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We investigate the role of excitons in second-harmonic generation through the long-range cor-
rected exchange-correlation kernels : empirical LRC, Bootstrap, and jellium-with-a-gap model. We
calculate the macroscopic second-order frequency-dependent susceptibility X(2>~ We also present
the frequency-dependent macroscopic dielectric function ey which is a fundamental quantity in the
theoretical derivation of X<2>- We assess the role of the long-range kernels in describing excitons
in materials with different symmetry types : cubic zincblende, hexagonal wurtzite and tetragonal
symmetry. Our studies indicate that excitons play an important role in x® bringing a strong en-
hancement of the SHG signal. Moreover, we found that the SHG enhancement follows a simple
trend determined by the magnitude of the long-range corrected a-parameter. This trend is material

dependent.
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I. INTRODUCTION

Second-harmonic generation (SHG) spectroscopy is a powerful and versatile technique used to probe the properties
of matter [1-4]. In particular, in the recent years, SHG has been efficiently used to investigate the role of excitons in
different types of materials [4-11]. In fact, excitons lead to sharp resonances in SHG spectra, which are systematically
influenced by magnetic and electric fields, strain and temperature [12-17]. Therefore, understanding the role that
excitons play in SHG is of great interest for fundamental research and for technological applications.

Excitons are usually described as bound electron-hole pairs, i.e., as an effective two-particle system. They can be
classified as Frenkel excitons (bound) which are localised excitations at the atomic sites and Mott-Wannier excitons
(continuum), which, instead, are delocalised excitations over the atomic unit cells. These types of excitons have been
clearly probed by SHG in Cgy molecular crystals and in CuCl films [5]. Exciton resonances have also been studied
with SHG in bulk GaAs semiconductors [18], bulk hexagonal wide-band-gap semiconductor ZnO [6], as well as in
two-dimensional SiC, ZnO and GaN hexagonal crystals [19]. Other materials which have been largely investigated in
the recent years for their important excitonic properties are two-dimensional (2D) layered materials such as WSe,,
WS, [7-9, 20], MoS2 [11] and A-BN [10].

The quantity that describes the many-electron interactions in the SHG process is the macroscopic second-order
susceptibility y (2 [1, 21, 22]. x@ takes into account the variation of the screening fields on the microscopic scale, i.e.,
crystal local-field effects and electron-hole interactions [22-24]. Chang et al. [25] and Leitsman et al. [26] presented an
ab initio many-body formalism for computing the frequency-dependent second-harmonic generation of semiconductor
materials including crystal local-field and excitons. In their method the electron-hole interaction is described through
the solution of an effective two-particle Hamiltonian, derived from the Bethe-Salpeter equation (BSE) which is very
successful in describing excitonic effects in the linear optical response [27-29]. Riefer and Schmidt [30] extended the
theory of Leitsmann et al. [26] to the limit w — 0. They used this formalism to calculate SHG spectrum of ZnS, ZnSe,
and ZnTe. Attaccalite and Griining [31] presented another derivation of x® based on the Berry phase formulation
of the dynamical polarisation [32]. They derived the equations of motion describing electron dynamics in an external
electric field. Their formalism takes into account the quasi-particle effects, the crystal local fields and the excitons.
Luppi et al. [22, 33] developed an approach which permits to calculate the macroscopic second-order susceptibility
x? in the framework of Time-Dependent Density-Functional Theory (TDDFT) [34-36]. This approach allows the
inclusion of crystal local-fields and excitonic effects through the exchange-correlation kernels fy. and g. [22]. The
kernel fy. is the same kernel as for the linear response TDDFT, while the kernel g,. is specific to the second-order
TDDFT [22, 36]. An estimation of the importance of g,. has been given in [37] for the static x(?). Tt was shown that
the effect of g,. can be of the same order of magnitude as the crystal local-fields. However, the importance of the
many-body effects strongly varies with respect to the energy range where y(? is calculated. Despite this investigation,
to our knowledge, no other theoretical development exists for g,. which is then neglected in the calculations of the
frequency-dependent y(2).

In their work, Luppi et al [22, 33] investigated the role of excitons in bulk semiconductors demonstrating the im-

portance of long-range interactions to describe excitons in SHG. They used the long range-corrected (LRC) exchange-



correlation kernel f,. = —a™RC /g2 which is an empirical kernel that requires a material dependent parameter o*R¢

[38]. The LRC kernel was first used in the framework of the linear response theory where the o€

was obtained by
comparison with the results of the Bethe-Salpeter equation [38]. In this context, the LRC kernel was shown to be
able to describe continuum excitons [39]. Note that a different ansatz was also proposed in [37] for the derivation of
the long-range kernel, based on the polarization-dependent density-functional theory, giving values close to the one
obtained in [38].

