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Abstract

We define modular equations in the setting of PEL Shimura varieties as
equations describing Hecke correspondences, and prove degree and height
bounds for them. This extends known results about classical modular
polynomials. In particular, we obtain tight degree bounds for modular
equations of Siegel and Hilbert type for abelian surfaces. One step consists
in proving tight bounds on the heights of rational fractions over number
fields in terms of the heights of their evaluations; the results we obtain
are of independent interest.

1 Introduction

Modular equations encode the presence of isogenies between polarized abelian
varieties. The classical modular polynomial ®, is an example: this bivariate
polynomial vanishes on the j-invariants of ¢-isogenous elliptic curves [9, §11.C],
and can be used to detect and compute such isogenies. Analogues of ®, for prin-
cipally polarized abelian surfaces, called Siegel and Hilbert modular polynomials
in dimension 2, have recently been defined and computed [18, 19, 15].

In this paper, we define modular equations in the general setting of PEL
Shimura varieties of finite level; these varieties are moduli spaces for abelian
varieties with Polarization, Endomorphisms, and Level structure. Let H;s be a
Hecke correspondence of degree d(4) on such a Shimura variety. In the modular
interpretation, Hs parametrizes isogenies of a certain degree £(9). Given con-
nected components S, S’ of the Shimura variety and a choice of invariants on
them, we define modular equations ¥s ., as a set of polynomials describing H
on § x 8. The coeflicients of ¥s ,, are rational fractions defined over a number
field, and we prove that their degrees and heights are governed by d(d) and ¢(0).

Theorem 1.1. Let S, 8§’ be connected components of a simple PEL Shimura
variety of type (A) or (C) of finite level, and choose invariants on them. Then
there exists explicit constants C1, Co depending on this setting such that the
following holds. Let Hs be a Hecke correspondence of degree d(6) describing
isogenies of degree £(9) between abelian varieties with PEL structure, and assume
that H(9) intersects S x 8" nontrivially. Let F be a rational fraction occurring
as a coefficient of one of the modular equations Vs ,,. Then

1. The total degree of F is bounded by C d(6). The same estimate holds if
we require all the fractions F to share a common denominator.

2. The height of F is bounded by Cq d(0)log £(6).



This result generalizes known bounds about the size of the classical modular
polynomial ®,, which has coefficients in Z, is symmetric, and has degree £+ 1 in
both variables. The height h(®,) is then the maximum value of log |c|, where ¢
ranges over the coefficients of ®,. We have h(®,) ~ 6¢log(¢) as ¢ grows [8], and
explicit bounds can be given [5]. In particular Theorem 1.1 seems optimal up to
the value of the constants. For abelian surfaces, even degree bounds for modular
equations were unknown, and the degree bounds we obtain match exactly with
experimental data.

From the algorithmic point of view, Theorem 1.1 provides complexity bounds
for algorithms involving modular equations. For instance, classical modular
polynomials are used for instance in the SEA algorithm to count points on
elliptic curves [26], and in multi-modular methods to compute class polynomials
of imaginary quadratic fields [28]; being able to compute isogenies also has
applications in elliptic curve cryptography. General modular equations are of
similar interest.

The strategy to prove part 1 of Theorem 1.1 is to exhibit a particular modular
form that behaves as the denominator of W ,,,, and to control its weight; then, we
show that rewriting quotients of modular forms in terms of invariants transforms
bounded weight into bounded degree. The proof of part 2 is inspired by previous
works on @, [24]. We prove height bounds on evaluations of modular equations
at certain points using well-known results on the Faltings height of isogenous
abelian surfaces. To obtain bounds on coefficients of modular equations, we
need to bound the height of a rational fraction from the heights of its values
at certain points. Since the bounds obtained from a direct analysis of the
interpolation algorithm are inefficient in our setting, it is crucial to use more
evaluation points than the required number for the interpolation problem to
have a unique solution. We prove the following result in this direction.

Theorem 1.2. Let L be a number field of degree dy,. Then there exists an ex-
plicit constant Cs, depending only on L, such that the following holds. Let [A, B]
be an interval in Z; write D = B— A and M = max{|A|, |B|}. Let F € L(Y) be
a rational fraction of degree at most d > 1. Let S C [A, B] containing at least
2D/3 elements and no poles of F. Let H > max{3,log(2M)}, and assume that

(i) h(F(y)) < H for everyy € S.
(ii) D > max{d*H log(dH),6ddr}.

Then we have
hF) < 3H + Cylog(dH) + 3dlog(2M).

In contrast, the height bound obtained from the interpolation algorithm is
of the order of d?H. Theorem 1.2 seems new even in the simpler case L = Q
and is of independent interest.

This paper is organized as follows. In Section 2, we recall the necessary
background on PEL Shimura varieties. In Section 3, we define the modular
equations associated with a choice of PEL setting. Section 4 is devoted to the
proof of the degree bounds. Then we recall basic facts about heights, and prove



Theorem 1.2, in Section 5. We finish the proof of height bounds for modular
equations in Section 6.

Notation. Throughout the paper, the symbol C' stands for an explicit con-
stant depending only on the PEL setting. Its value may change from one line
to the next unless we label it explicitly as C1, etc.

Acknowledgements. The author thanks Fabien Pazuki and his Ph.D. advi-
sors, Damien Robert and Aurel Page, for helpful discussions and answering the
author’s questions. The author also thanks Aurel Page for his careful proof-
reading of the paper.

2 Background on PEL Shimura varieties

Our presentation is inspired by Milne’s [21], which serves as a general reference
for this section. These notes are themselves based on Deligne’s reformulation
of Shimura’s works [10]. We use the following notation: if G is a connected
reductive algebraic group over Q, then

+ G9°T is the derived group of G,
» Z is the center of G,
« G* = G/Z is the adjoint group of G,
« T = G/G%" is the largest abelian quotient of G,
* v : G — T is the natural quotient map,
« G*(R), is the connected component of 1 in G24(R) for the real topology,
* G(R); is the preimage of G*(R), in G(R), and finally
+ G(Q)4 = G(Q) N G(R).
We write A for the ring of finite adeles of Q.

2.1 Simple PEL Shimura varieties of type (A) or (C)

Let (B, *) be a simple Q-algebra with positive involution. The center F of B is
a number field; let Fy be the subfield of invariants under *. For simplicity, we
make the technical assumption that B is of type (A) or (C) [21, Prop. 8.3].

Let (V,1) be a faithful symplectic (B, *)-module. This means that V is
a faithful B-module equipped with an nondegenerate alternating Q-bilinear
form v such that for all b € B and for all u,v € V,

(b u,v) = P(u, bv).

Let GLp(V) denote the group of automorphisms of V' respecting the action
of B, and let G be its algebraic subgroup defined by

G(Q) = {g € GLp(V) | ¥(gz, gy) = ¥ (u(g)x,y) for some u(g) € Fy}.



We warn the reader that our G is denoted G in [21, §8], and that consequently
the definition of a PEL Shimura variety used here differs slightly from Milne’s.
The group G is connected and reductive, and by [21, Prop. 8.7], its derived
group is G9* = ker(u) N ker(det).

Let « be a complex structure on V(R), meaning an endomorphism of V(R)
such that z oz = —1. We say that x is positive for v if it commutes with
the action of B and the form (u,v) — v (u,z(v)) is symmetric and positive
definite. Such a complex structure xg exists [21, Prop. 8.14]. Define X to be
the orbit of xp under the action of G(R); by conjugation; the space X, is a
hermitian symmetric domain [21, Cor. 5.8]. We call the pair (G, X}) a simple
PEL Shimura datum of type (A) or (C), or simply a PEL datum.

Let K be a compact open subgroup of G(Ay), and let Ko, be the stabilizer
of g in G(R)y. The PEL Shimura variety associated with (G, X ) of level K
is the double coset

Shig (G, X4)(C) = G(Q)+\(X+ x G(Ay))/K
=G(Q)+\(GR)+ x G(Af))/ K X K.

In the first description, G(Q)+ acts on both X and G(A) by conjugation and
left multiplication respectively, and K acts on G(As) by right multiplication.
When the context is clear, we omit (G, X ) from the notation.

The projection to the second factor induces a map with connected fibers
from Shg (C) to the double coset G(Q)+\G(Af)/K, which is finite [21, Lem. 5.12].
Let C be a set of representatives in G(Ay) for this double coset. The connected
component S, of Shg (C) indexed by ¢ € C can be identified with I' .\ X, where
I'. = G(Q)+ N cKc ! is an arithmetic subgroup of Aut(Xy) [21, Lem. 5.13].
Thus, the Shimura variety has a natural structure of a complex analytic space,
and is an algebraic variety by the theorem of Baily and Borel [21, Thm. 3.12].

Since G9°T is simply connected, by [21, Thm. 5.17 and Lem. 5.20], the map v
induces an isomorphism

GQ\G(Af)/K ~v(GQ))\T(Ay)/v(K).

Therefore the set of connected components of Shx (C) is a finite abelian group.
Moreover, each connected component is itself a Shimura variety with underlying
group G [21, Rem. 5.23].

In fact, Shx (G, X ;) exists as an algebraic variety defined over the reflex
field, which is a number field depending only on G and Xy [21, §12-14]. In
general, the field of definition of an individual connected component of Shy (C)
may be larger.

2.2 The modular interpretation

The Shimura variety Shi (G, X1 )(C) has a modular interpretation in terms of
isogeny classes of abelian varieties with PEL structure [21, Thm. 8.17]. After
choosing lattices in V', we can rephrase it in terms of isomorphism classes of



such varieties, in a flavor similar to [6, §2.6.2]. This second description is closer
to the applications we have in mind.

A lattice in a topological abelian group is a cocompact and discrete subgroup.
Recall that the map A — A = A ® Z is a bijection between lattices in V' and
lattices in V' (Ay); its inverse is intersection with V(Q).

Let Ag be a lattice in V(Ay) that is stabilized by K, and let Ag = ANV (Q).
Let O be the largest order in B stabilizing Ag. We construct a standard polarized
lattice for each connected component as follows. For ¢ € C, write

Ae=c(ho), Ac=A.NV(Q).
Since ¢ respects the action of B on V(Ay), the order O is again the stabilizer

of /A\C, and thus of A.. Choose \. € Qj_ such that ¢, = A\ ¢ takes integer values
on A, x A.. Define

A ={veV(Q) | Vw e A, .(v,w) € Z}.

