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ABSTRACT
The astrophysical stochastic gravitational wave background (SGWB) is mostly produced from
unresolved stellar binary mergers, and the number of events at any moment of time is expected
to be Poisson distributed. The event rate is governed by several astrophysical processes.
The Poisson nature leads to variation in the number of sources and this causes temporal
variations in the SGWB. The intrinsic temporal fluctuations of the SGWB are a rich source
of astrophysical information that can be explored via ongoing and future gravitational wave
experiments to classify the sources of the SGWB signal. Along with several other methods
to estimate the GW event rates from individual sources, the study of the temporal variations
of the SGWB signal provides an independent method for estimating the event rates of the
GW sources that contribute to the SGWB. Along with direct estimates of event rates, this
approach can also distinguish between different sources contributing to the SGWB signal
and will be a useful probe of its evolution over a vast cosmic volume. On averaging over
observation times, the SGWB will be statistically invariant under time translation. Statistical
time translation symmetry of the SGWB is expected due to the negligible evolution of the
relevant cosmological and astrophysical phenomena over the observation time-scales over
which the data are collected.
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1 IN T RO D U C T I O N

Gravitational wave (GW; Einstein 1918) is a new multifrequency observational probe of the Universe which will explore a vast range
of cosmological redshifts. The GW signal can be produced from astrophysical sources such as black holes (BHs), neutron stars (NSs),
white dwarfs (WDs), supernovae (Vishveshwara 1970; Press 1971; Chandrasekhar & Detweiler 1975; Blanchet et al. 1995; Buonanno &
Damour 1999; Damour, Jaranowski & Schaefer 2001; Blanchet et al. 2004; Buonanno et al. 2005; Pretorius 2005; Baker et al. 2006;
Campanelli et al. 2006; Zhu, Howell & Blair 2010; Marassi et al. 2011; Cusin et al. 2018). Along with the astrophysical origins of
GWs, it can also be generated in different cosmological scenarios such as during the period of inflation (Starobinsky 1979; Turner 1997;
Martin et al. 2014), cosmic strings (Kibble 1976; Damour & Vilenkin 2005), phase transitions (Kosowsky, Turner & Watkins 1992;
Kamionkowski, Kosowsky & Turner 1994) etc. The observed GW signal can be classified as point source or stochastic in nature. The GW
signal can be resolved individually in the former case, and will be an unresolved continuous/discontinuous diffused background for the
latter case.

The stochastic gravitational wave background (SGWB) (Allen 1996; Maggiore 2000; Regimbau & Chauvineau 2007; Rosado 2011; Zhu
et al. 2011; Wu, Mandic & Regimbau 2012; Romano & Cornish 2017) spans a wide frequency range and is expected to have contributions
from both astrophysical binary astrophysical sources (BHs, NSs, WDs, BH–NS, NS–WD) as well as from the cosmological origins. One of
the potential candidates of the cosmological SGWB is the primordial GW background produced during the epoch of inflation. This is can
be explored at the low frequency (f ∼ 10−18 Hz) using the large angular scale B-mode polarization of the cosmic microwave background
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Stochastic gravitational wave background 4691

(CMB) which is accessible from CMB experiments such as BICEP-KECK (Ade et al. 2018), Simons Observatory (Aguirre et al. 2019), and
LiteBIRD (Suzuki et al. 2018). The high-frequency primordial inflationary GW signal can in principle be directly probed if the astrophysical
SGWB can be successfully distinguished from the inflationary GW signal.

In this work, we focus on the astrophysical SGWB which is produced from a large number of binary mergers of compact objects
(Regimbau & Chauvineau 2007; Regimbau & Mandic 2008; Rosado 2011; Wu et al. 2012). Such sources will contribute to the total GW
energy background ρGW, which can be written in terms of the dimensionless quantity

�GW(f ) = 1

ρcc2

dρGW(f )

d ln f
, (1)

where c is the speed of light and ρc = 3H 2
0 /8πG is the critical density of the Universe, which depends on the present value of the Hubble

constant H0. The astrophysical SGWB is expected to be anisotropic and several previous methods (Mitra et al. 2008; Thrane et al. 2009;
Talukder, Mitra & Bose 2011; Mingarelli et al. 2013; Romano & Cornish 2017) were developed to measure the signal from the GW data. The
currently ongoing ground-based GW experiments (such as advanced Laser Interferometer Gravitational-Wave Observatory (LIGO) (Hanford
and Livingston) (Aasi et al. 2015), advanced Virgo detectors (Acernese et al. 2015)) and the upcoming ground-based GW experiments such as
KAGRA (Akutsu et al. 2019) and LIGO-India (Unnikrishnan 2013) are going to be operational in the coming decade to measure the GW signal
in the frequency range f ≈ 30–3000 Hz with a strain noise ∼ 10−23 Hz−1/2. The data from the advanced-LIGO’s first observational run have
imposed upper bounds on both spatially varying and non-varying contributions to �GW(f) (Abbott et al. 2017b, c). Another window to the GW
signal is through the Pulsar timing array (PTA) (Hobbs et al. 2010), which are looking for GW signals in the frequency band 10−9–10−6 Hz and
have imposed constraints on the strain of SGWB signal as 1.45 × 10−15 at f = 1 yr−1 (Arzoumanian et al. 2018). In the future, space-based
GW observatory Laser Interferometer Space Antenna (LISA; Amaro-Seoane et al. 2017) will probe the frequency band f ∼ 10−5–10−1 Hz of
GW signals. In even longer time-scale, the third generation GW experiments (Abbott et al. 2017a) such as Einstein Telescope (ET) and Cosmic
Explorer (CE) are going to measure GW signal for frequencies above 10 Hz with sensitivity better than 10−24 Hz−1/2 (Abbott et al. 2017a).
The third generation detectors will be able to measure the GW sources up to a redshift z ∼ 20 with a signal to noise ratio of about 10 (Abbott
et al. 2017a).

