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Abstract

Enzyme kinetic constants in vivo are largely unknown, which limits the construction of large metabolic

models. In theory, kinetic constants can be fitted to measured metabolic fluxes, metabolite concentrations,

and enzyme concentrations, but these estimation problems are typically non-convex. This makes them hard

to solve, especially if models are large. Here I assume that the metabolic fluxes are given and show that

consistent kinetic constants, metabolite levels, and enzyme levels can then be found by solving a convex

optimality problem. If logarithmic kinetic constants and metabolite concentrations are used as free variables

and if Gaussian priors are employed, the posterior density is strictly convex. The resulting estimation method,

called model balancing, can employ a wide range of rate laws, accounts for thermodynamic constraints on

parameters, and considers the dependences between flux directions and metabolite concentrations through

thermodynamic forces. It can be used to complete and adjust available data, to estimate in-vivo kinetic

constants from omics data, or to construct plausible metabolic states with a predefined flux distribution. To

demonstrate model balancing and to assess its practical use, I balance a model of E. coli central metabolism

with artificial or experimental data. The tests show what information about kinetic constants can be extracted

from omics data and reveal practical limits of estimating kinetic constants in vivo.

Keywords: Metabolic model, enzyme kinetic constant, parameter estimation, convex optimality problem, param-

eter balancing, enzyme cost minimisation

1 Introduction

The number of metabolic network reconstructions is constantly growing, and there have been attempts to convert

metabolic networks automatically into kinetic models. To build models with plausible parameter values and

metabolic states (characterised by enzyme levels, metabolite levels, and fluxes), one needs to reconstruct the

metabolic network, add allosteric regulation arrows, choose enzymatic rate laws, find kinetic constants, and

make sure the model shows plausible metabolic states. These subproblems have been addressed in various ways.

Pathway models have been built from in-vitro enzyme kinetics [1, 2]. To simplify model construction and to replace

unknown rate laws, standardised rate laws have been proposed [3, 4], used for automatic model generation [5],

and evaluated for their practical use [6]. In-vitro kinetic constants, available from the Brenda database [7, 8], are

widely used and unknown kcat values have been estimated by machine learning [9]. Directly inserting measured or

sampled kinetic constants into models can lead to inconsistencies because thermodynamic dependencies between

kinetic constants will be ignored. To address this problem, methods to construct consistent parameter sets have

been devised [10, 11, 12, 13, 14] and applied in modelling [15]. In parallel, there have been attempts to estimate

kinetic constants in vivo from flux, metabolite, and enzyme data [16, 17]. Methods for parameter fitting have

been developed and benchmarked [18, 19], and the question of parameter identifiability has been addressed [20].
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Large models have been parameterised [21, 22], and pipelines for model parameterization have been developed

[23, 24]. Finally, even if parameters are unknown, methods for parameter sampling and ensemble modelling allow

to find plausible parameter sets [25] and to draw conclusions about possible dynamic behaviour [26].

The key problem here is to obtain realistic, consistent values of kinetic constants. In-vivo values are hard to

measure, and in-vitro values as proxies may be unreliable – or at least, this is hard to assess unless in-vivo values

are known. So how can we infer model parameters from omics data? To obtain realistic model parameters

and metabolic states, various types of measurement data must be combined. In an ideal case, in which kinetic

constants and enzyme concentrations are precisely known, metabolite levels and fluxes could be computed by

simulating the model. In another ideal case, in which enzyme levels, metabolite levels and fluxes are precisely

known for a number of states, we can solve for the kinetic constants. In reality, we are in between these two

cases: data of different types are available, but these data are incomplete and too noisy to be used directly in

models. In practice, in model construction we may have different aims, for example (i) finding consistent kinetic

constants in plausible ranges; (ii) adjusting and completing a data set of measured kinetic constants to obtain

consistent model parameters; (iii) estimating in-vivo kinetic constants from omics data (measured enzyme levels,

metabolite levels, and fluxes); (iv) completing and adjusting omics data for consistent metabolic states, which

may involve predictions of physilogical metabolite concentrations [27, 28] or predictions of metabolite and enzyme

concentrations based on resource allocation principles [29, 30, 31].

Taking all this together, our general task is not only to fit kinetic constants, but also to reconstruct consistent

metabolite concentrations, enzyme concentration, and metabolic fluxes, for a given model and based on data for

all these quantities. A notorious problem in model fitting is that data are uncertain, inconsistent and incomplete.

Thus, in our estimation task uncertainties in data and estimated parameters need to be quantified. Luckily, we

can employ some further constraints: our solutions must satisfy some general physical laws, namely thermody-

namic relations (Wegscheider conditions and Haldane relationships) between kinetic constants [3, 4] and relations

between kinetic constants and metabolic variables (e.g. the flux sign constraints, which couple flux directions,

equilibrium constants, and metabolite levels). Moreover, we can use prior distributions (for kinetic constants,

metabolite levels, or enzyme levels); and we can use measured (in vitro) parameter values as additional data (of

course, these data cannot be used as test data anymore). However, one problem remains. The resulting optimality

problems, e.g. in maximum-likelihood estimation, will be non-convex: they may show multiple local optima and

globally optimal solutions may be hard to find, especially with larger networks.

Here I address the general problem of finding consistent kinetic constants and metabolic states, based on het-

erogenous (kinetic, metabolomics, and proteomics) data. Under the strong assumption that the metabolic fluxes

are known (from measurements or previous calculations), I show that parameter fitting in kinetic metabolic models

can be formulated as a convex optimality problem. The estimation method, called model balancing, uses the

following input data: measured or assumed values of kinetic constants (which may be incomplete and uncertain),

and measured or assumed values of metabolite and enzyme levels in a number of metabolic states (which may be

incomplete and uncertain); and it relies on precise metabolic fluxes from one or several metabolic states (which

may be stationary or non-stationary). It determines a set of kinetic parameters and state variables (metabolite and

enzyme levels for all metabolic states in question) that are consistent with the rate laws and all other dependencies

in the model, plausible (i.e. respecting constraints and prior distributions), and resemble the data (showing large

likelihood values). For the estimation, we can either follow a maximum-likelihood approach (leading to a convex

optimality problem) or a Bayesian maximum-posterior approach (where Gaussian priors ensure strict convexity).

The maximum-posterior problem has a single solution which can be found be gradient-descent methods, and

also posterior sampling is facilitated by strict convexity. Model balancing relies on two main assumptions: (i)

all fluxes are predefined and thermodynamically consistent (i.e. infeasible cycle fluxes must be excluded) and (ii)

kinetic constants and metabolite concentrations are treated on logarithmic scale, while enzyme concentrations

are treated on absolute scale. Model balancing builds upon some methods for metabolic model construction:
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parameter balancing [11, 14], elasticity sampling [32], and enzyme cost minimisation [31], which I review in the

discussion section.

2 Parameter estimation in kinetic models as a convex problem

2.1 Estimating kinetic constants from omics data

To see how information about in-vivo kinetic constants is extracted from omics data, let us review an existing

approach. To estimate kcat values, Davidi et al. [16] compared measured proteomics data to flux data obtained

from flux balance analysis (FBA), without presupposing any knowledge of metabolite concentrations or specific

kinetic laws. The method works as follows. We assume unknown rate laws of the form v = e k(c) (with flux

v and enzyme concentration e), where the catalytic rate k depends on (unknown) metabolite levels (vector c)

and can vary between zero and a value kcat (called turnover rate or catalytic constant). To determine kcat from

data, we consider a cell in different metabolic states and assume that each enzyme reaches its maximal capacity

in at least one of these states. Based on this assumption, a kcat value is estimated by computing the empirical

catalytic rates v(s)/e(s) in all states and taking their maximum value. The method was applied to a large number

of enzymes in E. coli, and the estimated kcat values were found to resemble the measured in-vivo values. Some

of the deviations could be explained by enzyme kinetics and thermodynamics, but this was not quantitatively

modelled. The limitations of this method are clear: since the max function is only sensitive to the highest value,

one high outlier value can completely distort the result. Such outliers may arise if a small protein level, due to

measurement errors, appears even smaller. But aside from this practical problem, what if the basic assumption

is not satisfied? We cannot be sure that an enzymes reaches its maximal capacity in one of the samples, so the

estimated in-vivo kcat value should be seen as a lower bound kcat ≥ maxs v
(s)/e(s). But how far is this bound

from the true in-vivo kcat value?

If we manage to explain the (non-maximal) catalytic rates in the different states, can we maybe obtain a better

estimate of the true kcat value, even if this value is reached in none of the samples? To do this, we need to

consider metabolic concentrations and enzyme kinetics, i.e. the functional form of kl(c). A typical form of k(c)

for a uni-uni reaction, the Michaelis-Menten kinetics, is given by v =
k+cat s/Ks−k−cat p/Kp

1+s/KS+p/Kp
[4] or, in factorised form

[33], by v = k+cat · ηrev(c) · ηsat(c), where the efficiency terms ηrev (for reversibility, or thermodynamics) and ηsat

(for enzyme saturation and allosteric regulation) are numbers between 0 and 1 depending on metabolite levels.

