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NUMERICAL MODELING OF UNSTABLE FLOWS IN 

CONDUCTS WITH VARIABLE GEOMETRY  

Sami RAMOUL1, Ali FOURAR1, Fawaz MASSOUH2 

Changes in the system flow of a fluid in a conduct often cause sudden 

changes in pressure and give rise to so-called unstable flows. So, the study of the 

phenomenon of unstable flows aims to determine if the pressure in a system is within 

the prescribed limits, following a perturbation of the flow. In the objective of 

studying the range of a water hammer, an examination of variations in velocity or 

flow and pressure resulting from inappropriate operation of the hydraulic system is 

made. This study presents a numerical modeling of the phenomenon of instable 

flows in load conducts with variable geometries. The characteristic method is used 

to solve the governing equations.  Thanks to the AFT Impulse industrial program, 

very interesting and very practical numerical results are obtained to describe the 

phenomenon of instable flows in conducts with variable geometry. And to more 

illustrate the graphical presentation two cases are graphically overlay for each of 

the two types of models (slow closing and rapid closing of the valve). 

 

Keywords: Numerical modeling, unstable flows, water hammer, transient flow,   

variable section, characteristic method, AFT Impulse software. 

1. Introduction 

The instable regime in hydraulic installations is a very complex 

phenomenon. It represents a permanent danger for installations and can occur at 

any time due to the various manipulations of the elements of this hydraulic 

system. 

The instable regime in the closed conducts is characterized by variations 

of the pressures, which are often very high or very low. These variations are 

accompanied by the phenomenon of propagation of the pressure waves that 

traverse the network for a certain time until their damping and the restoration of 

the initial regime [1]. This regime is the source of several damages (deterioration 

of the conducts) which often causes unforeseen equipment and maintenance costs 

[2]. 

 The objective of this contribution is to treat the most complex case, which 

means the theory of the hydraulic shock caused by the water hammer in the load 
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conducts with variable geometry, based on the equations of mass conservation and 

momentum conservation. 

           To solve these equations, there are many methods which use different 

simplifying hypotheses and / or resolving procedures, such as analytical, graphic 

or numerical methods [3]. But given the complexity of the phenomenon, there are 

not really complete analytical solutions to solve the problem. For instance in the 

case of Allievi's method [4, 5], which gives us a global solution to the problem, 

the author does not take into account loss of loads which affects the extent of the 

phenomenon. Furthermore the approximate graphic methods such as the 

Schnyder-Bergeron method [6, 7] are not really effective in solving complex cases 

such as a conduct with several branches, or a conduct with variable 

characteristics, such as variations of the section, etc. So the numerical methods 

have taken the relay to allow us to quantify this type of phenomenon. 

            The objectives of this paper are the study of the propagation causes of the 

wave in the case of a sudden stop of water supply of the gravity loaded conducts. 

Put into equation these phenomena by taking as essential points the variations of 

the sections of conduct and the closing of valves, by use of the numerical method 

of the characteristics and the AFT Impulse program to solve the equations. To 

more illustrate the graphical presentation we have graphically overlay two cases 

for each of the two types of models slow closing and rapid closing of a valve. 

             2. Basic equations of wave propagation in conducts 

The equations which allow us to study one dimension transient that we 

meet in monophasic flow in conduct are derived by applying the conservations of 

mass and momentum equations [9]: 
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In which U, H, D, f, g, and C are respectively the average velocity, the 

piezometric head, conduct diameter, factor of friction, gravity acceleration and 

velocity of wave pressure. 

3. Method of characteristics 

 Based on the work of [9] and [10], we found that for a partial differential 

equation (PDE) of the first order, the characteristic method consists in searching 

for curves (called "characteristic lines" or simply "Characteristics") along which 

the PDE is reduced to a simple ordinary differential equation (ODE). The 



resolution of the ODE along a characteristic makes it possible to find the solution 

of the original problem. 

By multiplying equation (1) by unknown constant λ, adding it to equation 

(2), we obtained equation (3): 
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Defining the unknown multiplier λ as 
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And using Equations (4) and (5), Equation (3) can be written as 
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To understand the meaning of these four equations, figure (1) presents 

their examination.  

