
sition 7?7 and, with the same notations, we write

GE(t) = T (E)5 (1) + wi (2) + wi(0).

By equations (??), (?7), and in view of the a priori estimate (?7) that we have obtained
in the preceding subsection, we have

Wit +6) = 00 'e) 4+ 0(e) + 0(6?),

wi(t’ +6) = O 'e) +0(e) + +0(5%) — % / Ui (" + 8,0) T Boll Vi (0)vf (o) do
tP—o

1 i b tb+§ -
= S UL 46 7) /t UL MBIl VR (0, (0 DWP s (1) do

+0(57 )+ O(e) + 0(5?)
where we have used
V() = &5 FWP L1 (1) + O(VE)
and O(6,/2) = O(6?) + O(g). We recall that 2> = @g;to(zo), S* = S1(t",to, 20) and 1 (¢")
is associated with g according to Proposition 77. We set

1 . tb+6 —_— =
A=~ U (8 4 6,7) /t U (0 B ViU, (0. WP ()

and we focus in determining the leading order contribution of A..

4.2.1. Egorov semi-classical Theorem. We use Egorov semiclassical theorem (Theorem 12
in [?]): that is, in X,

- ~ ot?
Us, (1, 0) Ty Boll Vi (o) = op® (e Boll Vi (o) 0 851 ) UE (1, 0) + O(e),

b
Using that CID?’t = Tg2a + O(|Jo — #°]), we obtain

1 . /\_" tb-'r(s
(44) A, =-— 5esz/ﬁu,;(tb + 6, 8") Ty BoI1, Vi () / ) Ui, (O, 0)Us (o, YWP, 01 (1 )do
t —

+0(e+8%+07 L)

By the definition of V3(#", z), we have

—

1 ~ 1 ~
—LBaIliVA(F, 2) = ot 2)Va(,2), 7(¥,2) = 5[ T2 BaVA(#, 2) e

Therefore
(45)

, — 45
A= 81U (P4, tb)ﬂ@(ﬁ)/b U, (£, o) U5 (0, YWPS, 01 (8)do +O(e + 6%+ 6 Le)
th—§
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4.2.2. Wawve packet formulation of propagators. Now applying successively Proposition 7?7
to the evolutions Uj; and U}, with error term O(+/€), we get after a change of variables

(46)

A =S U (8 + 6,8)aTh(#)

. b b
X / b i(31(tb+a,tb,zb>+52<t",tb+a,<1>i ot (sz)
(§]

WP 1 (t)do + O(e + 6> + 6~ 'e)
)
where

C(U) _ (I)gb,tb-‘ro ((I)ib+o’tb (Zb)> )
Since ¢(0) = 2°, we set
(7)o (S () = (o) = 2 + (a(0),p(0) = 2 + VE(4:(0), p-(0)),
with (g-(0),p-(0)) = e~ 2(¢q(0), p(0)), and we write by using (??),

_ —ipPg(o -1
WP,y = e P MIWPLATT WP () 10y

whence
i.b .
WPE(U)SO1<tb? ) =P .q(U)Wsz (e'l(y_qa(o'))‘pg(o')(pl(tb, y — ¢:(0)).
We are left with

—

Ao = 52U (1 + 6,0 7 Va(2)WPS, T201 () + O(e + 62 + 6 'e)

where the operator 7¢ is defined on functions ¢ € S(R?) by

+4

Tooly) = /5 e MOl P oy — g (o) do

with
(48) M) = S1( + 0,8, 2) + Sa(t, £ + 0, 8T (22)) — q(o) - 1.

4.2.3. The transfer operator. Proposition 7?7 then comes from the analysis of the opera-
tor 7¢ when € goes to 0.

Lemma 4.2. We have
(49) T = VET’ + O(c + %),
where T* = T .00 g With N given by (77) and (o”,3°) by (277)

Proof. The proof relies on the analysis close to ¢ = 0 of the phasis A(o) and of the
function ((o) = (q(0),p(0)), as stated in Lemma ?? in Appendix ??. Then, to prove the
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estimate (??) we use that if ¢ € S(R?), the map z — WPy is locally Lipschitz from R??

in S(RY). Using ¢(0) = 0 and A(0) = A(0) = 0, we obtain

Tply) = Ve / T A0 PON b Oy — 54(0))ds + RS,
G
We set
1/ . ) . )
(50) Mb:§(A(O)—Q(O)'p(0))a o’ =4(0), " =p(0), L=p y—a’-D,
and write