If the efficiency terms are close to 1, then k approaches its maximal value kcat; but normally k is lower. Given

the rate laws, and given data for fluxes v, metabolite levels c, and enzyme levels e, we might be able to estimate

kcat and KM values, even if the maximal efficiency is not reached in any of the samples.

2.2 Metabolic model and statistical estimation model

Let us start by stating the estimation problem (shown in Figure 1 (a)). We consider a kinetic metabolic model with

thermodynamically consistent modular rate laws [4] and kinetic constants (e.g. equilibrium constants1, catalytic

constants and Michaelis-Menten constants) in a vector q = lnp. The model shows a number of metabolic states,

each characterised by a flux vector v(s), a metabolite concentration vector c(s), and an enzyme concentration

vector e(s). These states can be stationary (with steady-state fluxes) or non-stationary (e.g. snapshots from a

dynamic time course). The model formulae define dependencies among model parameters and state variables.

The kinetic constants in a network are interdependent because of physical laws [3, 4]. Each rate law contains a

1Equilibrium constants are determined by thermodynamics and do not depend on specific enzymes, but for simplicity I will count
them among the kinetic constants.
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Figure 1: Parameter estimation in kinetic metabolic models. (a) Kinetic model and metabolic states. A model
is parameterised by kinetic constants (e.g. equilibrium constants, catalytic constants, and Michaelis-Menten con-
stants) and gives rise to a number of metabolic states (characterised by enzyme levels, metabolite levels, and
fluxes). These states may be stationary (with steady-state fluxes) or not (e.g. states during dynamic time courses).
(b) Dependencies between kinetic constants and state variables. All kinetic constants are described on logarith-
mic scale, and a subset of kinetic constants determines all other kinetic constants through linear relationships.
If kinetic constants, metabolite levels, and fluxes are known, the enzyme levels can be computed from rate laws
and fluxes: each enzyme level is a convex function of the (logarithmic) kinetic constants and metabolite levels.
(c) Parameter estimation. Kinetic constants and metabolite levels (for a number of metabolic states) are the
free variables of a statistical model. Dependent kinetic constants, thermodynamic driving forces, and enzyme
levels (bottom) are treated as dependent variables, and the fluxes (top right) are predefined. For estimating the
variables, priors and available data may be used. The other subfigures show similar estimation and optimisation
methods, in which (d) only kinetic data are balanced (no metabolic data), (e) only metabolic data are balanced
(kinetic parameters are predefined), or (f) enzyme and metabolite levels are optimised for a low biological cost.

forward and a reverse catalytic constant as well as the Michaelis-Menten constants2, and all these parameters in

a model may depend on each other via Haldane relationships and Wegscheider conditions.

The dependencies between model variables are summarised in appendix A.1. To satisfy all parameter dependencies

2Activation and inhibition constants are independent of all other constants and are therefore independent parameters.
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in our model, we introduce a set of independent kinetic parameters (independent equilibrium constants, Michaelis-

Menten constants, and velocity constants) from which all remaining constants can be derived (see Figure 1 (b),

top left). The vector p contains all kinetic constants. In each metabolic state s, the rate laws define equalities

v
(s)
l = e

(s)
l kl(p, c

(s)) for enzyme levels e
(s)
l , metabolite levels c

(s)
i , and catalytic rates kl. By inverting this

equation, the enzyme levels can be written as functions

e
(s)
l =

v
(s)
l

kl(p, c(s))
(1)

of kinetic constants, metabolite levels, and fluxes (Figure 1 (b), bottom). The signs of thermodynamic forces

given by a vector θ(s) = lnkeq −N>all ln c(s) determine the flux directions (where reactions with vanishing fluxes

are always allowed). This law holds for all thermodynamically feasible rate laws.

Given a metabolic model with all its variables and dependencies, we now define estimation problems (see Figure 1

(c)). The most general aim is to estimate kinetic constants, metabolite profiles and enzyme profiles in a number

of metabolic states. Available data may comprise kinetic constants, metabolite and enzyme concentrations, and

possibly thermodynamic forces in a number of metabolic states, and metabolic fluxes in the same metabolic

states. All data may be uncertain and incomplete, except for the fluxes, which must be precisely given. Moreover,

we may use prior distributions and impose upper and lower bounds on the model parameters and on metabolite

and enzyme levels. In the model, all dependencies must be satisfied. To get to a convex optimality problem,

we treat the (logarithmic3) independent kinetic constants and the (logarithmic) dependent kinetic constants

and (logarithmic) metabolite concentrations as free variables, while the (non-logarithmic) enzyme levels and

thermodynamic forces are dependent variables to be computed from kinetic constants, metabolite levels, and

fluxes. The vector of free variables (logarithmic kinetic constants and metabolite concentrations) is constrained

by thermodynamic laws, and the resulting feasible space is a convex polytope. We may consider two variants of

the estimation problem, maximum-likelihood estimation and maximum-posterior estimation [34]. In maximum-

likelihood estimation, we minimise the negative log-likelihood (or “likelihood loss”), a convex function on the

feasible polytope. In maximum-posterior estimation, we consider Gaussian priors, which make the negative log-

posterior density (or “posterior loss”) strictly convex on the feasible polytope. This means: the posterior mode is

unique and can be obtained by convex optimisation. Formulae are summarised in appendix A.1.

2.3 A simplified estimation problem: fitting of metabolite and enzyme levels

Before we get to the full model balancing proablem, let us first assume that the kinetic constants are known and let

us estimate metabolite and enzyme levels for a single steady state4, based on data with error bars for (some or all)

metabolite and enzyme levels. To fit consistent metabolite and enzyme levels to these data, we maximise either

their likelihood or the posterior density. For the log-metabolite vector x, we assume an uncorrelated Gaussian

prior (with mean vector x̄prior and covariance matrix Cx,prior = Dg(σx,prior)
2) and lower and upper bounds

(possibly different for each metabolite). For the enzyme vector e, we assume an uncorrelated Gaussian prior (with

mean vector ēprior and covariance matrix Ce,prior = Dg(σe,prior)
2). Negative values are not allowed (el ≥ 0).

The possible logarithmic metabolite profiles x form a convex polytope Px in log metabolite space [31]. This

shape of this polytope is defined by physiological upper and lower bounds and by thermodynamic constraints,

depending on flux directions and equilibrium constants. The logarithmic metabolite concentrations xi, our free

variables, determine the enzyme levels el through Eq. (1), and the enzyme levels are convex functions on the

metabolite polytope. As a consequence, the likelihood function is convex. Thus, to define an estimation problems,

3Natural logarithms are used throughout the text.
4Mathematically, this estimation problem resembles Enzyme Cost Minimisation [31]. Both methods are based on kinetic models

with known parameters and predefined fluxes, and both of them optimise metabolite and enzyme levels, but in different ways. In
enzyme cost minimisation, while in the present estimation problem, metabolite and enzyme levels are fitted to measured data.
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we construct the poltyope, consider prior, likelihood and posterior functions on this polytope, and use them to

estimate metabolite concentrations and corresponding enzyme levels.

Assuming prior distributions for x and e, we define the preprior loss function5

P ′(x, e) = (x− x̄prior)
>C−1xprior(x− x̄prior) + (e− ēprior)

>C−1eprior(e− ēprior), (2)

the negative logarithmic prior density, where constant terms and the prefactor6 1
2 are ignored. Similarly, using

data for x and e, we define the prelikelihood loss function

L′(x, e) = (Px x− x̄data)>C−1xdata(Px x− x̄data) + (Pe e− ēdata)>C−1edata(Pe e− ēdata), (3)

the negative log-likelihood (again without constant terms and the prefactor). The vectors x̄data and ēdata

contain mean values and the matrices Cxdata = Dg(σx,data)2 and Cedata = Dg(σe,data)2 contain covariances

for measurement data. The projection matrices Px and Pe map the concentrations of all metabolite and enzyme

levels to those concentrations that appear in the measured data. The function L′ is convex in x and e, and P ′ is

strictly convex. If we add the two functions, we obtain the preposterior loss function R′(x, e) = P ′(x, e)+L′(x, e).

By adding Eqs (2) and (4) and simplifying the quadratic functions (as in [10] and [11]), we obtain the formula

R′(x, e) = (x− x̄pre)
>C−1x,pre(x− x̄pre) + (e− ēpre)

>C−1e,pre(e− ēpre) (4)

with covariance matrices and mean vectors

Cx,pre = [C−1x,prior + P>x C
−1
x,dataPx]−1

x̄pre = Cx,pre [C−1x,prior x̄prior + P>x C−1x,data x̄data]. (5)

Analogous formulae hold for ēpre and C−1e,pre.