In this paper, we discuss the origin of temporal dependence in the astrophysical SGWB signal and show how this can be used to
distinguish between the SGWB signal originating from astrophysical and cosmological sources. The temporal dependence is useful for
probing the astrophysical event rates of the SGWB sources, their variations with GW frequency, and the spatial positions of the sources. The
study of temporal fluctuations along with spatial anisotropies bring a new dimension for exploring the SGWB background and its statistical
properties. We show that this avenue is going be useful for observationally distinguishing between the cosmological and astrophysical SGWB.
In Section 2, we discuss the origin of the temporal dependence of the SGWB signal. In Sections 3 and Section 4, we discuss the formalism
and the corresponding estimator for studying the frequency and temporal fluctuations of the SGWB signal. The measurability of the time
variability for a network of detectors such as advanced-LIGO (Hanford and Livingston), Virgo detectors, and CE are shown in Section 5. The
conclusion and future scope of this work are discussed in Section 6.

2 O R I G I N O F TH E T E M P O R A L D E P E N D E N C E I N S G W B

Along the cosmic light-cone in a particular sky direction and over a particular observational time window �t, the SGWB signal has
contributions from all of the events coalescing along the line of sight. The number of coalescing events taking place at different times is
governed by Poisson statistics as each of the events happens independently.1 The corresponding probability mass function of occurrence of
N mergers of binaries of mass M in a time interval �t can be written as

P (N,M) = e−�(M,ρ̇,z)�t (�(M, ρ̇, z)�t)N

N !
, (2)

where �(M, ρ̇, z) is the average event rate (Kalogera et al. 2007; O’Shaughnessy et al. 2008; Mandel & O’Shaughnessy 2010; Bulik,
Belczynski & Prestwich 2011; Dvorkin et al. 2018) and is still poorly known from astrophysical observations and is expected to
depend on several parameters such as the mass of the binary compact objects M, star formation history ρ̇, the source redshift z. In the
above equation, the time in the observer’s frame �t is related to the time in the source rest frame �tr at redshift z by the relation
�t = �tr(1 + z).

The Poisson nature of the GW events results in a variation in the number of GW sources at different time intervals �t with the standard
deviation proportional to (�(M, ρ̇, z)�t)1/2. As a result, the SGWB, which is an integrated effect of all of the events, will exhibit a temporal
variation at a fixed direction in the sky. The average value of the event rate is expected to be constant as it is governed by the astrophysical
and cosmological phenomena, and as a result, we can expect negligible evolution of the event rate �(M, ρ̇, z) over the observation time. This
implies that the SGWB will be time dependent, but will exhibit statistical time translation symmetry on averaging over large observation
time. For large event rates, the Poisson distribution will tend towards a Gaussian distribution (central limit theorem), as the skewness and
kurtosis decrease as (�(M, ρ̇, z)�t)−1/2 and (�(M, ρ̇, z)�t)−1, respectively. However, the variance of the signal grows with the event rates

1It is a reasonable assumption to consider that one coalescing binary system is not triggering other binary events.
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4692 S. Mukherjee and J. Silk

Figure 1. The duty-cycle for BBH, BNS, and BH–NS are shown for ground-based detectors.

according to the relation �(M, ρ̇, z)�t indicating that the rms time variability of the SGWB signal will not disappear due to the large event
rate.

We can write the observed �GW(f) at a frequency f in terms of the energy emission from each GW source and number of GW events
N(z) in a comoving volume between the cosmic time t(z) and t(z + �z) as (Phinney 2001)

�GW(f ) = 1

ρcc2

∫
dz

N (z)

(1 + z)

dEGW

d ln fr

∣∣∣∣
fr= (1+z)f

, (3)

where, ρc = 3H 2
0 /8πG and c is the speed of light. The variation in the amplitude of the SGWB signal within the time interval �t will be

reflected due to the change in the number of GW events �N(z, �t)/N(z, t) = N(z, t + �t)/N(z, t) − 1 in the time interval �t. Due to Poisson
nature of the GW events, if the variation in the number of sources �N(z, �t) (within a time interval �t) is comparable to the total number of
GW sources (N(z, t)) contributing to the SGWB signal at frequency f and time t, then the relative fluctuations in the SGWB signal around the
mean value of �GW(f) are of the order of ≈�N(z, �t)/N(z, t). This implies that the maximum time variability of the SGWB signal is going
to be evident when the condition �N(z) ∼ N(z) will be satisfied.

