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Abstract: We develop model selection methods for robust processing of non-
parametric periodic signals observed in continuous time with noises containing
impulse components defined by a non Gaussian semi - Markov processes. In
particular, we apply the developed model selection methods for the detection
problem of the number of signals in multi-path information transmission ob-
served with complex dependent impulse semi-Markov noises. As an example
of semi-Markov noises, we consider the signals models with the noises defined
through fractional Poisson processes. For this problem we show non asymptotic
sharp oracle inequalities for robust risks, i.e., we show that the constructed
procedures are optimal in the sense of sharp oracle inequalities.

1. Introduction
1.1. Motivatlions

One of the most important problems in the statistical signal processing theory is
the detection of the number of signals observed in continuous time with random
noises in multi-path connection channels (see, for example, [5, 24, 26, 29] and the
references therein). Usually, in the framework of the statistical radio-physics, the
telecommunication and navigation systems are modelled by the following formal
equation

q
Yy :Zgj¢j(t}+ytu 0<t<n,
i=1
where (1), is the Gaussian white noise, (0,)1<j<q ave energetic parameters and

(¢,);>1 are known orthonormal signal functions, i.e., fol ¢;(t) ¢;(t) dt = 145253 To
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set this problem in the statistical analysis framework, one has to use the correspond-
ing stochastic differential equations

q
(1.1) dy, = | D 0;0;(t) | dt + duw,
g=1

where (w;);~q is the standard Brownian motion. Note that this is the well-known
“signal+white noise” model which is well studied in many papers (see, for example,
(12, 19, 20, 27] and the references therein). In this paper we study the estimation
problem of the number of the signals g, when the parameters (HJ)ISqu are unknown.
In the white noise case, the logarithm of the likelihood function of the model (1.1)

can be represented as
q n 13
InL, = Zejfo ¢;(t)dy, — 5 L 6.
j=1 =

Therefore, the maximum likelihood estimators of (6;),<;<, and g, can be obtained

as
1 Gy n 2
12‘;?;*“5?’{1”‘5“:52 Uﬂ ¢j(t)dyz> :
J=

i.e., the maximum likelihood estimator ¢ = ¢*; note that we obtain § = oo for
q* = oo. For this reason, we study this problem in nonparametric setting proposed
by Bosq in [6] for the general theory of stochastic processes, i.e., we represent the
signal in (1.1) in the following form

(1.2) dy, = S(t)dt+dg, 0<t<n,

where S(-) is an unknown 1-periodic nonparametric function from L,[0, 1].

Our goal is to introduce in the observation model noise components with jumps
given by semi-Markov processes as in [2]. In particular, such models enable us to
consider the dependence in the observations during a long time, which significantly
expands the possible applications of the statistical methods. These models allow, for
example, estimating the signals observed under long impulse noise impact having a
memory or under “nuisance signals” action.

1.2. Model

In this paper, we study the model (1.2) in the framework of the general semi-
martingale regression model introduced in [14], in which the noise process (&;);> ¢ is
a non Gaussian semimartingale with jumps of special form defined as

(1.3) & = o1wy + g2 Ly + 037,
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where p1, 02 and p3 are unknown coefficients, (w;);( is a standard Brownian mo-
tion, (L,);> ¢ is a jump Lévy process and the pure jump process (z;);> is a semi-
Markov impulse noise introduced in [2]. This means that, instead of the Gaussian
white noise, in the radio-electronic stochastic systems we assume that the useful
signal S is distorted by random impulse noises. Note that the impulse noises for
the signal estimation problems have been used in many papers (see, for example,
[5, 13, 18, 25] and the references therein). It should be noted also that the use of
additional non Gaussian noise components in the models poses also the question
of how the estimation quality depends on the noise distribution; in other words,
this naturally raises the question about the stability and robustness of the proposed
procedures. For these reasons, the estimation quality will be studied with respect to
the robust risks that were introduced by Galtchouk and Pergamenshchikov in [9] for
nonparametric models. This allows constructing the estimation procedures having
stable fixed-accuracy properties with respect to changes of the noise distributions
in a fairly wide range. Such procedures provide the high-noise immunity of the al-
gorithms synthesized on their basis. Therefore, we also assume that the distribution
Q of the noise process (&,);>¢ is unknown. It is only known that this distribution
belongs to the distribution fa,mily Q that will be defined in the next section. We
set the robust risk as