Why is R′ called “preposterior” and not simply “posterior”? The preposterior contains enzyme levels as function

arguments, but the enzyme levels are dependent on metabolite levels and fluxes. By inserting the enzyme demand

function Eq. (1) into Eq. (4), we reobtain the three loss scores, but as functions of x alone:

Prior loss P (x) = (x− x̄prior)
>C−1xprior(x− x̄prior) + (e(x)− ēprior)

>C−1eprior(e(x)− ēprior)

Likelihood loss L(x) = (Px x− x̄data)>C−1xdata(Px x− x̄data) + (Pe e(x)− ēdata)>C−1edata(Pe e(x)− ēdata)

Posterior loss R(x) = (x− x̄pre)
>C−1xpre(x− x̄pre) + (e(x)− ēpre)

>C−1epre(e(x)− ēpre). (6)

The enzyme demand e(x) is a convex function on the metabolite polytope [31] for a wide range of plausible rate

laws. Therefore, likelihood loss and persterior loss are convex functions, and the posterior mode can be found by

convex optimisation7.

Our estimation method can be extended to problems with several metabolic states, where each condition s has its

own flux distribution, metabolite data, and enzyme data. In fact, in this case we can run the estimation separately

for each state (see also appendix A.1). In an estimation problem with a single metabolic state, non-zero fluxes

can be assumed (because reactions with vanishing flux can be simply omitted). For problems with several states,

vanishing fluxes can be considered (see appendix C.2).

5If desired, prior and likelihood terms for thermodynamic forces may be included.
6In the matlab implementation, in contrast, this prefactor is used.
7Since P ′ and L′ are convex in the vectors x and e, and since e is convex in x, the loss terms P and L are convex in x. If P

is strictly convex in x, the posterior loss P (x) + L(x) + const. is also strictly convex. Since the feasible polytope is convex as well,
computing the posterior mode is a convex optimality problem.
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2.4 Simultaneous estimation of kinetic constants and metabolic states

We now consider the full model balancing problem, that is, the simultaneous estimation of kinetic constants,

metabolite levels, and enzyme levels. Following [3], we parametrize the model by kinetic constants Keq, KV,

KM, and possibly KA and KI (all on log scale). Some of them may be available as data (for instance, equilibrium

constants Keq can be estimated from thermodynamic calculations) and the true values of all these quantities

need to be estimated. This problem resembles our simplified problem, where the enzyme levels were convex in x.

Now the enzyme levels also depend on kinetic constants, but they are convex in the logarithmic kinetic constants

as well! A description of the algorithm, including the convexity proof, is given in appendix B.1. Here I summarise

some main points. Since state variables and kinetic constants are estimated together, and since the kinetic

constants are kept constant across metabolic states, the state variable become coupled across metabolic states

and need to be estimated in one go. Instead of a metabolite vector x, we consider a larger vector y, containing

the log-metabolite levels for all metabolic states and the vector of logarithmic kinetic constants. Allowed ranges

and thermodynamic constraints define a feasible polytope for the vector y. The prior, likelihood, and posterior

loss functions contain terms that depend on enzyme levels e(x). If we insert Eq. (1) into these formulae, these

terms are convex in the logarithmic kinetic parameters, and independent of the metabolite levels8. Since el(q,x)

is a convex function of the vector y =
(
x
q

)
, all terms of the likelihood loss function are convex in y. The prior

loss function is strictly convex in y if pseudo values for kinetic constants are considered [11] (pseudo values are a

way to define priors by which all model parameters, even dependent ones, have non-flat priors). Details are given

in appendix B.1. Altogether, our estimation problem has the same good properties as the previous, simplified

problem. In practice, the model balancing algorithm can be improved by a number of simplifications and tricks

(appendix C). For example, enzyme levels (and therefore the likelihood function) increase very steeply close to

some polytope boundaries; to avoid numerical problems, regions close to the boundary may be excluded by extra

constraints, and the log(log posterior) may be minimised instead of the log posterior.

3 Example applications

Our test case for model balancing is a model of E. coli central metabolism (Figure 16 in appendix16), including

metabolite, enzyme, and kinetic data, taken from [31]. The model contains no allosteric regulation, but such

regulations could be added and KI and KA values could be estimated. We consider different estimation scenarios,

with artificial data, experimental data from one metabolic state (data from [31]), or experimental data from three

metabolic states (data from [16]). The same algorithm settings (such as priors or bounds) were used in all tests

(with artificial or experimental data). For details on model structure, kinetic and metabolic data, and priors see

appendix D.

3.1 E. coli metabolic model: tests with artificial data

I first generated artificial parameter sets containing kinetic constants and metabolic data (metabolite levels,

enzyme levels, and fluxes). Artificial data were generated by using the same random distributions (means and

widths) that were also used as priors in model balancing. Metabolic state variables were generated from the kinetic

model (parameterised by artificial kinetic constants) by computing steady states with randomly chosen enzyme

levels and external metabolite levels. For details on artificial data, see appendix E. Based on (noise-free or noisy)

artificial data for six simulated metabolic states, model balancing was used to reconstruct the true (noisy-free)

values. In different scenarios (see Figure 17 in appendix E), data were either fitted (metabolite and enzyme levels,

8The preposterior for kinetic constants is given by the posterior obtained from parameter balancing. For more details, see appendix
C.2.
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and “known” kinetic constants) or predicted based on the other data (“unknown” kinetic constants).

The results of model balancing with artificial data are shown in Figures 3, 4, 5, and 6, where kinetic or state data

were either noise-free or noisy. Figure 3 shows the results for noise-free kinetic and state data. Subfigures show

different simulation and estimation scenarios (rows) and different types of variables (columns). Each subfigure

shows a scatter plot between true and fitted variables (metabolite levels, enzyme levels, and different types of

kinetic constants). Deviations from the diagonal (in y-direction) indicate estimation errors in the kinetic constants.

In the top subfigure row, data for all kinetic constants were given; in the centre row, only data for equilibrium

constants were used, and in the bottom row, no kinetic data were used9. Depending on the scenario, kinetic

constants were then either fitted (red dots) or predicted from data (magenta dots). The quality of the fit or

prediction is assessed by geometric standard deviations10 and linear (Pearson) correlations (for logarithmic values,

except for the case of enzyme levels). For comparison, I also estimated kcat values by maximal apparent kcat

values [16], based on the same artificial data (Figure 7).

The first scenario (top row) shows ideal conditions: we assume noise-free, complete kinetic data and state data.

Not surprisingly, the reconstruction errors are very small, arising from small conflicts between data and priors. The

other rows show the estimation results based on equilibrium constants only (centre row), or using no kinetic data

at all (bottom row). With noise-free data, the reconstructions in these two rows have a similar quality. To assess

the effect of noisy data, I generated artificial metabolic data (metabolite levels, enzyme levels, and fluxes) with

a relative noise level of 20 percent. With noisy kinetic and/or metabolic data, the estimation results become

worse (Figures 4, 5, and 6), and especially the reconstruction of KM values becomes very poor. Using data on

equilibrium constants improves the results and kcat values can still be partially reconstructed (Figure 6). Even in

the case without any kinetic data (nor equilibrium constants), model balancing yields better kcat estimates than

the “maximal apparent catalytic rate” method.

The tests with artificial data show that model balancing can adjust noisy data sets, yielding complete, consistent

model parameters and states, and that it can extract information about kcat values from metabolic data. The

results are better than with the “maximal apparent kcat” method, and known equilibrium constants improve the

results. This is good news, because equilibrium constants are not enzyme-dependent and can be estimated from

molecule structures [35, ?]. KM values are harder to reconstruct: the estimates are in realistic ranges (probably

due to the priors), but they appear to be randomly distributed unless noise-free metabolite and enzyme data are

used.

3.2 E. coli metabolic model with experimental data

As a next test, I balanced the E. coli model with experimental data. As kinetic data, I used in-vitro kinetic

constants collected in [31] for the same model (“original kinetic data”), as well as a completed, balanced version

of this data set (“balanced kinetic data”). For details on model and data, see appendix D.

Figures 8 and 9 show estimation results for a single metabolic state, aerobic growth on glucose; see appendix D.

Since the “true” metabolic data in-vivo kinetic constants, are not known, the reconstructed kinetic constants,

metabolite levels and enzyme levels are compared to the data used for the reconstruction. In a first test, I used a

set of kinetic data obtained by parameter balancing (Figure 8). If all kinetic data are used (top row), a good fit

to these data is achieved. On the contrary, even with noisy kinetic constants slight adjustments suffice to obtain

a consistent kinetic model agreeing with all data available. However, the kinetic constants were fitted and not

predicted (as indicated by red dots). In the centre row, where equilibrium constants were used as the only kinetic

data, there is no such bias. This time, the kinetic constants are actually predicted (as indicated by magenta dots)

9The bottom subfigure rows (estimation without kinetic data) are repeated between Figures 3 and 4, and accordingly between
other figures.

10The geometric standard deviation is defined as exp(σ), where σ is the root mean square of the residuals on (natural) log scale.
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and show correlations to in-vitro values. However, there may still be some bias because the kinetic constants (to

which I compare the predictions) had been balanced using the same network model and the same priors as used

in model balancing. To avoid this bias, I next ran model balancing with the original in-vitro kinetic data (which

contain much fewer data points for comparison). As shown in Figure 9, the predicted kcat estimates still capture a

trend in the in-vitro data (Pearson correlation 0.64 with usage of Keq data and 0.29 without Keq data). Again,

in comparison to the method of maximal apparent catalytic constants (see Figure 10) model balancing performs

better.