 

 

 

 

 

 

 

 

 

 

 

 

Solving the equations (8) and (10) using the characteristic method consists 

in determining the head H and the velocity U at the point P knowing the initial 

values at the points R and S. Let UP and HP are the parameters searched at point P. 

By multiplying equation (8) by dt and integrating, we obtain:   

Fig.1. Characteristic lines [2]. 
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 The term  dtUU
D

f
P

R

2
  can be evaluated as follows: 
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 For steady conditions the velocity is constant at points R and P 

 

Thus the equation becomes: 
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By the same approach, equation (10) can also be written: 
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In these relations, tp - 0 equal to Δt, and when these equations are 

multiplied by Δt they become: 
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Each of the characteristic equations can be integrated if: 

            tCX  =                                      (19) 

4. Boundary conditions 

 The H and U values on the conduct ends are determined using boundary 

conditions. These conditions are: 

 

 

 



4.1. Condition at the tank boundary 

 When the conduct outlet from a tank, the value of H remains constant for 

all times. In this case, it is assumed that: 

                01 HHP =                                     (20) 

This equation is solved simultaneously with the characteristic curve W-. 

We use Equation (18) to obtain an expression for the velocity 
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4.2. Condition at the velocity boundary 

 If the velocity is known at the downstream end of a conduct, an 

expression of H is easily found. For example, suppose a valve is closed in a way 

that caused the velocity to decrease linearly from U0 to zero in T seconds. The Up 

equation would be: 
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The equation for HP would be deduced from equation (17) 
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For any value of UPN+1 including zero. 

5. Digital data and results 

5.1. Study models 

 

 

 

 

 

  

 

 

 

 

Fig. 3.  Model 2, conduct of variable diameter. 
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Fig. 2.  Model 1, conduct of constant diameter. 
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  Table 1 

Parameters of the conducts and the fluid 

Steel 

cond 

L 

 (m) 

D 

(mm) 

e 

(mm) 

k 

(mm) 

Ec  

MPa 

El  

MPa 

tanks 

H1 

(m) 

H2 

(m) 

H3 

(m) 

 

Case 

1 

L1 400 202.71 3.22  
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161 

 

 

 

 

20 

L2 400 202.71 3.22 

L3 1990 202.71 3.22 

L4 100 202.71 3.22 

 L1 400 202.71 3.22 

L2 400 202.71 3.22 

L3 800 202.71 3.22 

Case 

2 

L4 400  154.05 2.80     

 L5  790  202.71 3.22 

 L6  100  202.71 3.22 

5.2. Model 1: Conduct of Constant diameter with an analysis of two 

cases (slow closing and rapid closing of the valve) 
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Fig. 4.  Variation of  head during time in conduct 1 at the mid-point. 

 

 

Fig. 5.   Variation of  head during time in conduct 3 at the point of intersection (connection). 
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Fig. 9.  Variation of velocity during time in conduct 3 at the point of intersection (connection). 
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Fig. 6.  Variation of head during time in conduct 3 at the mid-point. 
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Fig. 8.  Variation of velocity during time in conduct 1 at  the mid-point. 
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Fig. 7.  Variation of  head during time in conduct 3 to the valve. 

 

0 10 20 30 40 50 60
-50

0

50

100

150

200

250

300

350

H    
  (   

 m  
    )

t ( s )

 ra p id  c lo s in g

 s lo w  c lo s in g

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.2.1. Model 1: comparison between the two cases of the valve closing 

In the case of rapid closing of the valve more pronounced and faster 

fluctuations are observed than in the case of slow closing and the fluctuations 

reach alternately maximum and minimum values. Also the alternation of velocity 

fluctuations between the positive and negative values explains clearly the 

movement of the liquid in the two directions of flow caused by water hammer in 

the conduct. The amplitude of the fluctuations of the velocity in time is very 

important in the tank then it decreases along the conduct until becoming minimal 

at the valve. The amplitude of the fluctuations of the piezometric head becomes 

important along the conduct and reaches maximum values at the valve. 

