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Abstract

We consider the effect of an array of plates or beams over a semi-infinite elastic ground on the
propagation of elastic waves hitting the interface. The plates/beams are slender bodies with fle-
xural resonances at low frequencies able to perturb significantly the propagation of waves in
the ground. An effective model is obtained using asymptotic analysis and homogenization tech-
niques, which can be expressed in terms of the ground alone with effective dynamic (frequency-
dependent) boundary conditions of the Robin’s type. For an incident plane wave at oblique
incidence, the displacement fields and the reflection coefficients are obtained in closed forms and
their validity is inspected by comparison with direct numerics in a two-dimensional setting.

Keywords: asymptotic analysis; elastic waves; metamaterials; metasurfaces
2010 MSC: 00-01, 99-00

1. Introduction

We are interested in wave propagation in a semi-infinite elastic substrate supporting a perio-
dic and dense array of thin or slender bodies. This is the canonic idealized configuration used
to illustrate the problem of site-city interaction”. Such a problem, recent on the seismology
history scale, aims to account for the urban environment as a factor modifying the seismic ground
motion. Starting in the 19" century, the interest was primarily focused on the motion of the soil
elicited by static or dynamic sources being concentrated or distributed on the free surface in the
absence of buildings. These studies have led to important results as the Lamb’s problem [1} 2].
Then, more realistic configurations have been considered using approximate models to predict
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Figure 1: Geometry of the actual problems: (a) Array of parallel plates infinite along x3 atop an isotropic substrate; (b)
Doubly periodic array of cylindrical beams atop an isotropic substrate. The scalings are chosen to capture the bending
resonances only; with kr the wavenumber in the substrate, krh = n and krl = o).

the effect of complex soils, including the presence of buried foundations, on the displacements
in structures on the ground, see e.g. [3, 4} 5] and [6] for a review. In the classical two-step
model, the displacements in the soil without structures above, so-called free fields, were firstly
calculated and they were subsequently used as input data to determine the motion within the
structure [4} 6]]. This means that the interaction, refereed to as the soil-structure interaction, was
restricted to the effect of the soil on the structure. In the mid-1970s, Luco and Contesse [7]] and
Wong and Trifunac [8] studied the interaction between nearby buildings and they evidenced the
resulting modification on the ground motion. They termed this mutual interaction the structure-
soil-structure interaction, which has been later renamed soil-structure-soil interaction. On the
basis of these pioneering works the idea took root that several structures may interact with each
other and modify the ground motion, supplied by numerical simulations and direct observations
during earthquakes [9, (10, (11} [12] [13) [14} [15} [16]. At the scale of a city with the specificity of
the presence of a sedimentary basin, the soil-structure-soil interaction has been called site-city
interaction, a term firstly coined bu Guéguen [L0]. From a theoretical point of view, most of the
models encapsulate the response of a building with a single or multi-degree of freedom system
[17, [10L 18] (19, 20, [16]. On the basis of this model, Boutin, Roussillon and co-workers have
developed homogenized models where the multiple interactions between periodically located
oscillators are accounted for from a macroscopic city-scale point of view [[19} 21} 22| 23] [24]]. In
the low frequency limit, that is when the incident wavelength is large compared to the resonator
spacing, the effect of the resonators can be encapsulated in effective boundary conditions of
the Robin type for the soil, a result that we shall recovered in the present study. Such a mass-
spring model has been used in physics for randomly distributed oscillators [25]] and periodically
distributed oscillators [26, 127} [28]] for their influence on surface Love and Rayleigh waves. The
ability of arrays of resonators to block Love and Rayleigh waves has been exploited to envision
new devices of seismic metasurfaces [29, 30} 311 [32] 33} [34, 35} [36, [37| 38]] in analogy with
metasurfaces in acoustics [39} 40] and in electromagnetism [41}42].

In this study, we use asymptotic analysis and homogenization techniques to revisit the prob-
lem of the interaction of a periodic array of plates or beams on the propagation of seismic waves

2



36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

in three dimensions. We consider slender bodies in the low frequency limit which means two
things. Firstly, the typical wavelength 1/k is much larger than the array spacing £, which is a
classical hypothesis. Secondly, we focus on the lowest resonances of the bodies being flexural
resonances. The first flexural resonances correspond to ki ~ €,/h, with £, the body thickness, %
the body height and £,/h the slenderness (in comparison the first longitudinal resonance appears
at kh ~ 1). Now, we consider dense arrays, which means that £, ~ ¢, and ¢ = £,/¢ € (0,1)
(Figure[I). Hence the asymptotic analysis is conducted considering that

the wavelength 1/k is large compared to / which is itself large compared to ¢, ~ €.

It is worth noting that assuming ¢ = O(5") with n > 1 would allow a reduction of model in a first
step, resulting in concentrated force problems, as implicitly considered in [19} 21} 35]]. Here on
the contrary, the implementation of the asymptotic method will require that we reconstruct the
asymptotic theory of plates and beams in a low frequency regime, as previously done for a single
body in solid mechanics, see e.g. [43] 44] for plates and [45] 146} 47, 48] for beams. However,
this classical theory has to be complemented with matched asymptotic expansions to link the
behavior in the periodic set of bodies with that in the substrate. This “soil-structure” coupling
requires a specific treatment as used in interface homogenization [49, 50, |51} 52], see also [53]]
for a resonant case. In the present case, we shall derive effective boundary and transmission
conditions applying in a homogenized region which replaces the actual array; and in this effective
region the wave equation for flexural waves applies. This problem can be further simplified in
effective boundary conditions of the Robin type applying on the surface of the soil, namely

o -n = Kw)u, (D

where the frequency-dependent rigidity matrix K depends explicitly on the flexural frequencies of
the plates/beams. The rigidity matrix is diagonal as soon as the bodies have sufficient symmetry,
resulting in effective impedance conditions which ressemble those obtained in [22] in the same
settings.

The paper is organized as follows. In §2| we summarize the result of the asymptotic analysis
in the case of an array of plates, whose detailed derivation is given in the The resulting
“complete” formulation (B)-(3) is equivalent to that in (6)-(7) thanks to a partial resolution of
the problem. In §4] the accuracy of the effective model is inspected by comparison with direct
numerics based on multimodal method [54] for an in-plane incident wave. The strong coupling
of the array with the ground at the flexural resonances are exemplified and the agreement between
the actual and effective problems is discussed. We finish the study in §5|with concluding remarks
and perspectives. We provide in the appendix the effective problem for the an array
of beams which is merely identical to the case of the plates with some specificities which are
addressed.

2. The actual problem and the effective problem

We consider in this section the asymptotic analysis of an array of parallel plates atop an
isotropic elastic substrate. We note that the problem splits in the in-plane and out-of-plane po-
larizations. The latter case has been already addressed in [36]. We focus in this section on the
former, in-plane, case. We further note that the asymptotic analysis of a doubly periodic array
of cylinders atop an isotropic substrate is a fully coupled elastodynamic wave problem, which is
thus slightly more involved and addressed in the Appendix.
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2.1. The physical problem
We consider the equation of elastodynamics for the displacement vector u the stress tensor o
and the strain tensor &

in the substrate, x; € (=00,0) : divo + pw’u=0, o =2ue+Atr(e)l, &= %(Vu + Vu),

in the plates, x; € (0,¢) : divo + ppwzu =0, o =2use+ el

2
with the Lamé coeflicients (4,,1,) of the plates and (A, 1t,) of the substrate, w the angular fre-
quency and / stands for the identity matrix. In three dimensions with x = (x, x», x3), stress free
conditions o - n = 0 apply at each boundary between an elastic medium (the plates or the sub-
strate) and air, with n the normal to the interface. Eventually, the continuity of the displacement
and the normal stress apply at each boundary between the parallel plates and the substrate. This
problem can be solved once the source u™ has been defined and accounting for the radiation
condition for x; — —oo which applies to the scattered field (u — u™).