A single metabolic state contains too little information to estimate the kinetic constants11. Therefore, I repeated

the estimation, no using metabolic data from three different states (growth on glucose, glycerol, and acetate)

and assuming that the kinetic constants do not change between these states (see appendix D). Figures 11, 12,

and 13 show the results. Just like before, a consistent model was obtained by moderate changes in the data. An

estimation using equilibrium constants predicted kcat values more reliably than the “maximal apparent kcat value”

method. Unexpectedly, using three states instead of one did not considerably improve the estimation results.

3.3 Parameter identifiability and choice of priors

To see how much information can be extracted from our data, we need to think about parameter identifiability

and about the choice of priors.

In parameter estimation, parameters or parameter ratios may be non-identifiable, that is, their values cannot be

inferred from the given model and data. In our Bayesian method, Gaussian priors guarantee a uniquely determined

posterior mode, but if parameters are non-identifiable, their values will only reflect the priors (which means that

high values will be underestimated and low values will be overestimated). This problem must arise if there are

fewer data values than variables to be estimated. For example, metabolic data from a single metabolic state

may not suffice to reconstruct the kinetic constants; if more metabolic states are used, the kinetic constant may

become well-defined. In practice, we are faced with several questions: is the algorithm able to find the posterior

mode? Can we improve the result by using more data (e.g., metabolite levels from more metabolic states)?

If no kinetic data are given, how many metabolic states are needed to identify all kinetic parameters? Which

parameters are hard to reconstruct? And are there kinetic constants that remain non-identifiable, no matter how

much metabolic data we use?

If an enzyme is always saturated with a metabolite, that is, if the metabolite level is always much larger than the

KM value, the KM value is hard to estimate because it has practically no effect on measurable variables. In the

reconstructed parameter set, such KM are likely to carry large errors (i.e. posterior variances). A similar problem

occurs if the KM value of a unimolecular reaction is always much smaller than the metabolite level; in this case, the

enzyme works in its linear range, and only the ratio kcat/KM is identifiable, while the kcat and KM, individually,

are not. If an enzyme in question is always saturated or always in the linear range, this is less of a problem,

because then parameters that are non-identifiable are also irrelevant for model predictions. However, predictions

for other experiments, in which the enzyme does behave differently, may be poor. Of course, the identifiability

problem is not specific to model balancing; other estimation methods would face the same problem.

In model balancing, like in other estimation methods, priors and measurement error bars must be carefully chosen.

In the tests with artificial data, realistic statistical distributions (for kinetic constants, metabolic variables, and

their measurement errors) were used to generate data, and the same distributions were used as priors when

reconstructing the true values. This is an ideal situation. In real-life applications, if our priors and assumed noise

11We can see this by considering possible parameter variations: if a single state is considered, a change in a KM value can be
compensated by a simultaneous change in kcat values (yielding the same flux at given metabolite and enzyme levels). Therefore,
KM values and kcat values are, individually, non-identifiable. Nevertheless, using priors we may still obtain reasonable estimates of
all parameters.
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levels are wrong, the reconstruction would be worse than suggested by our tests with artificial data. To obtain

the realistic distributions of kinetic constant mentioned before, I started from known (or suspected) distributions

(from [31, 14], which relied on [8]), and adjusted them based on data. By visual inspection during parameter

balancing, I noticed that some priors had to be changed, probably because kinetic constants in central metabolism

are differently distributed than kinetic constants in metabolism in general.

4 Discussion

Various methods and modelling tools have been developed to parameterise kinetic models. They use different

types of knowledge (in-vitro kinetic constants, omics data, and physical parameter constraints) and different ways

estimation approaches (including machine learning, regression models, calculations based on rate laws, and model

fitting). A comparison to model balancing highlights some advantages and limitations of these methods.

1. Parameter estimation or optimisation by random sampling. In theory, parameter fitting and optimisa-

tion can be performed by random screening or by Monte-Carlo methods for optimisation, such as genetic

algorithms or simulated annealing. For example, one may generate a large ensemble of possible parameter

sets, compute for each of them the likelihood or posterior density values, and choose the one that performs

best (see [25] for an example). Such optimisation methods are generic and easy to implement, but

with large parameter spaces and complicated objective functions the search for optimal solutions becomes

highly inefficient. Moreover, without an analytical grasp of the optimality problem, it is hard to assess how

good the solutions actually are. Proving an objective function to be convex, as done here, makes numerical

problems more transparent. Another question concerns the usage of priors. In sampling kinetic constants,

one may employ realistic priors obtained from parameter balancing, which also account for constraints.

However, putting priors on state variables as well would be difficult. In model balancing, priors for all

variables are directly integrated into the optimality problem. Thus, compared to simple sampling methods,

convex model balancing has two advantages: first, the estimation problem is formulated in a transparent

way, and second, instead of numerical sampling, possibly with local optima, we directly obtain an optimality

problem for the maximum posterior (and posterior sampling can be done, too).

2. Structural kinetic modelling and elasticity sampling An alternative method for model parameterisation

is Structural Kinetic Modelling (SKM) [26], in which parameters are not fitted but randomly chosen to create

model ensembles. A consistent model state is constructed in two steps: first, a metabolic state is defined by

choosing fluxes and metabolite levels. Then, kinetic constants are chosen at random, but in agreement with

the predefined metabolic state. In practice this is achieved by randomly sampling the saturation values of

enzymes and then reconstructing the corresponding kinetic constants. Elasticity sampling [32], a variant of

this method, considers reversible rate laws and guarantees thermodynamically consistent results. In the first

step, it requires thermodynamically consistent fluxes, metabolite levels, and thermodynamic forces. In the

second step, thermodynamic forces are used to convert saturation values into correct reaction elasticities.

SKM and elasticity sampling can be adapted to account for priors or data of KM values. However, including

data or priors about kcat values and enzyme levels remains difficult, and the method cannot be used to used

to match kinetic constants simultaneously to several metabolic states.

3. Fitting kinetic constants to complete omics data in single reactions If fluxes, metabolite levels, and

enzyme level are known for several steady states, the kinetic constants can be fitted theoretically, reaction

by reaction12 [36, 17]. However, this approach has a number of limitations: for each reaction considered,

complete omics data are required; and if kinetic constants are estimated separately for each reaction,

12In the SIMMER method [17], a Markov chain Monte Carlo approach is used for the optimisation. The estimation can be
reformulated as a model balancing problem, and be solved by convex optimisation.
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these constants may violate thermodynamic constraints (unless a safe parameterisation scheme, e.g. with

predefined equilibrium constants, is used).

4. Maximal apparent kcat method A comparison of model balancing to the “maximal apparent kcat” method

showed that model balancing estimates kcat values more reliably, and thus extracts more information from

the available data. Of course, the “maximal apparent kcat” method is not expected to work very well if

only few metabolic states are considered. But this also holds for model balancing! The problem with model

balancing is that the calculations become harder for larger numbers of states, where the “maximal apparent

kcat” method remains the method of choice.

Parameter estimation in kinetic models can easily lead to non-convex optimisation. It may be surprising that a

simple convex estimation method exists. Model balancing relies on two insights: all fluxes must be predefined13,

and logarithmic kinetic constants and metabolite concentration are the right variables for optimisation14. Model

balancing builds on two other methods that share the same features and lead to convex optimality problems:

Parameter Balancing (PB) for the estimation of kinetic constants and Enzyme Cost Minimisation (ECM) the

estimation of optimal metabolic states (see Figure 2).

1. Parameter balancing. Parameter balancing is an estimation method to obtain consistent kinetic and

thermodynamic constants from kinetic and thermodynamic data. It resembles model balancing, but without

detailed information on rate laws and fluxes. All “multiplicative” constants (such as Michaelis-Menten con-

stants or catalytic constants) are described by logarithmic values. To account for parameter dependencies, all

other kinetic constants are computed from a subset of kinetic constants1516, the free parameters in our linear

regression model. With Gaussian priors and measurement errors (on logarithmic scale), likelihood loss and

posterior loss terms are quadratic and convex. Parameter balancing can also be applied to kinetic and thermo-

dynamic constants (“kinetic parameter balancing”), to metabolite concentrations and thermodynamic forces

in one or more metabolic states (“state balancing”), or to kinetic constants and metabolic states together

(“state/parameter balancing”). Known flux directions can be used as additional data, to define the signs of

thermodynamic forces. Thus, parameter balancing can predict thermodynamically feasible kinetic constants

and metabolite levels and its optimisation takes place on the same set as in model balancing. It provides

reasonable ranges for kinetic constants, but in contrast to model balancing it does not consider rate laws or

quantitative fluxes17, and so it cannot be used to fit kinetic constants to metabolite, enzyme, and flux data.

