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Abstract Dissipative kinetic models inspired by neutron transport are studied in a
(14 1)-dimensional context: first, in the two-stream approximation, then in the gen-
eral case of continuous velocities. Both are known to relax, in the diffusive scaling,
toward a damped heat equation. Accordingly, it is shown that “uniformly accurate”
Z-splines discretizations of this parabolic asymptotic equation emerge from well-
balanced schemes involving scattering S-matrices for the kinetic models. Numerical
tests confirm these theoretical findings.
MSC(2010): 65M12, 35103, 35K05, 82C80.

1 Introduction
1.1 Diffusive limit of isotropic scattering with adsorption

Consider a kinetic model, where 6(x) > 0 is the opacity and xk(x) the damping,

o f +vorf = o(x) <c(x)./11f(t,x,v/)d;—f) ) O<c=1—-x<1, (1.1)

forx € R and v € (—1,1). It is well known that, within a convenient rescaling of
variables, it relaxes towards the damped heat equation,
P dup

ap+o(x)k(x)p = dy (36()6)) , or =-—2-, if o is a constant. (1.2)
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More precisely, let 0 < € < 1, with f€ = fo+¢&fi +€2fo+---, so that

1 dv’
ea,f€+vaxf8:%((1—ezx)<f€>—f€), (%) ::Llfs(t7x,v/)7v. (1.3)

in which each power of € can be balanced. The first three equations read,

o(fo—(fo)) =0, (1.4)
voifo+o(fi—(fi)) =0, (L.5)
9 fo+voifi+o(fa—(f2))+0K(fo)=0 (1.6)

The operator T = Id — (-) is a self-adjoint Fredholm operator on L?>(—1,1), hence
(T3) means that fy € Ker(T), so that fo = fo(¢,x) is independent of v. Accordingly,
(IE3) rewrites as an integral equation for fj(¢,x,v),

v v
Tfi= _E 5 Jo, _E b fo GIm(T).

By the Fredholm alternative, Im(7") = Ker(T)", so fi exists because

Ua(t,x)v a(t,x) oy
Va(1,x) € Ker(T), [ | g(xg 8xf0dv(t’6()jﬁ)<v>0.

The solution f; is defined up to any element of Ker(7'),

fl (t,X,V) = _ﬁax O+C([,X).

Yet, (CH) rewrites as an integral equation for f>, too:
o(f2—(f2)) = =9 fo—viifi — ok (fo).

Again, by the Fredholm alternative, a solution exists if its right-hand side belongs to
Ker(T)*, hence is L?-orthogonal to functions independent of v. This yields a com-
patibility condition for both the unknowns fy, fi,

(O fo+voefi + 0K fo) =0,

which brings (I2) with fy = p, because

L (v CE)N Lo (O
<Vaxf1>——§ 7lvax (G(x))dv_ 39x(6(x)>
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1.2 .Z-splines emerging from kinetic well-balanced schemes

The type of numerical schemes we consider in order to approximate solutions of (),
or its simpler version (ZI) are well-balanced and heavily rely on discrete-ordinates
along with so—called “S-matrices”, as advocated in [[Z,02,15,16] and [T, Part II].
In a nutshell, given a (symmetric) quadrature rule on the velocity variable, (K = 1
corresponds to a two-stream approximation)

vi: ke{=K,...,0—L,1,....K}, O0<vi<vp<...<Vvg, V_jp=—W,
we denote
7/:(v1,...7vK)T€RK, V:=diag(vi,...,vk,v1,...,vk) € Mok (R).

Corresponding weights (@ )x=1,... x may be given by a Gauss quadrature, so

K
/Vq)(v)dv is approximated by Y @ (¢ (vi) + ¢ (—wp))-
k=1

Since (), (I3) are linear, a methodology for deriving well-balanced schemes was
given in [T, Part I1] (see also [I6]). It consists in locally solving steady-state equa-
tions of (ICT), say in the interval x € (x;_;,x;), where x; = jAx, with boundary condi-
tions, f(x;_1,[v]), f(x;,—|v|). These “incoming data” induce “outgoing fluxes”, and
both can be related by means of a so-called “scattering S-matrix”’, denoted 5’ ¢ and

there holds: ’

(f{]<(—@)> = (f(ij(»xﬁg)) 7 (JJ%(I( ))) (w7

Given a time-step At > 0, a time-marching scheme reads in standard notation,

() ( ) - A HON=Fy )
f"“( V) (=7)) eAx \ (=) = fi1(=7)
fi() At fi-1(7)
J V— V— % / . (18
( fia(=7) a x) e i ) (1.8)
Yet, to handle the (possibly stiff) diffusive scaling (I'3) where € can be significantly
smaller than Ax (Asymptotic-Preserving property), the IMEX strategy consists in

treating implicitly the (stiff) terms in é appearing in (C8). Accordingly, assume the
following decomposition of the S-matrix holds for any € > 0,

S =50 yesE (1.9)
- i3 =3

=]

as originally proposed in [I6], then (ITR)—(2) becomes

) 90\ e j
(fn-H( )>+V (fn—H( )) %;( L

- ( flg—“)m) e < ﬁ
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The corresponding scheme on macroscopic densities is recovered by means of,

K
V(j7n>€ZXN7 P7 = Zwk<f;l(vk)+f;l(_vk))? (111)
k=1

and is expected to be consistent with () up to O(¢€) terms. Indeed, it will be proved
that, for both the two-stream approximation (21) and the continuous velocities model
(D), the asymptotic discretization emerging from the limiting process is actually the
“%-splines” scheme derived in [I3, Appendix] (for f(x) = 0), which is “uniformly
accurate” at steady-state, see e.g. [,20]: its error estimates are uniform with respect
to the viscosity parameter.