Then A} is a lattice in V containing A.. We call the finite group 7. = A+/A.
the polarization type of (A¢, ).

We first formulate a modular interpretation using lattices. Let Z. be the set
of isomorphism classes of tuples (A, z, ¢, ¢, nK) where

* A is a free Z-module of rank dim V/,

* z € End(A ® R) is a complex structure on A @ R,

* ¢ is an embedding O < Endz(A),

* ¢ : A x A — Z is a nondegenerate alternating Z-bilinear form on A,
* nK is a K-orbit of Z-linear isomorphisms of O-modules KQ - A® Z,

satisfying the following condition: (*) there exists an isomorphism of O-modules
a: A — A, carrying nK to cK and z to an element of X, such that

¢ € u(Ty), Yu,v € A, ¢(u,v) = wC(Ca(u),a(v)).

Isomorphisms between tuples are isomorphisms of O-modules f : A — A’ that
send z to 2/, send nK to 'K, and such that ¢(u,v) = ¢'({f(u), f(v)) for
some ¢ € p(Te).

In particular, for every (A,z,t,¢,nK) € Z., the complex structure z is
positive for ¢, the Rosati involution defined by ¢ coincides with * on B, the
action of B on A ® Q leaves the complex structure x invariant, and the type of
the polarization ¢ on A is 7.

Theorem 2.1. Let c € C, let S, = I':\X+ be the associated connected compo-
nent of Shi (G, X1)(C), and define Z. as above. Then the map

Z. — S,
(A, z,0,6,mK) +—— [aza™, c|]  where a is as in (x)



1s well-defined and bijective. The inverse map is
[,c] = (Ae, @, 1, e, cK).
where v is the natural action of O on A..

Proof. The proof is direct and omitted; the details are similar to [21, Prop. 6.3].
O

We want to rephrase Theorem 2.1 using the language of abelian varieties.
Giving an abelian variety A over C is the same as giving the lattice A = H1 (A, Z)
and a complex structure on the universal covering A ® R of A. Giving a polar-
ization on A is the same as giving an alternating nondegenerate bilinear form ¢
taking integral values on A such that (u,v) — ¢(u,iv) is symmetric and positive
definite. Then, endomorphisms of A correspond to endomorphisms of A that
respect the complex structure, and A ® Z is canonically isomorphic to the global

Tate module N
T(4) = [[ Tu(A).
¢ prime
When ¢ € C is fixed, we define a complex abelian variety with PEL structure
to be a tuple (A, ¢, t,nK) where

* (4, ¢) is a complex polarized abelian variety with polarization type T,
* ¢ is an embedding O — End(A) such that the Rosati involution on B is x,
« 9K is a K-orbit of Z-linear isomorphisms of O-modules Ay — T(A),

satisfying the following condition: (%) there exists an isomorphism of O-modules
a : Hi(AZ) = A, carrying ¢ to 1., carrying nK to ¢K, and such that the
induced complex structure on V(R) belongs to X .

The difference with the setting of Theorem 2.1 is that isomorphisms of po-
larized abelian varieties should respect the polarizations ezactly, rather than up
to an element of u(T';). In general, u(T.) is not trivial, but there is the following
workaround. If ¢ € F*, then multiplication by & defines an element in the center
of G(Q), so it makes sense to define

E={eeF*|eeK}={ce F*|ceT.}.
Theorem 2.2. Let ¢ € C, and assume that p1(€) = p(I'c). Then the map
[z, c] — (V(R)/Ac, 1, cK),

where V(R) is seen as a complex vector space via z, and ¢ is the action of O
induced by the action of B on V(R), is a bijection between S. and the set of
isomorphism classes of complex abelian varieties with PEL structure.

Proof. When defining Z.., we can impose ¢ = 1 in condition (x) and strengthen
the notion of isomorphism between tuples to respect the polarizations exactly:
indeed, multiplying a by some ¢ € & leaves everything invariant except the
alternating form, which gets multiplied by p(e). The result follows then from
Theorem 2.1. O



Remark 2.3. In any case, y(€) has finite index in p(T.): indeed, if Zg, denotes
the unit group of Fy, we have

u(€) C wle) C Zg,

and £ contains a subgroup of finite index in Z;O. By [7, Th. 1], there exists
a compact open subgroup M of u(K) such that Zz N M = p(€). Define

K' = Knu Y(M), and denote by T, the associated arithmetic subgroups.
Then € remains the same for K’, and for ¢ € G(Ay) we have

I, ={yel|u()euné}

Thus raising the level allows us to reach the situation of Theorem 2.2, at the
cost of adding connected components.

2.3 Modular forms on PEL Shimura varieties

A modular form of weight w € Z on Shi (G, X4)(C) is a function

[ GQLNGR) 4 x G(Af))/K = C

that satisfies suitable growth and holomorphy conditions [20, Prop. 3.2], and
such that

Vo e G(R)-l-v Vg € G(Af)7 Vkoo € Koo, f([xkomg]) = p(koo)wf([‘rvg])

Here p : Koo — C* is a certain canonical character of K. The weight of f is
denoted by wt(f). We also say that f is of level K.

From a geometric point of view, there is a line bundle M on Shg (C) such that
modular forms of weight w are the holomorphic sections of M®% that are again
holomorphic when extended to the Baily-Borel compactification of Shi (C). In
fact, M is the inverse determinant of the tangent bundle on Shx [1, Prop. 7.3].

Let S be a connected component of Shg(C), and L its field of definition.
A modular form of weight w on S is simply the restriction to S of a weight w
modular form on Shg(C). Modular forms on S generate a graded ring. The
following result is well known; since we did not find a precise reference in the
literature, we present a short proof.

Theorem 2.4. The graded ring of modular forms on S is generated by finitely
many elements defined over L, and modular forms of sufficiently high weight
realize a projective embedding of S. FEvery meromorphic function on S is a
quotient of two modular forms of the same weight.

Proof. As shown by Baily and Borel [1, Thm. 10.11], modular forms of suffi-
ciently high weight give a projective embedding of S which is a priori defined
over C. In other words, the line bundle M is ample on S. It can be defined
over L, and remains ample as a line bundle on the variety S over L. Therefore
the graded L-algebra

@ HO(S, M@w)

w>0



is finitely generated, and consists of modular forms defined over L. They also
give a projective embedding provided the weight is high enough. The second
part of the statement is an easy consequence of the first. O

We can also consider modular forms that are symmetric under certain auto-
morphisms of Shyx. Let ¥ be a finite group of automorphisms of G that leaves
G(Q)4, K, K, v and the character p invariant. Then for every modular form f
of weight w on S, and every o € X, the function

f7 gl e f([o(),0(9)])

is a modular form of weight w on §. We say that f is symmetric under ¥ if
f? = f for every o € X.

Proposition 2.5. Let X be a finite group of automorphism of G as above. Then
symmetric modular forms generate a graded ring that is also finitely generated
over L, and every symmetric modular function is the quotient of two symmetric
modular forms of sufficiently high weight.

Proof. This is a consequence of Theorem 2.4 and Noether’s theorem [22] on
invariants under finite groups. O

2.4 Hecke correspondences
Let 6 € G(Ay), and let K’ = K N §Ké~'. Consider the diagram

ShK/ &) Sh5—1K15

J» i

Sh[{ ShK

where the map R(J) is [z,g] — [z,gd]. This diagram defines a correspon-
dence Hy in Shx X Shy, called the Hecke correspondence of level §, consisting
of all pairs of the form (py(z),p2(R(6)x)) for 2 € Shg. Hecke correspondences
are algebraic, and are defined over the reflex field [21, Thm. 13.6].

We define the degree of Hs to be the index

d)=[K:K'|=[K:Kn K5 ]

It is finite as both K and K’ are compact open in G(Ay), and is the degree of
the map p; : Hs — Shx. We can also consider Hs as a map from Shy to its
d(9)-th symmetric power, sending z € Shg to the set {2’ € Shy | (z,2') € Hs}.

It is easy to see how Hs behaves with respect to connected components: if z
lies in the connected component indexed by t € T(Ay), then its images lie in
the connected component indexed by t ().

In the modular interpretation, Hecke correspondences describe isogenous
abelian varieties such that the isogeny is of a certain type. Let us describe the



construction. After multiplying 0 by a suitable element in Q*, which does not
change Hs, we can assume that §(Ag) C Ag. Write

d(5)
K= |_| kK.

i=1

Let ¢ € C, and consider the lattice with PEL structure (A, z, ¢, 9., cK) associ-
ated with a point [z,c] € S¢ by Theorem 2.1.

Partition the orbit cK into K "_orbits ck;K’'. Each ck;d is then a Z-linear
embedding of O-modules Ag < A.; it is well defined up to right multiplication
by 6 'K’6, hence by K. Let A; C A, be the lattice such that A; ® Z is the
image of this embedding. There is still a natural action of O on A;. The
decomposition ck;0 K = ¢;¢' K, with ¢; € G(Q)4 and ¢’ € C, is well defined, and
the element ¢’ does not depend on .

Proposition 2.6. Let § € G(Ay). Let ¢ € C and let S. be the associated
connected component of Shi(C). Let z = [z,¢] € S, and construct A;, q;, ¢ as
above. Then the image of z by the Hecke correspondence Hs is given by the d(0)
isomorphism classes of tuples with representatives

(Ai,x, %1/}6(#(%71) - ~),cm5K) for 1 <i<d(9).

Proof. The images of [z, ] via the Hecke correspondence are the points [g; Lz, d)
of Shg(C). The relation ck;0K = q;c'K shows that the map ¢; ' sends the
lattice A; to A.. This map also respects the action of O, and sends the complex
structure x to qi_la:. Finally, it sends the polarization (u,v) — ¥.(u,v) on A;
to (u,v) — e (n(gi)u,v) on Ay O

We define the isogeny degree of Hs as
€(0) = #(Ro/5(Ro)).

