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Abstract

This paper deals with the derivation and analysis of reduced order elliptic PDE models
on fractured domains. We use a Fourier analysis to obtain coupling conditions between
subdomains, when the fracture is represented as a hypersurface embedded in the sur-
rounded rock matrix. We compare our results to prominent examples from the literature,
for diffusive models. In a second step, we present error estimates for the reduced order
models in terms of the fracture width. For the proofs, we rely on a combination of Fourier
analysis, asymptotic expansions and functional analysis. Finally, we study the behaviour
of the error of the reduced order solutions on numerical test cases, when the fracture
width tends to zero.

1 Introduction

There are countless physical processes in real life applications that can be modeled by elliptic
partial differential equations. One of the difficulties one often encounters in the formulation of
such models is the presence of heterogeneities in the ambient media (i.e. spatially discontinuous
coefficients in the differential equations). If this is the case, then one has to think about coupling
conditions between regions at the material interfaces. A further difficulty for the numerical
solution of the problem occurs when the heterogeneity is a thin layer, in the sense that its
length is much bigger than its width, which requires anisotropic and/or very small mesh cells
inside the layer. This situation most prominently occurs in subsurface flow applications, where
the thin heterogeneous layers are called fractures, and they are surrounded by the so-called rock
matrix. Being motivated by such applications, we adopt this nomenclature in what follows.

A model reduction strategy consists in representing the fractures as hypersurfaces, embedded
in the matrix domain. This results in a system of PDEs in the full dimensional matrix domain
coupled with a system of tangential PDEs in the reduced dimensional fractures. Therefore, these
models are called in the literature mixed- or hybrid-dimensional models, or Discrete Fracture
Matrix (DFM) models. A common method to establish such models consists in integrating
the fracture equations over the fracture width and using some ad hoc approximations for the
coupling conditions (see [9, 19, 1, 18], where these techniques have been employed on simple
geometries and [4, 6] for extensions to general fracture networks). For non linear DEFM models,
we refer to [5, 2, 7]. For an overview and comparison of current discretisation methods, see [3].

The convergence of the DFM model solution to the full model solution has been the objective
of several studies. They all carry out the convergence proofs in a classical functional analysis
setting, but they differ in the asymptotic scaling of the model parameters, which leads to
different DFM models. In [22], the authors use a suitable modification of the solution inside
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the fracture, in order to control its gradient and to show convergence for isotropic Darcy flow
and a fracture of high resistivity. In [8], the authors also use a modification of the fracture
solution, and derive error estimates for anisotropic Darcy flow. In [20], a rescaling of the
fracture normal coordinate is used, which yields a rescaled model on a geometry independent
of the fracture width. The convergence is then proved by using the compactness of the rescaled
solution. This technique is further applied in [21, 17] to non linear problems (Richards equation
and reactive transport). On the other hand, in [7] it has been observed numerically that the
well established approximation of pressure continuity accross highly conductive fractures for
the linear single phase flow models leads to non convergent solutions for two phase flow models,
which involve highly non linear matrix fracture transmission conditions. Analytical results for
these models are still missing.

In the present paper, we use a completely new approach to develop and analyze reduced
order models for general linear elliptic problems. Our focus lies on the derivation of coupling
conditions, which have to be satisfied by the traces of the solutions for the matrix domain on
each side of the matrix-fracture interfaces. We emphasize that we are not only interested in the
derivation of coupling conditions that have to be satisfied in the limit of vanishing aperture,
but in particular with the derivation of coupling conditions that have to hold up to a certain
order of the aperture, which in turn occurs as a model parameter. The idea is to first use a
Fourier transform in the fracture tangential direction, which allows us to eliminate the fracture
unknowns and to derive exact coupling conditions between the matrix subdomains, a technique
which can be regarded as a continuous analogue to a Schur complement of the fracture unknowns
onto the matrix-fracture interfaces, and which is frequently used in domain decomposition to
derive coupling conditions for optimal or optimized Schwarz methods, see [10, 11] and references
therein, and [12, 13, 14, 15] for a different type of heterogeneous coupling using such techniques.
Reduced order coupling conditions are then obtained by truncating the asymptotic expansions
of the exact conditions at the desired order.

Our paper is organized as follows: in Section 2, we present the model problem for which
we develop coupling conditions. Section 3 is devoted to the derivation of the reduced order
models, and Section 4 to the study of their well-posedness. The focus of Section 5 is a posteriori
approximations of the fracture unknowns by suitable interpolations of the traces of the matrix
solution at the interfaces. A comparison of our new reduced models to the Darcy flow models
proposed in [19] is given in Section 6, where we also recover and extend the convergence results
from [22]. In Section 7, we derive error estimates for reduced order models for anisotropic
diffusion problems, which are sharper than the estimates given in [8]. From the exact and
reduced order coupling conditions in Fourier space, we can infer the error of the traces of the
matrix Fourier coefficients at the interfaces. Using trace and expansion inequalities for functions
in fractional Sobolev spaces, we obtain error estimates of optimal order in the fracture width,
namely cubic order of convergence for the H'-norm of the matrix solutions and quadratic order
of convergence for the H 3-norm of the fracture solution. In Section 8, we present a series of
numerical tests, where we address the convergence of the reduced order solutions w.r.t. the
fracture width, for different asymptotic behavior of the model parameters, including cases not
covered by our analysis.
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Figure 1: Model problem domain, where y = (a,, —9)xI", Qy = (6, b,) xI' and Qf = (—6,0) xT,
with a,, b, € Rand I' = (a,,b,) C R. Note that the Fourier analysis in sections 3 and 7, will be
carried out on unbounded domains by setting I' = R. The unit normals on I' pointing outside
of €); are denoted by n;.