1.3 Plan of the paper

The paper proceeds by increasing difficulty: in §0, the two-stream approximation
corresponding to K = 1 is studied. Steady-states are of exponential shape and the
S-matrix is derived. Follows the well-balanced scheme for which various stability
properties hold, see Lemma . The diffusive limit is handled in the next section,
and the asymptotic-preserving property is proved in Proposition IZ-1l. Continuous ve-
locities are treated in §B, which follows the same roadmap, despite more involved
calculations. The expression of the S-matrix is taken from the book [, §9.1-2], so
that the diffusive rescaling is studied in §B71, and the aforementioned decomposition
is given in Proposition Bl. The IMEX scheme (BT8) follows and it is checked that
it is consistent with the .Z-spline approximation (BE222) of the damped heat equation
(2). Various numerical tests, involving both constant and position-varying parame-
ters, are performed in §B and conclusive remarks are given in §H.

2 Two-stream approximation

The simplest occurrence of () is the 1D “damped Goldstein-Taylor” model,

A fE+of* :c(lglc(f++f)—fi>7 k€ (0,1),

1—-x 1+x
= — ). 2.1
(15515 ) "
Its diffusive limit is easily obtained by defining, for 0 < € < 1,
+ _ —
p=rref, =11

so that the rescaled version of (ZZ1),

KOE

€S E ST =F oo (=)= (1),
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rewrites as a dissipative 2 X 2 macroscopic system,
op+oJ+okp=0, €J+0dp=—0J,

and by passing formally to the limit € — 0, it comes

dp — 0, (8;p> +okp =0. (2.2)

2.1 S-matrix and well-balanced scheme

Consider the “locally frozen” stationary equations of (1),

+dfF =0,

=

l—K'._l
<2”<f++f‘>fi>, X € (xj-1,%7),

where x; = jAx, j € Z,and o i 1,K; 1 are either local averages or pointwise values
J2

J72
of positive parameters o (x), k(x). With no loss of generality, and for ease of reading,
we carry all the computations with 0, | = 1 because the general case can be deduced

by locally changing variables,

VjeZ, Ax+— o; 1 Ax. (2.3)

-2
Thanks to the simplicity of the model (1), we have:

Lemma 2.1 Any steady-state of (E) is linear combination of “damped modes”,

+

fi(x) _ exp( X\/E)’ x> 0.
1+vVk

Proof See Appendix A

Having at hand the steady-states of the two-stream model, the corresponding 2 x 2
S-matrix easily follows [I2] (or [ILT, Chap. 9]), by Sx = MM~ with

1 exp(=Axy/x) exp(=Axy/x) 1
M= 1-Vk 1+ M= -k 1+vx
exp(=Axy/x) 1 ’ 1 exp(=Axvx) |’

1+vx 1-vx 1+vx 1-Vx



6 Gabriella Bretti et al.

so that,
Se=MM"!
exp(—AxVK) 1
_ 11—k 1+vx
o 1 exp(—AxVx)
1+vx 1-vx
1 exp(—AxVK)
% (1—x)? 1(—\/§\F) TG
2 _ _ 2 _ exp(—Axy K 1
(1+vx)2— (1 —v/K)%exp(—24Ax/k) \ — o e
exp(Axv/x)(1 —K)?%/2
(1 +x)sinh(Axy/k) +2y/kcosh(Axy/K)
exp(—Axy/K) 1 1 _exp(=AxVk)
% EVES 1+v/x 1-Vk 14+/x
1 exp(—Axy'x) _exp(—4AxVk) I
1+vk 1-vk 1+ 1-vx
_ (1-x)2/2
(1 +x)sinh(Axy/k) +2y/kcosh(Axy/K)
11 exp(Axy/k) —exp(—Axy/k)
% (1—Vi)*  (1+Vk)? I-x
exp(Axy/k) —exp(—AxV/k) | S ’
=K (1-vx)?*  (1+Vk)?
which means that,
VLS (1 —K)sinh(Ax\/K)
g (1 — x)sinh(Axy/x) AVES
7 2y/kcosh(Axy/K) + (1 + k) sinh(Axy/x)
Accordingly, with the preceding notations, K = 1 and
vy ==£1, w =1, v ={1}, V =Idpe. 2.4)

The scheme () rewrites simply,
s s n+1
fj+,n+1 B fj+,n (- At n AtS fjt1+ 03
— — — - oK —n . .
fj_’rll+1 fjjll Ax’  Ax fi +l

Lemma 2.2 Under the CFL condition At < Ax, the scheme (Z3) preserves positivity,
dissipates L' and L= norms and is consistent with (21) as Ax — 0.