Corollary 2.7. Let § € G(Ay). Then, in the modular interpretation of The-
orem 2.2, the Hecke correspondence Hs sends an abelian variety A with PEL
structure to d(0) abelian varieties Ay, . .., Ays) such that for every i, there exists
an isogeny A — A; of degree £(9).

Proof. By Proposition 2.6, the Hecke correspondence consists in taking d(J)
suitable sublattices A; C A., and then descending the polarization to recover
something isomorphic to the standard lattice A.s. Since the complex structure
remains the same, and A./A; ~ Ag/6(Ag), the result follows. O

For later purposes, we state a relation between d(d) and £(4).

Lemma 2.8. We have d(5) < C £(5)°.



Proof. Since K is open, we can find an integer N > 1 such that
{9 € G(Ay)NGL(Ag) | g =1 mod NAy} C K.

Then K N §KJ§~! contains those elements g € G(Af) N GL(Ao) that are the
identity modulo A = NAg N N&(Ag). This A belongs to the set ) of sublattices
of index N9mV(¢(§) in Ag. We have #Y < C £(6)C. The group K acts on Y,
and K NJK§~! contains the stabilizer of /A\; the claim follows. O

3 Modular equations on PEL Shimura varieties

3.1 The PEL setting

Let (G, X+) be a PEL datum, let K be a compact open subgroup of G(Ay), and
let 3 be a finite group of automorphisms of G as in §2.3. Let n be the complex
dimension of X ; we assume that n # 0. Let S, &’ be connected components
of Shx (G, X1 )(C), and let L be a number field over which § and &’ are defined.

To complete the picture, we also need to choose invariants, which are coor-
dinates on S, &’ given by modular functions. Since the field L(S) of functions
on S has transcendence degree n, the field L(S)* of functions on S that are
symmetric under ¥ also has transcendence degree n. Choose a transcendence
basis (j1,-..,jn) of L(S)*, and another symmetric function j,.; that gener-
ates the remaining finite extension. On S, the function j, 41 satisfies a minimal
relation of the form

e—1

jT§+1+ZEk(j17"'7jn)j7f+1:0. (E)
k=0

We proceed similarly to define a basis of functions on &’: no confusion will
arise if we also denote them by ji,...,jn+1. We refer to all the data defined
up to now as the PEL setting. Throughout the paper, the symbol C refers to a
constant that depends on this data only.

3.2 Definition of modular equations

Let 6 € G(Ay) defining a Hecke correspondence Hy that intersects S x &’ non-
trivially. We want to define explicit polynomials, called modular equations of
level 8, describing Hs in the product S x &'.

The ring of meromorphic functions on Hs, denoted by L(Hj), is a finite
extension of degree (#X)d(d) of L(S)*. We can identify it with the ring of

modular functions of trivial weight on & C Shg/(C), where K/ = KN K& *
and S is the preimage of S in Shg(C). Let

K'=(\oK)=Kn[)o@®)Ka) "

oeEX ceY
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There is a right action of K x ¥ on modular forms for K", given by

(ko) - f =« [z, 9] = f7([z, gk]).

For v € K x ¥, we write this action as f +— f7. The modular forms invariant
under K’ x {1} (resp. K x X) are exactly the elements of L(Hj) (resp. L(S)¥).
The functions

jk,6 : [J/',g] = ]k([(E,g(S])
for 1 <k <n+1 belong to L(Hs). We define the chain of subgroups

KNEZKQDKlD"'DKn+1DKI

where K, is the subgroup that leaves jis,...,Jm,s invariant, and we write
di = [Kifl . Kz]

Definition 3.1. The modular equations of level § on S x &' are the tuple
(Us51,%5,2,...,Usnt1) defined as follows: for each 1 <m < n + 1, set

s > ((T0-2) T (a-i)

YEKo/Km_1 =1 v YmE€EKm—1/Km

where the middle product is over all v; € Ky/K; such that v; = v mod K;_1,
but v; # v mod Kj;.

Therefore, ¥s ,, is a multivariate polynomial in the m variables Y7,...,Y,,.
The expression for ¥s ,, makes sense, because multiplying v on the right by an
element in K, 1 only permutes the factors in the last product.

Lemma 3.2. The coefficients of sy, lie in L(j1, ..., Jnt+1). The degree of Us
n Yy, is dm, and its degree in'Y; for i < m is at most d; — 1.

Proof. 1t is clear from the formula that the action of K leaves Ws ,, invariant.
Hence the coefficients of Wy ,, are elements of L(S)*, and this field is generated
by j1,.-.,jn+1 over L. The second statement is obvious from the formula. [

Using the equation (FE) satisfied by j,4+1 on S, there is a unique way to
write W5 ., as an element of the ring L(j1,...,Jn)[Jn+1, Y1 -- ., Yn] with degree
at most e — 1 in j,41. We call this expression the canonical form of ¥s ,,, and
we can consider its coefficients to be rational fractions in n variables Jy, ..., J,.

Proposition 3.3. Let 1 < m < n+1, and v € Ko/Kmn—1. Then, up to
multiplication by an element in L(j1, ..., n+1,J1,6,---»Jm—1,5), we have

\P&m(jiy)(;a---ajzl_l,avym) = H (Ym_j% m)-
'YmeKmfl/Km

Proof. This is straightforward from Definition 3.1. O

11



Proposition 3.3 has two consequences. First, modular equations vanish
on Hjy, as promised; and second, provided the multiplicative coefficient does
not vanish, which is generically the case, ¥s ., provides all the possible values
for jm,s once ji,...,Jn+1 and ji,5,...,Jm—1,6 are known. We can also define
other modular equations ®s ,,, for which there is true equality in Proposition 3.3,
but they have a more complicated expression. In practice, using the ¥s ,, is more
convenient as they are typically smaller.

Remark 3.4. There is a geometric picture behind the definition of Ws ,,. For
simplicity, assume that Hj is irreducible. Then L(Hy) is a field, and is generated
by the j; s for 1 <¢ < n -+ 1. We have a tower of function fields:

L(jh s ajn+1,j1,5, B ,jn+1,6) = L(H(S)

degree dp 41

degree do2

L(j1,-- s Jnt1:J1,5)

degree dq

L(S)®.

Proposition 3.3 implies that up to scaling, Ws n(j1.5,-- -, Jm—1,6, Ym) is the
minimal polynomial of j,, s over L(j1,...,Jn+1,71,6,---5Jm—1,5). Lherefore it
is a defining equation for the m-th floor of the tower above.

If j1 5 is a generator of the whole field extension L(Hj)/L(S)*, then for every
2 <m <n+1, we have d,,, = 1 and the polynomial ¥s ,, is just the expression
of jm,s in terms of ji,..., jnt+1, and jis.

Using a nontrivial ¥ increases the degree of modular equations. This also
has a geometric interpretation: modular equations describe the Hecke corre-
spondence H; and its conjugates under ¥ simultaneously.

3.3 Modular equations of Siegel type for abelian surfaces

The Siegel modular varieties are prominent examples of PEL Shimura varieties.
They classify abelian varieties of dimension g with a certain polarization and
level structure. Another example is given by the Hilbert modular varieties,
which do the same with an additional real multiplication embedding. In this
subsection and the next, we explain how these examples fit in the general setting
of PEL Shimura varieties. In particular, we show that modular equations of
Siegel and Hilbert type in dimension 2 [18, 19] are special cases of modular
equations as defined above.

Let g > 1. The Siegel modular variety of dimension g is obtained by taking
B = Q, with trivial x, and taking the symplectic module (V1)) to be V = Q2

12



with
.t 0 Ig
Yu,v € V, (u,v) =u (—Ig 0)°

Then G = GSp,,(Q). The Q-algebra B is simple of type (C). We can choose X
to be the set of all complex structures on V(R) that are positive for ¢, and we
have

GR)+ ={g € G[R) [ u(g) >0}

The reflex field is Q [21, §14]. In fact, X can be identified with the Siegel
upper half-space H, endowed with the classical action of GSp,,(Q).

Choose positive integers D4|---|D,, and let Ag be the lattice generated
by the vectors eq,...,eq, Di€gy1,...,Dgeaq. Then the polarization i has type
(D1,...,Dy) on Ag. Let K be a compact open subgroup of G(Ay) that stabilizes
Ao®Z, and let S; denote the connected component of Shi (C) above 1 € G(Ay).
This component is identified with I'\H4, where

r= GSpQg(Q)Jr NK = Sp2g(@) nK.

By Theorem 2.2, &7 is a moduli space for polarized abelian varieties with
polarization type (D1, ..., Dgy) and level K structure such that Hi(A,Z) is iso-
morphic to Ag with its additional data. This modular interpretation coincides
with the classical one [3, §8.1]. Also, modular forms on S; are Siegel modular
forms in the classical sense.

Taking g = 1 and D; = 1, we find the classical modular curves, which are
quotients of the upper half plane #; by congruence subgroups of SLo(Z).

We now focus on the special case given by

g=2, D =Dy =1, Ag=1Z%, K = GSp,,(Z).

Then Shk (C) has only one connected component, and classifies principally po-
larized abelian surfaces. Modular forms on Shg are Siegel modular forms of
level I'(1) = Sp4(Z). As shown by Igusa [14], the graded ring of modular forms
is generated by four elements of respective weights 4, 6, 10, 12. These can be
taken to be Iy, If, I1o, [12 in Streng’s notation [27, p.42]. The function field of
Shg is generated by three algebraically independent Igusa—Streng invariants:

o Ly . I2Ls 3
1= ) 2 = ) 3= 795 -
R TR o P

Let ¢ be a prime, and consider the Hecke correspondence of level

0= ((1) 2) as a 4 x 4 matrix in 2 x 2 blocks.

Then the group K N §K§~1 N G(Q) is the usual group I'g(£), and the degree

of Hs is
d(6) =03+ 2+ 0+ 1.

13



The Hecke correspondence describes all principally polarized abelian surfaces
(-isogeous to a given one; the degree of these isogenies is £(§) = £2. In this case,
the function j; s generates the function field on the Hecke correspondence, so
that d; = d(d) and do = ds = 1, in the notation of §3.2. The modular equations
from Definition 3.1 are the usual modular equations of Siegel type and level /.
They have been computed for £ =2 and ¢ = 3 [18].