2.2. The effective problem

Below we summarize the main results of the analysis developed in the §3|and which provides
the so-called "complete formulation” where the array of parallel plates is replaced by an equiva-
lent layer associated to effective boundary and transmission conditions (Figure [2[a)). Owing to
a partial resolution, this formulation can be simplified to an equivalent “impedance formulation”
set on the substrate only (Figure 2b)). We note that all three components of the displacement
field appear in this section, and the reader should be aware that we make use of variables x =
()C], X2, X3) and x’ = (XQ, )C3).

2.2.1. Complete formulation
The effective problem reads as follow

In the substrate, x; € (—00,0) : divo + pswzu =0, o =2ue+ At(e)l,
ot we )\
In the region of the plates, x; € (0,4) : 6_1442 -« u =0, «= (M) s )
)Cl p

up(x1,x") =u1(0,x"), us(x1,x") = u3(0,x),

with X’ = (xp, x3),
D - E @
-y 12

the flexural rigidity of the plates (p, the mass density, E, the Young’s modulus and v, the Poisson’s

ratio), complemented with boundary conditions at x; = 0 and x; = & of the form
D, &

o1 (07.X) = p’eh 1 (0.X),  op07.x) = - Z22(0%.%),
¢ 4x

- o aZu - o - o
o13(07,X) = oh (E,,—j(o X)) + p,wluz (07, X )),
0x;
P &)
M2(O+,X/) = u2(079x/)9 _(0+’X/) = 07
(9)(31

62142 631/[2
—(h,x') = —=(h,x')=0.
5 ) = G )
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These effective conditions express (i) at x; = 0 a balance of the stress, prescribed displacements
and vanishing rotation and (ii) at x; = h, free end conditions with vanishing bending moment
and shearing force. One notes that all three components of the displacement field u appear in (3))
which involves partial derivatives on x; and x3 only.

/‘

T T
x5 T3
h 04 R 0/ b
(a) (b)

Figure 2: Geometry in the effective problems for an array of plates. (a) In the complete formulation, the region of the
array is replaced by an equivalent layer where (3) applies, complemented by the transmission conditions in (G). (b) In
the impedance formulation, the problem is reduced to effective boundary conditions (6) which hold at x; = 0. The same

holds for the array of beams, with (a) (B-I)-(B3) and (b) (B-3).

2.2.2. Impedance formulation
From (3)), the problem in x; € (0, 4) can be solved owing to the linearity of the problem with

respect to u»(07, x2), see|Appendix A| Doing so, the problem can be thought in the substrate only
along with the boundary conditions of the Robin’s type, namely

divo +p<a)2u =0, o=2ue+Au(e)l, x; € (—0,0),

o1(0,x) = Zuy(0,x),  012(0,X") = Z f(kh) u2(0,X’), ©)

02u3

’ 2 ’
a_x%(()vx ) +,0pw M3(O,X )) )

o13(0,x") = ¢h (Ep

with the following impedance parameters

shkh cos kh + chkh sin kh
Z = p,w*¢oh, h) = , 7
o phs ) = A T cos kT 7

(we have used that D,,K4 = ppwzfp). The conditions on (07}, 0712) encapsulate the effects of the
in-plane bending of the plates while the condition on o-j3 can be understood as the equilibrium
of an axially loaded bar (in the absence of substrate, we recover the wave equation for quasi-
longitudinal waves). It is worth noting that for out-of-plane displacements, u3(xi, x;) and u; =
uy = 0, the boundary conditions simplify to o13(0, x;) = pp<phw2u3(0, x,). This corresponds to
the impedance condition which can be deduced from the analysis conducted in [36] and resulting
in 013(0, x2) = p @k, tan(k;h)uz(0, x,) and obtained here in the limit k;h < 1.

5



s 3. Derivation of the effective problem

As previously said, the asymptotic analysis is conducted considering that the typical wave-
length 1/k is large compared to the plate height 4 which is itself large compared to the array

spacing { ~ {,. Hence, with k; = w+/p./u, and k. = w+/p./(A + 2u,) of the same order of
magnitude, we define the small non-dimensional parameter i as

n= vVkt, and kh=0(@),

(note that to excite both the bending and the longitudinal modes another scaling is required with
kh = O(1), and this is a higher frequency regime studied in [33]). Accordingly, the asymptotic
analysis is conducted using the rescaled height / of the plates and array’s spacing ¢ defined by

A h ¢
ma{nTy
nn
which models an array of densely packed thin plates. We also define the associated rescaled
spatial coordinates
X
y] = —l’ 7=
n n

X

5. 8)

o7 3.1. Effective wave equation in the region of the plates
e 3.1.1. Notations
In the region of the array of parallel plates, the displacements and the stresses vary in the
horizontal direction over small distances dictated by £, and over large distances dictated by the
incoming waves; these two scales are accounted for by the two-scale coordinates (x’, z,), with
X’ = (x, x3). In the vertical direction, the variations are dictated by % only and this is accounted
for by the rescaled coordinate y;. It follows that the fields (u, o) are written of the form

u= > WX, o= 1T 0nn.x), ©
n>0 n>0
with the three-scale differential operator reading
- —— 4+ = — + Vg, (10)
n oy 1m° 0z

where e; = (1,0,0) and e, = (0, 1, 0). Now, we introduce the strain tensor with respect to x’

0 6xlu1 6X3M1
, 1
&g () = 3 Oy, Uy 20y, up (0xu2 + Oy u3) |, an
(9x3u1 (6X3u2 + (9)(2143) 2(9)(31/!3

and the strain tensors with respect to the rescaled coordinates y; and z,,

0
1
sy‘(u)zz Oy, 0 0 |, szz(u)zz Onur 20,uy  Onuz|. (12)
(3y1u3 0 0 0 6Z2M3 0


Agnes Maurel
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The system in the region of the plates reads, from (),
1 1 5
(El) T—Ia},]()’l] + axaa'la + ? (9120'12 + p,W U = O,

1 1
(EQ) 58},10'(“ + axBO'alg + ? (9120'(12 +,0p(x)21/l<1 =0, (13)

C) o= 71] Q& + A,tr(&")) + (2,8 + A,tr(6%)) + 12 (2u8" + A tr(e")).
n

with the convention on the Greek letters @ = 2, 3, the same for 3, and where & stands for &(u).
‘We shall use the stress-strain relation written in the form

1 | 1+
() - +6 + 8= A+%) o % o, (14)
n n E, E,
Eventually, the boundary conditions read
02i=0, =123, atz= 1902/2’ (15)

and are complemented by boundary conditions at y; = 0, h assumed to be known (they will be
justified later). We seek to establish the effective behaviour in the region of the array in terms of
macroscopic averaged fields which do not depend anymore on the rapid coordinate z, associated
with the small scale £ as the following averages taken along rescaled variable z. These fields are
defined at any order n as

—y ’ 1 n ’ pry ’ 1 n ’
w(y1,X’) = —Afw (1,22,X)dza,  A"(y1,X) = :f?r 1> 22,X') dza,
ot Jy ¢ Jy
withY = {z, € (—902/2, (,02/2)} the segment shown in ﬁgure