Remark 2.1 Using (I3) in (Z3), one immediately deduces the scheme for the system
() endowed with a varying opacity o (x): it suffices to change Ax — o;_ ! Ax, so as

to get a j-dependent S-matrix (SK)F 1 involving x-dependent values cosh(c; ! Ax [x, ! ), sinh(

c.
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Proof In order to check consistency with (Z11) when 0 < k¥ < 1 and Ax — 0, Sk is
split between the 2 x 2 identity matrix and a O(Ax) remainder:

6 (1 0) N ! x
*7\01) 7 2/kcosh(Axy/k) + (14 &) sinh(Axy/K)
2y/k(1 —cosh(Axy/k)) 0
< 0 2/x(1— cosh(Axﬁ)))

+ sinh(Axv/K) (‘ﬁH,f) 21_+KK)>

10 Ax —(1+x) (1—-x) 5
= _— O(k~).
(01)+2+Ax(1+x>((1—r<) ~(1+x)) " ()
When x — 0, the S-matrix of Goldstein-Taylor model [I4] must be recovered:
S~ 1/Vx 2k (1-K)Axy/x ! 2 Ax
T 24+ Ax \(1 —K)AxVK 2/ 2+ Ax \Ax 2 J°

Moreover, it is clear that the entries of Sk are positive, and both its rows and columns
add to a number smaller than one. Accordingly, the well-balanced scheme based on
S\ preserves positivity, along with L' and L* bounds.

2.2 Diffusive limit and asymptotic-preserving scheme

In order to study the diffusive limit, it is customary to rescale,
Kk —e’x, Ax—Ax/e,  (or 0, 1Ax— 0, 1 Ax/e),
so that, the corresponding S% rewrites
St = !
* (1 +€%k)sinh(Axy/K) +2ey/Kcosh(Axy/K)

2e\/K (1 — €%x)sinh(Ax\/Kk)
x ((1 — £2k) sinh(Ax\/K) 2eV/K ) '

For values 0 < € < 1, the S-matrix decomposes like (I9),

2e/K " [

S = <0 1) + (2.6)
¥ \10) " (1+e%k)sinh(Axy/x) +2&y/kcosh(Axy/x) )

1 —cosh(Ax\/k)
(— cosh(Ax\/k) 1 )

—eVK (sinh(fx\/f) Sinh(AOXﬁ)> ]

- (1 0) +m <—cosh(Ax\/E) “ 1 ) +0(e?),

so that, when € — 0, the “.Z-splines scheme” proposed in [[[3, §A] is recovered.
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Proposition 2.1 For (), the IMEX discretization ([LI0) simplifies into

+,n+1 +,n+1 —n+1 +,n +,n
L B A I B e /= I
fi eAx \ f;07 —fi0 fid Ax i=1 \ f;

where 5”/ 17’8] is deduced from (Z8). Accordingly, in the limit € — O, the macroscopic

2
density p7 = f;r’n +f ;’" evolves like,

n " At\K
P =pl
Axsinh(v/KAx)
Proof Thanks to the decomposition (ZZfl) and (Z4), the general expression (ICI)
yields (ZZ2). In order to check consistency with the asymptotic diffusion equation

(), it suffices to shift indexes in the second equation in (Z=2),

fj+,n+1 +£ fj+,n+1 _f;,n+1 B fj+n
f;’nJrl eAx f;,nJrl _f;r,nJrl - fj—,n

241 Fﬂ](ﬁ o ( £ —cosh(Axy/K) f; ")
ot (—cosh(Axv/k) £ + £111)

before adding, so stiff relaxation terms simplify. The asymptotic discretization (Z=R)
follows, because the (stiff) Maxwellian penalization terms produce,
n
Vjn€ZxN, ff’”z%—&-O(sL

One may follow Remark T and extend (I4) to a general case where both pa-
rameters O, kK are position-dependent. The asymptotic scheme (Z8) was previously
derived by means of “.Z-spline interpolation” in, e.g., [I3, Appendix]; it is “uni-
formly accurate” in the sense of [] (see also [20] and [0, Chap. 9]).