Since then, a number of nonempirical exchange-correlation kernels, that have been corrected for the long-range
interactions, have been proposed in the literature. The performance of these kernels have been assessed in the linear
response, focusing on optical spectra and exciton binding energies [40-43]. Sharma et al. [40] proposed a self-consistent
Bootstrap (BO) kernel for the description of excitons in insulators and semiconductors. Later, Rigamonti et al. [41]
derived a scalar Bootstrap kernel in RPA (RPA-BOh), which was also applied to bound and continuum excitons for
semiconductors. Moreover, they also presented an alternative way to calculate the head of the kernel of Sharma et al.
(BOh) [40], which does not require any self-consistency [41]. Trevisanutto et al. [42] proposed an exchange-correlation
kernel corrected for the long-range interactions based on the jellium-with-gap model (JGM). However, it was shown
that it is not possible to get an accurate exciton binding energy and an optical spectrum in good agreement with
experiments at the same time. In the following, we focus only on the optical properties of semiconductors.

In this work, we considered these long-range corrected exchange-correlation kernels and assessed their behaviour,
focusing on excitons in SHG spectra. The paper is organized as follows: in Sec. II, we present the general theory for
SHG in TDDFT and the long-range kernels which we will use to describe excitons, and in Sec. IIT we present and
discuss the results of the kernels on materials with cubic zincblende, hexagonal wurtzite and tetragonal symmetry.

2)

Together with x(2), we also investigated the real and the imaginary part of the frequency dependent macroscopic

dielectric function ey7, which is a fundamental element in the derivation of (2.

II. THEORY

A. SHG and symmetries

The macroscopic second-order susceptibility in TDDFT is [22, 33]

2 PN N
X (@, 2w) = N el (a3, 20) el (@2, w) x

6%/[L(éllaw)XE)2p)p((i3;6127(117007QW)a (1)
where «, # and ~ indicate a specific component of the susceptibility tensor and the normalised wave-vectors q; and
g2 are defined through a linear combination of the cartesian vectors x = (1,0,0), y = (0,1,0) and z = (0,0,1). This
linear combination depends on the symmetries of the system as will be shown later. The normalised wave-vector

Qs is simply calculated from the sum of q; and qs. The longitudinal macroscopic dielectric function is defined as
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eF(q,w) = q-em(w)-q and finally, N is a constant which also depends on the symmetry of the system studied [22, 33].

1. Clbic zinc blende symmetry

For this crystalline system, the only non-zero component is Xg,)m where a = x, 8 = y and v = z. The normalised

wave-vectors are defined as q; = Qo = (1/\/§7 1/V/3, 1/\/5) The symmetry dependent constant is N = —iv/3/4
22, 33].

2. Hezagonal symmetry
A non-zero component of this crystalline system is, X:((2z)x where a = x, § = z and v = x. The normalised wave-

vectors are defined as ¢; = (1,0,0) and g2 = (0,0,1). The symmetry dependent constant is N = —i/v/2. Another

non-zero component is xg;, where o =z, § = z and 7 = z. The symmetry dependent constant is N = —i/2 [44].

3. Tetragonal symmetry

In this case, a non-zero component is X)(fy)z, where o = x, f =y and v = z. The normalised wave-vectors are defined
as q = (1/\/5, 1/v/2,0) and §» = (0,0,1). The symmetry dependent constant is N = -i//2 [22].
B. Calculation of SHG
1. Macroscopic dielectric tensor ep(w)

The macroscopic dielectric tensor ey (w) is defined as

. 1
€M (w) = cllli% fai .Gt (q7w) (2)

where eél c. (a4, w) is the inverse microscopic dielectric matrix written in terms of the reciprocal-space lattice vectors
1 2
G and G for a given wave-vector q and frequency w. The case G; = Gy = 0 indicates the head element of the

inverse microscopic dielectric matrix.

The definition of the inverse microscopic dielectric matrix is

_ 1
ol e, (W w) = 0c,c, + Y 16,06, G Xon Gac, (6 @) (3)
G3



where v is the Coulomb potential and X(pi)) is the linear response matrix which can be obtained by solving the TDDFT

equation :
1) _ @
XppG1 G, (D W) = X0.G,q, (A w) +
1 1
D X061, (49 fitxe o (490X e, (@), (4)
G3Gy
where X( ) is the independent-particle response matrix and fuxc = v + fxc is the sum of the Coulomb potential v

and of the exchange-correlation kernel fy..