The time variability of the SGWB signal depends primarily on three time-scales, (i) the duration τ d which a GW source spends at a
particular frequency f, (ii) the duration between the consecutive events (�tevent ∝ 1/�), and (iii) the time-scale �t over which we estimate
the variation of the sky signal. For the first two time-scales τ d and �tevent, we can define the duty cycle of the GW signal as the ratio of the
duration of the signal emitted between frequency f and f + �f, and the time difference between two GW events (Rosado 2011; Wu et al.
2012)

dD
df

=
∫

dz ṅ(z)
dτd

df
, (4)

where ṅ(z) is the event rate as a function of the cosmological redshift and the duration of the signal dτd
df

at frequency f can be written in terms
of the GW chirp mass according to the relation

dτd

df
= 5c5

96π8/3G5/3M5/3
z f 11/3

. (5)

A large duty-cycle implies that the duration of the GW signal at frequency f is long compared with the time difference between the
events. So, if �t < �tevent, the sources of the GW signal are not changing within the time �t, resulting in a SGWB signal with no temporal
fluctuations. Also, when �t < τ d, the variations of the GW signal at a frequency f is also negligible within the time-scale �t. This implies
for the scenario τ d > >�tevent > >�t, the number GW sources produced in the time �t is much smaller than the total number of GW
sources contributing to the SGWB signal and also the intrinsic time variability of the signal in the time-scale �t is negligible. As a result, the
fractional change in the SGWB signal with respect to the average background is tiny for this case.

On the other hand, if the three time-scales satisfies the condition �t ≥ �tevent ≥ τ d, then the SGWB signal shows time variability
comparable to the mean average signal in the time-scale �t. The GW sources satisfying this criterion are expected to contribute maximally to
the time variability of the SGWB signal. For this kind of source, the duty cycle is of the order of unity or less, i.e. τ d ≤ �tevent. The condition
for the time variability of the SGWB signal can also be written in terms of the overlap function as defined by Rosado (2011). The contribution
from the non-overlapping GW sources will cause dominant contribution to time variability in the SGWB signal. Whereas the overlapping
sources for which �N(z) < <N(z), is going to produce negligible time variability in the SGWB.

In Fig. 1, we plot the duty-cycle as a function of the GW frequency for binary neutron stars (BNS), black hole–neutron star (BH–NS),
and binary black holes (BBH). For this plot, we have taken the event rate of GW sources as 1, 0.03, and 0.005 Mpc−3 Myr−1 for BNS,
BH–NS, and BBH, respectively. From Fig. 1, it is evident that BNS, followed by BH–NS systems, are going to have overlapping sources
resulting in less temporal fluctuations in the SGWB signal as opposed to the BBH systems. As a result, this avenue helps in distinguishing
between the SGWB originating from the BNS, BH–NS, and BBH systems.
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Figure 2. We show the rms fluctuations in the SGWB signal expected due to the Poisson nature of the GW binary sources. The rms fluctuations for three
species of binaries namely BBH, BNS, and BH–NS.

Figure 3. We show the rms fluctuations in the SGWB signal expected due to the Poisson nature of the BBHs for three different rates. With an increase in the
number of events, the background rms fluctuations diminish for the frequency band 10–100 Hz, which are explored by the ground-based GW detectors such
as advanced-LIGO and Virgo.

To show the time variability of the SGWB for BNS, BH–NS, and BBH, we estimate the root mean square (rms) temporal fluctuations
of the SGWB2 ��GW(f ) =

√
〈( �GW(t,f )−�̄GW(f )

�̄GW(f )
)2〉T from 100 realizations of �GW(t) drawn from a Poisson distribution with the fixed event rates

1 Mpc−3 Myr−1, 0.03 Mpc−3 Myr−1, and 0.005 Mpc−3 Myr−1 for BNS, BH–NS, and BBH, respectively. The corresponding rms variations in
the SGWB signal are shown in Fig. 2 for the frequency range which are relevant for the terrestrial GW observatories such as advanced-LIGO,
Virgo , KAGRA, and LIGO-India. The maximum relative temporal fluctuations of the SGWB signal are expected from BBHs as the number of
overlapping events is fewer, resulting from a smaller value of the duty cycle. On the other hand, BNS will exhibit less relative time variability
due to their larger duty cycles. This behaviour of the SGWB over these frequency ranges will allow us to distinguish between the different
types of GW sources which are contributing to the signal. The amplitude of the time variability of the SGWB signal depends strongly on the
event rate, probability distribution of the compact object mass, and their redshift distribution. We show the changes in the rms fluctuations for
the BBH case with the variation in the event rates and probability distributions of the BBH in Fig. 3. Figs 2 and 3 indicate that characterizing
the time variability of the SGWB signal is a useful probe to understand different populations of binary GW source and their event rates,
respectively.

The time variability of the SGWB signal is an independent avenue along with other existing methods to detect the GW event rates
from the individual GW sources and SGWB signal (Messenger & Veitch 2013; Farr et al. 2015; Smith & Thrane 2018). These frameworks
(Messenger & Veitch 2013; Farr et al. 2015; Smith & Thrane 2018) are able to measure the rates from the GW data and can successfully
distinguish between the background and individual signal. The detection of the individual GW events is going to be more powerful in detecting
the local GW event rates from the ‘loudest individual events’. However, the study of the temporal variation of the SGWB signal will be
powerful in mainly distinguishing the population of different SGWB sources and understanding their distribution over the cosmic volume.
The event rates that can be inferred from the SGWB signal is capable to probe the signal up to a high redshift which cannot be inferred
from the individual loud sources. The temporal dependence of the SGWB signal can also be a useful avenue for distinguishing between
astrophysical SGWB signals and the cosmological SGWB signals, since the latter are generally not expected to show sporadic behaviour in
the temporal domain.