2 Model problem

We consider as our model problem a fracture between two matrix domains as illustrated in
Figure 1,

b, b,
—divqj + ?j : VU]‘ + (’f}j - diV;j)Uj = hj in Qj: J=12,1, (1)
b; . .
q; = (AJV - Ej)u‘j mn ij J = 1727f7 (2)
uj = uy on 0N, j=1,2, (3)

together with some suitable outer boundary conditions. The model coefficients are n; : 2; —
R>o, b; : ©; — R? such that n; — divb; > 0, and coercive matrices A; : Q; — R**?. The
model unknowns are q; and w;. For simplicity, we assume that the fracture source term is
trivial, hy = 0.

3 Derivation of the reduced models by Fourier analysis

We now derive suitable coupling conditions between the matrix domains €2; and €2, that com-
plement the matrix equations

b, b;
—diVQj + EJ : Vuj + (77] - diV—])u]' = hj in Qj, ] = 17 27 (5)

2
b, . .
qaj = (AV =y in Q=12 (6)

and allow us to find approximate matrix solutions uged, qz-ed, j = 1,2, for small fracture aper-

tures 0 > 0, without solving the fracture equations. The fracture solution can then be recon-
structed a posteriori from the traces at the interfaces of the matrix solutions, as discussed in
Section 5.

In what follows, we will drop the index f for fracture parameters whenever it does not lead
to confusion. Only in Section 4, we will have to use it again.

We assume now for simplicity that the overall domain is R? to be able to use Fourier
transforms (similar results could also be obtained on bounded domains using Fourier series).
From (1) and (2) with hy = 0, the Fourier coeflicients us(z, k) of us(x,y) have to satisty for all
k € R the ordinary differential equation

—anﬁmﬁf —+ <b1 - (CL12 + agl)?:k) arﬁf -+ (a22k2 -+ bzlk + T])’llf =0 in Qf (7)



The roots of the characteristic polynomial associated with (7) are Ay = £ s, where

1 1 3
r=———>{(a12 +an)ik —b;) and s= (7“2 + —(ank® + byik + 7])) )
2a11 a1
The ansatz for the solution of (7),
gz, k) = A(k)eM® + B(k)e*, (8)

together with the coupling conditions (3) and (4) yields for the Fourier coefficients 4;(x, k) of
u;j(z,y) and q;(z, k) of q;(x,y), 7 = 1,2, on the interfaces,

(=0, k) = A(k)e™™ + B(k)e 2, 9)
(0, k) = A(k)e®™ + B(k)e, (10)
b
qi(—6, k) -ny = ay MAE)e™™ + ay Mo B(k)e ™ + (ay9ik — El)al(—(s, k), (11)
b,
—82(0, k) - ny = ap M A(K)e™ 4 ap Ao B(k)e®2 + (ayqik — §> 2(6, k). (12)

Equations (9) and (10) are now solved for A and B,

ﬁ2(5, k)€_5>\2 - 111(—5, k)e5’\2
2 sinh(2s0) ’

’111(—5, k)e5’\1 — IALQ((S, k)€_5>\1

Alk) = 2sinh(2s0) ’

Bk) =

(13)

which can then be substituted into the remaining two equations (11) and (12). After some
calculations, this leads to the exact coupling conditions between w1, q; in €21 and s, g2 in €2y
across the fracture which has been eliminated,

sinh(2s0)q;(—9) - n3 + (a115 cosh(2s0) + psinh(2s0))u1(—0)

= ay;5€ 26Tu2(5) (14)
sinh(2sd)q2(d) - na + (ag15 cosh(2s0) — psinh(2s0))us(9)
= CLHS(EQ(ST{“(—(;), (].5)

where p = 5424k, Note that even without the fracture, (14) and (15) together with (5) and
(6) form a model with identical matrix solutions to the original model (1)-(4). For the remaining
part of this section, we will drop the arguments indicating the evaluation at x = —¢ for the
functions living in €, and at x = § for those living in Q,. Taking the sum (14) + (15) yields
an expression related to the normal velocity jump across the fracture, whereas the difference
(14) — (15) gives an expression related to the pressure jump across the fracture,

—sinh(2s0)(q2 - n2 + §1 - ny)
= ans (cosh(zs5>(a1 + ) — (e, + 6—2%2)) + psinh(250) (i — @), (16)
a118<cosh(235)(ﬂ2 — ) + (e iy — 626”@1)>
= sinh(2s6)(q; - my — G2 - Ny) + psinh(2s6)(ay + Gg). (17)

We now expand (16), (17) into a series in § and truncate at a given order. We then obtain the
following reduced order coupling conditions at x = +4:

1. Truncation after the leading-order term (CCO coupling conditions):

&g+ ¢t n; =0 and  ard — @ =0,
2. Truncation after the next-to-leading-order term (CC1 coupling conditions):
—(@5nz + G ny) = 0 (anak® + baik + ) (@50 + @5 + (—azik + 62 )Gt — ),
(G -y — g2 ny) = an (a5 — @) + (5(@122143 _ %)(Ared ey,
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To get back to the physical unknowns u; and q;, 7 = 1,2, we perform an inverse Fourier
transform by formally applying the rules,

@, e gt K =0y, ik 0, (18)

We therefore obtain as reduced order approximations of the exact coupling conditions between
the matrix domains 2; and €,

1. CCO coupling conditions:

&+ gt ng =0 and  uy? - =0. (19)

2. CC1 coupling conditions:
b
(@ m 4 Qo) = 6~y + bay + ) W)+ (—and, + ) (- g
(20)
by
5(q1;ed n; — qged 2) — all(uged red) + 5(@128 o E)( red =+ uged)' (21>
Remark 3.1 Since the CCO coupling conditions represent the trivial case without any fracture,

we will not consider this model further. We could also derive higher order coupling conditions
by using higher order expansions, but such models would in general not be well posed.