C. Second-order response function Xﬁ,f)p

The second-order response function X,(gi)p in TDDFT is

2
E l(s(;l Gs— E Xo G1G4 (93, 2w) fHxe,G.G5 (Q372w)] Xf)pl,g5g2g3(Q3,Q27Q1a E Xo G1G4G6 (g3, q2,q1,2w) X
Gs G4Gs

1 1
l5G6G3 + 3" fiixe.GoGr (@2, W)X @ (qQ,w)] [&;2@4 + 3 fitxe.@as (a1, 0)X) goq, (anw) | +
G, Gg

1 1
Z X, G1G4 q372w)gxc,G4G5GG(q3aq2>q17w)X(pp)7G5G2(q1’W)Xgp{ng3((]2,w) (5)

G4G5Gs
which depends on fhyxc, on the second-order kernel g.., on the linear response matrices X(() )7 ijlp) and on the

independent-particle second-order response matrix X( ) [22, 33].

D. Exchange-correlation kernels

In our study we considered the LRC kernel [38, 39], the BO kernel, i.e., the BOh [40, 41], the RPA-BOh kernel
[41] and the JGM kernel [42] . Despite the different derivations of these kernels, their role is to screen the Coulomb
potential by simulating the Coulomb repulsion between the electron-hole pair. No exchange contribution is included
in these kernels. Moreover, in all of our calculations, we included a scissor shift to simulate the quasiparticle effects

and we considered only the head contribution of the long-range corrected kernels.

1. LRC

The empirical LRC kernel is defined as [38, 39]

LRC

Q
chl,{ng (@) = —md(G’ -G) (6)



and the head-only term of the LRC kernel is fXRC(q) = —aR¢/|q|2. The parameter o*RC = C /e, — Cs is expressed
in terms of the constants C; = 4.615, Cy = 0.213 and of the experimental high-frequency dielectric constant e,,. The
values of C7 and C5 have been obtained through a fit, which uses the theoretical lattice constants of the materials.
This parametrisation can also be used with the experimental lattice constants [22, 43].

This kernel has demonstrated to be able to simulate continuum excitons in the absorption spectrum of materials
when quasiparticle energies or a scissor shift are used [38, 39]. Luppi et al. [22, 33] also used this kernel for the
calculation of SHG in bulk semiconductors. In particular, they obtained a remarkable agreement in the experimental
intensity of the highest peak of the second-order susceptibility for GaAs [33]. This result showed the importance of
long-range interactions in SHG spectra. However, there are still some discrepancies between the experimental and

LRC

the theoretical SHG spectra. These can be due to the crude approximation of the parameter o which is a mean

value of the dynamical dependence of f. in a given range of frequency.

2. JGM

Constantin et al. [45] proposed a dynamic exchange-correlation kernel of the uniform electron gas. In order to
describe the short-range interactions, they defined their kernel by introducing an effective interaction in the form of a
frequency-dependent error-function, which reduces the effects of the electron Coulomb interaction. Then, they imposed
the fulfillments of the compressibility and the third-frequency-moment sum rule as well as the correct asymptotic
behaviour at large wave vectors. Finally, they found an accurate exchange-correlation kernel that reproduces the
wave-vector analysis and the imaginary frequency analysis of the correlation energy of the uniform electron gas.
Trevisanutto et al. [42] extended this kernel, in the static case, to the jellium with gap model (JGM) which permits
to treat weak excitonic effects in semiconductors and bound excitons in insulators.

This matrix form of the JGM kernel in reciprocal space can be decomposed as a sum of three independent terms

as follows :
G G G G
e (@) = fidee (@ + fldeé (@) + flode (a). (7)
The first term is

JGM1 /(CI) — _47TB/(G — G/)
xc,GG |q—|—G’|2

where

B(G—-G) = / dre GG B (n(r), B,) )



and

B(n(r)) + B,

Bn(r), B) = =5

(10)

The quantity E, is the minimum electronic energy gap of the material while the quantity B(n) is parametrised as

_ 1+ alri/Z + a2r§/2

1/2 3/2

B(n) =
3+ birs’ ™ + bary

where r, = [3/(47n)]*/3, a3 = 2.15, ay = 0.435, by = 1.57 and by = 0.409. [45]

The second term is

JGMQ(( ) _ 47TH(G' B G/aGI)
xc,GG \q—|—G’|2

where
H(G-G',G')= / dre=1G=Gr B (n(r), B,)e 70
and
1 E?
/ — kn g
B By T dr|lq+ G|?2 nB'(n, E,)
with

where o = —0.025 and § = —0.691. [45]

Finally, the third term is

1
roae (@) =-D'(G -G

1+1/lq+ G'|?

where

(12)

(15)

(16)



/
D/(G . G/) _ dre—i(G—G’)r drC (n(r)’ Eg) (17)
K

and

C(n(r))

/ _
C'(nr). Ey) = TP (18)
The quantity C(n) is parametrised as [45]
7w d(rsee)
_ 1
Cn) = — - 1), (19)

where kr = (372n)/3 represents the Fermi momentum of the uniform electron gas and e, is the correlation energy in
the Perdew-Wang parametrization.