3.4 Modular equations of Hilbert type for abelian surfaces

Let F be a totally real number field of degree g over Q, and let B = F with
trivial *. The Q-algebra B is simple of type (C). Let V = F?, which is a
Q-vector space of dimension 2g, and define the symplectic form i by

Va,b,c,d € F, w((a, b), (c, d)) = Trpg(ad — be).

Then (V) is a faithful symplectic (B, *)-module, where B acts on V by mul-
tiplication. The associated algebraic group is G = GLg(F). The g real embed-
dings of F induce an identification

G(R) = f[ GLy(R).

The subgroup G(R), consists of matrices with totally positive determinant.
There is a particular complex structure zo € G(R) on V(R) given by

o= ((% 8)

Let X, be the G(R),-conjugacy class of xg. Then (G, X ) is called a Hilbert
Shimura datum. Its reflex field is Q: see [29, §X.4] when g = 2, and [21, Ex. 12.4]
in general. The domain X can be identified with H{, where #; is the complex
upper half-plane, endowed with the action of GL2(R) on each coordinate.

Let ZF be the integer ring of F, and take Ag = Zp @ ZY., where ZY. is the
dual of Zp with respect to the trace form. Then the stabilizer of Ag in B is Zp.
Let K be a compact open subgroup of GL(Ag ® Ay).

Remark 3.5. In this setting, u(T'.) is not equal to p(€) in general. For instance,
if K =GL(Ao®Ay), and ¢ =1 is the trivial class, then

I'.=GR)+ NK = {g € GL(Ay) | det(g) is totally positive},

so u(T.) is the set of totally positive units in Zp. On the other hand, p(€) is
the set of all squares of units. For instance, if g = 2, then u(€) = p(T.) if and
only if the fundamental unit in Zr has negative norm.

We now assume that K has been chosen such that

GQ)4 NK ={g € GL2(Zp ® ZY,) | plg) € Z5*}.

14



The Shimura variety Shi (G, X;)(C) has several connected components: the
narrow class group of F' appears in 7o (Shg (C)) [29, Cor. 1.7.3]. Let S; be the
connected component associated with ¢ = 1. Then there is a natural isomor-
phism

81 = (G(Q)4 N K)\H] ~ SLa(Zr & Z})\H.

By Theorem 2.2, the component S; parametrizes polarized abelian varieties with
real multiplication by Zr and level K structure such that H; (A4, Z) is isomorphic
to Ap with its additional data. Modular forms of weight w on S; are classical
Hilbert modular forms of weight (w,w) and level I'(1) = SLo(Zp & ZY,).

Now consider the special case g = 2, and let ¥ = {1,0}, where o is the
involution of G' coming from real conjugation in F'. On G(R), the involution o
acts as permutation of the two factors. Modular forms that are symmetric
under ¥ are symmetric Hilbert modular forms in dimension 2 in the usual sense.

Let b be a prime ideal of Zp, and define

5_<é 2) in G(A;).

The Hecke correspondence of level ¢ has degree d(§) = Np/g(b) + 1, and
parametrizes isogenies of degree £(0) = Np,g(b). One can check that Hs inter-
sects 81 x 81 nontrivially if and only if b is trivial in the narrow class group
of F, i.e. b = (f3) is principal and generated by a totally positive element.

Now assume that g € Zp is totally positive and prime, and let

10
5= (O ﬁ> |
One possibility is to use, as invariants on Sy, the pullback of Igusa invariants by
the forgetful map to the Siegel threefold. They are symmetric with respect to X,
and the equation relating these three invariants is the equation of the associated
Humbert surface. In this case, the modular equations describe simultaneously
B- and o(B)-isogenies [19].

In special cases, the field of ¥-invariant functions can be generated by two
elements called Gundlach invariants. This reduction of the number of vari-
ables is interesting in practice. For instance, if F' = Q(v/5), the graded ring
of symmetric Hilbert modular forms is free over three generators Fy, Fg, F1o of
respective weights 2, 6, and 10 [12]; therefore, K (S1)* = Q(g1, g2) with

Fy _ F}Fg

g1 = =, g2 )
Fio Fio

and g1, go are algebraically independent. The associated modular equations

have been computed up to Np/q(8) = 59 [17]. They also describe both - and
o(B)-isogenies.
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4 Degree estimates for modular equations

We fix a PEL setting as in §3.1. Let § € G(Ay) such that §(Ag) C Ao, and such
that the Hecke correspondence Hj intersects S x S’ nontrivially. In §3.2, we
defined the modular equations ¥s1,..., ¥s,41; they are multivariate polyno-
mials in Y7,...,Y, 4+ describing H; and its conjugates under ¥. When we write
these modular equations in canonical form, the coeflicients of ¥ ,,, are uniquely
determined rational fractions in L(Jy,...,J,). The goal of this section is to
prove the degree estimates about them given in Theorem 1.1, and their explicit
variants for abelian surfaces. Recall that the symbol C (or Cy, etc.) denotes a
constant that depends only on the setting.

4.1 The common denominator of Vs,

For each 1 <1i < n+ 1, fix a modular form y; invariant under ¥ such that y;7;
is holomorphic. This is possible by Proposition 2.5. Recall the notation

K'=KnNJéKs!, Ki=KxX
used in §3.2. For every i, the function

Xis ¢ [7, 9] = xi([z, 9d])

is a modular form of level K" and weight wt(x;) on S. There is a natural action
of Ky on modular forms of level K/, and we define g5, for 1 <m <n+1 as

m
gm=1] TI xis

i=1~€Ko/K’

Lemma 4.1. Forevery 1l < m < n+1, the function gs,m s a nonzero symmetric
modular form on S, and

m

wt(gs.m) = (#X) d(8) Y wh(x:)-

=1

Proof. Acting by an element of K x ¥ only permutes the factors in the product
defining gs,m, S0 gs,m is invariant under the action of K and ¥. Moreover gs
is a modular form of level K’ of weight > 1", #(Ko/K') wt(x;), and is nonzero
because each x; ; is. Since #(Ko/K') = (#X) d(), the result follows. O

Lemma 4.2. For every 1 < m < n + 1, the multivariate polynomial gsm¥s m
has holomorphic coefficients.

Proof. This is immediate from the formula in Definition 3.1. o

In other words, the function gs,, is a common denominator for the coeffi-
cients of Ws .

When the invariants have similar denominators, it is possible to make a
better choice for gs5,,. The proof is easy and omitted.

16



Proposition 4.3. Assume that there is a modular form x such that for every
1<i<n+1, we have x; = x“ for some integer a; > 0. Let 1 <m < n+1,
and define

«
_ v _
= where o = max «;.
gs,m ( L[{ X§> ) 1<i<m 7
Y 0

Then gs.m s a nonzero symmetric modular form on S, and

Wt(gs.m) = (#X) d(0) awt(x).

Moreover, the multivariate polynomial gs5m¥sm has holomorphic coefficients.

4.2 The rewriting procedure

By §4.1, each coefficient of ¥, can be expressed as the quotient of two holo-
morphic modular forms of the same bounded weight w. We show that when
we rewrite such a quotient in terms of the chosen invariants, the degree of the
rational fractions we obtain is bounded linearly in w.

Proposition 4.4. Let f, g be symmetric modular forms on S of weight w, and
assume that g is nonzero. Then there exists polynomials P, Q € L[J1, ..., Jp+1]
with total degree at most Cyw such that

i _ P(jlu' "7jn+1)
g Q(jlu"'ujn-‘rl)
Moreover, @ can be chosen independently of f.

Proof. Let fi for 1 < k < r be nonzero generators over L for the graded ring of
symmetric modular forms, with respective weights wy. For each 1 <k <r —1,
let Bx > 1 be the minimal integer such that

Brwy € Zwgy1 + - -+ + Zw,.

Then we can find nonzero modular forms Mg, & € L[fx+1,--., fr] such that
wt(Ak) —wt (k) = Brwg. The modular function §kf,f’“/)\k is symmetric under %,
so we can find Py, Qx € L[J1,..., Jyt1] such that

§kf;fk _ Pe(J1s- -2 Jns1)
Ak Qr(j1s - n+1)
We claim that the conclusion of the proposition holds with

r—1 k—1
Cy = Z ([3 1 max{deg(Py), deg(Qx)} H (1 + %)) .

w
k=1 \I7k"k =1

Let f, g be as in the proposition. Then f and g can be expressed as a sum
of monomial terms of the form

T
efft e filr with g QW = w.
k=1
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In order to rewrite the fraction P/Q = f/g (currently expressed as a rational
fraction of the modular forms fj) as a fraction of invariants, we proceed as
follows. Set zp = w and dy = 0. For k =1 up to r — 1, do:

(sk) Set sx € N to be minimal such that z;_1 — spwg € (Wgt1 ..., Wr).
Zk—1
Set aj, = .
(ak) et ag \‘ﬂk’wa
(Sk) Divide P and @ by f;*.
3 AP

k )

(Rr) Replace each occurence of f.* by &0 in P and Q
kQk

(M) Multiply P and Q by £2*QF.
(Zk) Set zp = zp_1 — SpWg + ak Wt(fk).
(dr) Set dy = di—1 + ar max{deg(Py),deg(Qx)}.

Finally, in step (.5,), simplify the remaining occurences of f,.. We prove the
following statement (x); by induction for every 1 < k < r:

Before step (s), P and Q are elements of the ring L[J1, ..., Joi1][frs- -, [r]
of weight zp_1, with total degree at most dx—1 in J1,. .., Jpt1, such that

i _ P(jlu"'ajn-i-l)
g Q(jla"'ajnJrl)

The statement (x)g is true by definition of zg and dp; assume that (%) is
true. Then we see, in order, that

* 2r—1 must belong to (wg, ..., w,), so si is well defined.

* In each monomial of P and @, the exponent of f; must be afy + sy for
some integer a < ag. Therefore step (Sk) is an exact division, and after
step (Ry) there are no more occurences of fj in P or Q.

+ After step (My), P and @ are elements of L[J1,..., Jot1][fe+1,---, fr] Of
weight
Zk—1 — SpWk + ag Wt(fk) = Zk.

None of those steps changed the fact that (P/Q)(j1, .., jnt1) equals f/g.