2Here the notation 〈.〉 T implies average in the time domain for different realizations of SGWB.
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4694 S. Mukherjee and J. Silk

The temporal fluctuations of �GW(f , n̂, t) can be written as

�GW(f , n̂, t) = f

4πρcc3

∫∫
dz dMRM(z, n̂, t)

dV

dz
(6)

GW source︷ ︸︸ ︷(
(1 + z)fr

d2
L

dEGW(fr, n̂)

dfr

)
, (7)

where we can express the emission of the GW signal during the inspiral phase from an individual source in terms of the redshifted chirp mass
Mz = M(1 + z) and redshifted frequency fr = (1 + z)f by the relation

dEGW(fr, n̂)

dfr
= (Gπ )2/3M5/3

z

3f
1/3
r

. (8)

The number of coalescing binaries RM(z, n̂, t) per unit earth time, per unit comoving volume, per unit mass-bin for the binaries of redshifted
chirp mass M can be written as

RM(z, n̂, t) =

cosmology︷ ︸︸ ︷
ngal(n̂, z)

astrophysics︷ ︸︸ ︷
EM(z, n̂, tr )

(1 + z)
, (9)

where, ngal(n̂, z) is the number density of galaxies and EM(z, n̂, tr ) is the number of GW binaries coalescing per galaxy, per unit cosmic
time, per unit chirp mass. dV/dz denotes the comoving volume element which can be written as 4πcd2

L/((1 + z)2H (z)). The merger and
the ring-down phase of the individual GW signal can also be included to model the SGWB signal. As the GW events are expected to be a
statistical process (Poisson distributed), at any moment of time, EM(z, n̂, t) is going to be time dependent.

The average of �GW(f) over a large observation time will exhibit statistical time translation symmetry which can be written as

�̄GW(f ) ≡ 〈�GW(f , n̂, t)〉T = 1

T

∫
dt

1

ρc

dρGW(f , n̂, t)

d ln f
. (10)

3 A S P E C T S O F S G W B I N F R E QU E N C Y A N D T E M P O R A L D O M A I N S

We propose to study three aspects of the astrophysical SGWB: (i) Spectral derivative of the SGWB signal, (ii) Time derivative of the SGWB
signal, and (iii) Tomographic redshift estimation of the SGWB signal.

3.1 Spectral derivative of the GW signal at a fixed observation time

The spectrum of the GW signal is an indicator of the mass of the coalescing binaries, as the mergers of the binaries with heavier masses
happen at a lower frequency. We can then construct the spectral derivative of the SGWB signal as

F (t, fa, fb, n̂) ≡ �(t, fa, n̂) −
(

fa

fb

)2/3

�(t, fb, n̂)

= (Gπ )2/3f 2/3
a

3ρcc2H0

∫∫
dz dM ngal(n̂, z)

(1 + z)4/3E(z)

×
[(
EM(z, n̂, tr )M5/3

z (t, n̂)
) ∣∣

fa

− (
EM(z, n̂, t)M5/3

z (t, n̂)
) ∣∣

fb

]
, (11)

where, fa = fb + �f and we have used the fact that the GW strains from the individual binaries are not correlated with other coalescing
binaries. E(z) =

√
�m(1 + z)3 + �� is the expansion history of the Universe. The maximum frequency (fmax) up to which the GW signal

is emitted depends on the last stable orbit of the BBH, BH–NS, and BNS. This depends on the total mass M of the coalescing binaries
as fmax = c3

6
√

6πGM
. So the GW signal emitted from sources with the mass of the coalescing binaries between Ma ∝ 1

fa
and Mb ∝ 1

fb
will

contribute to the differential signal F (t, fa, fb, n̂)

F (t, fa, fb, n̂) = (Gπ )2/3f 2/3
a

3ρcc2H0

∫
dz ngal(n̂, z)

×
∫

dM
(EM(z, n̂, t)M5/3

z (t, n̂)

(1 + z)4/3E(z)

)

× (
H

(
Ma

z − Mz

) − H
(
Mb

z − Mz

))
, (12)

where H(x) is the Heaviside function which is non-zero only for positive values of the argument x. For the same observation time and sky
direction, the number of GW sources emitting in individual mass bins is fixed. As a result, the spectral derivative of the SGWB captures the
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Stochastic gravitational wave background 4695

sky luminosity in the redshift-averaged mass-bins corresponding to �f/f. This will also exhibit temporal fluctuations due to the variation in
the number of events with cosmological redshift at a fixed frequency bin-width. However, the temporal dependence can be weak, depending
on the population of the sources and the event rate. The spatial and time average of the spectral derivative signal in individual mass-bins can
be expressed as

F̄ (fa, fb) = 1

4πTobs

∫
d2n̂

∫ Tobs

0
dt F (t, fa, fb, n̂). (13)

F̄ (fa, fb) can be expected to be a constant over separate large observational windows due to the negligible variation of the astrophysical and
cosmological phenomena over the observation time.

3.2 Temporal derivative of the SGWB signal at fixed frequency

The temporal dependence due to the Poisson distribution can be captured by estimating the variation in the SGWB amplitude between two
epochs of time t and t

′ = t − �t at a fixed GW frequency f

T (t, t ′, f , n̂) ≡ �(t, f , n̂) − �(t ′, f , n̂)

= (Gπ )2/3f 2/3

3ρcc2

∫∫
dz dM ngal(n̂, z)

(1 + z)4/3E(z)

× [(
EM(z, n̂, t)M5/3

z (n̂)
)

− (
EM(z, n̂, t ′)M5/3

z (n̂)
)]

. (14)

This is the line of sight integrated quantity of the variation of the number of events in any sky direction. The spectrum of this quantity is
a direct probe of the variation of the event rate across the GW source population.