2. Enzyme cost minimisation. Enzyme cost minimisation [31] predicts optimal enzyme and metabolite levels

in a kinetic model with known parameter values. Unlike parameter balancing, this method uses kinetic rate

laws with given kinetic constants, and it is a biological cost, not a fit to data, that is optimised. ECM assumes

predefined metabolic fluxes and determines metabolite and enzyme levels that realise these desired fluxes at

a minimal cost, where cost functions can be a linear or convex function of the enzyme levels, plus a convex

function of the metabolite levels. The optimisation is carried out in (log-)metabolite space. With given rate

laws, the enzyme levels can be written as functions of metabolite levels and fluxes and the cost function

(scoring enzyme and metabolite levels) is convex on the feasible metabolite polytope.

13Measurement errors in metabolic fluxes will distort our estimation results, but model balancing remains applicable, i.e., the
estimation problem is still convex. However, fluxes must be thermodynamically consistent, that is, without thermodynamically
infeasible flux cycles.

14Accordingly, kinetic constants and metabolite concentration must be described with log-normal distributions for measurement
errors and priors while enzyme levels must be described on non-logarithmic scale (assuming normal distributions for measurement
errors and priors).

15Mathematically, parameter balancing resembles the component contribution method, which component contribution method [37]
used to determine thermodynamic constants in eQuilibrator [35].

16The equilibrium constants were not parameterised by standard chemical potentials µ◦ (as proposed in [14] for parameter balanc-
ing), but by independent equilibrium constants. This is convenient because we use a smaller set of independent variables and avoid
non-identifiability (while the standard chemical potentials themselves are not in the centre of interest), and the same choice could be
applied in parameter balancing.

17As a practical workaround, balanced kinetic constants can be further adjusted to match quantitative fluxes, but this only works
if a single metabolic state is considered.

11

.CC-BY 4.0 International licenseIt is made available under a 
perpetuity.

this preprint (which was not peer-reviewed) is the author/funder, who has granted bioRxiv a license to display the preprint in 
The copyright holder for. http://dx.doi.org/10.1101/2019.12.23.887166doi: bioRxiv preprint first posted online Dec. 23, 2019; 

http://dx.doi.org/10.1101/2019.12.23.887166
http://creativecommons.org/licenses/by/4.0/


Kinetic data Priors,
constraints

Kinetic data,

Metabolic data

Priors, Priors,

fluxes

and state variables
(metabolite and enzyme levels)

flux directions

Kinetic data

metabolite data

Enzyme
cost
minimisation

Convex

Estimated kinetic constants Estimated kinetic constantsEstimated kinetic constants

and metabolite concentrations

Optimised state variables 

(metabolite and enzyme levels)

model
balancing

parameter 
Kinetic

balancing

parameter 

balancing

State /

(b) State / parameter balancing (c) Enzyme cost minimisation(a) Parameter balancing

Constraints,
Fluxes,

Metabolite
constraints

(known parameters)
Kinetic model

(d) Model balancing

Constraints,Enzyme and

Figure 2: Model balancing and similar methods for parameter estimation and optimal metabolic states. The
methods differ in their purpose (parameter estimation versus prediction of biologically optimal states), the choice
of free variables (kinetic constants and/or metabolite and enzyme levels), and data used, but they all share
some mathematical features: kinetic constants and metabolite levels are described on logarithmic scale (such
that all dependencies become linear); thermodynamic and physiological constraints are imposed; and fluxes are
predefined. In each of these methods, the search space is a convex polytope and the objective function is convex
(either quadratic or derived from kinetics), leading to convex optimality problem.

Model balancing combines elements from both methods. As in parameter balancing, the free variables are log-

kinetic constants and log-metabolite levels (forming a feasible parameter/concentration polytope), and the prior

and likelihood terms of kinetic and metabolic variables are convex functions. And, as in enzyme cost minimisation,

we assume that the fluxes are given and use the fact that the enzyme levels are convex functions of the (logarithmic)

metabolite levels. This is combined with two additional insights: it uses the fact that enzyme levels are convex

functions in the combined space of kinetic and metabolic variables, and the fact that in this space the prior and

likelihood terms for enzymes are convex functions just like the enzyme levels themselves.

In all three methods, the feasible region is a high-dimensional polytope (for the vector of logarithmic kinetic

constants, metabolite levels, or both). Each dimension refers to one variable, a box is defined by upper and lower

bounds, and linear constraints defined by dependencies are added. The feasible polytope for Model Balancing

is obtained from the polytopes of the other methods by taking their Cartesian product and removing infeasible

regions, in which constraints between kinetic constants and metabolite levels would be violated (shown in Figure

14). Since all variables are estimated at the same time, information about one variable can improve the estimates

of other variables. In parameter balancing, a data value for one kinetic constant may improve the estimates of all

others. Similarly, in model balancing additional metabolite and enzyme data improve the estimation of all kinetic

constants.

Depending on data available, model balancing can be applied in different ways.

1. Infer a missing data types Let us assume that data for two of our data types (kinetic constants, metabolite

levels, and enzyme levels) are available, while the third type of data is missing. There are three cases: we

may estimate in-vivo kinetic constants from fluxes, metabolite levels, and enzyme levels; we may estimate

metabolite levels from fluxes, enzyme levels, and a kinetic model; or we may estimate enzyme levels from

fluxes, metabolite levels, and a kinetic model. If the given data were complete and precise, the third type of

variables could be directly computed. But since we assume that the given data are uncertain and incomplete,

our aim is to infer the missing data while completing and adjusting the others.

2. Obtain complete, consistent metabolic states If all kinetic constants are known, and if metabolite and

enzyme have been measured, we can translate these incomplete and uncertain data into consistent and plausible

metabolic states. As in all the other cases, fluxes must be given and their directions must agree with the
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assumed equilibrium constants and metabolite bounds. Even in the worst case, without any enzyme or

metabolite data, we can still guess plausible metabolic states based on fluxes and on the kinetic model and

relying on priors for enzyme or metabolite levels.

3. Ensure thermodynamic constraints and bounds To obtain a consistent model, we may colect data for

kinetic and state variables and translate them into parameters and state variables for our kinetic model. These

values will satisfy the rate laws, agree with physical and physiological constraints, and resemble the data and

prior values. As in all other cases, posterior sampling could be used to decrease and assess uncertainties about

the model parameters.

4. Sampling from the posterior Instead of maximising the posterior density, we may sample from the posterior

to obtain marginal distributions and covariances of kinetic constants and state variables, and parameter sets

can be sampled to obtain a model ensemble. Sampling is facilitated by the fact that the posterior loss function

is convex (and thus, the posterior itself has a single mode). To simplify this process, the posterior may be

approximated by a multivariate Gaussian distribution, obtained from the posterior mode and the Hessian matrix

in this point.

Model balancing can use various types of knowledge (network structure, data, priors, and constraints), handles

different types of variables (as defined by the dependence scheme used), and makes relatively few assumptions.

For example, many metabolic modelling methods, such as FBA, assume stationary flux distributions. Model

balancing does not make this assumption. Like ECM it applies to non-stationary fluxes, e.g. fluxes appearing

in dynamic time courses. However, the assumed fluxes must be thermodynamically correct. Here I focused

on maximum-posterior estimation. Of course, the posterior can also be sampled (by Monte-Carlo Markov chain

methods) or be approximated by a multivariate Gaussian, inside the feasible polytope, defined by the posterior

mode and the Hessian matrix in this point. Model balancing extracts information from heterogeneous data.

Even if almost no data are available, it can be used to obtain plausible models or model ensembles. In the tests

with articificial data, model balancing performed well when precise data were given, and even with imprecise data

it performed better than estimation by maximal catalytic rates. Usage of equilibrium constants improves the

results, which confirms the importance of known equilibrium constants for constructing reliable kinetic models.

Currently, the main limitation seems to be model size, which impacts memory requirements and calculation time

(results not shown). Thus, for large models, posterior sampling based on the posterior defined here – may be be

the method of choice.
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E. coli model with artificial data (noise-free kinetic data, noise-free metabolic data)

(a) Metabolites (b) Enzymes (c) Keq values (d) k+cat values (e) k−cat values (f) KM values

With kinetic data
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Figure 3: Model balancing results for E. coli central metabolism model with artificial data. The model structure is shown in Figure 16. Each subfigure shows “true” values
(x-axis) versus reconstructed values (y-axis). Similarities are quntified by geometric standard deviations (“GeomDev”) and Pearson correlation coefficients (“CorrCoeff”).
(a) Metabolite levels. (b) Enzyme levels. (c)-(f) Different types of kinetic constants. Rows show different estimation scenarios (see Figure ) Upper row: simple scenario
S1 (noise-free artificial data, data for kinetic constants). Centre row: scenario S1K (noise-free artificial data, kinetic data given only for equilibrium constants). Lower row:
scenario S2 (noise-free artificial data, no data for kinetic constants). Depending on the scenario, kinetic constants are either fitted (red dots) or predicted (magenta dots).
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E. coli model with artificial data (noisy kinetic data, noise-free metabolic data)

(a) Metabolites (b) Enzymes (c) Keq values (d) k+cat values (e) k−cat values (f) KM values
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Figure 4: Same as Figure 3, with noisy kinetic data
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E. coli model with artificial data (noise-free kinetic data, noisy metabolic data)