A©)

G52 =0 B(O0)? sy B(0) () _ 5(0)) = 5L ()

With these notations the remainder RS are sum of terms of the form
L8
Vo .
Ouly) = (VEIt [ ety g, 5)as
Ve

where k € {1,2,3} and 0(y, s) are smooth bounded functions with bounded derivatives.
For estimating semi-norms of the functions y — Oy (y), we use integration by parts. Indeed,

E+1 +% k1l 4%

€ b 24 _ € VE b2 d [ _

@k(y) _ (\[) - otH’s +zsL8k 1914(3/7 S) _(\[) - / otH’s (ezsLSk 19k(y’ 8)) ds.
244 s 2044 - ds

iLs is a bounded operator in E’g , we obtain
R = O(e) + O(6%) in XF,

which gives (??) and (??) in view of (??) and (77). O

Since e

4.3. Proof of Theorem ??7 and Corollary ??7. Theorem 7?7 comes from Propositions 77
and ?? with the adequate choice of § = &!/3. Corollary ?? comes from Theorem ?? and
Point (3) of Proposition ?7.

APPENDIX A. THE WAVE PACKET TRANSFORM

We discuss here useful properties of the wave-packet transform. We define the Weyl
translation operator T°

T(z) = 20709, 2 = (q,p) € R,
the semi-classical scaling operator A,

Aepl(a) = o(2),  peS®Y,

and we denote by a. . € C*(R??) the function a. .(w) = a(y/ew + 2), w € R??,
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Lemma A.1. The wave packet transform satisfies for all points z, 2" € R?>* and all smooth
functions a € C*®(R??)

WP = e~ 2:P1T5(2) A,
(51) WPS, = e =PI WP AZIWPS,
(52) op; (a)WPZ = WP; opy (ac.z),
Remark A.2. The property (?77?) induces a strong localisation property of wave packets. Let
X € C5°(R?) such that xy = 1 close 0 and 0 < x < 1 and define for R > 0, xr(y) = x(R"y).
Then, for ¢ € S(RY), N € N, k € N, and in XF,

WPi(p) = WPG(Xre) + WPG((1 — xre) = WP§(XRre) + O(R™Y)
(53) = Xrv2WPH(9) + O(R™™).

Proof. We consider ¢ € S(R?). Then T¢(2)y is the solution at time ¢ = 1 of the initial
value problem

€y =(q-&E—p-2)Y,  P(0)=¢.

The explicit form of this solution

(b x) = e TP EP Tz — tg)
implies for the action of the Weyl translation that

T*(2)p(x) = e 5P e p(z — q).
This yields

0T IPUT(2) Auipla) = e Y4 e EPT eI Tp(E0) = WP ().

For the commutation property we compute

e%p'q/WpiAglVVPi,(p(:r) = e*ép'q/WPieép/'(‘/gqu/)go(7\/5\32(1,)

= o P cmd/ A (=)o ip (v—a=d) (I—\q[;q’ )

Moreover,
W'Pi opi” (ae,z)cp(x)
_ e i/gtr o) (g / a5 (52 +y) + 0, V3 +p) ) CmINVED () dy d
RZd €
| oo )20 € )
R2d
= op¢ (@) WPp(z).
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APPENDIX B. ALGEBRAIC PROPERTIES OF THE EIGENPROJECTORS

We thus consider a smooth eigenvalue h(t, z) of a matrix-valued Hamiltonian H (¢, z),
associated with a smooth eigenprojector II(¢, z), and, without restricting the generality of
the result, we assume that h(t,z) # 0. We emphasize that we just assume smoothness of
the projector and make no gap assumption.