3.3 Tomographic redshift estimation of the spatial distribution of the GW sources

The three-dimensional spatial distribution of the GW sources depends upon the background cosmology, the redshift of the sources and the
spatial distribution of the host galaxy. Cosmological information (such as the redshift distribution of the host galaxies of the GW sources) which
is embedded in the SGWB signal is not time dependent. The contribution of the SGWB signal from individual cosmological redshifts can be
obtained by cross-correlating with redshift-known cosmic probes of the density field. From a galaxy survey, we obtain the spatial position of
galaxy along with its photometric or spectroscopic redshift. We can construct the tomographic density field at different cosmological redshifts
as

δg(n̂, z) = ngal(n̂, z)

n̄gal(z)
− 1, (15)

where ngal(n̂, z) is the number of galaxies in the redshift bin z and in the direction n̂ and n̄gal(z) is the average number of galaxies. The
two-point correlation function of galaxies Wgg is a probe to the underlying dark matter correlation function ξDM(χ , z) given by the relation

Wgg(θ, z) ≡ 〈δ(n̂, z)δ(n̂ + θ, z)〉
=

∫
d2n̂ D2(z)b2

g(z)ξDM(χ (z′), χ (z), θ ), (16)

where the angular bracket 〈.〉 denotes the all-sky average, D(z) is the growth function, bg(z) = δg/δDM is the galaxy bias with respect to the
dark matter density field δDM and the correction function ξDM(χ (z′), χ (z), θ̂ ) is related to the power spectrum of the dark matter distribution
PDM(k) by

ξDM(χ (z′), χ (z), θ̂ ) = 1

2π2

∫
dkk2PDM(k)j0(kχ ), (17)

where j0(kχ ) is the spherical Bessel function and χ =
√

χ (z′)2 + χ (z)2 − 2χ (z′)χ (z′) cos θ .
The cross-correlation of the SGWB with the tomographic redshift bins of the large-scale structure encodes the cosmological spatial

distribution of the GW sources. The time dependent F (t, f , f ′, n̂) and T (t, t ′, f , n̂) signal intrinsically depend on the redshift distribution
of the GW sources. So, the angular cross-correlation of F (t, f , f ′, n̂) with the tomographic density field δg(n̂, z) can be expressed as

WFg(t, f , z, θ ) ≡ 〈F (t, f , n̂)δ(n̂ + θ, z)〉
=

∫
d2n̂

∫
dz′ D(z′)D(z)bg(z)bF (t, f , z′, n̂)

× ξDM(χ (z′), χ (z), θ ), (18)
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4696 S. Mukherjee and J. Silk

where bF (t, f , z′, n̂) is the time-dependent GW bias for the spectral derivative which we can express in terms of the GW source properties
by the relation

bF (t, f , z, n̂) = (Gπ )2/3f 2/3
a

3ρcc2H0

∫
dM

(EM(z, n̂, t)M5/3
z (t, n̂)

(1 + z)4/3E(z)

)

× (
H

(
Ma

z − Mz

) − H
(
Mb

z − Mz

))
. (19)

Similarly, the cross-correlation of T (t, t ′, f , n̂) with the galaxy distribution will be able to capture the time evolution of the binary events
with redshift, which can be written as

WT g(t, t ′, f ′, z, θ) ≡ 〈T (t, t ′, f , n̂)δ(n̂ + θ, z)〉
=

∫
d2n̂

∫
dz′ D(z)D(z′)bg(z)

× bT (t, t ′, f ′, z′, n̂)ξDM(χ (z′), χ (z), θ ),

(20)

where, we have defined bT (t, t ′, f ′, z, n̂) as

bT (t, t ′, f ′, z, n̂) = (Gπ )2/3f 2/3

3ρcc2

∫
dM 1

(1 + z)4/3E(z)

× [(
EM(z, n̂, t)M5/3

z (n̂)
)

− (
EM(z, n̂, t ′)M5/3

z (n̂)
)]

. (21)

The two-point cross-correlation WT g(t, t ′, f ′, z, θ) and WFg(t, f , z, θ) are all-sky integrated quantities. For a statistically isotropic
Universe, the all sky-average of the cross-correlation signal will translate into a temporal average over different realizations of the events. As
a result, we can expect the two-point correlation function to have statistically time translation symmetry. It will be related to the mean merger
rate of GW sources per unit redshift per unit time which is denoted by EM(z).

The two-point cross-correlation function, defined in real space, can also be obtained in the spherical harmonic basis of the field
(Xlm = ∫

d2n̂Y ∗
lm(n̂)X(n̂)) using the addition theorem of spherical harmonics

WXX ′ (θ ) =
∑

l

(
2l + 1

4π

)
Pl(cos(θ ))CXX′

l , (22)

where CXX′
l = ∑

m XlmX′∗
l′m′δll′δmm′ and Pl(cos(θ )) are the Legendre Polynomials. In summary, the time dependence of the SGWB carries a

rich source of information about the astrophysical event rate of the GW sources. We show that a set of observables such as F , T , WFg , and
WT g are capable of probing the event rate as a function of cosmological redshift and the chirp mass of the binaries from the SGWB signal.

4 ESTIMATORS FOR THE A STRO PHYSICAL SGWB

In this section, we devise the formalism which will be useful for extracting the astrophysical time dependence of the SGWB signal from the
GW data. The extraction of the stochastic GW signal can be devised in both pixel-space (real space) and spherical harmonic space. We show
the estimators which can be used to study the quantities such as F , T , WFg , and WT g .