Considering only the head of this kernel, it is possible to define a LRC a-parameter for the JGM kernel as

aJGM _ aJGMl + aJGM2 + aJGM3 (20)

where o/ M = 47 B/(0), o’%M2 = 47 H(0,0) and o’M3 = 0. Clearly fJ%M3 gives no contribution.

3. Bootstrap

Sharma et al.[40] proposed a bootstrap kernel for optical spectra of semiconductors and insulators, which reads as

’U1/2
BO
xc,GG’ (q) =€

(@egr (a.0)vd) (21)

1 — erpa,00(q,0)

and which is iterated numerically to self-consistency. In this case, it is also possible to define a LRC a-parameter

OéBO (q) — _ 471—6601 (q? 0) (22)

1 — erpa,00(q,0)
Unlike the JGM kernel, the bootstrap kernel depends explicitly on the structure of the material through ¢~! and
€rpA, which means that for non-isotropic systems the kernel is different in different directions.

To avoid self-consistency, Rigamonti et al.[41] proposed an alternative but equivalent analytical form for the head

of the Sharma et al.[40] boostrap kernel (Eq. (21)), which is



o () = (23)

ear(0)x8o(a. 0)

with

_ _ 2 _
1 Xoo (a,0) _RPA 1 (. Xt (a,0) _ Xoo (a,0)
€ 0:11m<1+—v a)x q,0) )+ /= (1+ER 22y (q)x3FA(q,0) | — 20~ 2 (24
IW( ) Xgo (q’ 0) 0( ) 00 ( ) 4 X80 (q7 O) 0( ) 00 ( ) Xgo (q’ 0) ( )
—RPA

Here, xpo * is defined as in Eq. (4), but without the long-range part of the Coulomb interaction (7(G = 0) = 0),

_(1 1
X/(Jp),Gle (q’ OJ) = X((J,%;,lc;2 (qa W) +

3 x5era, (@, @)5(Ga)X Y ¢ (@.w). (25)
G3

This form brings results which are indistinguishable with the converged iterative results of the BO kernel.

4.  RPA bootstrap

Rigamonti et al. [41] proposed another kernel defined as

-1
€ v
fRPA-BOh(q) _ RPA,00 (q) 7 (26)

1 —1/expa,00(a,0)

where the LRC a-parameter is

—1
oRPA-BOh _ _ 47T6RPA,00(0a 0)
1 —1/egpa,00(0,0)

(27)

This kernel is close to the BO kernel in Eq. (21) but there is no self-consistency condition. Moreover, the derivation
of this kernel relies on the assumptions that the kernel is static in the optical range, that the static dielectric constant
can be correctly described in RPA and that it is much larger than 1. BO and RPA-BOh give similar results in
absorption spectra of semiconductors for weak excitons while noticeable changes are present for strong excitons.
Note that an expression similar to Eq. (27) has been obtained in the context of Current-Density-Functional Theory,

assuming a small dielectric constant egpa oo < 2 [46].

III. RESULTS

We calculated X%A{ (w, 2w) for i) SiC and GaAs bulk semiconductors (cubic zinc-blende), ii) polytypes 2H-SiC, 4H-

SiC, 6H-SiC and ZnO semiconductors (hexagonal wurtzite) and iii) ZnsGesPy (tetragonal). We first calculated the
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electronic structure of the materials in their ground-state within Density-Functional Theory (DFT) in the local-density
approximation (LDA), using norm-conserving Trouiller-Martins pseudopotentials [47, 48] and plane-wave basis set with
the ABINIT code [49-51]. In the case of Gallium, we explicitly included the 3d semicore states as valence states, giving
the valence configuration 3d'°4s24p! [52, 53]. Then, we calculated the optical spectra in TDDFT as implemented
in the 2light code [54]. In particular, the TDDFT calculations were always done on top of scissor-corrected LDA
band structure, so that only the excitonic part of the exact exchange-correlation kernel fy. is approximated. We have
considered the head-only version of the kernels presented above. The comparison between the head-only and full form
of the kernel is shown for SiC in the Supplemental Information. Moreover, we emphasise that for all the calculations
we used gy. equal to zero. In fact, even if we know that this kernel behaves as g,. = —3/q> where 3 is constant, to

our knowledge the value of 3 is still not known.

RPA m =m
25 JGM |
JGM1 *25 s
JGM2 *25
20 EXP @
=
Bis5f
)
N
w
10|
5 L
0
4

FIG. 1. SiC : €3 calculated in RPA,

T
IPA = =

25 RPA = = |
LRC : a-RC=0.50
RPA-BOh : ofPABON_0 40 e
20 | BOh : aB°M=0.32 |

JGM : M0 24 e

15

£5(m) (au)

10

10 11

7 8
o (eV)

FIG. 2. SiC : e2(w) calculated in IPA, RPA, LRC, RPA-BOh, BOh, JGM kernels and experiment [55].