1
(14)  R:(5.,S)= sup Eggl8,— 5> and |S|? = [ S (1)dt,
QeQx ; 0

where S, is an estimator of S (i.e., any measurable function of (Y)o<t<n)-

1.3. Methods

To estimate the unknown signal S we use the sharp model selection methods de-
veloped for such problems in [2]. The interest in these statistical procedures can be
explained by the fact that they provide adaptive solutions for a nonparametric esti-
mation through non asymptotic sharp oracle inequalities which give an upper bound
for quadratic risks including the minimal risk over a chosen family of projection es-
timators with a coefficient close to one. This means that this statistical procedure is
the best in the chosen family of estimators, i.e., it is optimal in the sharp oracle in-
equality sense. Such inequalities were obtained, for example, in [10] for non Gaussian
regression models in discrete time and in [14] for general regression semimartingale
models in continuous time. It should be noted that the model selection approach
was proposed for the first time in [1, 23] for parametric models. Then, using the
oracle inequality tool, these methods had been developed for nonparametric estima-
tion in [4, 15] for Gaussian regression models and in [8] for non Gaussian models.
Moreover, in [15] such methods were developed for the signal estimation problem
for the Gaussian color noise model in continuous time. Unfortunately, the oracle in-
equalities obtained in these papers are not sharp and, therefore, they cannot provide
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the efficiency property in the asymptotic setting (see, for example, [11, 16, 17]). To
obtain the sharp oracle inequality for the models (1.2) ~ (1.3), one needs to use a
special analytical tool based on nonlinear renewal theory developed in [2]. In this
paper we use this method for the detection problem of the number of signals in (1.2)
- (1.3).

1.4. Plan of paper

The rest of the paper is organized as follows. In Section 2, we give the main con-
ditions which will be assumed for the model (1.2). In Section 3, we construct a
model selection procedure and we give the sharp oracle inequalities for the detection
problem of the number of signals.

2. Main conditions

In the model (1.3) we assume that the jump Lévy process L, is defined as
17
2.) L= [ [ aluds,do) - fds,do)),
0 /R,

where p(ds, dz) is the jump measure with the deterministic compensator fi(ds dz) =
dsll(dz), where II(-) is the Lévy measure on R, = R\ {0} for which

(2.2) M(z?) =1 and M(2?) < oo,

where we use the usual notation II(|z|™) = fm |z|™II(dz) for any m > 0.

Note that II(R,) may be equal to +o00. Moreover, as in [2], we assume that the pure
jump process (2;);> ¢ in (1.3) is a particular case of a semi-Markov process, with the
following form

Nt
(2‘3) Zt = Z Yi}
i=1

where (Y;);>; is an i.i.d. sequence of random variables with
EgY;=0, EgY’=1 and EgY!<oo.
Here N, is a general counting process defined as

k

o0
(2.4) Ne=D> lepoy and T, =%"7,
k=1 i=1

where (77);> 1 is an i.i.d. sequence of positive integrated random variables with dis-
tribution 7 and mean ¥ = Eg7; > 0. We assume that the processes (N;);~o and
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(Y;)i>1 are independent between them and are also independent of (L;);»q. Note
that the process (z;);> is a special case of a semi-Markov process (see, e.g., [3] and
[22]).

Note that for any function f from L,[0,n], f : [0,n] — R, for the noise process
(€)i> o defined in (1.3), with (z;),5 ¢ given in (2.3), the integral

(25) L= [ re,
0
is well defined, with Egy I,,(f) = 0 and Eg JE(F) = ) f(;n £2(t)dt for some constant

In the sequel we assume that the measure n has a density g which satisfies the
following conditions from [2].
H,) Assume that, for any « € R, there exist the finite limits

g(z—) = lim g(z) and g(z+)= lim g(z)
Z= T 2=
and, for any K > 0, there exists § = 6(K) > 0 for which

[6 lg(z +1t) + g(z — t) — g(z+) — g(z—)|
g .

dt < oo.