(a) Metabolites (b) Enzymes (c) Keq values (d) k+cat values (e) k−cat values (f) KM values
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Figure 5: Results for E. coli central metabolism with noisy artificial data. Top row: estimation scenario S3 (noisy artificial data, data used for kinetic constants). Centre
row: estimation scenario S3K (noisy artificial data, data for equilibrium constants only). Bottom row: estimation scenario S4 (noisy artificial data, no data for kinetic
constants).
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E. coli model with artificial data (noisy kinetic data, noisy metabolic data)
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Figure 6: Same as Figure 5, with noisy kinetic data
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Figure 7: Catalytic constants in E. coli central metabolism (artificial data), estimated by maximal apparent catalytic rates [16]. Note that kcat values can only be estimated
in the direction of fluxes (e.g. k+cat for reactions with forward fluxe).
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E. coli model (aerobic growth on glucose), balanced kinetic data

(a) Metabolites (b) Enzymes (c) Keq values (d) k+cat values (e) k−cat values (f) KM values
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Figure 8: Results for E. coli central metabolism with experimental data (aerobic growth on glucose). The kinetic data stem from previous parameter balancing based on
in-vitro data. Top: estimation using kinetic data. Centre: estimation using equilibrium constants as the only kinetic data. Centre: estimation using equilibrium constants
as the only kinetic data. Bottom: estimation without usage of kinetic data. The same metabolite, enzyme, and kinetic data were used in [31].
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E. coli central metabolism model (aerobic growth on glucose), in-vitro kinetic data

(a) Metabolites (b) Enzymes (c) Keq values (d) k+cat values (e) k−cat values (f) KM values

With kinetic data
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Figure 9: Results for E. coli central metabolism with experimental data (aerobic growth on glucose). Same as Figure 8, but based on original kinetic in-vitro data instead
of balanced kinetic data.
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Figure 10: Catalytic constants in E. coli central metabolism model (aerobic growth on glucose), estimated by maximal apparent catalytic rates [16].
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E. coli central metabolism model, three conditions (glucose, glycerol, acetate), kinetic data balanced

(a) Metabolites (b) Enzymes (c) Keq values (d) k+cat values (e) k−cat values (f) KM values

With kinetic data
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Figure 11: Results for E. coli central metabolism with experimental data (aerobic growth on glucose, glycerol, or acetate). Balanced kinetic data used. Top: estimation
with kinetic data used. Centre: estimation using equilibrium constants as the only kinetic data. Centre: estimation using equilibrium constants as the only kinetic data.
Bottom: estimation without usage of kinetic data.
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E. coli central metabolism model, three conditions (glucose, glycerol, acetate), in-vitro kinetic data
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Figure 12: Results for E. coli central metabolism with experimental data (aerobic growth on glucose, glycerol, or acetate). Original kinetic data used. Top: estimation
with kinetic data used. Centre: estimation using equilibrium constants as the only kinetic data. Centre: estimation using equilibrium constants as the only kinetic data.
Bottom: estimation without usage of kinetic data.
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Figure 13: Catalytic constants in E. coli central metabolism (glucose, glycerol, actetate), estimated by maximal apparent catalytic rates [16].
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A The model balancing problem

A.1 Model variables and constraints

To define a model balancing problem, we need to consider all model parameters and state variables (as “model

variables”) and figure out their dependencies. We split the model variables into “independent” (or “free”)

variables and “dependent” variables based on the following thoughts. (i) To describe dependencies between kinetic

constants, we treat some of them as free variables (independent log-equilibrium constants, log-Michaelis-Menten

constants, and log-velocity constants), while all others are linearly dependent on them (dependent log-equilibrium

constants, log-catalytic constants). (ii) For each metabolic state, we consider a metabolite log-concentration

vector, an enzyme concentration vector, and a flux vector. Vectors from different metabolic states (usually

given as columns of a matrix) are concatenated into a large vector. (iii) Since enzyme levels follow from kinetic

constants, metabolite levels, and fluxes, they are treated as dependent variables. (iv) Thermodynamic driving

forces follow from equilibrium constants and metabolite concentrations, and are therefore dependent variables.

The kinetic constants and metabolite levels remain the only free variables. (v) The predefined flux directions

determine the signs of driving forces, implying linear constraints between logarithmic equilibrium constants and

metabolite concentrations. Altogether, we obtain the following variables and dependencies (see Figure 1 (b)).

1. Independent variables Our free variables comprise (i) the independent kinetic constants on logarithmic scale

(independent equilibrium constants lnK ind
eq , Michaelis-Menten constants lnKM, allosteric activation constants

lnKA, allosteric inhibition constants lnKI, and velocity constants lnKV), collected in a vector

qind =


lnkind

eq

lnkV

lnkM

lnkA

lnkI

 , (7)

and (ii) the metabolite log-concentrations from one or more metabolic states s, contained in metabolite vectors

x(s) = ln c(s). We obtain a vector of free variables

y =


x(1)

x(2)

..

qind

 . (8)

With np independent kinetic constants, nm metabolites, and ns metabolic states, the vector has the length

np + nm ns.

2. Dependent variables We consider three types of dependent variables: dependent kinetic constants, enzyme

concentrations, and thermodynamic forces. (i) The dependent kinetic constants on logarithmic scale, (de-

pendent equilibrium constants lnKdep
eq , forward catalytic constants ln k+cat), and reverse catalytic constants

ln k−cat), form in a vector

qdep =

 lnkdep
eq

lnk+
cat

lnk−cat

 . (9)

This vector can be computed from qind by a linear function qdep = Mdep qind. The dependency matrix M

follows from the stroichiometric matrix as described in [11]. Similarly, the vector q of all kinetic constants is
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given by the linear formula

q =

(
qind

qdep

)
=

(
I

Mdep
ind

)
qind = Mall

ind q
ind. (10)

(ii) The thermodynamic forces are computed by the linear formula

θ(s) = lnkeq −N> x(s) (11)

or briefly θ = Mθ y with a matrix Mθ obtained from the network structure. (iii) Based on rate laws and

using Eq. (1), the enzyme concentration vectors e(s) are given by

e
(s)
l =

v
(s)
l

kl(q,x(s))
. (12)

3. Feasible region The feasible region for our free variables is defined by two types of constraints. First, lower

and upper bounds on all variables aside from enzyme levels18

qmin ≤ q ≤ qmax, xmin ≤ x(s) ≤ xmax, θmin ≤ θ(s) ≤ θmax, (13)

where s denotes metabolic states. Second, the driving forces must be positive along the fluxes, and the given

flux directions define the signs of all driving forces. For all reactions with non-zero fluxes v
(s)
l 6= 0, this yields

the thermodynamic constraints

v
(s)
l θ

(s)
l > 0, (14)

which translate into linear constraints for the variable vector y. In reactions with zero flux, driving forces are

unconstrained (unless for some reasons reactions are assumed to be in chemical equilibrium). Together these

constraints can be written as

Ay ≤ b, (15)

with a matrix A and a vector b obtained from reaction stoichiometries and the flux directions. These

constraints define a convex feasible polytope P. Each polytope point defines a feasible vector y, i.e. a feasible

set of model parameters and metabolic states (i.e. states with positive forward driving forces). Conversely,

any feasible set of kinetic constants and metabolic states (respecting all bounds) corresponds to a point in

the polytope.

4. Priors and likelihood terms The posterior is obtained from prior and likelihood terms. For metabolite levels,

we assume uncorrelated normal priors for the values x
(s)
i (i.e. log-normal priors for concentrations). The

data values x
(s)
i,data, appearing in the likelihood, are assumed to be independent and normally distributed. For

the absolute enzyme levels, we assume normal, independent priors and data values. For logarithmic kinetic

constants, we assume normally distributed data values. For the independent kinetic constants, we use a

correlated prior, obtained from a prior term for each independent kinetic constant and from pseudo values for

dependent kinetic constants. Formally, pseudovalues are invoked to define a correlated prior, but in practice

they are treated like additional data points (see [11]).

In contrast to similar modelling methods (Parameter Balancing and ECM), model balancing determines q and

x at the same time. The resulting vector y lives in a high-dimensional polytope whose geometric structure is

18Positivity is ensure by the other formulae. With thermodynamically feasible rate laws, the enzyme levels e
(s)
l (q,x(s)) for active

reactions, Eq. (12), are positive and convex on the entire polytope P (see appendix B.1).
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Polytope of possible solutions

x
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x,q

State 3State 1 State 2

Metabolite polytopes Kinetic constants (types of independent parameters)

ln Keq ln KV ln KM ln KA

x1
x2 x3

Cartesian product
Non−Cartesian product

Non−cartesian product

Figure 14: Search space used in model balancing. The free model variables (metabolite levels and kinetic constants,
all on logarithmic scale) are constrained by physiological ranges and thermodynamic constraints, dependent
on flux directions. Together, these inequality constraints define a feasible region in the space of logarithmic
variables (bottom).This high-dimensional polytope arises from a “non-Cartesian” product between a metabolite
polytope and a kinetic constant polytope (centre), a Cartesian product from which some parts are removed due to
constraints. The metabolite polytope itself is a Cartesian product of the metabolite polytopes for single metabolic
states; the kinetic constant polytope is a (non-Cartesian) product of polytopes (boxes) for the different types of
kinetic constants (top).

schematically shown in Figure 14. Since each state vector y consists of a vector q and a number of vectors xs,

the polytope resembles a Cartesian product of the polytopes for these single vectors. However, thermodynamic

constraints between kinetic constants and metabolite levels require that some parts of this Cartesian product must

be removed.