11

500 r T T T T T T
RPA m =m
450 | JGM s ]
JGM1 *50  —
400 JGM2 *50 T
—~ 350 1
2 [
E 300} ' :
= Iy
5250 | s 1
~
_ =200} R .
o
=150 | ' b .
4 A 3
100 | 4 )} E
4 LS
50| A N/ I
0 0 1 2 1 ;1 1 7 8
o (eV)

FIG. 3. SiC: X,(fy)z calculated in RPA, JGM, JGM1, JGM2. JGM1 and JGM2 have been multiplied by 50.

500 T T T - T T T
IPA = =
450 | RPA = = -
LRC
400 | LYo —
BOh
< 350 JGM e |
g 300
3 250
T~
A?200

&
=150
100

50

4
o (eV)

FIG. 4. SiC : x&, calculated with IPA, RPA, LRC, RPA-BOh, BOh and JGM kernels.

(2)

To fully analyse the role of long-range corrected kernels in x5,

(w,2w) (see Eq. (1)), we also analyse the impact
of the long-range interactions on €y. In fact, in Eq. (1) ey enters explicitly in the calculation of ngﬂ{(wﬂw) at
frequency w and 2w. As ey = €1 +1i€2, we analysed both its real and imaginary parts. Concerning the real part €1, we
reported here only its static value while the full frequency-dependent spectrum has been reported in the Supplemental

Information.

A. Cubic SiC

We used the experimental lattice constant 4.360 A and an energy cutoff of 50 Ha [59]. We used 16000 shifted %

points in the Brillouin zone (BZ), 16 unoccupied states and 459 G vectors for the wavefunctions. Crystal local-field
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SiC

IPA RPA LRC RPA-BOh BOh JGM Exp(®
&1 6.63 6.09 739 7.09 686 6.64 6.5
a 0.50 040  0.32 0.24

.| 21.05 19.24 37.96  32.95  29.40 26.15

TABLE I. Static values of €; and |X)((2y)z| [pm/V] for SiC. The a-parameter is reported for the long-range corrected kernels. (a)
from Ref. [55]

T T T T T T T T

IPA
RPA = =
LRC : otC=0.22
RPA-BOh : ofFPABON_( {2 s
BOh : o®°"=0.10
JGM : o?'®M=0.20 e |
EXP o

25t

Q00

20

—15

£5(0

10

4 5
o (eV)

FIG. 5. GaAs : ez(w) calculated with IPA,; RPA, LRC, RPA-BOh, BOh, JGM kernels and experiment [56].

sool T T T T o

RPA = m
700 | LRC
RPA-BOh s
| BOh 1
S 600 JGM e
EXP e
S. 500 | ]
Baoo}
N
=
& 300
=
200
100 |
06 1 5 6

3
» (eV)

FIG. 6. GaAs : Xfy)Z calculated with IPA, RPA, LRC, RPA-BOh, BOh, JGM kernels and experiment [18].

effects are fully taken into account using 89 G vectors. In order to simulate the quasiparticle energies we used, on
top of an LDA band structure, a scissors shift of 0.84 eV [60]. We obtained a minimum electronic gap of 2.17 eV and
a direct electronic gap of 5.36 eV. In the case of the JGM kernel we used the experimental minimum electronic gap
E; =240 eV.

In Fig. (1), we show e for the JGM kernel for which we used the experimental gap E, = 2.40 eV [61]. Comparing
the effect of this kernel with the RPA calculation (fx. = 0) we observed that the energy position of the main peak

is shifted to lower energy and its intensity is increased. Instead, the second peak is almost unaffected by the JGM
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GaAs
IPA RPA LRC RPA-BOh BOh JGM Exp(®
er  11.80 10.73 1273 11.73 11.55 12.57 10.6
a 0.22 0.12 0.10 0.20

|X§c2y)z| 229.73 199.39 349.23  267.38 254.38 335.14 200

TABLE II. Static values of €, and |x{%| [pm/V] for GaAs. The a-parameter is reported for the long-range corrected kernels.
(a) from Refs. [57] and [58]

2H-SiC
IPA RPA LRC RPA-BOh BOh JGM
€1xx 0.65 6.13 7.58 7.13 6.91 7.32

Olxex 0.54 0.40 0.32 0.46
€12, 693 6.41 7.89 7.41 7.20 7.75
Ol 0.50 0.36 0.29 0.46