sup
[z|<K

H,) For any v > 0,

sup 27|2g(2) — g(z—) — g(z+)| < oo.
z>0

H;) There exists B > 0 such that fR €82 g(x) dz < o0.
For the next condition we need to introduce the Fourier transform of any function
f from Ly(R), f : R — R, defined as

(2.6) oyt ] e f(z) da.
R

:27r

H,) There exists t* > 0 such that the function g(0 — it) belongs to L,(R) for any
0<t<t*

One can check directly that Conditions H;)-H,) hold true for any two times
continuously differentiable density g defined on R, for which g(0) = 0 and there
exists # > 0 such that

+00 / "
[ (o) + 16 @1+ 16" w)) e < e,

lim ¢*®g(z) =0 and lim g (z) =0.

T—00 T—+00
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Indeed, Conditions H;)-Hj) are obvious and Condition Hy) can be obtained by
integrating two times by parts. For example, we can take a Gamma density with
the shape parameter greater than one. Moreover, one can check directly that these
conditions hold true also for the density of X{)H Px 1, where Xj is a Mittag-Leffler
waiting time with parameter 0 < H < 1 (see, for example, [21, 28]) and X is a
Gamma random variable with the shape parameter greater than one. So, in this
case, the process NN, is a truncated fractional Poisson process.

Remark 2.1. It should be noted that the fractional Poisson processes is very popu-
lar in the different applied areas such that radiophysics, insurance (see, for example,
[7, 21, 28] and the references therein). This is explained by the fact that these pro-
cesses keep a long dependence structure on large time intervals. Therefore, one can
use this property to describe the dependent impulse noise influence in the connection
channels. It should be noted also that the direct use of fractional Poisson processes
themselves in signal models is not reasonable, since the time between jumps in frac-
tional Poisson processes is very large, i.e., the noise impulses will be very rare.
It will be more convenient to use truncated fractional Poisson processes for signal
processing problems. They continue to keep the strong dependence, but at the same
time the intervals between jumps are significantly smaller than the ones of fractional
processes, i.e., they will be more frequent even compared to impulses modelled by
compound Poisson processes.

Remark 2.2. It should be noted that if 7; are exponential random variables, then
(Ny)¢>0 is a Poisson process and, in this case, (&), is a Lévy process for which
this model has been studied in [14] and [16]. But, in the general case when the
process (2.3) is not a Lévy process, as for example, truncated fractional Poisson
processes, this process has a memory and cannot be treated in the framework of
semi-martingales with independent increments. In this case, we need to use the new
special analytical tool based on renewal theory arguments developed in [2].

Let us now define the family of the noise distributions for the model (1.2) which
is used in the robust risk (1.4). In our case the distribution family Q, consists in
all the distributions on the Skorokhod space D[0,n] of the process (1.3) with the
parameters satisfying Conditions (2.7) and (2.8). Note that any distribution @ from
Q,, is defined by the unknown parameters in (1.3) and (2.1). We assume that

(2'7) G 2] S §*,
where o) = g% + g% + gg /7, the unknown bounds 0 < ¢, < ¢* are functions of n, i.e.,
s, =¢,(n) and ¢* = ¢*(n), such that for any € > 0,

(2.8) lim nf¢,(n) = +00 and lim i) =0,

n—00 n—oo N

Remark 2.3. Note thatn in general (but this is not necessary), the parameters p,,
0y and p3 can depend on n. Condition (2.8) means that we consider all possible
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cases, i.e. these parameters may go to infinity, or may be constant, or may go to
zero as well. See, for example, Conditions (3.32) in [17].

3. Model selection

Let (¢;);>1 be an orthonormal uniformly bounded basis in L,0, 1], i.e., for some
constant ¢, > 1, supy.;o,, SUPy<4<q |¢;(t)] < ¢,; the constant ¢, may depend on
n, such that lim,,_, . ¢,(n)n"¢ = 0 for any € > 0. We extend the functions ¢,(t) by
periodicity, i.e., we set ¢;(t) := ¢;({t}), where {t} is the fractional part of ¢ > 0.
For example, we can take the trigonometric basis (see, for example, (3.2) in [2]). To
estimate the function S we use the model selection procedure from [2] based on the
weighted least square estimators defined as