4 Well-posedness of the reduced models

In this section, we show the well-posedness of the reduced models on bounded domains. First,
we have to introduce the trace operators

o Hl(Qj) — L*(T) and ;a0 : Hl(Qj) — L2(09Q; \ ({£6} x I))
and the normal trace operators

Yo, ¢ Hai () — H™3(T)

for j = 1,2, with n; = n and ny = —n. and the function spaces
Vi = {p; € H'(Y) | vj000; = 0} for j =1,2,
Vi={(p1,02) € Vi ® Vo | M1 + 1202 € Hy(T')}
VV]' = {q] S HdiV(Qj) | Tn;4; € LQ(F)} for ] = 17 27
W =W, & Wy,

which we need for the weak formulation of the reduced models. Let us define for all (1, p2) € V,

_ M1t 292 _ P2 — M1
QOf = # and 6mgﬁf = T,

and for all (vy,vy) € W,

_ 7n1 Vi — ’yn2V2 _ _’Yn2V2 - anvl
= d 0,0f 1= .
vy 2 an v 20

The function space V' is complemented by the norm

1
2

(1, e2)llv = ( Z IVe5llza0,)) + 20110,841172(r) + 25H5x95f|!i2(r>>



The 6-weights in the norm are added in order to derive continuity and coercivity uniformly in
0 for the bilinear form of the problem.

We can now multiply equations (5) by any ¢,; € V,. Subsequent integration over €,
summation over j = 1,2, and integration by parts, taking into account the definition of q; in
(6), yields

a&((uhuz 901,902 Z/ hjpjdady, (22)

with the bilinear form on V x V'

os (1, 0), (. 02)) = 28 [ oyt + by
b, b (23)
+ Z/ A V- —) Vi + ( - Vu;)p; + (n; — diV?J)ujgoj>dxdy.

By means of the coupling conditions (20), (21), we further obtain for the interfacial integral,

/(@f%(if + qp0.05)dy = /
T

_ _ 0, U
F[( 005 Oypr ) A < 0, i > +npuspy
bf f

_ bl o L
— iy (0,y) + 2-(0a11)3s + b(9yip) 7 | dy.

(24)

Therefore, the primal weak formulation of the reduced model with CC1 coupling conditions
amounts to find (uy,ug) € V, such that for all (1, p2) € V, one has (23), (24).

Lemma 4.1 There exists a positive constant Cp, such that for all (p1,p2) € V we have the
imequality

2

(Do UesliZaqay + 20085l32w))” < Crliteor, 2)llv- (25)
j=1
Proof cf. [16] Proposition 1.2.1. O

Remark 4.1 From the referenced proof of Lemma 4.1 it follows immediately that inequality
(25) holds for all functions in {(¢1,02) € HY(Q1) ® HY(Q2) | i1 + Y202 € HY(T)} with traces
vanishing on a subset of the outer boundary of positive surface measure. The general requirement
of the proof is that (@1, p2) belongs to a closed subspace of (H' (1) & H'(Qy), Z?:l - [l1(0,))
for which || - ||v is a well defined norm.

Theorem 4.1 The bilinear form as associated with the reduced model (23), (24) is continuous
and coercive uniformly with respect to J.

Proof Continuity: Let (¢1,p2) € V. From (24), there exists a positive constant C', indepen-
dent of §, such that

(1025 + Groapy)dy
N

[N

< 0(25||ayuf|y§2m + 20|05t || 720y + 25||ﬂf||%z<r))

1
- (200,21 320y + 2818013y + 201541132t



Furthermore, there exists a positive constant C', such that for j =1, 2,
b; . b,
‘ A V- —) -V, + ( -Vu,)p; + (n; — dlv7)uj<pj>dxdy‘
< CZ luillz2 ;) + IVullz2@) (leillze e, + 1IVeslieze;))-
j=1
Hence, by (25) there exists a positive constant C, independent of §, such that

a5 ((ur, ua), (w1, 92)) | < Cll(ur, ua) v [[ (01, ©2) v+

Coercivity: Let us first note that, from ¢; = @y in (24), we obtain
25/(ﬂf(5x(jf + cjfdxﬂf)dy
r

_ _ 0, _
= 25/ (dstiy Oy ) Ay < g >dy+25/77f(uf)2dy
r yf r
> )\min<Af)25<H5$afH%2(F) + ||5yﬁf”%2(r)> + 2577f||ﬂf\|%2(r)-

Furthermore, for j =1, 2,

b, b, b,
/Q<(A~V—?J) "VUj—I-(?J'Vuj)Uj—l—(ﬁj—le?J)u?)dﬁdy

Z - le ||UJ”L2 o) T )‘min(Aj)Hvuj”%?(Q )

J=1

Inserting (u1,u2) € V' as a test function in the bilinear form of the variational problem (23),
(24) immediately yields its coercivity, with a constant C' independent of ¢

as((u, up), (ur,uz)) > C|l(ug, up) |13
O

Remark 4.2 The coercivity for the reduced problem with CCO coupling condition is immediate.
However, the reduced problems with higher than next-to-leading-order (CC1) coupling conditions
are not coercive, in general. In the corresponding calculations for the next-to-next-to-leading-
order coupling conditions, a term related to the normal fracture advection coefficient can not be
controlled.

5 Fracture reconstruction for reduced models

In many applications, the fracture unknown uy is of interest. Substituting (13) into equation
(7) yields an expression for ;s in terms of 11y and A, s,

(F22(0, k)e™ — 411 (=0, k)e?)eM™ + (uia (=0, k)e™ — Fotia(6, k)e M )ete”
2 sinh(2s9) ’
(26)

ﬁf(q:, k’) =

which can be used to recover information on uy. We will give now some examples.



Approximation for us(0,y): we start with

(0, k) = Aaliae ™2 — 41111 e92 + 4111e — Aptige M _ A1t €07 + Aotipe ™"
I 2sinh(2s9) 2 cosh(s0)

1 L ) i A R

= 5(%“1 + Jotla) — 4—((a12 + ag1)ik — by) (Y111 — F2ta) (27)

ail

5 . N R

- g(aazlf + byik 4 1) (1t + Aatiz) + O(6°).