Y1

o>

Zzi

Figure 3: Analysis of a single plate in rescale coordinates, (@) with Y = {z, € (~¢2/2, pf/2)}; the analysis holds within
the plate far from its boundaries at y; = 0, &.
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3.1.2. Sequence of resolution and main results of the analysis
We shall derive the equation satisfied in the region of the array, and additional results on the

stresses (ﬂ?i, n}i ), i =1,2,3, required to establish the effective boundary conditions at y; = 0, h.
The main results will be obtained following the procedure :

1. We establish the following properties on 7

0

0 =0, n,=0,i=1,23, 2% =0. (16)

2. Then we derive the dependence of (w%, w!) on z, which have the form

and

wi = Wi (x) -

=Wi(x), w)=W)y,x), wi=W)x),

A, BWO 0W W a7)
2(/1—+,up)3 2(x)y 1——(y1,x)22, wy = Wa(1,X),
5w .
=77 2 oy —20LxX) 2, 7Y = ¢EPT3(X )- (18)

3. Eventually, we identify the form of n{i, i = 1,2,3, and the Euler -Bernoulli equation
governing the bending Wg. Specifically

and

7 01,X) = p,wte W) (h - y1),

E, <p322 193W§
(1-v) 12 (9y?

01, x), (19)

71-%2(}71,)(/) ==

N [)ZWo A

1301, X) = QO(EPW;(X') +ppw2W§)(x’)) (h=y1).
3

E, g 3w,

2 /0
- W, =0. 20
(1 _ Vg) ]2 6_)1? ppw 2 ( )

In the remainder of this section, we shall establish the above results. We shall denote (E;)", (E,)"
and (C)" the equations which correspond to terms in (T3] factor of 7".

3.1.3. First step: properties of n° in
From (E)~? in (T3), we have that (9zz7rgi = 0, which along with the boundary conditions at z, =
+¢h/2 leave us with 73, = 0. Next from (E;)~! and (E3)~!, we also have that 8,70, + 9,7}, = 0

and Oy]ﬂ% + 0127%3 = 0; by averaging these relations over Y and accounting for

1

20y T 0, we

get that 7r11 and 7r13 do not depend on y;. We now anticipate the boundary condltlon ﬂll(/’l X)) =

7r13(h x’) = 0 that we shall prove later on (see forthcoming (33)), we get 7T“ = 7r13 =0inY. We
have the properties announced in
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3.1.4. Second step: (wW°,w") in (I7) and (n9,,7%; ) in (I8)

Some of the announced results are trivially obtained From (C")~% in (T4), we get that BZZW
0, and from (C; 1) and (Cn)_ that 6},1w] dy w3 = 0, which leaves us w1th the form of wV in
(T7). Next (C,,,)™"! tells us that ,,w! = 0, in agreement with the form of w! in (T7). We have yet

to derive the form of wl, which is more demanding. From (C},)™!, 6zzw} = -0y, wg and thus
’ an ’
w; =W1(y1,X)—a—(Y1,X)Z2, (21)
Y1

but we can say more on W. Let us consider the system provided by (C;)? and (C»,)°, specifically

{ = (4, +21,)0,wi + 4, ([)xnwg + Bzzwg), )

0= (4 +21,) (w3 + Dyw3) + A, (3y, W} + 0,08,

where we have used that ”gz = 0. After elimination of 4, w% and owing to the form of w2 in (T6)
and w! in (21) (at this stage), we get ﬂ?l = a(y1,x")zo + b(y1,x’) with

E, W) 2u aw, owW?
- , b=—""2—120 — LX)+ 4,——x)|, (23
1— V2 (92 (yl X) (/lp+2/lp)( ( p+/‘1p)ayl ()’1 X)+ P X3 (X)) ( )
(we have used that E,/(1 — vf) = 4u,(u, + 4,)/(4, + 21,)). It is now sufficient to remark that

E = 0 imposes b = 0. This immediately provides the form of JT(I) , in (T8) and

A,

W) = M0 g

( X))y, (24)

which along with (2T leaves us with the form of wi in (7). The same procedure is used to get
795, which from (C33)°, reads

735 = (A + 24)0 W3 + 4, (8, W] + Bw) +0,w3). (25)
Using that ﬂgz = 0 to eliminate 9, w%, we get

E6W° 2pd, WY o
9 = p_( ") - L+ 2, 0 —2(1,X) 22, (26)

which after integration over Y leaves us with 7r(3)3 in (T8). Incidentally, w% can be determined from
(22)) and we find

s (6W° A Wy AL )) A, W)

_ 2 ’
wy = 1,x) + /lp+2,up a)’l 2

a FYESEEN 2
0x; 201, +p1,) 0x3 +Wy.x). (27)

3.1.5. Third step: the 7r_}l in (I9) and the Euler-Bernoulli equation in (20).
We start with (E) in (T3) integrated over Y, specifically,

on',
—]11+ppw290W10=0, ﬁ+ppwztpW0=0, —13+—+ w2W§)=0, (28)
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where we have used and 2 - m5y = 0. Since W) ‘and Wy depend on x” only, and accounting
for 79, (x’) in (T8), we get by integration the forms of n}, and of 7}, announced in (T9). Note that

we have anticipated the boundary conditions ﬂ{i = 0aty, = h, see forthcoming (33).

The equation on ”iz in (28) will provide the Euler-Bernoulli equation once ﬂiz has been
determined (the integration is not possible since WS depends on y;). To do so, we use, that
8y, 1, +0,7}, = 0, from (E;)™", along with 7Y, in (I8). After integration and using the boundary
condition of vanishing ﬂ{z at o = +pl/2, we get that

E 33“70 222
1 P 1 ’ 2 (4

= s -, 29
USP) 20— oy 1 X)(Zz n ) (29)

hence the form of 7}, in (T9). It is now sufficient to use 7}, in 28) to get the Euler-Bernoulli
announced in (20).

3.2. Effective boundary conditions at the top of the array

To derive the transmission conditions at the top of the array, we perform a zoom by substi-
tuting y; used in Q) by z; = y1/n, see Figure fp. Accordingly, the expansions of the fields are
sought of the form

u= Y V'@, x), o= 7ve.x), (30)
n>0 n>0
where we denote z’ = (z1,22). The coordinate z; € (—co,0) accounts for small scale variations
of the evanescent fields at the top of the plates. Next, the boundary conditions will be obtained
by matching the solution in (30) for z; — —oco with that in (@) valid far from the boundary for
y1 — h. This means that we ask the two expansions to satisfy

VLX) vl @, X))+~ WO+ nzi, 2, X)) + Wl (h+ 2y, 20, X)) + e
(S hdntta)

(and the same for the stress tensors); note that we have used that y; = 7z;. It results that
: 0/ 0.7 : | - aWO 7 ’ 1,7 ’
lim v’(z',x") = w'(h,x"), lim |v'(z',x") —zla—(h,zz,x ) =w (h,z2,X),
Y1

- 71——00
(3D
1= Z71——00

A o . )
lim @, x) = 2°h,2,%’), lim (Tl(z’,x’) —zlal(h,@,x’)) = n'(h, 22.X)).
V1

According to the dependence of the fields in (30) on (z’, x"), the differential operator reads as
follows

1
Vo =V, +Vy, (32)
n
and we shall need only the first equation of ), which reads
1
e = div, o + divy o + ppou2 u=0, (33)
n
where div, and divy means the divergence with respect to the coordinate z’ and x’ respectively.