To see how the metabolite spaces for several states are combined, let us return to our simplified model balancing

problem from section 2.3. We can solve this problem separately for each of the states, and this is in fact the

easiest thing to do. But we can also fit all metabolic states simultaneously by one big regression model, combining

all metabolite profiles x(s). Each of these profiles must lie in a metabolite polytope P(s)
x , and if the flux directions

in all metabolic states are the same, these polytopes are identical. In contrast, if fluxes change their directions,

the metabolite polytopes P(s)
x will differ. If we merge all vectors x(s) into a vector x, the feasible polytope for this

vector will be higher-dimensional and will be given by the Cartesian product
∏
s P

(s)
x . As before, we can consider

the prior, likelihood, and posterior (for all metabolic states) as functions on this higher-dimensional polytope,

and the problem remains strictly convex. Since the metabolic states are independent, the prior, likelihood, and

posterior functions can be split into products of priors, likelihoods, and posteriors for the single states, confirming

again that the estimation problems can be separately solved.
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Figure 15: If enzyme demand is convex in in log metabolite levels, it is also convex in the log kinetic constants.
The graphics illustrates this by showing variations of model variables (logarithmic kinetic constants and metabolite
levels) and their effects on enzyme demand (symbolised by contour lines). (a) The enzyme demand (for each
reaction and each metabolic state, at given fluxes) is convex in the (logarithmic) metabolite levels (proof in [31]).
(b) A variation of a KM value will change the enzyme demand, but since KM values always appear in term of
the form c/KM, this change can be compensated by also varying the corresponding metabolite level, and can
therefore also be mimicked by an opposite variation of this metabolite level. (c) It follows that the enzyme demand
is convex in lnKM, and is therefore a convex function in the space of ln c and lnKM.

B Convexity proof

B.1 The reciprocal catalytic rate is a convex function of log-metabolite levels, KM

values, and kcat values

In our models, we assume reaction rates of the form vl = el kl, with catalytic rates kl depending on metabolite

concentrations ci and kinetic constants (in a vector p, containing all forward and reverse catalytic constants k±cat,l,

Michaelis-Menten constants KM,li, and possibly activation and inhibition constants KA and KI). In particular,

we assume that enzyme kinetics kl follow modular rate laws (which ar so general that this means hardly any

restriction):

kl =
k+cat,l

∏
j(ci/KM,li)

mS
li − k−cat,l

∏
j(ci/KM,li)

mP
li

Dl(c,kM)
(16)

with the molecularities mli. The denominator D depend on the rate law chosen and must be a polynomial with

positive prefactors (or “posinomial”), consisting of terms of the shape ci/KM,li and possibly ci/KI,li or KA,li/ci.

Proposition 1 (Reciprocal rate laws are convex in the logarithmic metabolic concentrations and kinetic constants)

For all rate laws of the form 16, the reciprocal catalytic rate 1/kl is a convex function of the logarithmic metabolite

concentrations ln ci, the logarithmic Michaelis-Menten constants lnKM,li, and the logarithmic catalytic constants

ln k±cat,l.

Corollary: Since the logarithmic kinetic constants are related by linear dependencies, the reciprocal catalytic rate

1/kl is also a convex function of the metabolite log-concentrations ln ci and the logarithmic independent kinetic

constants considered in model balancing.

Proof (alternative 1) For this proof, we note that 1/k(x) is convex in x if the kinetic constants are fixed and if

x is restricted to the feasible metabolite polytope given these kinetic constants and the predefined flux direction.

This has been shown in [31]. Moreover, we note that in the rate laws considered, concentrations and kinetic

constants always appear in the form of product terms (e.g. k+cat · c/KM). On log-scale, these terms are sums

(e.g. ln k+cat + ln c − lnKM). Therefore, if changes of logarithmic concentrations have a certain effect (namel

a “convex” variation of 1/r), then changes of logarithmic kinetic constants should the same type of effects (see
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Figure 15). To see this in detail, we first show that 1/k is convex in the combined space of x = ln c (relevant

metabolites) and qM = lnKM (relevant Michaelis-Menten values). Since concentrations and Michaelis-Menten

values always appear as ratios, any linear variation of a lnKM value can be mimicked by a variation in x-space:

instead of increasing a Michaelis-Menten value, we can decrease the corresponding metabolite level, with the

same effect on the catalytic rate. Therefore, any linear variation in (x,qM)-space can be mimicked by a linear

variation in (x)-space alone as far as changes in 1/k are concerned. Therefore, convexity of 1/ratelaw in x-space

implies convexity in (x,qM)-space. Next, we consider variations of the catalytic constants kcat and use the same

trick: we know that 1/k is convex in (x,qM)-space, and describe changes of the catalytic constants as variations

in qcat-space. Again, any linear variation can be mimicked by a linear variation in (x,qM), and so 1/k must

be convex in (x,qM,qcat)-space. So far, we considered only kcat and KM values and neglected the activation

constants KA and inhibition constants KI. In our rate laws these constants appear in similar mathematical terms

as the Michaelis-Menten constants. For example, a rate law with competitive inhibition contains similar terms

with KI values and KM values in its denominator. The terms with KA values, on log scale, carry a minus sign, but

since this term (on log-scale) is linear, the minus sign does not change the convexity. Finally, since (logarithmic)

kinetic constants depend linearly on (logarithmic) independent kinetic constants, the enzyme level is also convex

in the (logarithmic) independent kinetic constants and (logarithmic) metabolite levels.

There is a also a shorter proof. Without loss of generality, we assume that the flux vl is positive. To show that

1/kl is a convex function of
(
q
x

)
, we rewrite (see [4], Eq. 26)

1

kl
=

Dl(c,p)

kVl
√∏

i(ci/KM,li)mli 2 sinh(hl

2 θl)
(17)

with molecularities mli, the vector p of kinetic constants, and driving force θl = −
∑
i nil(µ

◦
i /RT + ln ci). Since

ex is a convex function, expression (17) will be convex in (ln c, lnp) if its logarithm

lnDl(c,p)− ln kVl −
1

2
ln(
∏
i

(ci/KM,li)
mli)− ln 2− ln sinh(

hl
2
θl) (18)

is convex in (ln c, lnp). Since the denominator term is a posinomial Dl(c,p) =
∑
aAail c

αail
i kβail

il , lnDl is

convex [31]. Furthermore, − 1
2 ln(

∏
i(ci/KM,li)

mli) is linear in (ln c, lnp) and therefore convex, and − ln 2 is

constant and therefore convex. Finally, − ln sinh( ·) is convex for any positive arguments, and its argument hlθl
2

is in fact positive (for positive fluxes) and affine in
(
q
x

)
.

B.2 Model balancing is a convex problem

Based on the proof in section B.1, we can conclude that model balancing is a convex problem. For a proof, we

need to show that the likelihood loss for enzyme data, and the negative log priors for enzyme levels are convex

functions on the feasible polytope. First, we note that likelihood loss and prior loss are convex functions of the

individual enzyme levels e
(s)
l and that the concatenation of two convex functions yields a convex function. Thus,

it remains to be shown that each enzyme level e
(s)
l is a convex function on the feasible polytope. Second, each

e
(s)
l depends, effectively, only on the kinetic constants of the reaction considered and on the metabolite levels cs

affecting this reaction. Third, given the flux in this state and given the kinetic constants and metabolite levels, the

enzyme level e
(s)
l is proportional to 1/kl in this state (which, as we saw, is convex in ln cs and in the logarithmic

kinetic constants).
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C Implementation

A Matlab implementation of Model Balancing, together with example models and data, is available at https:

//github.com/liebermeister/cmb. The file format for models and data (kinetic constants, fluxes, metabolite

levels, protein levels) is SBtab [38] and metabolic networks can be defined in SBML [39] or SBtab files. By

default, the algorithm starts by running model balancing on an average model state (with metabolic state data

given by the geometric mean over the metabolic states). The resulting kinetic constants are then used as initial

values for the following full calculation with several metabolic states.