Lemma B.1. We assume that h is a smooth eigenvalue of H and 11 is a smooth eigen-
projector associated with h. Then, the matrix

(54) B = -—20J1—{h, 11} +{II,H}
has the following properties:

(1) The matrix
Q = [1BII = II{II, H)}II

is skew-symmetric. Besides, if H has only two eigenvalues h and h* = tr(H) — h
(i.e. H = hIl+ h*(1—1I)), then

(55) (I—IB(I —1I) = (h — h*)(I — I){IIL, I1}(I — II).
(2) The off-diagonal part of B(t)II(t) satisfies
(I —=II)BII = (I —II) ({II, A} — 20,I1) IT and TI1B(I —II) = 11 ({11, h} — 20,11) (I — II).
Proof. For notational simplicity, we suppress the time dependence, once noticed that 0;I1(¢)
is off-diagonal. We will twice use the relation
(56) {A,BC} — {AB,C} ={A,B}C — A{B,C}.
We first apply it to A = C =1l and B = H(I — II). We obtain
0={I,HI—II)}I - II{H (I - II), IT},

whence

I{II, H(I — II) }II = TI{ 5 (I — II), IT}1T
and
(57) (I —ID{IL, H(I — II)}IT = 0.

In particular, we have
II{I1, H }11 = II{ 4, IT}11.

Proving (1): Since {II, h} is off-diagonal, IIBII = II{II, H }II = Q and
O =I{IIL, H}'1T = —II{H, I1}II = —Q.
Besides, when H has two eigenvalues, we have
(I-IH)B(I—-1I) = (I—ID{I, H}I-1I)
h(I — D) {T1, TT}(I — IT) + h* (1 — I){IL, (I — 1)}
= (h—hY) (I — ID{IL, I} — II).
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Proving (2): We write
{IT, H} = {IT, h}II + A{IL, I} + {IT, H (I — II)}.
We now apply the relation (??) to A = B = C = 1II and we obtain
0 = {IT, ITHI — TI{IT, IT},
whence
(I — T0){I1, T} T = II{IL, TT}(I — II) = 0.
Altogether with (?7), we have proven
(I — TO){IT, H}II = (I — T0){IL, h}I
and (I — I1)BII = 2(I — I){II, h}1L. O

APPENDIX C. PARALLEL TRANSPORT

We prove here Proposition 77 that provides the time-dependent eigenvector V(t, z) de-
fined by parallel transport.

Proof. We consider the solution V (¢, z) of the parallel transport equation and set Y'(t, z) =
V(t, <I>Z’t0( )). We observe that Y (¢, z) solves the equation

QY (tz) = OV(t®,°(2) + Jdh(®y°(2))V (¢, 21 (2))
(58) = Q(t, )" (2))Y (t,2) + K(t, 2, (2))Y (¢, 2).
In particular,
(I - TI(t, @} (2))) B (¢, 2) = K(t, @5 (2))Y (¢, 2).
We now start proving that for z € U,
T(t, @, (2))Y (t,2) = Y(t, 2),

or equivalently that
Z(t,2) = (1= TI(t, B4 ()Y (1, 2)
is constant and equal to 0. We compute

it 2) = (=TIt 5 () = Tdh(®} ()L, 4" (2) + K (1, @51 ())) Y (¢, 2)

= _TI(t, @57 (2)) (@H(t, BL10 (2)) + X (D0 (2))II(1, cpffﬂ(@)) Z(t,2),

where we have used that all derivatives of the projector are off-diagonal. In particular,
0:Z(t, z) is an element of the range of TI(¢, @Z’to(z)) and thus orthogonal to Z(t, z). Hence,
its norm is constant, Z(¢,z) = 0 and Y (¢, 2) € RanII(t, dbi(2)).

Besides, we have for any z € R??
Y (t,2) - Y(t,2) = Q(t, D)0 (2))Y (t,2) - Y(t, 2) + K(t,8,°(2))Y (t,2) - Y(t, 2) = 0,

because
Qt,2)" = =Q(t,z) and K(t,2) = (I —1I(t, 2)) K (¢, 2).
Therefore, |Y(t,z)| = 1. O
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APPENDIX D. THE PHASIS A(0) AND THE FUNCTION ((0)
Lemma D.1. Let A be defined in (??) and ¢ in (??). We have

(59) ¢(0) = (q(0),p(0)) = 2°, {(0) = (4(0),$(0)) = JO:(h1 — ha)(¥", ")
(60) A(0) = A(0) =0,
(61) A(0) = Dy(ha — h1) — Dgha - Dy(ha — h1) + Dphy - Dy(ha — hy)

In particular, setting p° = $(A(0) — p(0) - 4(0)) as in (?7), we have

((%(hz — hl) — 8qh2 . 8p<h2 — hl) + 6ph1 . 8q(h2 — hl) + 8p(h2 — hl) . 8q<h2 — hl))

= 5 (at(hg — hl) — 8qh1 . ap(hg — hl) + 8ph1 . 6q(h2 — hl))
1

hi1+h
=2<3t(h2—h1)+{ 12 z,hz—h1}>

which yields (?7?).