2| 12.01 11.63 24.32 1959  17.61 22.15
X2 8.80 657 1359  10.92  9.86 12.75

4hSiC
IPA RPA LRC RPA-BOh BOh JGM
€1xx 0.58 6.38 7.88 7.38 7.18 7.59

Ouxx 0.51 0.37 0.30 0.43
€12, 6.82 6.66 8.26 7.66 7.48 8.02
Oy 0.48 0.33 0.28 0.43

2| 12.17 12.07 2518 19.89  18.21 22.59
IXZ| 1754 15.90 33.03  25.90  23.84 30.29

6hSiC
IPA RPA LRC RPA-BOh BOh JGM
€1xx 0.73 6.14 8.15 7.14 6.96 7.24

Olxx 0.54 0.40 0.34 0.43
€12, 691 6.42 833 7.42 7.25 7.67
Oy 0.50 0.36 0.31 0.43

)| 10.02 10.02 21.08  16.95 15.58 18.41
IXZ)| 15.83 15.34 31.81  25.50  23.52 28.57

TABLE III. Static values of €1 xx, €1,22, |X,<(2Z)X\ [pm/V] and |X;2‘ [pm/V] for 2H-SiC, 4H-SiC and 6H-SiC. The a-parameter is
reported for the long-range corrected kernels.

kernel. The results are consistent with the theoretical calculation presented by Trevisanutto et al. [42]. However, to
deeper understand the JGM behaviour we separately calculate the contribution to €y from JGM1 and JGM2. We
recall that JGM3 gives no contribution. We observed that in the case of JGM1 and JGM2 the spectrum of e, is very
peculiar as its shape is completely different from the JGM calculation and from experiments. In fact, even if both
JGM1 and JGM2 contain the 1/¢? dependence, we obtained o’“M! = 10.36 and /2 = —10.12, which, in absolute
value, is orders of magnitude different than /&M = 0.24.

In Fig. (2) we compared all the long-range corrected kernels studied here with IPA and RPA. The kernels have the
same trend which is to shift the energy position of the main peak to lower energy and to increase its intensity keeping
the second peak almost unchanged. Moreover, it is possible to quantify the strength of this effect by comparing the
a values for each kernels. We have that oR¢ = 0.50 > ofPA-BOR — (.40 > oBOP = 0.32 > o’OM = 0.24. The same

trend is found for frequency-dependent e; (see Supplemental Information) which static value is reported in Tab. (I).
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FIG. 7. SiC-2H (top), SiC-4H (center) and SiC-6H (bottom) : €2 xx(w) calculated with IPA, RPA, LRC, RPA-BOh, BOh, JGM
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In the case of LRC, in order to obtain a better agreement with experiments, a smaller value of a*RC has to be taken
: 0.2 instead of 0.5. [38]

Next, we investigated the behaviour of the JGM kernel and we show Xg,)z in Fig. (3). In Fig. (4), we compare IPA
and RPA with the long-range kernels. In the case of the second-order response, the kernels do not shift noticeably the
peaks but, instead cause a strong enhancement of the SHG intensity following the same trend observed in the linear

response : aLRC > aRPA'BOh > ozBOh > aJGM.

B. Cubic GaAs

We used the experimental lattice constant 5.652 A and an energy cutoff of 50 Ha. We used 18522 shifted k points in
the Brillouin zone (BZ), 11 unoccupied states and 283 G vectors for the wavefunctions. Crystal local-field effects are
fully taken into account using 89 G vectors. In order to simulate the quasiparticle energies we used a scissors shift of
0.8 eV [60], and obtained a (minimum) direct electronic gap of 1.19 eV. In the case of JGM we used the experimental
minimum electronic gap E, = 1.52 eV [61].

In Fig. (5), we show the effects of the long-range corrected kernels studied compared to RPA and IPA calculations.
Both in IPA and RPA, the peaks at 3 eV and 5 eV are easily identified. However, the peak at 3 eV is strongly
underestimated compared to experiment because both IPA and RPA do not include excitonic effects. The long-range
kernels can resolve this peak giving good agreement with experiments. Moreover, as already observed for SiC, it is
possible to quantify the effect of each kernel by considering that a™*RC = 0.22 > o’M = 0.20 > o*PA-BOh — (.12 >
aPOM = 0.10. The same trend is found for €; (see Supplemental Information). The static value is shown in Tab. (II)
and one clearly sees that no excitonic effect is needed to recover the experimental results. This holds for the linear
and nonlinear coefficients.

The behaviour of the long-range kernels for the SHG is shown in Fig. (6). The general trend for all the kernels is to

enhance the SHG intensity following the rule o*RC > qJGM > RPA-BOh  BOh

which is the same trend we already
described for €; and es.
Moreover, it is interesting to note that, as in the case of SiC, the effects of the SHG kernels do not depend on the

frequency range. In the case of GaAs the kernels give noticeable effects only below 5 eV.