It remains to show that the degree of P, Q in Jy, ..., J,+1 is bounded by dj,
after step (M}). This comes from the observation that in steps (Ry)—(My), we
only multiply polynomials in Jy, ..., J,41 already present by P,SQZ’FI’ for some
0 < b < ag, and rearranging terms afterwards cannot increase the total degree.
This proves (x); for all 1 <k <r.

Similarly, after step (S,), all the occurences of f,. disappear. Therefore,
at the end of this rewriting procedure, we obtain polynomials P, @) with total
degree at most d,_; such that

i — P(jla"'vjnJrl)
g Q(jlu"'ujn-‘rl)
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By induction, we obtain

: wt(&)
kéwll:ll(1+ B >
and

r—1 k—1
1 <Y ( 2 max{deg(Py), deg(Q)} [ (1 + M)) _
k=1

Brwk Pl Brw

The algorithm runs independently on the numerator and the denominator, so
the polynomial @ is independent of f. O

4.3 Degree bounds for the canonical form

Proposition 4.5. Let P, Q € L[Jy,..., Jyo11] with total degree at most d, and
assume that Q(j1,...,jnt1) is not identically zero. Write the fraction P/Q in
canonical form using equation (E):

e—1

P(jlu"'ujn-i-l) . . .k
-~ - N\ — Rk(]l?"'?jn)jn .
Q(jlv"'a.]nJrl) kzzo 1

Then deg Ry, < Csd for every 0 <k <e— 1.

Proof. We work in the ring L(Jy, ..., Jyp)[Jn+1] modulo the equation (E), which
we write as £ = 0. In the proof, degrees and coeflicients are taken with respect
to the variable J,11 unless otherwise specified. First, we invert the denomina-
tor Q. Let

R =Resy, . (Q,E) € L[Jy,...,Jy].

Using the generic expression of resultants, we can find Bézout coefficients U, V' €
L[j1,.-.,Jn+1] such that
R=UQ+VE.

The inverse of @ modulo F is U/R, so we have

P(jlv"'vjnJrl) — U(jla'"7jn+1)P(j15"'ajn+1)
Q(jlv"'?jn-l‘l) R(]177]n)

The resultant R has a polynomial expression of degree e = deg(FE) in the
coefficients of @, and deg(Q) in the coefficients of E. The same is true for every
coefficient of U, with e replaced by e—1. Since the total degree of ) is at most d,
and F is part of the setting, the total degrees of U and R in Jy,...,J,41 are
bounded by some C'd; the same is true for the numerator U P.

Now, we reduce UP modulo F in order to obtain a polynomial of degree at
most e — 1 in J, 1. We can decrease the degree by 1 using relation (F):

e—1
G ==Y Bkt dn) diia-
k=0
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When doing so, the increase in total degree is bounded by C. Hence, after the
euclidean division, total degrees remains bounded by Cd. O

We are now ready to prove part 1 of Theorem 1.1.

Theorem 4.6. Let F be a rational fraction occurring as a coefficient of one of
the modular equations Vs, in canonical form. Then the total degree of F is
bounded by Cq d(0). The same estimate holds if we require all the F’s to share
a common denominator.

Proof. By Lemmas 4.1 and 4.2, each coefficient appearing in one of the ¥U; ,, is
of the form f/gsn+1, where f is holomorphic. By Lemmas 3.2 and 4.1, both f
and gs,n+1 are symmetric modular forms of weight

n+1

w = (#2)d(5) 3 wt(x.)-
=1

By Proposition 4.4, we can write

f P(jlv"'vjnJrl)

Gsn+1 QU Jnt1)

with deg(P),deg(Q) < Cqw, and @ is independent of f. By Proposition 4.5,
the degrees of coefficients of Ws,, in canonical form are bounded by CyCx w;
note that the denominator is still independent of f. The theorem follows with

n+1
C1 = Cy C5 (#%) Y wi(xi). O

=1

4.4 Explicit degree bounds in dimension 2

Even in the case of abelian surfaces, our methods provide new results about
the degrees occuring in modular equations. We detail this in the Siegel case
with Tgusa invariants (§3.3), when ¢ is a prime, and in the Hilbert case with
F = Q(v/5) and Gundlach invariants (§3.4), when 8 € F is a totally positive
prime. The modular equations are denoted Wy 1, W0, Wy3 and g1, ¥go
respectively.

Lemma 4.7. In the dimension 2 Siegel case with Iqusa—Streng invariants, we
can take Cy =1/6.

Proof. We follow the notation used in the proof of Proposition 4.4. Generators
for the ring of modular forms are, f1 = I§, fo = L2, f3 = Iy and fy = Ip. We
have 81 = B2 = 1, 83 = 5, and the rewriting relations are

To 2

I = I—4j1, I = %Jé, I§ = I3yjs.
i
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These relations are especially simple, and we can give a different rewriting al-
gorithm for a quotient of modular forms of weight w, as follows. First, multiply
by I 4L2w/ 3) above and below, and second, rewrite sequentially

LIl — Lojy, Toli — Iyje, I3 — I3

This removes all the occurences of I} and 12 without introducing new denomi-
nators. The remaining occurences of I, and I;g must simplify.

Since I is never used on the left of a rewriting law, we can as well ignore
it when computing the weight of a monomial. Then, the greatest ratio (degree
in j1, jo, j3)/(weight) is given by Iyl — I1pj1, with a ratio of 1/10. Therefore

we can take ) ) )
=(1+2). — =2, O
G ( +3> 10 6

Lemma 4.8. In the dimension 2 Hilbert case with F = Q(v/5) and Gundlach

invariants, we can take Cy =1/6.

Proof. The proof is almost the same as in the Siegel case. The rewriting algo-
rithm for a quotient of symmetric modular forms of weight w is as follows: first

multiply numerator and denominator by F2L2w/ 3J, then rewrite sequentially
FsF3 — Fuga, Fy — Fiogr.

This introduces no new denominators, and the remaining occurrences of Fy
and Fjy must simplify. Ignoring Fig, the first relation has the highest de-
gree/weight ratio, which is 1/10. Therefore we can take Cy = 1/6 as above. O

Remark 4.9. The proof of Proposition 4.4 would give Cy =4/9 and Cy =1/3
respectively. Informally, the reason why such an improvement is possible is that
the numerator \; is always a power of f,, and @; = 1. It seems tedious to write
a general formula for Cy that gives the right values here.

Proposition 4.10. The coefficients of Uy 1 (resp. W2, Uy 3) have total degrees
bounded by 5d(£)/3 (resp. 10d(£)/3), where d(£) = 3 + £* + £ + 1.

Proof. The quantity d(¢) is the degree of the Hecke correspondence. We are in
the situation of Proposition 4.3, so we can choose common denominators gg 1,
ge,2, ge,3 With

wt(ge,1) = 10d(£), wt(ge2) = wt(ge,3) = 20d(¢)

and in fact gg 2 = go,3 = (9471)2. There is no relation between invariants in this
case. By Lemma 4.7, the degree of the rational fractions in W, ,, is bounded
by wt(ge.m)/6 for 1 < m < 3, and the result follows. O

Proposition 4.11. The coefficients of V1 and Wz o have total degrees bounded
by 10d(B)/3, where d(3) = Npq(B) + 1.
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Proof. The quantity d(8) is the degree of the Hecke correspondence, and the
group X has order 2. We are also in the situation of Proposition 4.3: we can
choose common denominators gg, = gg, of weight 20d(3). As above, there is
no relation between invariants, so the result follows from Lemma 4.8. o

The degree bounds in Propositions 4.10 and 4.11 are both reached exper-
imentally. In the Siegel case with ¢ = 2, the maximum degree is 25; in the
Hilbert case with Np/q(3) = 41, the maximum degree is 140 [17].

5 Heights of fractions from their values

An important information when manipulating modular equations, besides the
degree, is the size of all the coefficients that occur. The precise notion to use
is that of heights of elements, polynomials and rational fractions over a number
field L. In this section, we recall the definition of heights and give key results
relating the height of a fraction with the height of its values. The symbol C'
(and C1, etc.) stands for a constant that depends only on L.

5.1 Definition of heights

Let L be a number field of degree d, over Q. Write Vy (resp. V) for the set
of all nonarchimedean (resp. archimedean) places of L, and write V = Vy U V.
Let P (resp. Pr) be the set of primes in Z (resp. prime ideals in Zp,). For each
place v of L, write d, = [L, : Q,], where subscripts denote completion. Denote
by ||, the normalized absolute value associated with v: when v € Vy, and p € P
is the prime below v, we have |p|, = 1/p. We denote the norm of ideals by N.
The (absolute logarithmic Weil) height of projective tuples, affine tuples,
elements, polynomials and rational fractions over L is defined as follows.

Definition 5.1.

1. For a projective tuple (ag : --- : an) € P}, we write
hlag: ... an) = Z &y log( max |as|,).
dr, 0<i<n
veV
2. For an affine tuple (a,...,a,) € L™, we write
hlat,...,an)=h(l:a1: - :a,) = Z ﬁlog(max{l max |a;|,}).
B = dr, T1<i<n

In particular, for y € L, we have

hy)=h(1:y) =3 ;‘— log (max{L, [y}, }).

veY
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3. Let P be a multivariate polynomial over L, and write

P= > Y-y
Let v € V. We write

and p
h(P) =" —“log(max{L,|Pl,}).
veV dL
In other words, h(P) is the height of the affine tuple formed by all the
coefficients of P. When p € Py, we also write

vp(P) = Inkin vp (cr).

4. Let F € L(Y1,...,Y,), and choose coprime polynomials P, Q over L such
that F = P/Q. Then we define h(F) as the height of the projective
tuple formed by all its coefficients: if (¢x) denotes the collection of all the
coefficients of P and @), then

dy
h(F) = Z 4L log(mkax|ck|v).

veV

Heights are well defined and do not depend on the ambient field. In par-
ticular, the height of a fraction does not depend on the particular numerator
or denominator chosen. When working with heights, we use without further
mention the fact that

dy
Y F=1
dr,

VEVoo

Heights satisty the Northcott property: for every bound H € R, the number
of projective tuples (ag : - - : a,,) € P? such that h(ag : -+~ : an) < H is finite
[13, §B.2]. Informally, the height of an element y € L (or a polynomial, etc.) is
a good measure of how much information is needed to represent y. For instance,
if y =p/q € Q is in irreducible form, then h(y) = log(max{[p|, [q|}).