11

Then, truncating at a given order and performing an inverse Fourier transform (18) gives rise
to the following definitions:

1. Truncation after the leading-order term:

red,0 |

red
Uy

1 re
= 5(’71“1 + YUy d)- (28)

2. Truncation after the next-to-leading-order term:

red,1 | red red) _

1 5
ulpth = S (! s ) — o ((an + a2)dy — b) (! — ). (29)

4&11

3. Truncation after the next-to-next-to-leading-order term:

re L e o 5 . }
uy d2 . _ 5(71111 44 ypud) — E((am + a91)0y — by) (N — puld)
52 11 (30)
+ _(CLZQayy - b26y - n) (Vluied + ,y2u§ed>‘

4&11

Approximation for U(y) := 2—15 ff s ur(x,y)da:  let us first calculate the Fourier coefficients
for Uy(y),

A~

1 é
0, (k) = %léﬂf(x,k)dx
_6—25(7”—1—5)

~ 85(r2 — s2)sinh(ds) cosh(ds))
(=268 i 4 (R + Faie)s + (rity — Faiia) e+

(31)
+ (@1?11 + 72112)5 - (%@1 - &2112)7")62& - 23’3’2@26268>

1, . L 1) ) NN A
= 5(71“1 + Yotio) — B ((a12 + az1)ik — by) (N1t — Y2U2)
11
52

— 6a—(a22k2 + baik + n) (A1t + Fatta) + O(5%).
11

Truncating at a given order and using an inverse Fourier transform gives rise to the following
definitions:

1. Truncation after the leading-order term:
T 1 I I
U = S + yous?). (32)
2. Truncation after the next-to-leading-order term:

re 1 re re 6 re re
UFth = S au®) — (a2 + a2)d, — b)) (it —yeus?). (33)
11
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3. Truncation after the next-to-next-to-leading-order term:

re 1 re: re: re: re
Upe? = g (muy T ppust) — 6o (a2 + az)dy = bi)(muy ¢ — ypur?)
52 H (34)
+ ——(a220yy — bady — 1) (Nur™ + Yaup™).

6&11

6 Comparison to the literature

DFM models are a tool for the simulation of flow through fractured porous media, where the
governing equations are mass conservation and Darcy’s law. The approach illustrated above
covers more general problems, and in order to compare our models to existing ones from the
literature, we now let

0 9292

b:=0, n:=0, and A::(OL11 0 ) (35)

As outlined in [19], a PDE on the dimensionally reduced fracture I' is derived by integrating
the mass conservation equation over the fracture width,

5 5
0= / divqpdz = yn; 47 + ;.95 + (9y/ qy - Tdz,
-5 -5

with 7 being the unit vector tangetial to I'. Hence, by means of Darcy’s law and normal flux
continuity, we get

~Yn 42 — Yo, 1 + 25@22351]]0 =0, (36)

where Uy = % ffé ugdz is the fracture unknown. Then, one typically derives one of the
reduced order matrix-fracture (mf) coupling conditions by integrating Darcy’s law over the
fracture width,

B
/ qy -ndx = a1 (Yr2up — Yrauy) = a1 (Y22 — Y1U1),
-5

and by using the trapezoidal approximation

f}/nfygqf - ’YanQf o

§
/ qs-ndxr ~ 26 5 = 0(Tm Q1 — Ty 92);
-5

which yields the mf coupling condition

O (Yo, A1 — TnoQ2) = @11 (Y2u — Y11). (37)

In order to provide the second mf coupling condition, the authors propose in [19] a family of
approximations for Uy, parametrized by £ € [%, 1],

YoUg + Y1Up n 286—1 96

U = —
f 2 2 aiq

(Yn, Q1 + TnoG2)- (38)

The corresponding reduced order model amounts to find ug, q§, US, such that

b, b,
—divq§ + 73 . Vu§ + (n; — diV?j)uE =h; in Q;, j=1,2, (39)
b, . .

q§ = (A;V — é)ug in Q;, j=1,2, (40)
26a2505U} = Yy @ +m,a5  on T, (41)
0(ny G5 — n,G5) = an1(yous — 1u§)  on T, (42)

.

Yous +y1u; 26 —1 96

e : g 5 a—n(%lﬁJr%gq%) =U; onT. (43)



Theorem 6.1 For £ = %, the model (39)~(43) is equivalent to the model (5), (6), (20), (21),
(32), for the diffusion equation with diagonal matriz Ay inside the fracture.

Proof The statement of the theorem follows by substituting equation (43) into (41). O

Writing (16), (17) for the diffusion model with diagonal matrix A, we observe that the
asymptotic behavior of the exact coupling conditions depends only on the asymptotic behavior
of the ratio % and of the product dass. We call these two characteristic quantities the fracture
resistivity and fracture conductivity. In [22], a rigorous asymptotic analysis for the Laplace
equation is performed, with the focus on the solution in the limit 6 = 0. In this context,
coupling conditions (at x = £0) are derived, for the cases % — a € R, % — 00, a‘% — 0,
provided a;; — 0, which turn out to correspond to the coupling conditions which we derive by
means of truncating (16), (17) at order 6° (with v := a;; = agy for isotropic diffusion).

1. Case & — a € R (note that this implies v — 0):
Yol + T2 =0 and  ouz — 1w = (Yn, A1 — Yo 92)-

2. Case

R |

— 00 (note that this implies év — 0):
Yn,d1 + Tn 492 = 0 and Tni1d1 — Tnod2 = 0.

3. Case 2 — 0 and 6v — 0 corresponds to (19).

We can now complete this study by considering the cases dv — « € R or v — oo (which both
imply g — 0). We obtain

4. Case v = a € R:

Yoy A1 + Tnpd2 = @0y (u1 +uz)  and  yous —y1uq = 0.