C. Hexagonal SiC polytypes

We studied the hexagonal SiC polytypes : Si-2H, Si-4H and Si-6H. For all the polytypes we used the experimental
lattice constants, which for Si-2H is a=3.075 A and ¢=5.048 A, for Si-4H is a=3.073 A and ¢=10.052A and for Si-6H
is a=3.073 A and ¢=15.079A . We used an energy cutoff of 50 Ha [59, 62] and 5120 shifted k points for Si-2H in the
Brillouin zone (BZ), 3888 shifted & points for Si-4H and 4000 shifted & points for SiC-6H. The number of unoccupied
states are 54 for SiC-2H, 22 for SiC-4H and 26 for SiC-6H, and the number of G vectors for the wavefunctions is 497
for SiC-2H, 489 for SiC-4H and 493 G for SiC-6H. Crystal local-field effects are fully taken into account using 97 G

vectors.
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In order to simulate the quasiparticle energies we used a scissors shift of 0.84 eV [60]. For SiC-2H the minimum
electronic gap is 3.01 eV and the direct electronic gap is 4.72 eV. In the case of JGM we used the experimental
minimum electronic gap E, = 3.33 ¢V [59]. For SiC-4H the minimum electronic gap is 3.03 eV and the direct
electronic gap is 4.16 eV. In the case of JGM, we used the experimental minimum electronic E, = 3.26 eV [59]. For
SiC-6H the minimum electronic gap is 2.81 eV and the direct electronic gap is 3.92 eV. In the case of JGM we used
the experimental minimum electronic E,; = 3.02 eV [59].

In Figs. (7,8) we show the effects of the long-range corrected kernels RPA-BOh, BOh and JGM compared to RPA
and IPA calculations for €3y and €3 ;5.

SiC-2H, SiC-4H and SiC-4H show the same trend, which can be quantified by observing that in the case of €3«
for SiC-2H we have alFC = 0.54 > oJSM = 0.46 > oBPABO = 040 > oB9h = 0.32, for SiC-4H we have oLRC =
0.51 > aJSM = 0.43 > oBPA-BOh — 037 > oBOh = (.30 and for SiC-6H we have akFC = 0.54 > oJSM = 0.43 >
alfPA-BOh — (0 40 > oPBOM = (0.34. The same is found for e, ,, where we obtain for SiC-2H aLRC = 0.50 > oJSM =
0.46 > aRPA-BOh — (.36 > oBOh = (.29, for SiC-4H aLR€ = 0.48 > oJM = (.43 > oBPA-BOh — (33 > oBOh — (.28,
and for for SiC-6H aLRC = 0.50 > )M = 0.43 > oRPA-BOh — (.36 > PO = 0.31.

Identical behaviour was found for €; (see Supplemental Information) and in its static value is shown in Tab. (III).

The performance of the long-range kernels for SHG is shown for X,((QZZ( in Fig. (9) and for X;Z; in Fig. (10). In these
cases the SHG is also enhanced but the main peaks are not noticeably shifted in energy. The enhancement exactly
follows the trend of « found for the optical absorption.

The strong enhancement of SHG due to excitons was already observed in the two-dimensional hexagonal crystals

SiC [19].

D. Hexagonal ZnO

We used the experimental lattice constants a=3.258 A and ¢=5.220 A and an energy cutoff of 50 Ha. We used 5120
shifted & points in the Brillouin zone (BZ), 32 unoccupied states and 487 G vectors for the wavefunctions. Crystal
local-field effects are fully taken into account using 99 G vectors. In order to simulate the quasiparticle energies we
used a scissors shift of 1.6 eV [63]. The (minimum) direct electronic gap is 2.42 eV. In the case of JGM we used the

experimental minimum electronic gap E, = 3.44 eV [64].

7Zn0O
IPA RPA LRC RPA-BOh BOh JGM
€1xx 428 416 5.08 5.16 4.92 4.84

Ouxx 0.90 0.96 0.78 0.71
€1, 427 416 5.09 5.16 4.93 4.84
Olyy 0.90 0.95 0.78 0.71

2| 0.735 0.34 0.73  0.77  0.65 0.61
INZ)| 31.21 30.01 64.85 68.43  57.71 54.07

TABLE IV. Static values of €1 xx, €1,22, |X,((2Z2(| [pm/V] and |xg%| [pm/V] for ZnO.
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FIG. 11. ZnO : €2 xx(w) and €2, (w) calculated in IPA, RPA, LRC, RPA-BOh, BOh, JGM kernels.