 

 

 

 

 

 

 

 

Fig. 10.  Variation of  velocity during time in conduct 3 at the mid-point. 
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Fig. 11.  Variation of  velocity during time in conduct 3 at the valve. 
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5.3. Model 2: Conduct of variable diameter with an analysis of two 

cases (slow closing and rapid closing of the valve) 

 

 

 

            

 

 

 

 

 

 

 

 

  

 

 

 

Fig. 12.  Variation of  head during time in conduct 1 at the mid-point. 
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Fig. 13.   Variation of  head during time in conduct 3 at the point of intersection (connection). 
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Fig. 14.   Variation of head during time in conduct 4 at the mid-point. 
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Fig. 15.  Variation of  head during time in conduct 5 at the valve. 
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Fig. 16.  Variation of  velocity during time in conduct 1 at the mid-point. 
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Fig. 17.  Variation of  velocity during time in conduct 3 at the point of intersection (connection). 

 

0 10 20 30 40 50 60

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

U    
 (   m

     /
   s  

 )

t ( s )

 ra p id  c lo s in g

 s lo w  c lo s in g

 

Fig. 18.  Variation of velocity during time in conduct 4 at the mid-point. 
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Fig. 19.  Variation of velocity during time in conduct 5 at the valve. 
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5.3.1. Model 2: comparison between the two cases of the valve closing 

 Between the two cases of rapid and slow closing a clear difference of 

influence on fluctuations of head and velocity over time in different points of our 

model is observed. In conducts C1, C2 and C3 fluctuations in head and velocity 

reach very high values in the case of rapid closing. In conduct C4, the amplitude 

of the variations of the piezometric head is greater than that of the preceding 

conducts. The losses of loads are important at the exit of the conduct. Fluctuations 

in velocity are greater at the rapid closing. In conduct C5, the fluctuations of the 

velocity are very varied in the time and become more and faster each time one 

approaches the valve and then paradoxically reach maximum and minimum 

values in the case of the rapid closing. 

5.4. Comparison between the two study models 

Changes in valve maneuvering that affect head fluctuations are more 

greater in the case of Model 2 than in the case of Model 1. 

The variations of the sections which influence on the velocity fluctuations 

are more remarkable in the point where the section of the conduct is reduced than 

in the point where the section of the conduct widens.  

6. Conclusion  

   This paper improved that the water hammer results from a non-

permanent flow which appears in a conduct and it is caused by an important and 

rapid variation of the flow rate at the downstream end of the conduct. That is, 

each slice of water in the conduct experiences sudden changes in pressure and 

velocity at different times (Wave Propagation). 

  For this reason, this study takes into account the variations of the sections 

and it is directly concerned with the effect of the change of section on the 

evaluation of the phenomenon of hydraulic shock. We have also based our work 

on the hyperbolic basic equations; in this case the continuity equation and the 

dynamic equation to evaluate these transient phenomena. We used the method of 

characteristics to solve the systems of equations representing instable flows. In 

this work, which aims to approach the problem numerically, we used the AFT 

Impulse industrial program for the simulation of transient phenomena in complex 

hydraulic plant models and loaded hydraulic systems. 

  Graphical results obtained from the variation of the piezometric head and 

the flow velocity over time, results in the necessity to always increase the time of 

manipulation and operation of the valves in order to decrease the amplitude 

variations in the piezometric head and the flow velocity and to avoid the change 

of the sections of the conducts and especially to calculate them so that they are 



resistant to these phenomena of overpressure and depression and in particular they 

must resist the pressure where the vacuum is sufficient to create the cavitation. 

  Moreover, our study was based on the case of one-dimensional flow 

without taking into account external changes such as changes in water 

temperature, density, etc. 

 
Notations  g  Gravity acceleration [ms-2] 

U Average velocity [ms-1] C  Velocity of wave pressure [ms-1] 

H The piezometric head [m] f  Factor of friction 

D Inner conduct diameter [m] x  Linear dimension [m] 

T Time [s] ρ  Fluid density [kg m-3] 

 El Bulk modulus of the liquid[pa] e   Conduct-wall thickness [m] 

 Ec  Young's modulus[pa] µ   Dynamic viscosity [kg m-1s-1] 

 L  Conduct length[m] k   Roughness Coefficient 
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