5. Case dv — 00:
Oyy(r1ur +72u2) =0  and  youp —yuy = 0.

7 Error estimates for the reduced models

In this section, we will derive an error estimate in the H'-norm for the reduced order solution
in the bulk (matrix) domains and error estimates in the H 2-norm for the reduced order re-
constructed fracture solutions. For simplicity, we restrict ourselves to the anisotropic diffusion
equation with diagonal tensor inside the fracture, as in (35), and to the isotropic diffusion
equation in the matrix. Furthermore, the underlying geometry is set to 3 = (—Ly, —0) x T,
Qp = (=0,0) xTI', Q = (6,L2) x I', with 6 < Ly, Ly < oo and I' = R, in order to allow for
the use of Fourier transforms w.r.t. the y-coordinate (similar results could also be obtained on
bounded domains using Fourier series).

In this setting, the model solved on the full domain consists of the Poisson equation in
mixed formulation in the matrix,

’YaQUj =0 on an \ Fj,

j € {1,2}, and an anisotropic diffusion model inside the fracture,
—diVQf =0 in Qf,

q; = (allamz + a228yy)uf in Qfa

10



together with the matrix-fracture coupling conditions

ViUj = VijUf onI';,
;45 = —Ung,; Af on Fj'

The reduced order model consists of the Poisson equation in mixed formulation in the matrix,

—divg}*! = h; in €,
ot = Vut inQ,
Yoaui! =0 on 95\ T,

J € {1,2}, together with CC1 coupling conditions (see (20), (21)),

Tns qged + Vn, Cﬁed = 6a228yy (71 uied + 72u§ed>7

re: re: all re: re
~Tn A2 s 141 1= 7(%“2 4 Y1y d)-

Theorem 7.1 (Matrix error estimate) Let A be diagonal, Ay = Ay =1, b; =by =b; =

0 and m = n2 = ny = 0. Let {uy,us,us} be solution to (1)~(4) and {u}*d, ux*d} be solution

to (5), (6), (20) and (21).Then there exists a constant C' > 0 independent of 0, such that for
7 = 1,2 we have the estimate

[y — ulY ey < 053<HU1HH4(91) + Juallza (s + 1Pl a3 @) + Hh2HH3(92>>-

Proof We want to express the normal traces of the matrix fluxes in terms of the h; and the
traces of u; on I';, 7 € {1,2}. To do so, we introduce the Steklov-Poincaré operators

S, H2(T';) —s H™2(T})
gj = ’71‘1]' (vvj)7
where v; satisfies the equations
—AUj =0 in Qj,

Yiv; =95 only,
Yoau; =0 on 00N 09Q,.

To account for the source term, we also introduce the operators
R, LA(Qy) — H™3(T})
hj — ’}/nj (V'LU]'),

where w; satisfies the equations

—AU)]' = hj in Qj,
YW = 0 on Fj, (44)
Yoow; = 0 on 0§2 N O€Y;.

Then, from the superposition principle for linear differential equations, we have

T, 45 = Sj(viu5) + Rj(hy),
Yo, a5 = S (i) + R (hy).

In a first step, we will derive an error estimate for the traces on I'; of the reduced order
solutions in Fourier space. As shown in Section 3, the exact problem in Fourier space, after

11



the elimination of the fracture unknown by means of a continuous Schur complement, can be
written as

(k* — 8,0)0, = by  in (—Ly,—0), Vk € R,
(k? — 040 )iiy = hy  in (6, Ly), Vk € R,

together with the coupling conditions

S$191U1 + S2321s + R1(h1) + Ra(ha) = _fex(%ﬂl + Yotla), (45)
519101 — 822Uz + Ri(h1) — Ra(he) = §% (s — N1th), (46)

where we have introduced the terms

R A114/ Zﬂkz
[ = aq1y /@kz2 tanh (0 @k@), J = - ,
a1 an tanh (0, /%22 k2?)
ail

875U = S;j(u;) = |k| coth(|k|(L; — 6))7;1;.

The property of the Steklov-Poincaré operators to reduce to a scaling factor in Fourier space
will be used in what follows.
The reduced order model in Fourier space can be written in the form

and where

(k* = Oyp)0i*d = h;  in (L, 40), Yk € R,

together with the coupling conditions

§1’7171§ed + §2’A72ﬁ56d + Ri(h1) + Ra(he) = —fred(’AY ﬁied + ’quged)a (47)
ST — 8292ty + Ri(hy) — Ra(he) = §7 (Aeay — H1a}?), (48)

where we have introduced the terms

fred — (5(122]€2, gred — E

J
Combining equations (45), (46), (47) and (48) yields the expressions for the error of the traces
on I'; in Fourier space,

Y€1 = Yty 71ulied
_ —(5 1 G (f — ) Aatia + A1t1) + (82 + F°N) (% — ) (Rotia — A1)
(82 + 7o) (31 + fred) + (81 + §od) (82 + fred) |
~red

A€o 1= Yally — Yol
— (81 + G ([ — F) (Ratiz + A1) — (51 + [N (6% — 67 (Batia — A1)
(82 4 g79) (81 + fred) + (81 + §7d) (55 + fred)

We will now give estimates for these errors in the sharpest possible order in §. First, let us
estimate the coefficient in front of the sum (Jots + 4111). We have

tanh(|k|0 /“22) k|5, |22
ai1

tanhz ’|k|353(a22>3

11

’fex fmd’ = ‘k‘\/anam

< |kl su

12



and, for j € {1,2}, using the notation {j + 1} =2 for j=1and {j + 1} =1 for j =2,

(8; 4+ g"9) - 1 1 1

0< - — < - — < - < o
(52 + )1+ F) & 1+ ™) (G2 + )~ Sy + 0 Sy A

where we have used the positivity of the occurring coefficients, and the estimate

1
[k < [kl coth(lk|(L - 9)) < k[ + 7—. (49)