In (33), (e)™ and (e)~! tell us that div,7° = divy7! = 0, that we integrate over Z = {z; €
10
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Figure 4: Analysis of the effective conditions at the top and at the bottom of the array. (a) Half strip at the top of the
array in (z1, z2) coordinate with z; € (—o0,0), (b) Strip at the bottonl of tAhe array with z; € (—o0, +00); for 71 € (—0,0),
the terms in the expansions @) are periodic with respect to zo € (=€/2,(/2).

(=zm,0),z2 € Y} to get faz 0 .nds= faz -nds=0.0n0Z, 7° nand 7! - n vanish except on

the bottom edge Y of 6Z at z; = —z,, where n = —e,. It follows, from (31)) along with ﬂ_(l)i =0in

(T6), that

0=1lim [ 7 -nds=-l20hx)e, 0=lim [ 7' -nds=-Cr(hx)e. (34
n—= Jo7 in—= Jo7

which provides the boundary conditions

A (hx) = (hx)=0, i=123. (35)

The conditions on 7).

in the previous section, see (I9). Eventually, the condition ﬂ_}z(ii, x2) = 0 combined with (T9)
leads to the condition of zero shear force
63 Wg 7 ’

(h,x") = 0. (36)

are consistent with (T6). The conditions on 7}, and 7}, are those anticipated

vy

We have yet to derive the condition of zero bending moment. First, integrating div,7° over Z, we

get0 = faz T?jn jdzo = fY T(1)2|z1——zm dzy. Next, integrating over Z the scalar a-div,7° = a,-@zj‘r?]. =

0 (since div,7° = 0) with a = 7, e; — z;e, and integrating by parts, we get that

_ 0 g 0 _ 0 _ 0
0= faz a; Tijnj ds = fy 2Tty =—z, 922 = 2m fy Ti2f =z, 922 = fy 2Ty =g, 422 B7)

(the integral on 9Z reduces to that on Y at z = —z,). In the limit z,, — oo, where fy zﬂ?l -

zyr(fl(fl, x’), and accounting for ”(1)1 in @), we obtain the expected boundary condition
62 Wg 7 AN
(h,x") = 0. (38)
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3.3. Effective transmission conditions between the substrate and the region of the array

To begin with, we shall need the solution in the substrate which is expanded as

u= Z 7'u'(x), o(x)= Z "o’ (x), (39)

n>0 n>0

with no dependence on the rapid coordinates, while in the array it is given by (9). As in the
previous section, a zoom is performed in the vicinity of the interface between the substrate and
the region of the array, owing to the substitution y; — z;. In the intermediate region, the fields
are expanded as in (30) with the interface at z; = 0 and z; € (—oo, +00), see Figure Elkb). Itis
worth noting that for z; € (—c0,0) the terms in the expansion (30) are assumed to be periodic
with respect to z, € (—£/2,2/2) while for z; € (0, c0) we have z, € (—pf/2,¢f/2). Note that
we should use different notations for the expansions and for z; since their meaning is different;
for simplicity, we keep the same. The transmission conditions will be obtained by matching the
solution in (30) for z; — +oco with that in (@) for x; — 0, and for z; — —co with that in 9) for
x; — 07. Matching the solutions hence means, with z = (zy, z2),

V@, x)+pv' @, x)+-- ~ Pz, x) + (P, x) +
Zl—)—oo

VO(Z,, XI) + TIVI(ZI7X,) T Z :+oo WO(UZUZZ’ X,) + UWI(UZI’ZZ’ X/) +-- 4
1

where we have used that x; = 1°z; and y; = 5jz;. It results that

lim v’(z,x) =u’(07,x), Zlim vz, x;) =u'(07,X),
1 —>—00

[
lim 7%z,x) =0%07,x), lim 7'(.,x)=0'0,x), (40)
71— 7] =
and that
: O/ </ 0/nt+ < : 1,7 o 6W0 + ’ 1.0+ ’
lim v'(z’,x") = w’(0",x), lim (v (z',x")— 21— (0", 2, X" )| = w (07, 22, X"),
Z1 >+ 7j—+00 (9y1

on®
i(OizZ,x’)) =70, .%).
a3
(41)
Eventually, with the differential operator in (32)), (33) applies; we shall also need from (2)) that

lim 7°%z,x) = 7°(0%,2,,X’), lim (Tl(z’,x’)—zl
7]+

7] —+00

, , 1. . 1., (d+v
(©) 1o =2u, & + (¥, ) —-&"+& + —231 = ( EV)
n n a

o - 2— (o) 1. (42)

(& stands for &(u)) applying in the substrate, a=s, and in the plate, a=p, where we have defined

20;,uy (O, u1 + 0yuz)  Oyus
W= |G o) 2 s, @)
(911143 6zz”3 0

The continuity of the displacement is easily deduced. From (c’)~2 in ([@2), vg does not depend
onz’,and (v(l), vg) correspond to a rigid body motion, i.e. v? = Q?ZZ+V?a and vg = Q0 +Voa, with
(Q°, V%) independent of z'. The periodic boundary conditions in the substrate impose Q° = 0;

12
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127

next, the continuity of the displacement at z; = 0 imposes QS = 0 in the plates and v° = VS =V
is independent of z’. From {@0)-@I)), u’(0~,x’) = v* = w°(0*, 25, X’), and making use of

W07, x) = W), u0,x)=W)0",x). (44)

For the same reasons, v is a constant displacement, hence u'(0~,x") = w'(0%, zp,x’), but this
has now a consequence. Indeed, from (@I)) for the displacement at order 1, we have necessar-
ily 6y]w0(0*,12, x’) = 0 to ensure that w!(0*, zo,x’) is finite; from (T7), we already know that
0y, w(l) = 0,, wg = 0 but the condition remains for wg = Wg (y1,x’), hence

0

W,
—2(0*,x) = 0. (45)
3

We now move on the effective conditions on the force. From (c)2 in (33)), div,7° = 0 that
we integrate over Z = {z; € (0,z,,),22 € Y} U {21 € (=z4,0),22 € (={/2,£/2)}. Accounting for
i) 70 - n continuous at z; = 0, ii) 7° - n = 0 between the plates and the air, iii) 70 periodic at

= +0 /2 in the substrate, we get that f_ %22 ‘r(l)i(—zm, 20,X)dz; = fy T(l)i(zm, 22,X’) dz,. In the limit
zm — oo in (B0) - @I) along with ﬂ_(l)l. = 0 from (T6), we get
od(07,x)=0, i=1,23, (46)

which tells us that the plates do not couple to the substrate at the dominant order. The coupling
appears at the next order, starting with div, 7! = 0 from (c)~'. As for ¥ and using again that

Y, = 0, we get that o7},(07,X') = 7} ,(0*, X'); eventually, using ], in (T9), we get

— ’ r ’ — ’ E ()0322 83WO
o1,(07,X) = p,0*eh W)X), ol,(07,x) = — —" 2

(0%, x"),
1-v2) 12 By?

20 47

1 — o/ 7 6
015(07,x") = ph|E, 3

)+ ppw2W§’<x'>J

2
X3

3.4. The final problem

The effective problem (3) is obtained for (u = u’, o = 0 + no!) in the substrate for x; < 0,
(u=W°%o =7°+ ') in the region of the array for x; > 0. Remembering that y; = x;/n
and h = h/n, { = £/n?, it is easy to see that (i) the Euler-Bernoulli equation in (@) is obtained
from (20), (ii) the effective boundary conditions announced in (3 from (36), (38), @), and
@6)-@7).