(p7+1 —ZCOSh(\/EAx)p7+P7_1>~ (2.8)

+0(¢),

2.3 Rigorous estimates for constant parameters

For constant, positive 0, k, the scheme (1) rewrites as

A A +,n+1 +,n
<1+5tAtx mixt) fj*n+1 = fj—n +
—ear 1 ta/ \J7 [

241/ [ = (et ese)f"
Ax[(14€2K)si +2ev/xex] \ —(cx+ e%)f;”" +f)

with ¢ = cosh(Ax\/k), s, = sinh(Axy/k), so that

+,n+1 A A o
fjf ntl | = % <1 —i_AteTtx 8Tlet > f]_ n |+
1 1+ 240\ & I+ £
ZAI\/E f;r_’llf(cx"FS:T%)f]_m
Ax{(1+e2K)si+2ev/ke] \~(ex+eg )"+ 110 ) |7
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and one can follow the roadmap of [I4, §3] in order to produce rigorous bounds.
Accordingly, to invert the implicit part of the IMEX scheme, let

At At 2A1\/K

Sk
:]_’_7,[7:7’ = 7d: _i'_gi
“ €Ax eAx’” Ax[(1+€2K) s, + 2€/ Ky clex VK

)

and it comes,
(@+b)f" = (a—bd)f "+ (b—ad) f; " +acf "} +bef ),
(a+b)f7 " = (b—ad) ;" +(a—bd) f; " +bef; | +acf;}

The sum of the incremental coefficients is
(a+b)(1d+c)(a+b)<1+c{1c,((1+gmmx\/@)b

VK
<(a+b) <1Ati;/f|cxl> +0(¢)

< (a+b) for € small enough,

and the (parabolic) CFL restriction follows from,

2At(vVK+O(e
b—ad>0&b(1—-d)—d >0, SOMSI. (2.9)
Ax tanh(Axy/K)
The scheme preserves positivity under the similar restriction,
b a b

d <min(-,-)=——-.
smin(3) =15

By adding the equations and summing over J,

YU ) = =) B e DU )

JEZ JEZL JEZ

=(I=d+a) Y ("L < LU+ 57,

JEZ JEZ
because d > ¢ from the observation that ¢, > 1 and s« > 0. Hence we recover the
dissipation property. Denoting A f; = fj11 — fj and TV (f) = ¥ jcz Ax|A fjl,

(a+b)|AS " < (a=bd)|[AS]" |+ (b—ad)|Af;"|+aclAf |+ belAf ],
(a+b)Af; " < (b—ad)|Af" |+ (a—bd)|Af; | +belAf; ]| +aclAf, .

Adding and summing, we deduce the TVD property for (1):

TV )+ TV (") < (L=d+e) TV + TV ().

Subtracting the equations and noticing thata—b =1,
(a+b)(f7" = 17" = (L d) (" = ") + e = 20
= (L+d) (" = f; ") + el = fD) + el = 17
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so that a summation and triangle inequality brings

(a+b) LA =" < (Ukd o) LIS = f; 4+ 2eATV (171).
JezZ jez

The stability condition implies

b
<d< — =1+b.
s d_1—|—b’ a +b
which yields,
- 1+3b i 2bAXTV(f)
+.n+1 n+1 +,n n

Fntl ety o LTI R B R
jEZZV/ fj |_(l+2b)(l+b)jezz|f/ /i (1+2b)(1+b)

Leting € — 0, we get that b = 0(%), along with for well-prepared initial data,

Z |fj+,zz+l _fjf,n+l| = 0(e). (2.10)

jez

Theorem 2.1 Assume initial data f*(t = 0,-) € L' N BV (R), then under the CFL
condition (Z34), the scheme (Z4) is TVD; moreover, if it is well-prepared,

1f(=0,)=f (t=0,)]p1 &) = O(e),
then (ZZI0) holds for n € N.

Consistency with the asymptotic .Z-spline scheme (Z8) follows from (ZZ10).

3 Continuous velocity model with adsorption
The next level of complexity is given by the following equation,
8lf+v8xf:6(%pff(t,x,v)), O<c=l-x<1, 3.1)

for x € R, v € (—1,1). The construction of stationary solutions for (Bl relies on
Case’s method of separation of variables (already evoked, see also Appendix [Al) and is
carried out in [T, §9.1-2]. Here, we give more information about the Case’s “normal
modes” A which satisfy,

]_c/'] dv_c‘l_~_1d
T2 0144y 2J0 1+Av 1—Av Y

the last equality showing that if A is solution, then so is —A, too. The “discrete mode”
is such that 1/|A| € (0, 1), and it corresponds to the smallest damping exponent |A|
among all Case’s modes. By expanding fractions to second order,

A2

1
122/ 242222y = c(1+ A2/3), =K.
2 Jo 3
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In particular, the diffusive scaling implies that k — €k, so that || — €| |. Accord-
ingly, we look for stationary solutions under the form,

= 11— 1
Faev)=e o), 0(v) = 5 1_7;)7 /71 ¢ (v)dv=1. (3.2)

The normalization condition allows to compute eigenvalues A; by symmetry, if A4 is
an eigenvalue, then —A is also an eigenvalue. As a consequence,

(- p) [ v 0)ou()av =0 33
Let us introduce a (symmetric) Gauss quadrature such that, for k € {1,...,N},
K K ) 1
Vg = —Vi, O = Oy, Z =1, Z V™ = 3 (3.4

Hence, the discrete versions of (B2) and (B=3) read
K 1
Z 1 — lvk 1+ Avg

)=1, (3.5)

and

K
VA # U, Y @i (02 (Vi) B (Vi) — B3 (—vie) 9 (—vi)) = 0. (3.6)
=1

3.1 The 2K x 2K scattering S-matrix
We introduce the diffusive scaling:
2 2
t— €7, X — X, K — £°K.

Then the discrete eigenvalues are denoted A €.