Now, let us estimate the coefficient in front of the difference (Yt — 4111). We have

ko, 2
~ex Ared| — E an

g 5

_1‘§_

tanh ‘ |l{j| 52 a22

z€R 11

tanh(|k|d, /922)

ail
and, for j € {1,2},

0< (5; 4+ /) < L .0
(82 + gmed) (81 + fred) + (81 + grod) (3 + fred) ~ Sy + G T g0 T an’

where we have used the positivity of the occurring coefficients. We see that the coefficient in
front of the sum (42t + J111) is of third order in §, whereas the coefficient in front of the
difference (Giy — ;) is only of second order. But we can gain one order in ¢ by using (46),

|519111 — S292ts + Ri(h1) — Ra(he)
|g°]
)il + (k] +
U
—5 Y11 I

Aty — Aotia| =
1)
< Uk + 3

a

)lAzita| + [Ra(hn) = Raha)]),
by means of inequality (49). Gathering these inequalities, we obtain for j € {1,2},
9565 < 053|k’\2<(’k| + 1)(|Ft | + [Fetsa]) + |Ri(h1) — R2(h2)‘> (50)

For the errors in physical space,

1 x .
- 5 iky _ . _ ,red
ej = eje"dk = uy — ul,
Vom J_

[e.e]

we have
15€ill 14 ) = (/R V1+ kZ!%éHQdk) ’
< 0¥ [(/ L+ k2(|k]° + D) ([t | + ’72ﬁ2|)2dk>§
R
+ ([ VIR R (R + Ra(ha)] )
R

S053[i</ﬂ§(1+k2);|%%|2dk> Z(/1+k23 (1) d’f)]

= 8 (Il 3., + 202l 3 gy + IR B3 g+ I1R2022) 5 )
Using the (normal) trace and extension inequalities, we then obtain

sl < Isesll g gy < €O (luallmsn + luallms + ol + ol ).

13



with w; solutions to problem (44), which classically induces
[wjll @,y < Al s,
Thus we obtain the error estimates
lejllm @y < lvieill 4 gy < CO* (Nunllm + luall sy + Ihallzs,) + h2llaz@y ). (51)
H2(T)
O

We can now also obtain a rigorous error estimate for the coupled problem from [19].

Theorem 7.2 (Matrix error estimate for problem [19]) Let Ay be diagonal, Ay = Ay =
I by =by=by=0andn =n, =n; =0. Let {uy, us, ug} be solution to (1)~(4). Let & € [5,1]
and {u$, uS, Uf} be solution to (39)—(43). Then there exists a constant C' > 0 independent of
0, such that for j = 1,2 we have the estimate

Ity = S,y < €0 (llunlrsion) + Nuzllirsgon) + sy + Ihallmsca)-

Proof We first eliminate Uﬁ by substituting (43) into (41) and obtain the coupling conditions

2% -1
(1- —5 a—llayy)(vnIQ§ + Tnadl3) = 0a220,, (yaus + Y1ud),
5(7n1q§ - W/nzqg) = all('YQ“g - ’71“?),

or, in Fourier space,

$191105 + 8292105 + Rl(h )+ Rz(h ) = —fE (At + 4245), (52)
S90S — 23t + R (hr) — Ralha) = 5 (ot — A1), (53)
where
pe . dayyagk’ e, 0n

= a11+(52a22k2(2§—1)’ g = T
We have §™d — §¢ = 0 and
§3a3,k* (26 — 1)

fred _ f€ _ )
! f an + 0%2ax0k?(26 — 1)
Further
A oA PO A A tanh z — z| a2 a
Fo FSL U = P o0 9] o (sup| S B gy ),
z€R z 11 aiy
The rest of the proof is as in the proof of Theorem 7.1. O

Similarly as above, we can now derive estimates for the error in the reconstructed fracture
solutions of the reduced models.

Theorem 7.3 (Fracture error estimates) Let Ay be diagonal, A; = Ay =1, by = by =
by =0 andn =n =n; =0. Let {uy,us,us} be solution to (1)—(4) and {uged,uged} be solution
to (5), (6), (20), (21). Let uredo Uredo, red’Q, U}ed’g be defined according to Section 5. Then

1. There exist constants C,c > 0 independent of 6, such that

redOl

H3 (R)

rdO
0y - U
< 8 (Jlurll (o) + luzll o) ) + €% (s + el + Iallmscan) + s llmscen) ).

14



2. There exists a constant C' > 0 independent of §, such that

d,2
||uf|1' 0 (jj’ér]"e HH%(R)
re
U7 = U520

scﬁ@mmmn+mmwm+wmm®ﬁwmmmﬁ.

Proof Leading order approzimation of us(0,y): the leading order reconstructed fracture solu-
tion is

red0 red + ured
Uy T
Following the calculations in Section 5, we obtain for the error of the Fourier coefficients
. re Y1y + Yol Jraked + Aysed
g (0,) — i) = |t ST A
2 cosh(d, /%22k2)
ail
1 — cosh(d,/%2k?) Noa L As
11 A N Y1€1 + Y2€2
< A1ty + Fotia| + |—2|
2 cosh(d,/%2k2)
ail
coshz 1 a22 ’71é1 + /?QéQ
< sup| <=z kAt + Aatia| + Q;
z€R z a1 2

and therefore,

g (0, ) — uF0) /ﬂwmxwwwmw

H2(F
1
< 052(/ VIt R + %@de) e (/ VIt R25e + %@de) :
R R

< ¢8| yur + yaus| + Cl[ner + 7262“1{% r

H3 (1)
< 8 (Jlurllmsgen) + luzll o)) + €% (I lzsiony + Iallrsian + Iallmscan + b2 llmscen) ).
where we have used an extension inequality as well as inequality (51).

Next-to-next-to-leading order approzimation of us(0,y): the next-to-next-to-leading order
reconstructed fracture solution is

1 &%
red,2 22 red red
ufe - (5 + mayy> (W 4 uy™).