0

4. Numerical validation of the effective problem for a two-dimensional problem

In this section, we inspect the validity of the effective problem in a two-dimensional setting
for in-plane waves (#3 = 0, hence d,, = 0). We solve numerically the actual problem of an
incident plane wave coming from x; — —oo at oblique incidence on the free surface supporting
the array of plates, and Lamb waves are excited in the plates. This is done using a multimodal
method with pseudo-periodic solutions in the soil and Lamb modes in the plates; the method is
detailed in [54]. In the effective problem, the solution is explicit, from (G)) - (3) or equivalently
(6)-(7) when the solution in the plates is disregarded.

13
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130

131

132
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135

We set the material properties for the elastic substrate: v, = 0.2, E, = 2 GPa, p, = 1000
Kg.m‘3, and for the plates : v, = 0.3, E, = 2 GPa, p, = 500 Kg.m‘3, and ¢ = 0.5. We choose
¢=1mand we set n = Vk£ = 0.37 (w = 124 rad.s™"), hence « = 0.64 m~'. We shall consider
h € (0,30) m resulting in ki € (0,20) which includes the first 6 bending modes for & = h,, n =
I,---,6,and hy ~3m, hy ~7.3m, hy ~ 123 m, hy = 17.2 m, hs = 22.1 m, hg = 27.0 m. The
first resonance of the quasi-longitudinal wave along x; appears for i = 7/(2w) /E,/p, = 25.3
m, hence it will be visible in our results.

4.1. Reflection of elastic waves - the solution of the effective problem

We define the potentials (¢, ¥) using the Helmholtz decomposition, withu = V¢ +V X (¢ e3).
The incident wave in the substrate is defined in terms of the incident potentials

¢inc(x1’x2) — AianeiaLxl eiﬁxz’ ',Dinc(xl»XZ) — A;'.'CeiaTxl ei,sz’

(43)
with (a;,8) = k. (cosé,,sin6,), (ar,B) = k; (cosbr,sinb;),
withk, = /1 fszﬂg wand k, = % w. The solution in the substrate reads
d(x1,x2) = ¢inc(x1 ,X) + (RLL ATC + Ry A;{m) eion eiﬁxz’
(49)

Y(x1, x2) = Y(x1, x2) + (Ryy A™ + Ryq Al) gm0 gP02,

T
o117 :Zzl\.()']‘_;:Z‘/'(};/z)Ilg ‘ To
0
0

RLTAEIX“C; RLLA:‘C

L

Figure 5: The effective (partial) problem — Reflection of an elastic wave on the surface x; = 0 where effective boundary
conditions (6)) apply. The incident wave is defined by (@) and the solution by [@9). The arrows show the wavevectors.
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The effective problem can be solved explicitly. Accounting for the boundary conditions (6)), it is
easy to show that

1
R, = D [sin 26 sin 26, — §2 cos? 20; —ifa(cos 6, —Ef cosbr) — fazf cos(f, + GT)] s
1
R = ) [sin 26, sin 26, — §2 cos? 20; + iéa(cos 6, —Ef cosbr) — §a2f cos(6, + HT)] ,
2 5in 26 in 20
R, = _§ sin26; (2 cos 26; + azf), Ry = S (2 cos 26, + azf),

where D = sin26;sin 26, + .§-‘2 cos® 26, — ita(cos B, + Ef cosOr) — §a2 fcos(6, —6y),

in6 21—,
f stands for f(xh) in (7) and & = Zig; _ 1(_22), a= go% keh,

ws (note that a = Z/(kyp,) in (7).

(50)

0, =20°,h=0 0, =45°,h =0 0, =80°,h=0

-

-

uy flat interface

‘
— b ¢
— ,

[N -

uy flat interface

A J

Figure 6: Reference case — Vertical u; and horizontal u; displacement fields in the absence of array. The fields are shown
for x; € (—=100,0) m and x; € (0, 120) m.

Obviously, the same reflection coefficients are obtained by solving the complete problem
(B)-@); we get the displacement fields in the region of the plates x; € (0, k), with

up(xy,x2) = u1(0,x2),  uz(x1, x2) = u2(0, x2)V(xy),

2i&%k ) ) .
u1(0, xp) = li) L [cos O, (cos 20, —icos b af) Al + (sin 26, cos 6, — isinf, cos O, af) Ar¥] &P

ik . _ )
(0, xp) = IBT [sin 26, (2 cos O — ia)A}™ — 2£ cos O1(£ cos 26, — ia cos 6, )AT] P,

Vix) = vi(kh) [chk(x; — h) + cos k(x; — h)] + va(kh) [sh(x; — k) + sink(x; — h)]
Ve 2(1 + chkh cos kh) ’
with  vi(kh) = (chkh + coskh), v,(kh) = (shkh — sin kh).

(51
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As a reference case, typical displacement fields (u;, u;) for a surface on its own (h = 0) are
reported in figure @ The incident wave is of the form [@8) with A™ = 1/(28),A™ = —1/Q2ay)
producing an incident horizontal displacement equal to unity at x; = O; three incident angles 6,
are reported. It is worth noting that with a = 0 in @), we recover the reflection coefficients for
a flat interface, see e.g. [53].

4.2. Weak and strong interactions between plates and substrate

The effect of the array is encapsulated in the impedance parameters (a, f), or equivalently
(Z = kwp,a, f), whose variations versus k;h are reported in figure 7| The parameter Z = p,w?ph
tells us that heavier plates and higher frequency produce more pronounced coupling with the
substrate, which is not surprising. The parameter f encapsulates the effects of the bending reso-
nances and it diverges when approaching them. This occurs at the frequencies corresponding to
a clamped- free single plate, in other words chkh coskh = —1.

/I,3 15 }14 ]15 /I,(,‘ 30
h(m)

Figure 7: Variations of the impedance parameters a = Z/(krp,) in (]3_6[), and (Z, f) in (]ZI), versus h. The parameter f
diverges at the resonances of the clamped - free plates for chk/cos kh = —1.

It is worth noting that the impedance condition implying the resonant contribution is used
in [22] in the same configuration considering a spring-mass model. Neglecting the damping
used in this reference and adapting the notation, the impedance parameter f is reduced to f =
1/(1 = w?/w?) with w, a resonance frequency. This relation has to be understood locally in the
vicinity of a single resonance, and from f in figure[7] it is visible that (i) it captures the physics of
a single resonance locally (ii) it should be corrected by a constant C,, depending on the considered
resonance f = C,/(1-w?/ wﬁ) to account for the increase in sharpness of the bending resonances
when & or w increases.

4.2.1. Weak interaction

Far from the resonances, the interaction is weak. Indeed, from @, with Z being small and
f(xh) of the order of unity, the wave impinging the surface sees essentially a flat surface, with
o1 = oy =~ 0atx; = 0. The resulting patterns, not reported, are indeed similar to those obtained
for a flat interface in figure @ Since there is not much to be said on the field in the substrate, we
focus on the capability of the complete effective solution to reproduce the actual displacement
in the plates. Figure[§|show a small region of the displacement fields near the interface (h = 5
m resulting in k-4 = 0.7 and 6, = 45°). From what we have said (the interaction is weak),
the displacements in the substrate are neatly reproduced. More interestingly, the displacements
in the plates are also accurately reproduced in an “averaged” sense which clearly appears for
the displacement u; : in the actual problem, u; varies linearly with x, within a single plate, in
agreement with (ZI)); this variation at the small scale is superimposed to a variation at large scale,
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©

from one plate to the other. The small scale variations do not appear in the homogenized solution
since they vanish on average while the large scale variation is captured. The same occurs for u,
but in this case, the small scale variations are less visible because they appears at the order 2 (see

(T7) and 7).

direct numerics effective problem

HI

mm

“\*\,\\~\\~\ ui (h/2,2)

—1.2

FEEREERRERERRRN) 0
e us(h/2,x2)

~
~
LS
&) S
'\&-
>
-~

-
—0.6 e

Figure 8: Meaning of the homogenization process — Displacement fields (actual and homogenized) for x; € (=10, 5) m
and x; € (0, 20) m (h = 5 m, 6, = 45°).