Lemma 3.1 We have A = V3ke+o0(¢), as € = 0.

Proof Expanding (B3), as A — 0, we get

2 K 1 1

2 2
kg’]wk(l—),vk 1+)~Vk ; (142422 +0(A2)).

>

1—xe

1=
2

Using (B-4) allows to conclude the proof.

We use the same notations as in [[[6]. In particular, the matrix in .#x (R)

1 def( 1 >
1+7®A 1+viAy kot
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Truncating to the first 2K eigenmodes yields a quite general steady-state,

K-1 —Afx/€ Af (x—Ax)/e
= age " bpe’
Fy) ZZO< [—Afv T AEy ) ‘=

We denote the vector of so-called “normal eigenmodes”
T
0< A= (Af..... a8 ,) ",

and the matrix of “Case’s eigenfunctions” in .Zk x2x (R),

e Afx/e e~ x/E A (=Ax)[e A5 (x—Ax)/e
o )
IFV QA 1FVRA] 12V A 127V QA
such that
flxr) =20+ ().
where,

a= ((ll,...,a[(,l,ﬁl())—r and b = (bla"'vaflvbO)T'

It follows that,

(o) = (o) () (050) = (o) )

Thus, the scattering matrix is given by

S = ME(ME)™, with M€= (i:_(é)?) . ME:= ((;E_Jr(g)io . 37

We first study the asymptotics of the scattering matrix when € — 0:

Proposition 3.1 The scattering matrix (B2) admits the decomposition

e = (IK(E(CJ/IKO_qu) +eB"+o(e), (3.8)
where
. V3K ( 2-Cn7p’ —coshws?Ax)(ZWﬁT)
" sinh(v/3kAx) \—cosh(v3xAx)(2—-C{y) VBT 2-¢n7B" ’

(3.9)
with notation : Ix,0g are K x K identity and null matrices, respectively, and Opx , 1z«
are RX vectors of zeros and ones. Moreover,

1 1
6= (1_7/®/10> - <1+7/®/10> € Mxxk-1(R),

and y € My _1xx(R), B € RK are such that

1
Y(l”//®/10) =l Vgx = O, (3.10)

1
B! (1_«//®)L0> =051, Blgk=1 (3.11)



Z-splines and WB schemes for 1D diffusion equations 13

We refer to [16, Appendix] for the existence of ¥, B satisfying (E10)— (ELT).
Proof As € — 0 we deduce that
ye :MS(M8)71 %MO(MO)fl’

where, thanks to Lemma B,

o0 _ [ Okx(kx—1) E_NMIRK 1+"/1/®)L Igx
M = ) A , 3.12)
+7 A Ik Ok (k1) € Igx
wo— [ T Iex Okeeon VM Igx (3.13)
0 VAT L1 ' '
Kx(K—1) RE T—7an RK

We may compute the inverse of M thanks to ¥ and B introduced above,

0
] Y g (51 1)xK g
(M0)71 _ ],e—ZMAx oV3KAX _ o—/3KAx . (314)
O(K;l)xk . | Y .
e\/ﬁm:eﬂ/ﬁmﬁ l,efzﬂmﬁ

Computing, using the definition of ¢ and (BI0)—(B1), we get

- a_ 0k Ix—Cy
MO(MO) I _ (IK_KCY KOK )

Then,
BE = %(M&‘(MS)—I 7MO(MO)_1) — é(ﬁs 7M0(M0)_1M8)(M8)_1.

We have .72 = M°(M°)~" + eB?: straightforward computations yield

1 ~ ~
lim — (M — MO (M°) ' Mm¢) =

e—=0 &
Oxx(x—1) V 3’“’7\/37“(2 =&Y Okk-1) —V3k(2-Cy)V
Ok (k1) V3kQ2 =80V Oguik-1) — 3ke VI (2 - L)Y
Hence,
lim B* = (lim Loz 1\7IO(M0)_1M8)) (M%) =B,
e—0 e—=0 €

where B? is defined in (B9).
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3.2 Asymptotic IMEX numerical scheme

Thanks to Proposition Bl, we have at hand the expansion of the S-matrix depending
on &; then, the scheme for the dissipative kinetic equation reads,

[0\ A (70 = =N (=)
FH ) e "“( P (k=N )

(IO ) e (). s

We want now to identify the limit as € — 0 of this scheme. We proceed as in [I6] and
rewrite the scheme in IMEX form

L[ 5ROV (S0 N ALy (B () BN
7 (f"“( ))‘(f;f—v») AxV<B§fj’-’( 1)+ B (- %))’

3.16)
B¢ B
where we use the notation B¢ = ( Bé B%), and
3Dy
% —£I2K+ V(s C”_IK . (3.17)
Cr— Ix