C.1 Possible simplifications and variants of model balancing

Model balancing can be adapted in various ways. (i) If a type of data is not used, likelihood terms for this data type

are omitted. Even without any data, priors will keep the results in biochemically plausible ranges. (ii) If certain

parameters (e.g. the equilibrium constants) are precisely known, their values can be predefined (e.g. by treating

them as data with very small standard errors). (iii) Model balancing also applies to models with irreversible rate

laws. In an irreversible rate law, there are fewer kinetic constants (since reverse catalytic constants, equilibrium

constants, and velocity constants do not play a role); the forward kinetic constant is a free parameter, and no

Haldane relationship is considered. Describing (some or all) rate laws as irreversible changes the structure of

the kinetic dependence matrix M. (iv) Different model parameterisations: instead of independent equilibrium

constants, standard chemical potentials may be used as independent parameters [11]. (v) A preposterior for

kinetic parameters may be obtained by previous parameter balancing, and pseudo values for metabolite and

enzyme levels may be obtained by a previous ECM. (vi) To penalise unrealistically high metabolite or enzyme

levels, a regularisation term may be added, for example, proportional to the cost function considered in ECM.

(vii) Omics data may not contain absolute metabolite and enzyme levels, but relative changes between metabolic

states. To account for such data, a variant of the dependence scheme might be considered: for each metabolite,

we split the log-concentrations ln c
(s)
i into a reference value ln ci and a deviation ∆ ln c

(s)
i . Uncorrelated priors

for these variables yield a meaningful correlated prior for the metabolite levels, and a similar splitting can be used

for enzyme levels.

C.2 Practical computation details

1. Calculation of the preposterior To compute the preposterior functions (Eq. 5 for metabolite levels, and

similar formulae for enzyme levels and kinetic constants), we need to invert a covariance matrix. This can be

numerically expensive. To compute the preposterior of the independent kinetic constants, we need to solve

Cq,ind,pre = [C−1q,ind,prior + M>C−1q,dataM]−1

q̄ind,pre = Cq,ind,pre [C−1q,ind,prior q̄ind,prior + M>C−1q,data q̄data] . (19)

The matrix inversion for C−1q,ind,prior and C−1q,data (covariance matrices for metabolite and enzyme levels) is easy

because the original covariance matrices are diagonal and the projector matrices P select single vector elements.

However, inverting the term in brackets may be hard. To speed up the calculation, we set A = C−1q,ind,pre and

obtain the similar formulation

A = C−1q,ind,prior + M>C−1q,dataM

q̄ind,pre = A−1 [C−1q,ind,prior q̄ind,prior + M>C−1q,data q̄data] . (20)

Now the costly matrix inversion in the first equation is avoided, and the right-hand side in the second equation
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can be computed without explicitly computing the matrix inverse (e.g. by using the matrix left division operator

\ in matlab). This calculation is faster and works for sparse matrices.

2. Reactions with vanishing flux If reaction flux is non-zero, the flux direction puts a constraint on the driving

force, and the predicted enzyme level is positive. If a reaction is always inactive – that is, in all metabolic states

– the kinetic constants for this reaction are ill-determined, and the reaction can be removed from the model.

But what if a reaction fluxes vanish in some of the metabolic states? The vanishing flux can either be caused

by a vanishing enzyme level, or by a vanishing thermodynamic force. If the reaction is known to be in chemical

equilibrium, we also set the driving force to 0, which leads to an extra equality constraint on metabolite levels.

In this case, the enzyme level can be positive and needs to be estimated (although the economical “principle

of dispensable enzyme” would suggest a vanishing enzyme level in this case). Otherwise, with a zero flux and

a non-zero driving force, the enzyme activity must be zero: for an enzyme without allosteric inhibition, this

means that the enzyme concentration must vanish.

3. Divergence of enzyme levels close to polytope boundaries. Each thermodynamic constraint defines a

boundary of the feasible polytope. Close to this boundary, an enzyme levels goes to infinity and the likelihood

function explodes. This steep increase can cause numerical problems during optimisation. To handle them, we

may apply the logarithm function once more to the (likelihood or posterior) score, and use the resulting function

as our minimisation objective. This new objective function will still go to infinity at polytope boundaries,

but less steeply. The new objective function may be non-convex, but since it depends monotonically on a

convex function, it will still have a single local minimum. A second way to avoid this problem is to exclude

problematic regions close to the boundary by introducing some extra constraints. In practice. we can make all

thermodynamic constraints a bit tighter, by requiring small, non-zero thermodynamic forces in every reaction

[31].

4. Starting point for optimisation To obtain an initial point for our optimisation, we may first run model bal-

ancing for an average metabolic state. This yields a first guess of the kinetic constants. Alternatively, we can

run model balancing separately for each metabolic state. In each run, we start from the prior mode (or alterna-

tively, from the posterior mode for kinetic constants obtained by Parameter Balancing, and the posterior mode

for each metabolite value). The resulting concentration vectors and the state-averaged (arithmic/geometric)

kinetic constant vector can be used as initial values for the multi-state problem.

5. Running parameter balancing as a separate first step Model balancing can also be run in two steps.

The first step, is a simple parameter balancing problem: we consider only kinetic constants and fit them to

kinetic data. The result is a multivariate Gaussian posterior for all (logarithmic) kinetic parameters [11] that

summarizes all data and prior knowledge about the kinetic constants. In the second step, we use this posterior

as a prior for the kinetic constants, and fit kinetic constants and model states (metabolite and enzyme levels)

to metabolite and enzyme data. Since the kinetic data have already been used to define the prior, they can

be ignored in this part of the estimation. The calculation is equivalent to the method described in this paper.

By processing the kinetic data separately in advance, we can learn more clearly what information is contained

in the kinetic data alone, before combining them with metabolic data. Moreover, a known kinetic “prior” that

includes all information about kinetic data may allow us to further constrain the kinetic constants in order to

reduce the feasible search space.

D Example model

The E. coli central carbon metabolism model, taken from [31], comprises 40 metabolites and 30 reactions and

contains 107 KM values and 167 kinetic constants in total (KM values as well as forward and reverse kcat values)
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Figure 16: Model of E. coli central carbon metabolism and protein data, both taken from [31].

. The model structure is shown in Figure 16 and described at https://github.com/liebermeister/cmb (in

the file resources/data/data-organisms/escherichia coli/network/ecoli noor 2016.tsv).

To model aerobic growth on glucose, I used a data set from [31], which gathered measured flux data from [40],

proteomics data from [41], and metabolomics data from [42]. To model several metabolic states, I used a data

set from [16], where a larger network model had been considered, proteomics data from different sources were

used, and flux data had been computed by FBA. I linearly the flux data onto the E. coli model to obtain complete

and consistent flux values. A comparison between the two data sets reveals a discrepancy in scaling: the (FBA-

derived) fluxes from [16] were smaller than the fluxes taken from [31] by an approximate factor of 10, while

enzyme levels were smaller by an approximate factor of 2.

E Prior distributions and artificial data

To define priors, pseudo values, and constraints (for kinetic constants, metabolite levels and enzyme levels), I

used the default values from parameter balancing (see www.parameterbalancing.net. However, when running

parameter balancing as a test, I found that the available kcat values were typically much higher than the prior

median value, as expected for enzymes in central metabolism [8]. In line with these data, I changed the prior

for kcat values from a median of 10 s−1 (geometric standard deviation 100) to a median of 200 s−1 (geometric

standard deviation 50). Likewise, I changed the prior width for KM values from a geometric standard deviation

of 10 to a geometric standard deviation of 20 (while keeping the median 0.1 mM unchanged). A table describing

the priors is provided in the github repository, file resources/data/data-prior/cmb prior.tsv. These values, used in

the matlab implementation, can be easily modified.

Artificial kinetic constant data were generated as follows. Given the network structure, true artificial kinetic

constants were generated by assigning random (log-normal) values to lnK ind
eq , lnKM , and lnKV and computing
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General scheme S1: Noise−free data, kinetic constants used as data S2: Noise−free data, kinetic constants unknown

S3: Noisy data, kinetic constants used as data S4: Noisy data, kinetic constants unknown
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Figure 17: Estimation scenarios with artificial data. Left: general procedure. In a given model, kinetic constants
are drawn from random distributions (respecting their interdependencies), and metabolic state data are generated
by combining sampling and simulation runs (top row). From these “true” values, artificial (kinetic and state)
data are generated by adding uncorrelated noise (centre row). Model balancing is used to estimate the kinetic
parameters and metabolic state variables (bottom row), aimed to resemble the true values. Right: I employed
four variants of this procedure (called S1-S4) in which noise is either considered or not (in the latter case, the
noise level is set to zero), and kinetic data are used or not. In another variant, data for equilibrium constants are
used as the only kinetic data.

the other constants. The random values were sampled from the same distributions that are used as priors in

model balancing.

To generate artificial metabolic state data, enzyme levels and external metabolite levels were randomly sampled

from the same distributions that are used as priors in model balancing. Then the model was parameterised with

the “true” artificial kinetic constants and was solved to obtain a steady reference state (steady-state metabolite

concentrations and fluxes). Based on this reference state, a number of metabolic states were constructed by

randomly varying metabolite and enzyme levels (again, following the prior distribution) and computing the (non-

steady) reaction rates19. The resulting states are seen as the “true values”. To generate noisy state data,

uncorrelated random noise was added to the “true values”. When generating artificial data, noise was also added

to fluxes but the flux signs were kept unchanged, to ensure thermodynamically feasible flux directions as required

in model balancing.

19Alteratively, one could similate a dynamic time course and take snapshots at different time points.
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