Assume that L admits a fundamental unit . Then, by the Northcott prop-
erty, h(e™) tends to infinity as n grows. In general, multiplying integers by units
changes the height. This causes problems in some of the proofs below, so we
introduce a modified height as follows.

Definition 5.2. Let y € Z;, be nonzero. Then we define

~ 1 dy
hy) = 7-log(INL/a(W)l) = > 7. Loyl
VE€Voo
More generally, if P € Zp[Y1,...,Y,] is nonzero, we define
~ d,
WP = 3 % gl

VEV o
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This modified height I for integers is invariant under multiplication by units.
It does not satisfy the Northcott property in general. Still, there is a close
relation between h and the classical height h.

Proposition 5.3. Let P € Z[Y1,...,Yy,] be nonzero. Then we have
0 < h(P) < h(P).
Equality holds on the right if and only if |P|, > 1 for every v € Vuo.

Proof. If ¢ € Zy, is a nonzero coefficient of P, then

~ ~ 1
h(P) > h(c) = L log (| N q(c)]) =0
because Ny, /g(c) € Z\{0}, so [N q(c)| > 1. The rest is obvious. O

Proposition 5.4. Let P € Z[Y1,...,Y,] be nonzero. Then there is a unit
e € Z} such that

h(eP) < max{Cs, h(P)}.

Proof. Let m = #V. In R™, we define the hyperplane Hy for s € R by
Hy={(t1,....tm) ER™ | t1 4+ +tm = s},
and the convex cone A; by
Ag={(t1,....tm) ER™ | Vi, t; > s}.

The image of Z] by the logarithmic embedding

Log = (42 10g] -|.)
is a full rank lattice A in Hy; let V' be a fundamental cell of A.

Then for every s > Cr, the convex set Hs N A contains a translate of V|
hence

V€V

Hs = A+ (HsNAy).

Translating in the direction (1,...,1), we also have the following property: for
every s > 0,
H,=A+ (Hs n A,C7/m).

Let P € ZL[Y1,...,Y,])\{0}, and consider the point
Log(P) = (@10 |P| ) €R™
& o dL & v VEVoo '

The sum of its coordinates is sp = AH(P) If sp > C'7, then there is a unit € € Z;
such that Log(P) 4 Log(e) belongs to Ag. Then |eP|, > 1 for every v € Vo, so

h(eP) = h(cP) = h(P)
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by Proposition 5.3. On the other hand, if 0 < sp < C7, then we can still find a

unit € such that o
dylog|eP|, > _a
m

for all v € V. Then
h(eP) = Z ﬁlogmax{l lePly} < logﬁ(gp)+ Z 7 <920
dL I vJ) = m < 7'
vE€EVoo eV
This proves the claim with Cg = 2C'. 0

Corollary 5.5. Every principal ideal a of Z, has a generator a € Zjy, such that

h(a) < max{Cg, % log N (a)}.

Proof. Apply Proposition 5.4 with n = 0 and P an arbitrary generator of a. [

5.2 Minimal forms of fractions

When L = Q, every fraction F can be written as a quotient P/Q, where P and @
are integer polynomials that are coprime over Z and have height at most h(F):
choose P, @ such that the ged of all their coefficients is 1. When Zj, is not a
PID, this is not possible in general, but there is the following substitute.

Definition 5.6. Let F € L(Y1,...,Y,). Then among all the possible ways to
write F = P/Q with P,Q € Z[Y1,...,Y,] where P, Q are coprime over L,
there is one such that A(Q) is minimal, by the Northcott property. We call it a
minimal form of F.

By Proposition 5.4, if F has a minimal form P/Q such that h(Q) > Cg,
then h(Q) = h(Q).
Lemma 5.7. Let F € L(Y1,...,Y,) with minimal form P/Q, and let A € L*
such that \P, A\Q € Z[Y]. If h(Q) > Cg, then [Ny o(N)| > 1.
Proof. By minimality, h(AQ) > h(Q) > Cg, so after multiplying A by a unit,
we can assume that hA(AQ) = h(AQ). This does not change |Nz,/g(A)|. Then

() + (@) = h(AQ) = h(AQ) = h(Q) = h(Q).
Therefore log [Ny, ()| = h(X) > 0. O
If P/@ is a minimal form of F, then P, @ are almost coprime over Zj,.

Proposition 5.8. There is an ideal v of Z1,, depending only on L, such that
the following holds. Let F € L(Y1,...,Y,) with minimal form P/Q, and let a
be an ideal of Z1 dividing all the coefficients of P and ). Then a divides t.
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Proof. Let € be a set of ideals in Zj, that are representatives for the class group
of L, and define Cg = max.c¢ N(s). Take F € L(Y) with minimal form P/Q,
and let a be an ideal of Z;, dividing all the coefficients of P and Q.

First, assume that h(Q) < Cg, and let ¢ be a nonzero coefficient of Q. Then
log [N /q(q)| < dr.Cg. Since a divides ¢, we have N(a) < e,

Second, assume that E(Q) > Cg. Let ¢ € € belonging to the class of a, and
let A € L™ be a generator of a~'c. Since AP and AQ have integer coefficients,
by Lemma 5.7, we have [Ny g(A)| > 1. Therefore N(a) < N(c) < Cg.

We can take t to be the least common multiple of all ideals of Zj, of norm
at most max{e®“6, Cg}. O

If P € Q[Y1,...,Y,], then we can find a minimal denominator a € Z such
that aP has coefficients in Z and max{h(a), h(aP)} < h(P). The analogous
statement in number fields is as follows.

Proposition 5.9. For every P € L[Y1,...,Y,], there is an element a € Zj,
such that aP € Zy[Y1,...,Y,] and max{h(a), h(aP)} < h(P) + Cy.

Proof. Let € be a set of ideals in Zj, that are representatives for the class group

of L, and let P € L[Y1,...,Y,], which we may assume nonzero. Let
a= H pmax{O,f'up(P)}
pPEVo

be the denominator ideal of P. Then
log N(a) = Z log max{1, N(p)~*» ()} = Z dp logmax{1, |P|,} < dph(P).
pPEVo peVo

Let ¢ € € such that ca is principal. By Corollary 5.5, we can find a generator a

of ca such that
1

h(a) < max{Cg, . log N(ca)} < h(P)+ Cy,

L

with

1
Cy = max{Cy, 1 Tga@xlog N(o)}.

Then aP has integer coefficients, and we also have

h(aP) = Z 3—210gmax{1,|aP|v}

VEVo
dy
<y E(logmax{l,|P|U}—|—logmax{1,|a|v})
VEV oo
—h(P)+hia)— 3 L logmax(1, P}
dr,
vEVY
1
= h(P)+ h(a) — —log N (a)
dr,
< h(P)+ Cy. O

26



5.3 Evaluation and roots

The following proposition is a slight generalization of [13, Prop. B.7.1].

Proposition 5.10. Let P € L[Y1,...,Y,] with total degree d, let 1 < m < n,
and let y1,...,ym € L. Write @ = P(y1,- -+, Ym, Ym+1s---, Yn). Then

hQ) < h(P) + mlog(d+1) + dh(y1, ..., yn).

More generally, if ZyU---UZ, is a partition of [1,m], and dy, is the total degree
of P in the variables Y; for i € Iy, then

WQ) < h(P)+ Y (#Ti)log(di + 1) + Y dih((yi)icz,)-

k=1 k=1
Proof. 1t is enough to prove the second statement. If v € 1V, we have
r d
|P(y1, -5 Yms Yimr1, -5 Yo )|, < IPlvg(maX{l,%%flyilv}) :

If v € Vo, the same estimate holds after multiplying by the number of possible
monomials in Y7,...,Y,,, which is

T

11 @+ 1)#*.

k=1
Taking logarithms and summing gives the result. O

We can use this result to bound the height of a monic polynomial by the
height of its roots.

Proposition 5.11. Let Q € L[Y] be monic of degree d, and let aq,...,aq be
its roots in the algebraic closure of L. Then

d
hQ) <Y hlax) + dlog2.
i=1
Proof. Apply Proposition 5.10 on the multivariate polynomial

P =

E&

(Yay1 — Yi)
k

Il
-

with m = d, yr = ay, and 7, = {k}. Since the coefficients of P all belong to
{-1,0,1}, we have h(P) = 0. O

Conversely, the height of a polynomial controls the height of its roots.
Proposition 5.12. Let P € L[Y] be monic, and let « be a root of P. Then

h(a) < h(P) + log(2).

Proof. This is a consequence of [2, Prop. 3.5]. O
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5.4 Heights of polynomials from their values

The idea is to control the height of a polynomial P in terms of heights of
evaluations of P at special points. We take these to be integers in an inter-
val [A, B] C Z. Our basic tool is the Lagrange interpolation formula. In the
rest of this section, we use the notation

D=B—-A and M =max{|A4|,|Bl}.
Lemma 5.13. Let y1,...,ya+1 € [4, B] be distinct, and write

Hk;&i(y — Yk) B iQ(Y)
Hk;éi(yi —y) DU
for every 1 <i < d+ 1. Then Q; € Z[Y], and |Q;] < D! (2M)<.
Proof. Since the denominator []; ,;(yi — yx) divides D!, we have
Qi = N; H(Y — i)
ki

for some N; € Z dividing D!. Hence @Q); € Z[Y]. Moreover, if ¢ is the coefficient
of Y4% in Q;, then

d
le| < | Ny (k>M’“ < D204, O
Lemma 5.14. Let P € L[Y] of degree d > 1, and y1,...,yq+1 distinct values
in [A, B]. Assume that h(P(y;)) < H for every i. Then we have
h(P) < (d+ 1)H + Dlog(D) + dlog(2M) + log(d + 1).