Solving this system amounts to inverting matrix %#¢. ;From (B11),

At I {y—1
e 0 0. K K
X =% +elhg, where #" = va (CY—IK L )

Assuming that f admits a Hilbert expansion f = f0 +ef! + o(¢), it can be plugged
into the scheme (BI8). Thus, by identifying each power of €, we get

O n+1
2 ({‘% }}]‘?4 1({’2)) 0, (3.18)

and at order O in &,

o[ YO RO - (oY
o <{f1}7“(—7/)> <{f° Y- ) G2

A (Ol z;wf/ﬁ({f‘) [(F) = cosh(V3RAR) (£} (~ )
Avsinh(VaxAx) | \(2Ic— 0BT (L}, (—7) —cosh(v/3kAn {041 (—7)) |

(From (B8) with A = A¢, and letting € — 0, we deduce that

K
vee{l,....,K—1}, Y wkvk(%)(vk) — %;(—vk)) =0. (3.20)
k=1 )

Then, we can use the result in [, Lemma B.1], which states that :
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— Ker(#%") = Span(1p2x),
~ Im(%°) = {z = (21 22)7, Z; € RX such that Y& | @ (Zyy + Zay) = 0}.
We deduce from (BEIX)

n+1 K
UREn =2 = Y e ew). Gy
k=1

Then, injecting (B=21) into (B-T9) and using (B1l), we obtain

o [ YO0\ 1 (0 = ey e
(Y =7 ) 2\ = e ) 1ge

A3k ((ZIK NPl — cosh(\/TKAx)p;?))

2Axsinh(v3xAx)  \ 2Lk = $V) ¥ (p},, —cosh(v3kAx)p})

which admits a solution if and only if the right hand side belongs to Im(%°),

K
0=(pj —pj™) Y o
k=1

At\/3K K
n 4 p"  —2cosh(v3kAx)p" o ) Y
2Axsinh(v/3kAx) (P] 1 Pj1 —2cosh(V3k X)Pj)l; Vi (21 — 897 Tk

Using (B220), we deduce that

K
Y o[§yY i =0.
k=1

Hence, with (B4), we conclude that the limit scheme reads

A3k

n+1 n n n 0

TR ' 4 p7 —2cosh(V3KkAX)P!).| (322
p;j p; 3Axsinh(\/§Ax) (p] 1T Pj+1 cosh( x)pj) ( )

4 Numerical results

All the tests are performed on coarse grids, so as to emphasize robustness.

4.1 Two-stream model
4.1.1 Constant parameters

For 0 =1 and k¥ = 0.1, the consistency of the IMEX scheme (Z2) with the asymptotic
one (Z8) is checked on Fig. BE1l. Maxwellian initial data were taken,

vxe (0,1),  fE(x) =exp(—20(x—0.5)%)/4, =107,  (4.1)

along with 32 points for the computational grid. Outputs of both time-marching
schemes at time 7 = 0.1 confirms the theoretical analysis in the former sections.
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Vil Kinetc and macroscopi densites Kinec and macroscopi densites ot ime=0.0942149
050 0.6
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/ \ 1
/ \ 012

035 / \

/ \

/ 0.10

025 / \ 00|
0204 / \ 006

0154 \
0044
010
002
0054 \

Fig. 4.1 Initial data (left) and approximations at 7 = 0.1 (right) for (E-).

4.1.2 Position-varying parameters
Consider the two-stream model () for x € (0, 1) with
0 (x) = 10(1 —0.99 X:c(0.15,085)) K(x) =0.01+0.98 %,c025075),  (4.2)
x4 being the indicator of the set A, and initial data,
fH(x) =025exp(—20(x—0.5)%)/2, £ (x) =0.75exp(—20(x —0.5)%)/2.

The scheme (P3) is iterated until numerical steady-state, see the results on Fig.

Inial Kinetc and macroscopic densites Kinetic and macroscopic densites at ime=9.8454545
0509 00045

o] /\ o004
00 / \
\ 1
ol / \ oo
/ \
/ 0.0030 7/
02 ooos
// \

0207 / \ o000
015 \

ooots
0101

soor04
005

00005
00

o0 o1 o2 03 o4 05 os o7 08 oo 10 01 o0z o3 o4 05 08 07 o8 09 10
s s
Kinetic densitos and macroscopi f at ime=9 9318152 N
300003 0’
250003 - ,
0"
200003
2]
10
15003
1.06-003 1 -
o 10
500004 -
]
10
0004000
5]
10
S0e00a _
“1.00.008 10°
o0 o1 oz 03 o4 o5 o0s o7 08 oo 10 l 2 3 3 H 6 7 H H 0

Decay of L2 residues

Fig. 4.2 Initial data, macroscopic densities and fluxes, residues (left to right, top to bottom) for (E=2).
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E7. Discontinuous parameters yield Lipschitz-continuous solutions which are well
captured on a coarse grid with 32 equally spaced points.