Proof. We begin with the function { and we compute the Taylor expansion at the order 2
for (q(o),p(0)) = ((0) — 2> at ¢ = 0. Let be h = hy, hy. We have :

(62)
(t — tg)?

"0 (2) = 2 + (t — o) J:h(to, ) +
+O(Jt — tof).

(JO7.h(to, z) + JO ,h(to, z)JO:h(to, 2))

Applying this formula, we obtain (omitting the argument (#°,2°) in the functions hy, he
and their derivatives)

2
VT (Y = 2 1 0 JOLhy + % (JO2.hy + JO2 .h1 JO-hy) + O(|o ),

C(t) = DV () — 0 JaLha(t + 0, BT (7))
2
+ % (JO? ho + JO2 haJd.hs) + O(|o ).

We deduce
C(t) = 2° + 0JB.(h1 — he) + O(|o]?)

2
+ % (JO2(hy — ha) + JO2 . (hy — ho)JO:hy + JO2 hoJd-(hy — hn))
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and, for further use, the relation
(63)  =p"4(0) =—p" - Dyl — ha),
(64)  —p’-4(0) =—p" - (87 ,(h1 — ha) + 02 ,(hy — h2)JO.hy + 02 haJD.(hy — h1))
We continue with the function A (defined in (??)) and we use Taylor expansion of

the actions for general Hamiltonian h. In view of (??) and (??), we have (omitting the
argument (g, zp) in the terms of the form 0“h(tg, zo))

t
S(t 1o, 20) = / (Do — (5 — to)Ogh) - (ph + (s — to) (D21 + 02 hJOL1))ds

[t - wpaumas + 0((t - 1))

= (- yh — )t — 1) - L1
+O((t —t)*).

We first apply the formula with h = hy, t =" + 0, t = t” and z = 2, which gives (when
the arguments of the functions are omitted, they are fixed to (°, 2°))
Sl(tb + o, tb, Zb) :U(p . 8ph1 - hl)

2
g
— = (Oiha + Oghy - Opha — p+ (O yha + 02 yh1 JO:ha)) + O(0”).

(Och + Ogh - Oph — po - (0F b + 02 ,hJD;h))

: b b ttot® b :
We now use the same formula with h = hg, t =", tg =" +0, 20 = ®; "7 (2°). We obtain
b b
Sg(tb,tb + 0, (I)tl +o,t (Zb)) _

*O’(pl(tb + o, tb, Zb) . aphZ(tb to, (I)ibJrU,tb(Zb)) _ hQ(tb to, (I)fib+0,tb(zb)))
2
g
- 7(ath2 + Ogha - Ophy — p - (07 yha + 02 )haJ 02 hs)) + O(c®)

Note that the treatment of the term of order ¢ has to be performed carefully in the case
b b
of Sy(t?,1” 4+ o, ®, T7"(2°)). We obtain

So(#, 8 + 0, O () = — o (p - Dpha — ho)

— 0%(=0thg — Oghs - Ophy + p - (07 yha + 02 )ha JD:hs))
2
g
— 5 (Oiha + 0ghs - Opha — p- (07 pha + 92 ,h2JD-h1)) + O(0?)
= (p . aphg — h2)0'
2
+ %(ath2 + Ogha - Bp(2h1 — ha) —p- (8 ha + 02 ) haJ D, (2hs — hy)

+0(c%)
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As a consequence,

2
Si(t" + 0,8, )48 (8, + 0, 8L () = o p - y(hy — ha) + %(at(hQ )

— 8qh2 . ap(hg — hl) =+ 8ph1 . aq(hz — hl)

+p - (07, (hy — ha) + 02, (h1 — ha)JO.hy + 07 yhaJO-(h1 — hy))) + O(c).
Combining with (?7?), we obtain

2

Alo) = %(3t(h2 1) — Bgha - By(ha — h1) + Bphy - Bg(ha — h1)) + O(c®),

whence (77).