4.1 Overview of the analysis technique

In this section, we briefly explain the standard framework for the analysis of stochastic GW data (Mitra et al. 2008; Thrane et al. 2009;
Talukder et al. 2011; Romano & Cornish 2017). The time-series data di(t) from the detector i can be written as

di(t) = hi(t) + ni(t), (23)

where, hi(t) and ni(t) are the signal and noise, respectively. The observed signal can be written in terms of the true sky signal hs
p and the

detector response F
p

i (n̂, t) as (Thrane et al. 2009; Romano & Cornish 2017)

hi(t) =
∫ ∞

−∞
df

∫
d2n̂F

p

i (n̂, t)e2πif (t−�xI .n̂/c)hs
p(f , n̂). (24)

The short-time Fourier transform of the sky signal at a particular time (t) can be written as

d(t, f ) =
∫ t+τ/2

t−τ/2
d(t ′)e−2πif t ′ dt ′, (25)

where the choice of τ is made such that the detector response function has not changed significantly in the time window τ . It should also not
be smaller than the traveltime of the GW signal between a pair of detectors. The expectation value of the cross-correlation of di(f) between
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Stochastic gravitational wave background 4697

two different detectors is

〈�d
ij (f , t)〉 ≡ 2

τ
〈di(f , t)d∗

j (f , t)〉 = 2

τ
hi(f , t)h∗

j (f , t), (26)

where the noise terms between the detectors are expected to be uncorrelated 〈ni(f )n∗
j (f )〉 = 0. The corresponding noise covariance matrix

of �d
ij (f , t) is

N d
ij (f , t, f ′, t ′) ≡ 〈

�d
ij (f , t)�d

ij (f ′, t ′)
〉

− 〈
�d

ij (f , t)
〉 〈

�d
ij (f ′, t ′)

〉
,

= Ni(f )Nj (f )δtt ′δff ′ (27)

where Nx is the noise power spectrum for detector x which is uncorrelated with the noise of the other detectors. In this expression, the
contribution of the signal is assumed to be negligible in comparison to the detector noise.

With knowledge of the detector response function F
p

i (n̂, t) for both the detectors, we can relate the observed cross-correlation spectrum
with the true signal in the sky �s(n̂, f , t) as

�d
ij (f , t) =

∫
d2n̂γ (n̂, f , t)�s(n̂, f , t), (28)

where, γ (n̂, f , t) is the geometric factor (Christensen 1992; Flanagan 1993)

γ (n̂, f , t) = 1

2
F

p

i (n̂, t)Fp

j (n̂, t)e2πif n̂.(�xi−�xj )/c. (29)

In equation (28), we differ from the previous method in two ways. First, the SGWB signal has an intrinsic temporal dependence
�s(n̂, f , t). Secondly, we have not separated the frequency and the angular parts, but rather kept them together in �s(n̂, f , t). In the previous
analysis (Thrane et al. 2009), the temporal dependence of the data was considered to be only due to the temporal dependence of the geometric
factor γ (n̂, f , t) and the sky signal was assumed to depend only on the sky direction.

4.2 Estimators

4.2.1 Spectral derivative

The spectral derivative of the SGWB signal is the difference of the SGWB signal between two frequency channels and at a fixed detector
time. The corresponding estimator in terms of the cross-power spectrum of the GW data can be written as

��̂F ≡ �d (f , t) − �d (f ′, t),

=
∫

d2n̂γ (n̂, f , t)(�s(n̂, f , t) − �d (n̂, f ′, t)), (30)

where the frequency bands need to satisfy |f − f
′ | = �f < <c/(2πD), such that the geometric factor does not change significantly in this

narrow frequency band and with the precise knowledge of the geometric factor, we can make an estimate of the best-fitting value of the
differential sky signal F̂ , using the log-likelihood of the form3

− 2LF ∝
∑

t

∑
i

(
��̂F (n̂i , f , t) − γ (n̂i , f , t)F (n̂i , f , t)

)†

×N−1
F

(
��̂F (n̂i , f , t) − γ (n̂i , f , t)F (n̂i , f , t)

)
,

(31)

where the sum over indices i and t runs over the number of pixels (Npix) and total number of time-bins Tbin = Tobs/�t respectively. F (n̂, f , t)
denotes the model of the spectral-derivative signal given in equation (12), and NF denotes the covariance matrix given by

NF = (Ni(f )Nj (f ) + Ni(f
′)Nj (f ′))δtt ′δff ′ , (32)

where we have assumed that the noise is the dominant contribution than the sky signal and have also assumed that the noise is uncorrelated
between different frequency channels, different observation time, and different pairs of detectors. As expected, the noise covariance matrix
for the derivative signal gets contribution from both the frequency channels f and f

′
, and is going to be more noise dominant in comparison to

the measurement of �s(f).

3The quantities with a hat (X̂) denote the estimator of X from the data.
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4698 S. Mukherjee and J. Silk

4.2.2 Temporal derivative

The time-derivative signal of the SGWB can be estimated from the data using the form

��̂T ≡ |�d (f , t) − �d (f , t + �t)|,

=
∫

d2n̂γ (n̂, f , t)|(�s(n̂, f , t) − �s(n̂, f , t + �t))|, (33)

where �t is a small time interval, over which the detector response function has not changed significantly. The corresponding likelihood to
obtain the best-fitting value can be written as

− 2LT ∝
∑

t

∑
i

(
��̂T (n̂i , f , t) − γ (n̂, f , t)T (n̂, f , t, t ′)

)†

×N−1
T

(
��̂T (n̂i , f , t, t ′) − γ (n̂, f , t)T (n̂, f , t, t ′)

)
,

(34)

where the index t is summed over the number of temporal bins Tbins = Tobs/�t, index i runs over number of sky pixels and NT denotes the
covariance matrix

NT = 2Ni(f )Nj (f )δtt ′δff ′ , (35)

where we have assumed again that the noise between two detectors are uncorrelated in time and frequency.