4.2 Continuous velocities with Gaussian quadrature
4.2.1 Constant parameters

Yet, consider now the IMEX scheme (B18) with c =1, k =0.15 and € = 1072,
The computational grid contains 32 equally-spaced points in x and K = 8 points in v
retrieved from a Gauss-Legendre quadrature of (—1, 1). Initial data are

F(x,v) = exp(—5v?) x (exp(—35(x — 0.45)%) +-exp(—35(x+0.45)%)).  (4.3)

Results at time 7 = 0.2 are displayed on Fig. E3. The macroscopic density p re-
trieved from (BI8) is very similar to the one produced by the asymptotic scheme
(B222), thus confirming the calculations made in §82.

4.2.2 Position-varying parameters

Hereafter, the situation in which the parameter k is discontinuous,
Vx e (—1,1), K(x) =0.1540.7x:>0, 4.4)

with identical initial data (E3) is tackled. Results with 32 grid-points and K = 8 are
displayed on Fig. B4, In particular, a satisfactory consistency with the asymptotic
#-spline scheme on p is observed for € = 107>,

5 Conclusion and outlook

This article somehow completes the former paper [I6]: numerical diffusive limits
of (1+1)-dimensional kinetic models () are studied by rescaling well-balanced
schemes relying on “scattering S-matrices”, as advocated in [[II, Part II]. The main
difference being that here, the total mass isn’t preserved in the time-evolution of
the kinetic density, and this produces a “sink term” in the asymptotic parabolic ap-
proximation. Numerically, this raises an interesting question: given a kinetic model
involving two distinct nonnegative parameters (here, Kk and o), does the so—called
“asymptotic-preserving” property ask for consistency with the diffusive approxima-
tion (I72) for all k,0 € (0,1) x R" ?

Clearly, the corresponding problem is stiff when ¢ > 1 and k >~ 1. Such an issue
was already present in [I6, §4], where the diffusive limit of a run-and-tumble ki-
netic model was studied for arbitrary strong velocity fields. The asymptotic parabolic
scheme was the “Il’in/Scharfetter-Gummel” one, which is known to be uniformly ac-
curate and can be related to “.%-spline interpolation”, see e.g. [[9,20,072,73]. Here,
we get a similar situation as both ('¥) and (BZ22) are “exponential-fit” discretizations
of the damped heat equation. A challenging problem consists in addressing the same
process in (2+2)-dimensional models, based on the numerical techniques proposed in
[7] (relying on [9,6,10,24]). Robust and “truly two-dimensional” approximations
of parabolic equations were previously studied in e.g. [3,8] (see again [0, 23]).
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Fig. 4.3 Asymptotic-preserving property for (E3).
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A Steady-states of the two-stream approximation

There are at least three ways to derive the steady-states of (), each one having its own interest. Besides
the most direct one, relying on diagonalization, the method based on “Case’s elementary solutions” [, K,
[[¥] is useful because it applies to more general 1D kinetic models. The most elaborate derivation may be
the one in [5,6], as it is able to handle multi-dimensional problems, too. Let’s review each of them:

— direct computations, for instance by diagonalizing the matrix,

AZ(—(1+K)/2 1—:<)/2)
(I-x)
(5 ) (e ()

meaning that exponential modes exp(4x+/k) are to be expected.
— “Caseology’ [I,8]’, consisting in separating variables in a 1D equation,

1
c
Vaxf(xv V) = 5 /71 f(x’ V,)dv/ 7f7 f(xv V) = W(x)q)(v)
By normalizing, one gets the “constants of separation”, A € R,

VO, 1o el
Vo A ga) o) o=t
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which yields automatically,

v(x) =exp(Ax), o(v) = o flov) =

It remains to restrict f(x,v) to v = %1, giving

_c ! _c(_ 1 1 2.
1_2/71(1)(v)dV—2(1+/1+17/,L>, A=1-c=x

— and the method of Birkhoff [5,5], relying on both the method of characteristics (see [[C4, §2.1]) and
elliptic regularity, which handles () in its whole generality.

£ =5 [epnpleEndn p) = £ )+ (), (A

is the expression of a 1D stationary kinetic solution by characteristics (see e.g. [H, §3.3, eqn (7)]). The
diffusion approximation suggests that a stationary macroscopic solution satisfies a damped diffusion
equation,

—Jup(x) +A%p =0, p(x) = Aexp(Ax) + Bexp(—Ax).

This exact expression of p may be used in order to deduce f(x,v) through (BI); however, for p
solution of the elliptic equation, [B, Theorem A] gives

plx+r)+plx—r)

Y(x,r) ERxRT, plx)= M) ,

with the weight M in the mean-value being a modified Bessel function,

M(r) :F(%) %ff% (Ar) = r(%)\/?, / %cosh(lr),

and since I'(1/2) = /7, M(r) = cosh(Ar). By integrating (B) in v,

px) =3 [ ewp(=r) (plr—r)+pla-+1)dr

= c/ exp(—r)cosh(Ar)p(x)dr
0
=px)cZL[cosh(Ar)] (p=1), (Laplace transform)

cp

= - A2=1-c=k.
Py ¢

S0, 1

p=1

Accordingly, stationary kinetic solutions are given by (A1),

£ =5 [ exp(=) (Aexp((x— )V + Bexp(~ (v r)V) ) dr
= Aexp(xV/K) % /OW exp(—r(1+vk))dr

+Bexp(fxﬁ)%/0mexp(fr(lf\/E))dr

L op(xV/E) | exp(—xy/E)
=4 1+x 8 -V '

which are identical to “damped modes” previously obtained by both Caseology and the direct ap-
proach. In all these computations, a constant opacity parameter ¢ > 0 can be handled very simply
through a scaling of the space variable, x — ox.