Following the calculations in Section 5, we obtain for the error of the Fourier coefficients

516y + Aol 1 02agk?
i (0, k) — 572 (k)| = | (2 S (a5
2 4(111

f 4+ Yolis
2cosh(d, /5K

1-(1- ﬁ) cosh z a1 |10 + Aotio] 1 6%ay
< 2 5 _kz 41170 v ramal k2
- Szlelng z4 cosh z ( 99 ) 2 + (2 4dagy Y1+ F26s)-
Hence,
red2
g (0,) = w2
5“’7161 + 72€2HH2(F H’Ylel + 72€2HHQ(F + 6 Imur 4+ yeusll 1

C<53 + ) (| ey + ||U2||H4(92) + [[h1 |3 o) + ||h2||H3(92)>

+c <||u1||H4(91) + HU2||H4(92)>’
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where we have used an extension inequality as well as inequality (51). It is worth to note that,

even though the approximation of the fracture solution is formally of order four, the error is of

order three, due to the error of the traces at the interfaces of the reduced order matrix solutions.
Leading order approximation of Us: the leading order reconstructed fracture solution is

red + ured

Ured,()
f 2

Let us first remark that from the calculations in Section 5, we obtain
tanh(d, /222k2)
11

— (Jrtn + Y2t2),
2, /22

Uy (k) =

and therefore,

tanh(d, /922k2) — o, /2222

A ~re ail A R 3 é + o) é
04k - 05k < | G + Aoty | - a2l
25, /222 ;2 2
ail
< sup tanh( ’52 az ) 2 |11 + Yotia| n |Y1é1 + ’7262’
~ 2€R 2 2

The conclusion is now in the same manner as above and will not be repeated.
Next-to-next-to-leading order approzimation of Uy: the next-to-next-to-leading order re-
constructed fracture solution is
1 (52a22

red, re re
Uyt <§+E3yy>(u1d+uzd)-

Following the calculations in Section 5, we obtain for the error of the Fourier coefficients

~ red2 (| — a2, , 1 Sapk®y | « red
[05(k) = DF**(k)] = |tanh(5, | 7242) — Q o) (i + i)

tanh(z) — z Ky Yol
< sup anh(z) : z+ 3 ‘<5 a11k2> |91ty + A21s|
z€R z a99 2
1 (5 11, 9
+ (— - k ) €1+ 2e
5 6y Y161 + Yaéal.
The conclusion is now in the same manner as above and will not be repeated. 0

Theorem 7.4 (Fracture error estimates for problem [19]) Let Ay be diagonal, A; =
A, =1 by =by = bf =0 andm =mn =nr =0. Let {uy,us,us} be solution to (1)—(4). Let
§€l3,1] and {u, s, Ué} be solution to (39)—(43). Then

1. For any & € [%, 1], there exist constants C,c > 0 independent of §, such that
liemo =Sl
107 = Ul 3
< 8 (Jlurll o) + luzll o) ) + €% (s + el + Iallmscan) + 02 llmscen) ).

2. For & = 57 there exists a constant C' > 0 independent of d, such that

1Uf = Ul gy < €8 (lhuallmscan + lallizsiany + Il + 1Al sien) ).
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3. For & = %, there exists a constant C' > 0 independent of §, such that
ltgle=o = Ufl 3.y < €0 (lhuallmscony + lizllmsce) + 1Bl msien) + 1Azl s )

Proof The proof of Theorem 7.3 can be adapted in a straightforward manner to get this result.
OJ

Remark 7.1 Theorem 7.4 implies that the model (39)—(43) yields an optimal third order
asymptotical approrimation Uﬁ of

1. Up = % fis us(x,y)dz, when chosing £ = %, and

2. us(0,y), when chosing & = 3.

8 Test cases

We present here a series of test cases in which we study the convergence, for 6 — 0, of solutions
derived by the reduced model to solutions of the equi-dimensional model. We consider the
model solved on the full domain, which consists of the Laplace equation Au; = 0 in the matrix
domains 2;, j = 1,2 and a general elliptic model inside the fracture,

—div(AVuy) +b - Vuy +nuy, in Qy,
together with the coupling conditions

u(—0) = up(—0) and  wuz(d) = us(9),

b b
Oxtir (=) = (ands + anzdy — 2 )us(=0)  and  Gpup(8) = (4010 + 120y — - Jug(0).

and compare the solution to those obtained by the reduced models, which consist of the Laplace
equation Auged =01n Q;, j = 1,2, together with coupling conditions containing the next-to-
leading-order corrections (CC1, see (20), (21)),

Ot (=0) — Dy (8) = 6 a0y, — b2y — ) (Wi (—0) + w5 () )
+ (and, — 22 (570) — ().
ug(6) = it (=0) = dary (D (6) + Do (=) ) + 6 (a1, - %1) (wie(=0) + us(9) )

which have been shown in Section 7 to have an error of O(§?) compared to the exact solution, for
diffusion problems with diagonal matrix A. We use homogeneous Dirichlet boundary conditions
at y = £10 and non-homogeneous Dirichlet boundary conditions with values £ cos(my/20) at
x = £10. In order to not have to repeat parameter choices every time, we assume that the
default setting of the fracture parameters is

an =1, axp =1, a12 =0, a1 =0, by =0, by =0, n=0, (54>

and we indicate which of the parameters we modified only in each test case. The errors we
measure in the matrix and fracture domains are

2
ery = Z |lu; — u§Ed]\Lw(Qj), (55)
j=1

1 [ 1 . .
ery = I|% /6de$ - §(Uf’dlx:—5 + Uy oms) | 2o () (56)
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Figure 2: Isotropic Darcy flow with one fracture. The plots show the convergence of the reduced
model analytical solutions to the equi-dimensional model w.r.t. the fracture width for fracture
permeabilities a;; = age € {1073 (red curve), 10 (green curve), 10 (blue curve)} and a unit
matrix permeability. (a) Error er,, of the matrix solution. (b) Error ery of the leading order
reconstructed fracture solution. (c) Error of the next-to-next-to-leading order reconstructed
fracture solution. The reference triangles indicate a cubic slope in (a) and (c¢) and a quadratic
slope in (b).