Proof. Write the Lagrange interpolation formula:

d+1

1
P— LS P
i=1
in the notation of Lemma 5.13. If v € V), then

1
max{1,|P|,} < ’ﬁ

max{lv |P(y1)|v7 R |P(yd+1)|v}

n+1
< || TTmextr. 1Py
v =1
If v € V., then by Lemma 5.13,
a+1 d+1

max{1, |P|,} <> |[P(yi)lo 2°M* < (d + 1)2°M* [ [ max{1, [P(y:)],}-

i=1 i=1

Since h(1/D!) = h(D!) < Dlog(D), taking logarithms and summing gives the
result. O
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The bound on h(P) in Lemma 5.14 is roughly dH, not H. This causes trouble
when one wants to apply this result in a context of successive interpolations.
However, we can get a better bound on h(P) provided that a height bound is
established on more than d 4 1 values of P.

Lemma 5.15. Let P € L[Y] of degree d, and let v € Vg (resp. v € Vo). Then
the number of elements y € [A, B] satisfying

|P(y)|v < |D! Py (Tesp. |P(y)]v < %)

is at most d.

Proof. We argue by contradiction. Let (y;)i1<i<q+1 be distinct elements of
[A, B] satisfying the given inequality. If v € V), then the Lagrange interpo-
lation formula and Lemma 5.13 give

|D! P, < max [P(y;)|, <|D!Pl,

which is a contradiction. If v € V4, the contradiction is
d+1
[Pl < M) Y |P(yi)lo < |Plo. O
i=1
Proposition 5.16. Let [A, B] C Z. Write D = B— A and M = max{|4|, |B|}.
Let P € L[Y] be a polynomial of degree d > 1, and let y1,...,y2q be distinct
elements of [A, B]. Assume that h(P(y;)) < H for every i. Then we have

h(P) < 2H + Dlog D + dlog(2M) + log(d + 1).

Proof. If v € Vy, by Lemma 5.15, we have |P(y;)|, > |D!P|, for at least d
values of ¢. Therefore

2d
[[max{1,|P(y:)ls} > IDL P,
i=1

SO
2d

1
+ v Zlogmax{l, |P(yi)lo}-
i=1

logmax{1,|P|,} < log Fol

v

If v € Voo, then at least d of the P(y;) satisfy |P(y:)|v > |P|o/(2M)%(d + 1), so

2d Lip |P|d
max i)lot = v
ZI I1 {LIPi)lo} = ((2 )d( 1))d
and

2d
1
logmax{1,|P|,} < dlog(2M) + log(d + 1) + p Zlogmax{l, | P ()|}

=1

Since h(1/D!) < Dlog D, summing all the contributions yields the result. [
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5.5 Height of fractions from their values: preliminaries

We now turn to the problem of estimating the height of rational fractions in
terms of the height of their values at certain points. Our first goal is to give a
height bound using the minimal number of interpolation points; then, we make
preparations for Theorem 1.2.

Lemma 5.17. Let P, Q € Zi[Y] of degrees dp and dg respectively, and let
0 < k < min{dp,dg} — 1. Let R be the k-th subresultant of P and U, V the
associated Bézout coefficients. Write s = dp + dg. Then we have

B(R) < (dg — W)A(P) + (dp — WA(Q) + ~= 2% og(s — 2k),
W) < (dg — k— DA(P) + (dp — KA(Q) + * 2~ L1og(s — 2k — 1),
h(V) < (dg — k)h(P) + (dp — k — DA(Q) + # log(s — 2k — 1).

Recall that R, U, V are polynomials over Zj, such that UP +V@Q = R and
degR<Ek, degU <dg—k—1, degV <dp—k—1.

Proof. Let r be a coefficient of R. Then r has an expression as a determinant
of size dp + dg — 2k ; its entries in the first dg — k columns are coefficients of P,
and its entries in the last dp — k columns are coefficients of Q). Let v € V.
By Hadamard’s lemma, we can bound |r|, by the product of L?-norms of the
columns. Hence

Ml < (Vdr +dg = 2k |PL)" ™ (Vdr +dg — 2k QL) "

This gives the desired height bound on R.
The proof is the same for U (resp. V): the coefficients are determinants of
size dp + dg — 2k — 1, with one column less coming from P (resp. Q). O

Proposition 5.18. Let [A, B] C Z. Write D = B— A and M = max{|A4|,|B|}.
Let F € L(Y) of degree d > 1. Let dp,dq be the degrees of its numerator and
denominator respectively, and let s = dp + dg. Let y1,...,ys+1 be distinct
elements of [A, B] that are not poles of F, and assume that h(F(y;)) < H for
every i. Then we can write F = P/Q with P,Q € Z1[Y] such that deg P = dp,
deg Q) = dg, and

max{h(P), h(Q)} < (d+1)(2d + 1)H + (d + 1)Dlog(D) + (4d* 4 3d) log(2M)
+ (2d + 2)log(2d + 1) + (d + 1)Cy.

Proof. We follow the interpolation algorithm [4, §7.1]. Let T' € L[Y] be the
polynomial of degree at most s interpolating the points (y;, F(y;)). According
to Lemma 5.14, we have

hT) < (s+1)H + Dlog(D) + slog(2M) + log(s + 1). ()
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By Proposition 5.9, we can find a denominator a € Zj, such that 7/ = aT is an
element of Z1[Y] and max{h(a), h(T")} < h(T) + Cq. Define

s+1
Z =[] —w) ezl

=1

The coefficients of Z are bounded in absolute value by (2M)**!, so we have
hZ) < (s+1)log(2M). Let P’ be the dp-th subresultant of 7" and Z, and let

QT +VZ="F
be the associated Bézout equality. By Lemma 5.17, we have

h(P") < (d+ 1)h(T") + d(s + 1) log(2M) + Qd—;l log(2d + 1),

hQ") < dh(T') + (s + 1)dlog(2M) + dlog(2d + 1).
We can take P = P’ and Q = aQ'’: they have the right degrees and satisfy
max{h(P), h(Q)} < (d+1)(h(T)+Cqy) + (s+1)dlog(2M) + (d+ 1) log(2d + 1).
Using the previous bound (x) on h(T) and the bound s < 2d ends the proof. O

The reader may wish to skip the following lemmas until their use in the proof
of Theorem 1.2 becomes apparent.

Lemma 5.19. Let D = B — A, let S C [A, B] containing at least 2D/3 ele-
ments, and let 1 < k < D/3. Then there is a subinterval of [A, B] of amplitude
at most 3k containing at least k + 1 elements of S.

Proof. Assume the contrary. We can partition [A, B] in at most (D/3k) + 1
intervals of amplitude at most 3k, so

2D D D
o yS<k(=+1)=Z+k
g S#Is (3k+> 3 "

This is absurd because k < D/3. O

Lemma 5.20. Let R > 1 be an integer. Then

Z log]; < max{l,C’lo 1oglogR}.
pEP,p|R P

Proof. Let m be the number of prime factors in R, and (p;) the sequence of

prime numbers in increasing order. It is enough to prove the claim for the

integer R’ =[]}, p;, which has both a greater left hand side, since log(p)/(p—1)

is a decreasing function of p, and a smaller right hand side, since R’ < R. We

can assume m > 2. Then

m

1 i % 1 i w 1 i
Z og(pi) < og(pi) 4 Z og(pi) < log(pn) + 2+ Cny
-1 Pi— 1 = P P pi(pi — 1)
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by Mertens’s first theorem [16], and because the second series converges. By [25],
we have p,, < mlogm + mloglogm if m > 6; so the rough bound p,, < m?
holds. The result follows since m < log(R’). O

Lemma 5.21. Let R € Zj, be nonzero. Then

Z log(N(p)) < d max{1,Cqgloglog [Ny o(R)|}.

-1
pePL,p|R p
plpeP

Zlog(z\f(p))S 3 > plp log(N(p))

lo
=dy Z &(p) §dLmax{l,Clologlog|NL/@(R)|}

by Lemma 5.20. o

Lemma 5.22. Letp € Pr, overp € P, and let Ly, be the p-adic completion of L.
Let Q € Ly[Y] of degree d with integer coefficients, and assume that v,(Q) = 0.
Let y1,...,yn be distinct values in [A, B], and write D = B — A; assume that
D >1. Let 8 € N. Then

log(D) D
Zmln{ﬂ,vp yz))}<d<ﬁ+dngN(p)+p—1).

Proof. Let X\ be the leading coefficient of @), and let a1, . .., ag be the roots of @
in an algebraic closure of L,, where we extend |- |, and v,. Up to reindexation,
we may assume that |aj|, <1for 1 <j <t and |aj]p, >1fort+1<j <d.
For every i, we have

Q) |p—|A|pH|yz a]h,_(wp 1 |aj|p)H|yl oy

Jj=t+1

‘We must have

d
(wp 11 |aj|p> =1

j=t+1

for otherwise all the coefficients of ) would be divisible by p. Therefore

E ’Up '—OéJ

J=1

Let & € N such that p* < D < pF*1. Since the 7; are all distinct mod-
ulo p*t1) there are at most ¢ < d values of i such that vy(y; — o) > k for
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some j. For these i’s, we bound min{S3,v,(Q(y;))} by . This accounts for the
term df in the lemma.
For all other values of i (say ¢ € I), we have v, (y; — ;) < k, and thus

k
vp(yi — ay) = / Lu<o, (yi—ay)du.
0

Any two y; that fall in the same p-adic disk {u < vp(y — a;)} must coincide
modulo pl*!. Therefore, for a given o, and a given u €]I,1 + 1], there are at
most [D/p!T!] values of i for which y; can belong to this disk. Therefore

> Qi) <D0 op(yi — ay)

il iel j=1
t k—1 I+1
=D 3) 3 DY Al VRN
iel j=11=0"!
t k-1 41
=D 55 DY A 5 Dr PR 7
j=11=0 "1 il

k—1 k-1
D D tD

<o | <o (G ) o 2
= I+1 | = I+1 = —

=0 | P =0 \P p—1

We have t < d, and
log(D)
k<1 D) <d,———~.
- Og”( )< LlogN(p)

This accounts for the two remaining terms in the lemma. O

5.6 Heights of fractions from their values: main result

We are now ready to prove Theorem 1.2.