Z-splines and WB schemes for 1D diffusion equations 21

References

1. R.E. Aamodt, K.M. Case, Useful identities for half-space problems in linear transport theory, Ann.
Physics 21 (1963) 284-301.

2. A.E. Berger, J.M. Solomon, M. Ciment, An analysis of a uniformly accurate difference method for a
singular perturbation problem. Math. Comp. 37 (1981) 79-94.

3. R.Bianchini, L. Gosse, A truly two-dimensional discretization of drift-diffusion equations on Cartesian
grids, SIAM J. Numer. Anal. 56 (2018) 2845-2870.

4. R. Bianchini, L. Gosse, E. Zuazua, A two-dimensional “flea on the elephant” phenomenon and its
numerical visualization, SIAM Mult. Model. Simul. 17 (2019) 137-166.

5. G. Birkhoff, I. Abu-Shumays, Harmonic solutions of transport equations, 3. Math. Anal. Applic.
28 (1969) 211-221.

6. G. Birkhoff, I. Abu-Shumays, Exact analytic solutions of transport equations, J. Math. Anal.
Applic. 32 (1970) 468-481.

7. V. Calvez, L. Gosse, M. Twarogowska, Traveling chemotactic aggregates at mesoscopic scale and
bi-stability, SIAM J. Applied Math. 77 (2017) 2224-2249.

8. Kenneth M. Case, Elementary solutions of the transport equation and their applications, Ann.
Physics 9 (1960) 1-23.

9. K.M. Case, PFE. Zweifel, Linear transport theory, Addison-Wesley series in nuclear engineering
(1967).

10. L. Flatto, Functions with a mean value property, J. Math. Mech. 10 (1961), 11-18.

11. L. GosSE, Computing qualitatively correct approximations of balance laws: Exponential-fit,
well-balanced and asymptotic-preserving, SIMAI Springer Series 2 (2013).

12. L. Gosse, A well-balanced and asymptotic-preserving scheme for the one-dimensional linear Dirac
equation, BIT Numer Math. 55 (2015) 433-458.

13. L. Gosse, .Z-splines and viscosity limits for well-balanced schemes acting on linear parabolic equa-
tions, Acta Applic. Math. 153 (2018) 101-124.

14. L. Gosse, G. Toscani, An asymptotic-preserving well-balanced scheme for the hyperbolic heat equa-
tions, C.R. Math. Acad. Sci. Paris 334 (2002) 337-342.

15. L. Gosse, N. Vauchelet, Numerical high-field limits in two-stream kinetic models and 1D aggregation
equations, SIAM J. Sci. Comput. 38 (2016) A412-A434.

16. L. Gosse, N. Vauchelet, Some examples of kinetic schemes whose diffusion limit is Il’in’s exponential-
fitting, Numer. Math. 141 (2019) 627-680

17. L. Gosse, N. Vauchelet, A truly two-dimensional, asymptotic-preserving scheme for a discrete model
of radiative transfer, preprint (2019).

18. H. G. Kaper, C. G. Lekkerkerker, J. Hejtmanek, Spectral Methods in Linear Transport Theory,
Birkhduser Verlag, Basel, 1982.

19. H.-G. Roos, Ten ways to generate the Il’in and related schemes, J. Comput. Applied Math. 53 (1993)
43-59.

20. H.-G. Roos, M. Stynes, L. Tobiska, Robust numerical methods for singularly perturbed differ-
ential equations. Convection-diffusion-reaction and flow problems; 2nd edition. Springer Series in
Computational Mathematics 24 (2008). ISBN: 978-3-540-34466-7.

21. L.L. Schumaker, Spline functions: basic theory, Third edition. Cambridge University Press, Cam-
bridge (2007). ISBN: 978-0-521-70512-7

22. V.-T. Shevaldin, Approximation by local L-splines corresponding to a linear differential operator of
the second order, Proc. Steklov Inst. Math. 6 (2006) S178-S196.

23. A.N. Tikhonov, A.A. Samarskii, Homogeneous difference schemes, USSR Computational Mathemat-
ics and Mathematical Physics 1 (1962) 5-67.

24. L. Zalcman, Mean values and differential equations, Israel J. Math. 14 (1973) 339-352.



	Introduction
	Two-stream approximation
	Continuous velocity model with adsorption
	Numerical results
	Conclusion and outlook
	Steady-states of the two-stream approximation