8.1 Analytical solutions

To separate numerical errors from model errors, we start by considering isotropic diffusion in
the fracture, i.e. a;; = ass € RT, and we are looking for exact solutions of the equi-dimensional
model of the form

uj(z,y) = wi(z)v;(y), j=12f

For simplicity we choose

2

o) = valy) = vyly) = cos(Ay — ). A=

in O = (ag, —6) x (ay, b,), I' = (=6,0) x (ay,b,) and Qy = (4, b,) x (ay, b,), respectively, which
satisfy homogeneous Neumann boundary conditions at the y-boundary. Then, since Au; = 0,
we have

w;(z) = a;sinh(Az) 4+ B; cosh(Az), «;,[; € R.

From the coupling conditions (3), (4), and from the (consistent!) Dirichlet boundary conditions
at the z-boundary, we obtain the values of the parameters «;, ;.
For the reduced model, we similarly derive closed form solutions

W (z,y) = wil (@) (y), =12

in €4 and €y, with
2w

o (y) = ol (y) = U}ed(y) =cos(Ay —ay)), A= m’
y — Ay

and

red _ - red _: red red pred
wi(z) = o sinh(Ar) + B;° cosh(Az), o}, 3 € R.

From the coupling conditions (20), (21), and from the Dirichlet boundary conditions at the
zr-boundary, we obtain the values of the parameters a;-ed, ﬁ;ed.

Figure 2 shows that for low and mid diffusion in the fracture, optimal convergence can be
observed for moderate values of § already, while for high diffusion in the fracture, this only

occurs for very small §.
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8.2 Numerical solutions

We present now numerical tests obtained on Cartesian grids with a classical second order finite
difference scheme.

8.2.1 J-independent parameters

We show in Figure 3 the matrix and fracture errors er,, and er; defined in (55) and (56) for
the model coefficients defined in (54), by modifying the values to a;; = 0.001 (top), ase = 1000
(middle), by = 200 (bottom), to obtain anisotropic fracture coefficients. We observe that
the orders of convergence for the reduced order matrix and fracture solutions correspond to
the orders of convergence predicted by Theorem 7.1 and Theorem 7.3. Consistent with the
analytical solutions in Subsection 8.1, for highly diffusive fractures, the solutions enter the
regime of predicted convergence only for very small fracture apertures ¢. Illustrations of the
solutions at 6 = 0.01 are also given in Figure 3.

8.2.2 J-dependent parameters

From the reduced order coupling conditions (20), (21), we observe that the fracture aperture,
the fracture diffusion coefficients and the fracture tangential advection coefficient never occur
isolated, but always in combination either as a fracture resistivity “* or as fracture conductivi-
ties, dagy or 0by. Hence, the asymptotic behavior of the solution is determined by the asymptotic
behavior of the generalized fracture coefficients

aii
5 dage, Oby, aiz, az, by, M.
We test our coupling conditions for three different situations: a barrier test case, a conduit
test case with diffusion dominant fracture, and a conduit test case with advection dominant
fracture. Our results below illustrate well the robustness of our new reduced models.

Barrier test case. In this test case we set %+ = 0.05, keeping the other parameters as in
(54). We show in Figure 4 the matrix and fracture errors er,, and ery, and also the solution in
the limit § = 0. From the error plots, we observe an asymptotic linear (matrix) and quadratic
(fracture) behavior of the convergence rate, w.r.t. the fracture width.

Conduit test case with diffusion dominant fracture. In this test case we set dagy = 10,
keeping the other parameters as in (54). We show in Figure 5 the matrix and fracture errors
er,, and ery, and also the solution in the limit § = 0. From the error plots, we observe a linear
asymptotic behavior of the convergence rate.

Conduit test case with advection dominant fracture. In this test case we set dby = 2,
keeping again the other parameters as in (54). We show in Figure 6 the matrix and fracture
errors er,, and ery, and also the solution in the limit 6 = 0. We again observe a linear asymptotic
behavior of the convergence rate.

9 Conclusion

We presented a rigorous derivation of coupling conditions for DFM models for general linear
advection-reaction-diffusion problems. The derivation of coupling conditions relies on a Fourier
transform of the physical unknowns in direction tangential to the fracture and an elimination of
the fracture unknowns in Fourier space by performing a continuous Schur complement. Reduced
order coupling conditions are then obtained by straightforward truncation of an expansion in the
fracture width. We compared the coupling conditions to a commonly used family of (diffusion)
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Figure 3: Matrix and fracture errors er,, and er; for anisotropic fracture coefficients a;; = 0.001,
aze = 1000, by = 200 from top to bottom, the other coefficients being as in (54).
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models from the literature and obtained correspondence for the coupling conditions truncated
after the next-to-leading-order terms. We further derived coupling conditions for the fracture
resistivity tending to a constant, to infinity and to zero, and found correspondence to the
literature, which contains results for the special case of the Laplace equation only. For the
general elliptic models, we showed the well posedness for the reduced models. Furthermore,
from the knowledge of the exact solution in Fourier space, we were able to derive error estimates
for the reduced model solutions in the norm of fractional Sobolev spaces. Then, we used trace
and extension inequalities, in order to obtain error estimates in the H'-norm in the matrix
domain and in the H2-norm in the fracture. In particular, we obtained cubic resp. quadratic
convergence in ¢, for diffusion problems with diagonal matrix A. Our rigorous error analysis
is currently restricted to these kind of problems. Extensions to more general problems will be
presented in future work. Our estimates for the convergence rate of the reduced model solutions
has been verified in several numerical tests, and we also presented numerical results which go
beyond our analysis, such as for asymptotic solutions in case of a constant fracture conductivity
dags or resistivity aiu' These results illustrate well the robustness of our new reduced models.
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