4.2.3 Tomographic redshift estimate

In order to separate the cosmological and astrophysical signal as discussed in Section 3.3, we work in the spherical harmonics space, and
define �X (n̂, f , t) for X ∈ F , T and cosmic density field δ(n̂, z) as

��lm|X (f , t) =
∫

d2n̂ �X (n̂, f , t)Y ∗
lm(n̂),

δlm(z) =
∫

d2n̂ δ(n̂, z)Y ∗
lm(n̂). (36)

The maximum value of l is related to the smallest angular scale which can be resolved from the experiment. For the GW interferometer
detectors at a distance D apart from each other, the smallest angular scale is diffraction-limited, and this sets the maximum value of l as lmax =
2π fD/c (where c is the speed of light). For a higher signal-to-noise ratio (snr), we need to go to high l values, hence large spatial separation
between the pair of detectors is required.

Using T̂ (n̂, f , t,�t) and F̂ (n̂, f , t) in the spherical harmonic basis, we can define the cross-correlation with the cosmic density field
as

ĈFδ
l (f , t, z) =

∑
m

F̂lm(f , t)δ∗
lm(z)

2l + 1
,

ĈT δ
l (f , t,�t, z) =

∑
m

T̂lm(f , t,�t)δ∗
lm(z)

2l + 1
. (37)

Using the cross-correlation power spectrum of the SGWB data with galaxy surveys, we can estimate the best-fitting astrophysical event-rate
by using the likelihood

− 2L ∝
∑

t

∑
l

[(
ĈX δ

l (f , t, z) − CX δ
l (f , t, z)

)†
N−1

ll′ |X δ

× (
ĈX δ

l′ (f , t, z) − CX δ
l′ (f , t, z)

) ]
, (38)

where, Nll′ |X δ is the covariance matrix which can be calculated from the GW detector noise, network of the GW detectors (which affect the
value of lmax), shot noise of the galaxy surveys, and the sky fraction of the galaxy surveys. CX δ

l denotes the model of the cross-correlation
power spectrum given in equation (18) and in equation (20), where the time dependence arises only from the bias terms bF and bT . However,
the power spectrum of the dark matter distribution PDM(k) remains constant in time. As a result, a best-fitting value of the bias parameters
bF and bT and their time dependence can be inferred by minimizing equation (38). Though this remains an interesting avenue to better
understand the redshift dependence of the bias, its applicability will depend on the angular resolution �θ , the overlap reduction function
γ (n̂, f , t), and the detector noise for different configurations of the future GW detectors network. With the currently available network of
detectors LIGO Hanford (H), LIGO Livingston (L), and Virgo (V), we are not going to achieve the required sensitivity to measure the redshift
dependent bias of the GW sources from the data.
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Figure 4. The overlap reduction function γ (f) as a function of frequency f is shown for the three pairs of detectors LIGO Hanford-LIGO Livingston (H-L),
LIGO Hanford-Virgo (H-V), and LIGO Livingston-Virgo (L-V).

Figure 5. The 5σ error-bar on the fluctuations in the amplitude of the GW signal for different configurations of the GW detectors LIGO-Hanford (H),
LIGO-Livingston (L), and Virgo (V). For the case of a three HL-like detector network, we have assumed a configuration with the same detector noise and
overlap reduction function as LIGO-H and LIGO-L. For the next generation GW detectors such as CE we have considered the instrument noise according to
Abbott et al. (2017a) and with the overlap function same as for the LIGO-H and LIGO-L detector pair.

5 ER RO R E S T I M AT I O N FO R M E A S U R I N G T E M P O R A L F L U C T UAT I O N S I N S G W B

We make a Fisher analysis to estimate the error-bar using the Cramer–Rao bound (σ�� ≥
√

F−1) of the time-variability and frequency-
variability of the SGWB signal which can be measured using network of GW detectors such as advanced-LIGO Hanford (H), advanced-LIGO
Livingston (L), advanced Virgo (V), and CE. The rms fluctuation in the SGWB can be expressed as the modification in the amplitude given
by ��(f ) =

√
〈( �GW(t,f )−�̄GW(f )

�̄GW(f )
)2〉T . The corresponding Fisher estimate for a network of detectors (I,J) can be written as

Fαβ =
∫ T

0
dt

N∑
I

N∑
J>I

(
3H 2

0

2π2

)2

×
∫ ∞

0
df

γ 2(f )∂α�GW(f )∂β�GW(f )

f 6NI (f )NJ (f )
, (39)

where, γ (f) is the overlap reduction function which depends upon the location and orientation of LIGO-H, LIGO-L, and Virgo.4 The overlap
function for LIGO-L and LIGO-H (L-H), LIGO-L and Virgo (L-V), and LIGO-H and Virgo (H-V) are shown in the Fig. 4. The first zero
crossing of the overlap function takes place at a frequency fchar = c/2D, where D is the distance between the two detectors (Flanagan 1993).
The fchar is smallest for LIGO-H and Virgo, followed by LIGO-L and Virgo and then for LIGO-H and LIGO-L pair of detectors. Only for the
frequency range of the GW signal less than f ≤ fchar, we can make a coincidence detections of the GW signal between a pair of detectors. As
a result, most of the statistical power for the measurement of the SGWB signal comes from the range of frequency f ≤ fchar. This implies, the
most statistical power comes from LIGO-H and LIGO-L pair of detectors, followed by LIGO-L and Virgo and then LIGO-H and Virgo.