In Fig. (11), we show the effects of the long-range corrected kernels LRC, RPA-BOh, BOh and JGM compared to
RPA and IPA for €3 xx and €3 ,,. It is possible to quantify the effect of each kernels by considering that oszf A-BOh —

0.96 > a)I;BC = 0.90 > a)]fXOh = 0.78 > aiS’M = 0.71. The same rule is followed by €3 ,, and «,, which values are

reported in Tab. (IV) for each kernels. The trend of ¢; (see Supplemental Information) and in its static value is also

shown in Tab. (IV).

It is interesting to note that in the case of ZnO o€ does not give the largest value and we suppose that this could
be due to the break down of the model proposed by Botti et al. [38] to obtain oRC. In fact, they already showed
that this model can fail for materials with a small dielectric constant. In this case they suggested that the value of

aRC should be higher, which, however, would then deteriorate the low-energy part of the spectrum.

The behaviour of the long-range kernels for SHG is shown for Xizz)x and X;i; in Fig. (12) and confirms that excitons
enhance the SHG without affecting the energy position of the peaks.

Recently, the optical properties of ZnO have also been calculated in the BSE framework, showing a good agreement
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FIG. 12. ZnO : y\2% and x\2) calculated with IPA, RPA, LRC, RPA-BOh, BOh and JGM kernels.

ZnGeP
IPA RPA LRC RPA-BOh BOh JGM
eaxx 10.27  9.61 10.99 10.61 10.45 13.27
Qlxex 0.29 0.15 0.13 0.43

I\2,| 137.15 135.15 250.16  189.21  179.24 380.29

TABLE V. Static values of €1 xx and \X,(s,)z| [pm/V] for ZnGeP. The a-parameter is reported for the long-range corrected kernels.

with TDDFT with long-range kernels. [65]

E. Tetragonal Zn,GexPy

We used the experimental lattice constants a=5.46 A and ¢=10.83 A and an energy cutoff of 50 Ha [66, 67]. We
used 3456 shifted k points in the Brillouin zone (BZ), 64 unoccupied states and 485 G vectors for the wavefunctions.

Crystal local-field effects are fully taken into account using 97 G vectors. In order to simulate the quasiparticle
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FIG. 13. ZnGeP : €3 «x(w) calculated in IPA, RPA, LRC, RPA-BOh, BOh, JGM kernels.
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FIG. 14. ZnGeP : X,((%)Z calculated with IPA, RPA, LRC, RPA-BOh, BOh and JGM kernels.

energies we used a scissors shift of 1.04 eV [60]. The minimum electronic gap is 2.23 eV and the direct electronic gap
is 2.34 eV. In the case of JGM we used the experimental minimum electronic gap E, = 2.34 ¢V [68].

In Fig. (13), we show the effects of the long-range corrected kernels LRC, RPA-BOh, BOh and JGM compared to
RPA and IPA calculations for €3 4. We found aJSM = 0.43 > aLBC = 0.29 > oPA-BOh — .15 > oBO® = 0.13. The
same trend is found for €; (see Supplemental Information) and in its static value is shown in Tab. (V).

The behaviour of the long-range kernels for SHG is shown for Xg')z in Fig. (14). Here again, excitonic effects
contribute to enhance the SHG signal. However, the enhancement is particularly strong in the case of the JGM
concerning a low energy peak around 3 eV which is set too low in IPA and RPA. The other long-range kernels LRC,
RPA-BOh and BOh are able to increase this peak with respect IPA and RPA, but its intensity is still very low in
comparison with JGM. A similar behaviour of the JGM versus LRC kernel was already observed by Griining and
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Attaccalite [69] for bulk zinc chalcogenides ZnS, ZnSe and ZnTe.

IV. CONCLUSIONS

The role of excitons in second-harmonic generation has been investigated using different long-range exchange-
correlation kernels (empirical LRC, Bootstrap RPA-BOh and BOh, and JGM) in the framework of TDDFT. Through
the calculation of x(?) and ey we determined absorption and SHG spectra for different electric-field polarizations and
crystal symmetries : cubic zincblende, hexagonal wurtzite and tetragonal symmetry. Our study indicates that excitons
play an important role in x(?. They induce a strong enhancement of the SHG signal but do not noticeably shift the
peaks in the spectra even though a large change in position of the spectral peaks is observed for €y;. Moreover, the

enhancement follows a simple trend which depends on the magnitude of the long-range corrected a-parameter. We

JG LRC

RPA-BOh >« M and o

observe that as a general rule a RPA "hut a material dependence on « is obtained, which
does not permit to find an absolute trend for the a-parameter for the materials studied. Moreover, comparing with
the available experimental results, we found that it is not possible to identify which is the “best” kernel. The lack of
frequency dependence in the a-parameter implies that the optical properties can be better described in some energy
regions than in others. At the moment, most of the calculations of SHG are performed in IPA which can give very
approximate results. As we show that excitonic effects can be very strong for these systems, we believe that going

beyond IPA is therefore necessary to accurately interpret experiments.
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