4.2.2. Strong coupling near the resonances

Strong coupling in the vicinity of the bending resonances can be measured by the amplitudes
of the displacements in the plates. We report in figure[d|the amplitudes of the horizontal displace-
ments against 4, at the bottom and at the top of a single plate. In the actual problem these am-
plitudes are calculated by averaging over x, € (=¢,/2,¢,/2) the profiles |u2(0, x2)| and |ua(h, x2)|
obtained numerically. In the homogenized problem |u, (0, x,)| and |uy(h, x2)| = |V(h)uz(0, x,)| are
given in closed-forms from (3T).

horizontal displacement

Figure 9: Amplitude of u at the bottom x; = 0 and at the top x; = A of a plate against /, from direct numerics (symbols)
and from the effective solution 43_'11} (plain line); 6;, = 45°. Shifts in the resonances h — h — hg, with hp = 0.22 m are
compensated (dashed line). The inset shows the actual variation of u,(h, x2) within a single plate with variations as small
as about 10™* with respect to the mean value.
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For h € (0, 15) m, the first three bending resonances are visible by means of high displace-
ments at the top of the plates (up to 40 times the amplitude of the incident wave in the reported
case). It is also visible by means of vanishing amplitude at the bottom of the plate, in agreement
with (5I) for f — oco. Hence, near the bending resonances, the plates are clamped and they
impose a vanishing horizontal displacement at the interface with the substrate, a fact already
mentioned in [22]]. In the substrate, the resulting displacements are significantly impacted. Large
values of f(xh) produce R, ~ —1,R;; ~1land Ry ~R; ~0in , hence

uy(x1, x7) = 2ik, cos 6, (A™ cos a, x; + A™ tan 6, cos a;x;) eP2,
(52)
u(x1, x2) = 2k; cos 6; (—A™ tan 6, sin @, x| + A™ sin a;x;) P2,

corresponding to a superposition of standing waves. Examples of resulting patterns are shown
in figure [10] for the first three bending resonances to be compared with those obtained for a flat
interface in figure [6} It is worth noting that in figure |[I10| we have accounted for the shift in £,

(91_ = 200, }7,1 9;‘ = 450, hg 0;‘ = 800, ]7,3

IR

direct numerics

Uy

effective problem

i
iy

direct numerics

U2

effective problem
v

Figure 10: Strong coupling of the array near the three first bending resonances — The values of /,, n = 1,2,3 have
been taken from ﬁgureE] at the maximum displacements in the direct numerics and in the homogenized solution. Same
representation as in figure[6]
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n = 1,2,3 in the homogenized solution from figure 9} where a systematic shift of the effective
solution i — h — hy, with hy = 0.22 m in the present case.

4.3. Occurence of the first longitudinal resonance

To go further in the analysis, we report in figure [T1] the reflection coefficients against 7 €
(0,25) m and 6 € (0,90°). We represent the real and imaginary parts of the 4 reflection coeffi-
cients. As previously said, our analysis does not hold at and above the first longitudinal reso-
nance, which appears for 2 ~ 25.3 m (hence kh = 3.4); expectedly, the effective model indeed
breaks down at this high value but it remains surprisingly accurate up to 7 ~ 15 m (hence
kih ~ 2).

RLL RLT RTL RTT
s
:
=
k3t
g
B
e 90 -
N
()
z o~
aq;g . l%
)
_ 0
e
‘y‘r- d Y
S WW m
=]
=
©
=
“ IR
o
N
)
2
§ !
&=
)
0 h(m) 25
N . ||
1 0.5 .2 5 p 1 1
g J

Figure 11: Accuracy of the effective model on the reflection coefficients — Real and imaginary parts of the four reflection
coefficients versus h and 6. The solution of the effective problem, (30) (second row) reproduces accurately the direct
numerical solution of the actual problem (first row) up to the occurence of the first longitudinal resonance for 7 =~ 25.3
m.

The occurence of this resonance is visible by means of the amplitude of the vertical displace-
ment u;(0, x,), which is reported in figure [12| against 7. We observe the same trends as for the
bending modes. Far from the resonance, the displacement is essentially the same as for a surface
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on its own; at the longitudinal resonance, it tends to zero resulting in clamped- free conditions
for the plates. However, it is also visible that rapid variations of the displacements due to mul-
tiple bending resonances superimpose to the smooth variations of the displacement due to the
longitudinal resonance.

vertical displacement
0.6 T

mean(|uy (0, 22)|)

0 I I
h(m) 20 30

Figure 12: Occurence of the first resonance in reflection — Variation of the amplitude of the vertical displacement u; (0, x7)
at the bottom of the plates. The bending resonances are superimposed to this resonance which produces a almost clamped
condition u (0, x) = 0 for & ~ 25.3 m.

5. Conclusion

We have studied the interaction of an array of plates or beams with an elastic half-space u-
sing asymptotic analysis and homogenization techniques. The resulting models (3)-(3) for plates
and (B-I)-(B-3) for beams provide one-dimensional propagation problems which in their simpler
form consist in effective boundary conditions at the surface of the ground, (6) for plates and
for beams. The exception for plates in the boundary condition o3 in (3)) is incidental for in-plane
incidence but it is interesting since it provides non trivial coupling for arbitrary incidence. For in-
plane incidence, the model has been validated by comparison with direct numerical simulations
which show an overall good agreement. In particular, the displacement fields obtained in a
closed-form accurately reproduce the actual ones; this is of practical importance for applications
to site-city interaction where the displacements at the bottom and at the top of buildings are
relevant quantities to measure the risk of building damage.

Our models have been obtained owing to a deductive approach which applies to a wide va-
riety of problems. An important point is that the analysis does not assume a preliminary model
reduction for the resonator on its own and as such, it can be conducted at any order. Higher
order models would involve enriched transmission and boundary conditions able to capture more
subtle effects as the shift in the resonance frequencies visible in the figure [9) or the presence
of heterogeneity at the roots and at the top of the bodies as it has been done in [36]. Next,
we have considered bodies with sufficient symmetry resulting in a diagonal rigidity matrices
and which allow for easier calculations. When symmetries are lost, and the simplest case is
that of beams with rectangular cross-sections, the calculations are similar; they will produce
couplings for incidences as soon as the horizontal component does not coincide with one of
the two principal directions. Additional complexities can be accounted for straightforwardly, as
orthotropic anisotropy along x; or slow variations in the cross-section. Eventually, the models
are restricted to the low frequency regime where only the flexural resonances take place. At the
threshold of the first longitudinal resonance, they fail as illustrated in figure[T2] Extension of the
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present work consists in adapting the homogenization procedure in order to capture both flexural
and longitudinal resonances at higher frequencies.
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Appendix A. Remark on the solution in the region of the plates
From the boundary conditions (3), %(h, X)) = %(h, x2) = 0 and u> (0%, x2) = u(07, x),
1 1

aﬂ(O*, x) = 0, the general solution for x| € (0, k) reads as follows

0x)
{ uy(x1, x2) = A(xp) {a(kh) [chk(x; — h) + cos k(x1 — h)] + b(kh) [shk(x; — h) + sink(x; — h)]},

with  a(xh) = (chkh + coskh), b(kh) = (shkh — sin kh).
(A.1)
The displacement u, is continuous at x; = 0 and we have 2A(x,)(1 + chkh cos kh) = u(0, x5),
hence

uz(x1, x2) = uz(0, x2)V(x1),

Ve = Q) [ehk(xy = ) + cos k(r = 1)) + b(kh) [shi(x, = h) + sin k(= b)) (A2)
() = 2(1 + chihcos kh) :
Obviously, this holds except at the resonance frequencies of the plates for chk,.h cos k.h = —1
which imposes u,(0, x;) = 0 (and eigenmodes in the region of the plates). It follows that the
relation on ¢ 12(07,X’) in () becomes 1,(07,x") = —(D,/)V"”(0) u2(0,x3), with V"”(0) =
—k*hf(kh), with f(kh) in (6). With 012(07,x) = (k*D,h/€)f(xh) u2(0,x;) and x*D, = p,w*¢l,
we recover the form announced in (6).