APPENDIX E. THE OPERATORS 7, 43

We study here the operators 7, o g that are defined in (?7) for (u, o, ) € R2d+1 - Ap
explicit computation gives the following useful connection with the Fourier transform

(65) 'FT Nl = 77L+a'ﬂ)ﬂ7_af'
The next proposition sums up the main information that we will use about these operators.

Proposition E.1. Let (i, a, ) € R?¥H,

(1) The operator T, o3 maps S(RY) into itself if and only if p # 0.
(2) Moreover, if i # 0, T, ap 5 a metaplectic transformation in the Hilbert space
LQ(Rd) multiplied by a complex number:

(66) oo = 1| et BuaDu)
i

(3) If u #0, T € &T(d) and A € C®(R?%) is a polynomial function then there exists
Lpapr € 61(d) such that

w 2 ., _
Tuap(0pY (A)g") = \/7 5rOPE (40 @as(—(40) 1) gPias.r
with

(B—Ta)® (B —-Ta)
2u—a-B+a-Ta

(67> F,u,a,,B,F = F -

and @, 5 satisfying (77).

Remark E.2. The matrix I'y o g1 is in &7 (d) since g" 8T is proved to be Schwartz class.
It is also important to notice that 2u — - 8+ a- I'ar is non zero because its imaginary part
is non zero.
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Proof. Point (1) is linked with Point (2) and comes from the formula (??) and(??). Indeed,
when p # 0, equation (??) is an application of relation (??) and of functional calculus on
the self-adjoint operator (5 -y — « - Dy)2 and the Fourier-transform formula of complex
Gaussian functions:

T o 2 2
(68) / e HeTds = [—e%in, with arg(ip) €] — m, 7[.
o i

It remains to analyze the case where y = 0. The computations are different whether
a - =0 or not. We assume « # 0 and we set

A o AN A
&= y=(y - &)a+yr

Similar formulas can be obtained when § # 0 using (??7). Let us first assume « - 5 = 0.
To.05 = /eisﬁ'“‘ﬂ(y Cad — sa +y)ds

— || /ena-l(y-aa)w-yuw(ad +y1)do

= ‘a|*1ei\a|*1(y~&)(5'yﬂfa¢ (5’ay’¢ 7 m)

where ¢ € S(R?), y, = y—a - y& and F, is the partial Fourier transform in the direction c.
In the case where « - 5 # 0, we write

2o

76,&,6 _ (271‘)_1 /2 e—is 7+isﬁ.y+in(y-oc—s)]_—a¢(n’yl)dnds
R

7 Z-(B~y—n)2

= /e 208 +my.a-/t‘a$0(777yi)d77

Iy RNe"

7 i(6<y)2 BL-yy

. ) 2
— —e' 2 /e”’tMe%ﬂfa@(n,yL)dn

i Bw? Bl  (Dy-6)°
L i-o2 /e in fg,aL]__a <ez o <,0> (n,y1)dn

I
@
[§)
o
Q

This concludes the proof of Points (1) and (2).

Point (3) derives from the formulation of 7,3 as a metaplectic transform. We use
general results concerning the action of a metaplectic transformation on Gaussian g' (for
details see [?], Chapter 3). With the quadratic Hamiltonian K (y,n) = (8-y — a -n)?, one
associates the linear flow ®, g(t) = (®i;(t))1<ij<2 (in a d x d block form) given by (77).
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Besides, the Egorov theorem and the propagation of gaussian are both exact: we have
e~ (opt'(A)g") = op}’ (A 0 B 5(t))e " g" = (0p! (A 0 B p(t))g™
where the matrix I'; € &7 (d) is given by
I, = ((I)Ql(t) + <I>22(t)1“)((1>11(t) + ‘1)12(t)F)_1, cr, = det_l/Q(A(t) + B(t)F),
where We deduce that if u # 0,

Tuapd = \/zzeiiﬁf \/ ot

This induces the existence of the matrix I'y o g1 € 6+ (d) of Point (2) of the Proposition.
It remains to prove the formula (?7). We use that if ¢ = gr, we have

+0o0 )
Tronsd" (y) = cr / o¥%* (=0ef/2) gisbry o 5 (y=s0) (Dly=s)) g
— 0o

Applying again (77?) we get,

(y:(B—Ta))2 )

7T % y'Fy_2 —a-f+aTla
T I _ e ( I ’
ll‘vavﬁg (y) cr 2,U—046+OZ]:‘04

which gives (?7). O
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