Using the instrument noise for advanced-LIGO and Virgo, we obtain the 5σ error-bar on �� in Fig. 5 as a function of the observation
time. For the network of three detectors such as LIGO-H, LIGO-L, and Virgo, most of the statistical power in the measurement of the signal
comes from LIGO-H and LIGO-L for the frequency of GW SGWB signal f > 30 Hz. For a network of three HL-like detectors, we have

4The overlap reduction function is obtained from this file P1000128/026.
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4700 S. Mukherjee and J. Silk

assumed the same noise curves and the overlap function γ (f) as LIGO-H and LIGO-L, and show the amount of gain possible from such a
configuration with detector noise of current detectors.

For the next generation GW detectors such as CE (Abbott et al. 2017a), we have assumed the same overlap function as between LIGO-H
and LIGO-L, and obtain the 5σ error-bar on �� of the signal for the combination of three (LIGO-H, LIGO-L, and CE) and four (LIGO-H,
LIGO-L, Virgo, and CE) network of detectors. As expected, the gain in the measurability of the signal improves by more than an order of
magnitude than with the current ongoing GW experiments. As a result, we can measure the fluctuations in the SGWB with high snr from the
future experiments. The difference in the σ�� is negligible for the case with or without including Virgo are due to two reasons, (i) the fact
that the fchar is small than for the case with LIGO-H and LIGO-L, and (ii) the detector noise for Virgo interferometer is higher than CE.

6 C O N C L U S I O N

The SGWB is a rich source of cosmological and astrophysical informations. The astrophysical SGWB arises from a large number of coalescing
binary systems of compact objects such as black hole, neutron star, and white dwarf. Such events are expected to occur randomly following
a Poisson distributed in time with a constant event rate which depends upon the astrophysical parameters such as the mass of the compact
objects, star formation history, redshift of the source, etc. Due to the Poissonian nature of the GW events, the SGWB is going to exhibit a
temporal fluctuation due to the variation of the number of events and is expected to attain the time translation symmetry on averaging over a
long observation time. We point out the temporal dependence of the SGWB in this paper and discuss the implications of measuring it from
the ongoing and future GW experiments. We show that the time dependence of the SGWB and its rms fluctuations can be a useful probe to
learn about several aspects such as the event rate of the GW sources for different chirp masses of the coalescing binaries, the duty cycle of
GW signals, and the redshift distribution of the event rate.

The temporal fluctuations of the SGWB can be studied in frequency domain, temporal domain, and in the spatial domain as discussed in
Section 3. By constructing quantities such as the spectral derivative of the SGWB denoted by F we can estimate the redshift integrated total
GW energy density arising from different mass windows of the compact objects. The time derivative of the SGWB denoted by T captures
the temporal fluctuation in the SGWB signal which is related to the event rate of the GW signal contributing at a particular frequency of the
SGWB. The spatial distribution of the astrophysical GW sources are expected to follow the spatial distribution of the galaxies and can be
estimated by cross-correlating with the galaxy distribution available from the upcoming cosmological surveys [such as DESI (Aghamousa
et al. 2016), Euclid (Refregier et al. 2010), LSST (LSST Science Collaboration et al. 2009), SPHEREx (Dore et al. 2018a), and WFIRST
(Dore et al. 2018b)]. The cross-correlation of the SGWB with the galaxy field can probe the time-dependent bias of the SGWB signal for
different cosmological redshifts as we have discussed in Section 4. The statistical significance of the cross-correlation between the SGWB
map with the galaxy distribution is going to be limited by the angular resolution of the SGWB map. For the interferometer-based GW
detectors, the smallest angular scale �θ that can be resolved in SGWB sky is set by the diffraction limit, which can be written in terms of
the frequency of the GW signal and the distance between two detectors D as �θ = c/2fD. This implies that the interferometer detectors,
which are farthest away are the best for making high-resolution maps of the SGWB signal. However, for the interferometer detectors which
are farther away are going to have an overlap reduction function with smaller value of fchar = c/2D, which can result into a higher instrument
noise for frequencies greater than fchar.

We propose that data analysis performed for ongoing GW experiments should search for temporal fluctuations along with the algorithms
which search for spatial fluctuations. This procedure will be potentially useful for identifying the event rates for different binary species
such as BNS, BBHs, and BH–NS systems. The procedure outlined here will help establish the time-translation symmetry of the SGWB
and inform us about the astrophysics related to the formation of these binary sources. This avenue of research will provide a useful tool for
distinguishing between the astrophysical and cosmological SGWB signals. By exploring the time-dependence aspect of the SGWB signal,
we can remove contamination from the astrophysical SGWB signal and peer into the higher frequency f ∈ 10–1000 Hz cosmological SGWB
signals originating at different epochs of the Universe (Kibble 1976; Starobinsky 1979; Kosowsky et al. 1992; Kamionkowski et al. 1994;
Turner 1997; Damour & Vilenkin 2005; Martin et al. 2014).
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