(14 chkhcoskh)/chkh

Figure A.13: Bending resonances in the region of the plates (clamped/stress free conditions).
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Appendix B. Main steps of the derivation for an array of circular beams

Let us derive in this Appendix the effective model for circular beams of radius r,, for which
all the derivations are analytical; the circular beams are periodically located in a square array
whose unit cell has a section area S (figure [I(b)). In this case, the complete formulation of the
problem reads

In the substrate, x; € (—00,0) : divo +p,w2u =0, o =2ue+ Atr(e)l,

4 _ _ _
6x‘1‘ —Ku,=0, a=2,3 «= D,

1/4
& u, w*nr?
In the region of the beams, x| € (0, ) : “ pp—p ,
(B.1)

where
4

r
D,=E, —*, (B.2)
4
is the flexural rigidity of the circular beams, complemented by the boundary conditions

o1(07,X') = p,w’eh u1 (0, x2),

D, &u,
o120, x) = - = 22

(07, x2),
S Bx?

P (B.3)
1 (07, X) = uy(07, X)), 22(0%,x) =0,

axl
8 u,,
Bx%

3
hxy= T hxy=0, a=23.
Ox;

where ¢ = 7rr§ /S . It follows that the problem can be thought in the substrate only, with
dive + pw*u=0, o=2ue+At(e)l, x; €(—00,0), (B.4)
along with the boundary conditions of the Robin’s type
11(0,x") = Zuy(0,x),
(B.5)
0—1(1(09 X,) =Z f(Kh) MQ(O, X’)s
where Z and f(xh) are defined in (7) (we used that D «* = ppwzﬂrpz).

Appendix B.1. Effective wave equation in the region of the beams

Appendix B.1.1. Notations

We shall use the same expansions as in (9) but now, the terms w” and " depend on z’ =
(z2,z3) (and not only on z,) and we seek to establish the effective behaviour in the region of the
array in terms of macroscopic averaged fields

_ 1 _ 1
wi(y,X') = — fW"(yl,Z’,X’)dZ’, 7'(y,x) = rfn"(yl,Z’,X’)dZ’, (B.6)
oS Jr S Jy
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where X = (x, x3) and Y represents the circular section of the beam Y = { A /z% + z% < f’}, with
# = r,/n*. Tt is worth noting that it is sufficient to replace z, by z’ in (I0) to (T5); in particular,

we have P |
T /e (B.7)
noy n
and | |
0 EaZZWI 5(913W1
, 1
g (w) = 3 %@Zwl 0, W2 % (O, w2 + 0,,w3) |- (B.3)
%(913W1 % (az_z wy + 0;,W3) NTE

sz Appendix B.1.2. Sequence of resolution and main results of the analysis
243 The analysis is made more involved since the problem is two-dimensional in the rescaled
2« coordinate z’. The procedure is thus more complex. It is as follow:

1. We establish that

ﬂ(l)l =0, (B.9)
and the dependence of w” on (22, z3), specifically
w) = W), w) = Wiy, x), (B.10)

2. We deduce the form of 7° and of w!

21170

”(1)1 = _Ep?;(ylax,) Zas 71'(1)(1 = 71'25 =0,
Lo (B.11)
1 | 6W0z ’ 1 1 ’
wp = Wi) = =220 X) 2. Wo = Wo (1. X).
Y1
3. eventually the form of n_}l and the Euler-Bernoulli equation for the bending W2, a = 2, 3.
Specifically
71,01 X) = pw’e W) (h = y),
52 931170 (B.12)
T g PEOW
ﬂla(yl’x ) = —Ep T 6})? (y1,X),
and 2 A0
P oW,
T o - p,w* W2 = 0. (B.13)
245
26 Appendix B.1.3. First step: 77_(1)1 in (B9) and w° in (B-10)
247 This step is not very demanding. From (E;)™! in (T3), 8,,7%, + 8,7}, = 0, which after

28 integration over Y leaves us with 6ylﬂ(1)1 = 0; anticipating 7r(1)1 = 0 at the top of the beams (as we

2o did for the plates), we get 19, = 0 everywhere, as announced in (B29).
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251

252

253

Now, from (C},)"% in (T4), 8.,w" = 0 and from (C},)™" ,,w) = 0. It follows that w" depends

la
only on X', in agreement with (B-10). From (C,,5)~, w}, is a rigid body motion i.e.

wd = WOy, x) + Q°(y1, X' )(e1, 2, e,), (B.14)

with (e;,z,e,) = €; - (z X e,) being the triple product, and we shall establish that Q% = 0. To do
so we infer, from (C’la)‘l, that

Do, Wi + Oy, wh = 0 = By, (0,13 — 9,9 = 0. (B.15)

Inserting (B-T4) in tells us that Q° does not depend on y; and anticipating the matching
condition with the displacement in the substrate which imposes that Q° = 0 at y; = 0, we deduce
that Q° = 0 everywhere, and (B.14) reduces to the form of w® announced in (B.10).

Appendix B.1.4. Second step: (n°,w') in (B.11)
We start by determining w! incompletely (compared to what is announced in (B:10)). For
wl, we come back to 9, w! + 8,,w% = 0 in (B-I3), and w?, in (B-I0) provides us with
1° a1 Nn"a ’ a p
1 ’ 6‘/‘/((3
wy = Wl(yl, X ) —
I

01,X") Zas (B.16)

and it remains for us to show that W; does not depend on y;; this will be done after ”(1)1 has been
determined. Next, from (C(’w)’l, wl is a rigid body motion, hence

wy = War1,X) + Q' (y1, X )(e1, 2, €,). (B.17)

Now, we shall prove that Q! = 0; this will be done once Jr?a have been determined. For the

time being, we pursue the calculations by setting the boundary value problem set in Y on the
unknowns (7%, w2). From (E,)~% and (Cup)° in (13), it reads

[ey

{ 0ym0s =0, 10, = 241, (8X,(W0) + &2,(W?)) + 4, (D), W] + 85, (W) + &4, (W?)) 6, in ¥,

ﬂgﬁnﬁ =0 on Y,
(B.18)
with w® known from (B.10) and wi from (B.16) at this stage. It is easy to check that the solution
of this boundary value problem is

ﬂgﬁ =0,
wy = —€y(W)zg — LZ ﬂ(y x') + b Zo + W2(y1,X) + QX (y1,X)(e1, 2, €,)
a ap B 2(l‘lp+/lp) 3 (9y1 1s 2(ﬂp+/lp) @ a1l 1s 1,4,€q),
(B.19)

where
2 2\ 221170 21170 2 2\ 321170 21170
= = - = + 777 s =] = - — + 207 . B.20

g2 (2 2) &2 273 &2 3 27 2) oy 273 pe ( )

The above form of w? along with w9 in (B-I0) can now be used to find 7%, = (2, + 4,) &y, w} +
4, (axuwg + (’)%wi), and we get

oW *wo
0 _ 1 ’ a
USH _Ep(ﬁ_yl(yl’x)_ 6y%l

(yl,X’)za), (B.21)
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263

where we used that E, = u,(2u, + 34,)/ (1, + 4,). It is now sufficient to remember that 77_(1’1 =0to
get that 8, W, = 0, hence the above expression of 71}, simplifies to the form announced in (B-TT)

and w] in simplifies to to that in (B-TT).