(3.1) Sa(t) =Y A()0;n05(8)
il

where the coefficients A = (A(j));<;<, belong to some finite set A from [0,1]" and

é}ﬂ are the estimators for the Fourier coefficients 6, = fol ¢;(t) S(t)dt defined as

- 1 [
(32) Bn=1 [ 950,
v Jo
which can be represented, in view of the model (1.2), as
- 1 1
(33) ejn = 9] i ﬁgj,n and gj,n o= ﬁfn(qﬁj) :

Now, to choose a weight sequence A in the set A we use the empirical quadratic risk,
defined as L
Erra(A) =[ 8y = S [1%,

which in our case is equal to

n n o0
(3.4) Erra(A) = Y X()82, = 2 A(3)8;.0; + > 6.
j=1 i=1 j=1
Since the Fourier coefficients (6;);>; are unknown, we replace the terms gj,nﬂj by
RENECh
(3.5) bin Zlin =

where G, is an estimate for the variance proxy o defined in (2.7). If this variance
proxy is known, we take o,, := 0¢; otherwise, we can choose it, for example, as it is



92

defined in (3.11) in [2]. Finally, in order to choose the weights, we will minimize the
following cost function

n 2
(3.6) Z —22)\(3 0, +p—"— "l g

J=1

where p > 0 is some threshold which will be specified later. We define the model
selection procedure as

—~ ~ —~

(3.7) S,=8; and A =argmin,_,Ju(A).

We recall that the set A is finite so A exists. In the case when A is not unique, we
take one of them.

Theorem 3.1. Assume that Conditions H;) - Hy) hold and that the unknoun
function S is continuously differentiable. Then, for the robust risk defined in (1.4)
through the distribution family (2.7) - (2.8), the procedure (3.7) for anyn > 1 and
0 < p < 1/6, satisfies the following oracle inequality

* +3p . *1a U*(S)
G *) < n ) n_’
(3.8) R (.5' )= 3pr)\nl/r\17?, (S, S) + o

where the term U (S) > 0 is such that for any r > 0 and € > 0

Ux(s
(3.9) lim sup U.05)

n0 ISy T

= 0.

Remark 3.1. We recall that, the inequality (3.8) is called sharp oracle inequality
because the main coefficient in the right side goes to one as p — 0. If the chosen
estimator family (Sy)yep contains an efficient estimator which can be computed
directly, then, asymptotically, the model selection procedure will be have the same
properties as the efficient estimator. To do this, it is sufficient to chose the parameter
p as a function of n, i.e., p= p(n) such that

lim p(n)=0 and, forany €>0, lim np(n) = +oc.

n—oo n—oo

For ezample, we can take p(n) = (6 +In(n))~L. This is the main idea of using sharp
oracle inequalities for the study of efficiency properties in the adaptive setting (see,
for example, [11, 16, 17]).

Now, let us consider the model (1.2) with the unknown function S defined as

q
(310) S0)=Y" 66500
i=1



58

For this problem we use the LSE family (gd)lgdgm defined as

d
(3.11) Siz) =Y Oindylc)
J=1

This estimate can be obtained from (3.1) with the weights A;(j) = x{j < d}.
As a risk for the number of signals we use

(3.12) D, (d,9)=R(5,5),

where the risk R;(§, S) is defined in (1.4) and d is an integer number (maybe
random) from the set {1,...,¢}, where the maximal signal number ¢ is assumed to
be a function of n, i.e. ¢ = ¢(n), such that ¢(n) — oo and, for any € > 0, the sequence
nfi(n) — 0 as n — oo. In this case the cost function (3.6) has the form

d d L/\‘Q
(3.13) VIS éf.n Z

j=1
So, for this problem the LSE model selection procedure is defined as
(3.14) g;= argminlSdSLJn(d) :

Note that Theorem 3.1 implies the next result.

Theorem 3.2. Assume that Conditions H,) — H,) hold. Then, the robust risks of
the procedure (3.7), for any 0 < p < 1/6, satisfy the following oracle inequality
1+3p U;.(5)
n b

1 D (i g) < e anin D
(3.15) Ll ) < o, n(d,9)

where the last term satisfies the property (3.9).
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