We now use the boundary value problem set in ¥ on the unknowns (7 ,w}). From ()™
and (C,)" in (T3)), it reads as follows

{ (9Za7l'(])a = 0, ﬂla/ ,Llp (aylW +8 W +0 Wl) in Y» (B22)

ﬂ?annzo, on oY,

with w9 known from (B-I0) and w), from (B-I7) at this stage. The solution is again found to be
of the form

(1)(x_lup (9 (yl?x)(el’zea)

(B.23)
TR T
V1
and we see that Q' = 0 implies 7}, = 0. To show that Q' = 0, we use 9,77 + 67ﬁ7raﬁ =0
which we infer from (E,)". Multiplying by v = v,e, with the triple product v, = (e, z, e,) and
integrating over Y, we find that

fv(,[“)ylﬂ?a dz’ + f van('wnﬂ dl - fﬁzﬁvaﬂ"}ﬁ dz’ = 0. (B.24)
Y ay Y

Since 7! is symmetric and Vv is anti-symmetric, we have 6Zﬁv(,7r(lyﬂ =0, and ﬂ}yﬁnﬁ = OondY.
Hence, (B-Z4)) reduces to

on° 820!

fva 12 4z =0 — ——01,X) f(e],z, e,)’dz = 0. (B.25)
on ayy Y

Next, with (e;, z, e,)* = z* whose integral does not vanish, we obtain that g, Q! does not depend

on y;; anticipating that 6},191(/1,)(’) = 0and Q'(h X') = 0, we deduce that Q' = 0 everywhere.

It follows that 79 = 0, from (B:23), and that w}, = W, (y,X’), from (B:I7), in agreement with

(B1T).

Appendix B.1.5. Third step: 7T_L in (B:12)) and the Euler-Bernoulli equations in (B13))
This starts with (E)® in (T3) integrated over Y, specifically

1

1

0y

1

— 4 p,wle WY =0, W W? =0, (B.26)

Omy,
I
where we have used that 7° = 0 from (B9) and (B-IT) and #%n 5y = 0. Since W0 depends only
on x’, and anticipating that 7r (h x) = 0, we obtain by integration the form of ! 1 in (B:12).

To get x},,. we multiply (E;)~' (which reads d,,79, + 0,7}, = 0, with 79, in (BTT)) by z,
and integrate over Y to find that

a*wo
(YI,X)fzazﬁ ds+f”1ﬁ op ds =0, (B.27)
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265

where we have used that ﬂ} 5 nﬁl oy = 0. For the circular cross-section of the beams, fY 2z3dz’ =0
O
and fY z%dz’ = fy zgdz’ = ni7* /4. Tt follows that
ait WO

Sal,.x) = —EpT 0ny 1, X)), (B.28)

in agreement with (B-I2)) (with ¢S = 7#?). Coming back to (B:26) with the above form of x! ,
we deduce that o a0
oW, A
T2 e weSWo =0, (B.29)

in agreement with (B:13).

Appendix B.2. Effective boundary conditions at the top of the array of beams

As we have done in (30), we consider the following expansions for the displacement and
stress

u= Z n'v'(z,x), o= Z n't"(z,x). (B.30)

n>0 n>0

We use (e) in (33) (with z — z) which provide us with div,° = div,r! = 0, and this makes
the calculations identical to those conducted in §3.2] for the plates when integrating over Z =
{z1 € (—0,0),7" € Y}. We thus obtain

2 Xy =7 (h,X)=0, i=1,23, (B31)

(see (33)). The conditions on 7!, are consistent with (B-9) and (B-TT). The condition on 7}, is

that anticipated to find (B:12). Eventually, the condition on 7! combined with (B:12) provides

la
the conditions of zero shear force o

2 (h,x") = 0. (B.32)

Vi

To derive the condition of zero bending moment, we proceed the same as we have done in (B.24);
with v =v,e, and v, = (e}, 2, e,), we consider the vanishing integral fz vaazir?a dv = 0, hence

f va‘r?ani =0, (B.33)
oz

where we have used that 0., vaT?a = 0 by construction. Because 7° - n vanishes on 0Z except at

the bottom face z; = —z,, and passing to the limit z,, — +oo, this integral reduces to
f v (h,2',x') ds = 0. (B.34)
Y

Making use of (B.23)) leads to the anticipated boundary condition

Q' .
%(h,x’) =0, (B.35)

26



266

267

268

269

270

272

that we have used to get Jr?w = 0. It remains to derive the condition of zero bending moment. By
considering a = z, e; — 71e, and integrating over Z the scalar a - div,7° (since div,7° = 0), we

found that
0 0 0
0= f a; 1n; ds = - f o™, ds—2n f ., ds. (B.36)
Z Y Y

. . . . _ 0 . _ 0 . .
Since we have in addition 0 = faz Tl ds = fy o=z, ds, we can pass to the limit z,, — oo,

and get 0 = fYZ[,‘r(l’1 — 2,79, (h,x’). Now accounting for 79, in (B-2I), we obtain the expected
boundary condition
PwWY .
—2(h,x) = 0. (B.37)
dy;

Appendix B.3. Effective transmission conditions between the substrate and the array

In the vicinity of the interface between the substrate and the array, we consider the same
expansions as in (B.30), and at the dominant order, we still have div,7® = div,7! = 0. The
calculations are identical to that conducted in §3.3| when integrating over Z = {z; € (0, +0), 2’ €
Y}U{z € (-0,0),2" € (=£/2,£/2)*}, and we find

o1(07.x) =0, i=123, (B.38)
which are consistent with (B.9) and (B.TT). Next, using 7r_}l in (B.12), we find

i 9P WO

o1,07,X) = p,w* phW)(X'), o] ,(07,x) = —EPEW(O, X). (B.39)
1

We have yet to establish the continuity of the displacement. From the counterpart of (¢’) in (@2)
(with z’ — z), it is easily seen that we have at the dominant orders

W) =& =0. (B.40)

Therefore v° and v' are piecewise rigid body motions, namely v' = Q%(x’) x z + V°(x’), the
same for v!. Invoking the periodicity of v/, i = 1,2 with respect to z, and z3 for z; < 0 and
the continuity of v/ at z; = 0, these rigid body motions reduce to a single translation over Z.
Eventually, using the matching conditions on the displacements, we then obtain

AW?
w07, x) = W), ud0,x)= W0, x), - 2 0%, x') = 0. (B.41)
21

Appendix B.4. The final problem

The effective problem (B:T) is obtained for (u = u’, o = 0% +50') in the substrate for x; < 0,
(u =W o = 2% + nx') in the region of the array for x; > 0. Remembering that y; = x; /5 and
h=h/nt= r,/17, it is easy to see that (i) the Euler-Bernoulli equation in (B:T) is obtained from
(B:13), (ii) the effective boundary conditions announced in (B-3) from (B-32)), (B-37)-(B.39) and
(B.41).
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