Theorem 5.23. Let [A,B] C Z. Write D = B — A and M = max{|4|,|B|}.
Let F € L(Y) of degree at most d > 1. Let S C [A, B] containing at least 2D /3
elements and no poles of F. Let H > max{3,log(2M)}, and assume that

(i) h(F(y)) < H for everyy € S.
(ii) D > max{d*H log(dH),6ddr}.
Then we have

h(F) < 3H + Cslog(dH) + 3dlog(2M).

Proof. Let P/Q be a minimal form of F, and let R = Res(P, Q). Let y1,...,yn
be distinct elements of S. For 1 < i < n, we define ideals s;, n; and 0; of Zy, as
follows:

s; = ged(P (i), Qyi)),  (P(yi)) = nisi,  (Q(yi)) = isi.
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Then we have s; | R, and (F(y;)) = n;9; *. Since n; and d; are coprime, we have
log N(2;) < drh(F(yi)), so

log [Nz ,o(Q(vi))| <log N(s;) +drH.

The proof runs as follows.

1. Obtain a bound on the resultant R.

2. Show that the product of all s;’s has bounded norm.

3. Show that s; is reasonably small at least for some values of 7.
4. Take care of archimedean places, and obtain a bound on h(Q).
5. Deduce a bound on h(P) and conclude.

We can assume that h(Q) > Cg. Otherwise, we can go directly to step 5.

Step 1. By Lemma 5.19 with & = 2d, we can find a subinterval [A’, B']
of [A, B] with amplitude at most 6d containing 2d + 1 elements y1,. .., y2d+1
of S. We use these y; as interpolation points in Proposition 5.18: we can write
F = P'/Q" where P’, Q' have integer coefficients and satisfy

h(P"), h(Q') < 6d*>H + 22d*log(6d) + 7d*log(2M) + 2dCq < C12d*H.

To simplify the right hand side, we use the inequalities 1 < d, 6d < D—1 < 2M,
log(2M) < H, and 1 < H. We can take C19 = 2Cq + 35.
Lemma 5.17 allows us to bound the resultant of P’ and Q':

h(Res(P', Q")) < dlog(2d) + dh(P') + dh(Q') < Cisd*H

with {3 = 2C19 + 1. In order to relate this to R, we use Lemma 5.7: we have
P’ = AP and Q' = \Q for some A € L™ such that N(\) > 1. Therefore

log [Ny /o(R)| <log|Nzg(Res(P',Q"))| < dph(Res(P', Q")) < C14d*H

with C14 = dLCl?)'

Step 2. Let p € Pr, be a prime factor of R with valuation 3,, and let p € Z
be the prime below p. Let v be the ideal from Proposition 5.8. We claim:

n log(D) D
va(5i) <nuy(r)+d (ﬂp +dLlogN(p) D— 1) '

i=1

(*)

We can work in the p-adic completion L,. Let 7 be a uniformizer of L,
and let » = min{v,(P),v,(Q)}. Then n" must divide ¢, so r < v,(r). Write
P= P/r", @ = @Q/7". Then one of P and @ is not divisible by 7; by symmetry,
assume that 7 does not divide @ Then

vp(si) < min{ Sy, + Up(@(yi))} < vp(x) + min{ By, ”p(@(yi))}

so the claim follows from Lemma 5.22.
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Inequality (x) bounds the p-adic valuation of the product of all s;’s. Taking
the product over all prime divisors of R, we obtain

n

[[NG) < NO Ny exo S (dd,; log(D) + D2V (®) <1P>>>
- PR !

< N()"|Nejq(R)|" exp(ddy log(D) log(INpo(R)))
+ Ddp max{1,Cqloglog Ny, q(R)| }) .
Indeed, there are at most log | N, o (R)| prime ideals dividing R, and Lemma 5.21
applies. Since log | Ny g(R)| < C14 d*H, we obtain
log (ﬁ N(si)> < nlog N(r) + C14d*H (1 + dylog(D)) + Cy( Ddy log(Cy4 d*H)
i=1
< Cy5 (d*H log(D) + Dlog(dH))

with C15 = max{2d;C14, log(N(x)) + C1dr (3 +1og(C14)) }-

Step 3. We can now put into play the assumptions our assumptions about D
and S being sufficiently large. Since D > d*H log(dH) > exp(1), and t/log(t)
is increasing for ¢ > exp(1), we have

D d*H d*H
> >
log(D) — 4 +loglog(dH)/log(dH) — 5
Moreover sD D D
—ddy, > — - = =—.
#s L 6 2
Therefore

log (ﬁ N (%)) < C15(5D + Dlog(dH)) < Ciglog(dH)(#S — ddy)

with Cg = 12C 5. This shows that in every subset of #S —ddr, elements of S,
at least one must satisfy log N (s;) < Cq¢log(dH). Hence we may assume that
log N(s5) < C1g log(dH)

for every 1 < i < r =ddy + 1. This implies

log| Nz g (Q(y:))| < C1glog(dH) + drH.

Step 4. Let v € V. By Lemma 5.15, the inequality

Q1o

1Qyi)lo < W
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can only be true for at most d values of i. Since #V,, < dr, we can find y € S
among the (y;)1<i<, such that

QL

V0 € Voo, [QWl 2 Grmag Ty

Then

Q)

IN

Q) by Proposition 5.4, since h(Q) > Cjg

IN

h(
1
i 10g|NL/Q (Q(y))‘ + dlog(2M) + log(d + 1)
< H+ % log(dH) + dlog(2M) + log(d + 1),

L

in other words

Q) < H + Ci7log(dH) + dlog(2M)
with C17 =1+ ClG/dL-
Step 5. Since #S > ddy, + 1, by Lemma 5.15, we can find y € S such that

Y0 € Voo, |Plo < (2M)(d +1)|P(y)]o-

Then
h(P) < h(P(y)) + dlog(2M) + log(d + 1) because P € Z[Y]
< h(Q(y)) + H + dlog(2M) + log(d + 1) as P(y) = Q(y)F(y)
< h(Q) + H + 2dlog(2M) + 2log(d + 1) by Proposition 5.10.
The result follows with Cq = Cy7 + 2 since h(F) < h(P) + h(Q). O

Remark 5.24. The proof gives an explicit value for Cg: we have

C14 = dp(4Co + 71),

C15 = max{2d.C14, log(N(v)) + C1odr (3 +1og(C4))} with v as in Prop. 5.8,
Cg =3+ 015/d[,.

It would be interesting to know whether we can obtain an efficient bound

on h(F) using only O(d) evaluation points, as was the case for polynomials,
instead of O(d*H).

6 Height estimates for modular equations
In this final section, we prove part 2 of Theorem 1.1 about the height of co-

efficients in modular equations. We fix a PEL setting as in §3, and keep the
notation used there. We write S = T\ X ..
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6.1 Heights of abelian varieties

Different types of heights can be defined for an abelian variety A over L. The
Faltings height hp(A) is defined in [11, §3] in terms of Arakelov degrees of
metrized line bundles on A. If A is given a principal polarization £, and r > 2
is an even integer, we can also define the Theta height of level r of (A, L),
denoted he (A, L), as the projective height of level r theta constants of (4, £)
[23, Def. 2.6]. Finally, if A is an abelian variety with PEL structure over L given
by a point z € S where ji,...,jnt+1 are well defined, we can define the j-height
of A as

h](A) = h(]l(A)v ce 7jn+1(A))'

We also write hr(A) = max{1, hr(A)} and define h, he ., h; similarly.
The Faltings height behaves well with respect to isogenies.

Proposition 6.1. Let A, A’ be abelian varieties over Q, and assume that an
isogeny ¢ : A — A’ exists. Then

|hp(A) = hip(A")| < 5 log(deg ¢).

N | =

Proof. This is a consequence of [11, Lem. 5]. O

Our goal here is to establish a relation between h;(A) and hrp(A) when A is
an abelian variety with PEL structure. Theta heights are an intermediate step
between concrete values of invariants and the Faltings height.

Theorem 6.2 (|23, Cor. 1.3]). For every integer g > 1, and even integer r >
2, there is a constant C(g,r) such that the following holds. Let (A,L) be a
principally polarized abelian variety of dimension g defined over Q. Then

he.(A L) — %EF(A) < C(g,7)log(min{hp(A), he (A, L)} +2).

Proposition 6.3. There is a nonzero polynomial P € L[Y7,...Y, 1] such that
the following holds. If A is the abelian variety with PEL structure associated
with a point z € S where ji,...,jn+1 are well defined and P(j1,...,Jn+1) # 0,
then 1
O_hF(A) < hj(A) < Cishp(A).

18
Proof. By [21, Thm. 5.17], there is a finite covering S’ of § which is a connected
Shimura variety for the derived group G9¢*. Write S’ = I"\ X, where I' is
a congruence subgroup of G4¢*. Since G4 C ker(det), it embeds into the
reductive group GSp,,(Q), where 2g = dimg V. Therefore, by [21, Thm. 5.16],
we can find a congruence subgroup I'” of G4 and an even integer > 4 such
that T\ X embeds in the moduli space Ag . of principally polarized abelian
varieties of dimension g with level r Theta structure. We have a diagram
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S =T"\X, S =T"\X; — Ao,

where I' = IV NI”. The maps p, p', p are finite coverings, and all the maps in
this diagram are algebraic.

The modular interpretation is as follows. Let (A,%) be the standard po-
larized lattice associated with the connected component S, as in Theorem 2.1.
We can find a sublattice A” C A, and A € Q* such that (A”, \)) is principally
polarized. A point z € S defines a complex structure z on A ® R = V/(R), up
to action of I'. Lifting to z € S corresponds to considering x up to action of r
only, and this group leaves A” and its level » Theta structure stable. Then the
image of Z in Ag , is given by (A", z, ).

In particular, if 7 € S, , and if A, A" are the abelian varieties corresponding
to ¥ in § and Ae,, respectively, then A and A” are linked by an isogeny of
degree d = #(A/A"). Hence, by Proposition 6.1 and Theorem 6.2,

|hr(A) - 2he (A")] < @ + Clog (min{ﬁF(A),E(a,r(A”)} +2+ —log;d) )
< Cmin{hp(A), he(A")}. ()

Denote by 6, . .., 0, the Theta constants of level r. They define a projective
embedding of Ag ,. Then the pullbacks of 61 /6y, ..., 0 /0y generate the function
field of §”. By definition, ji,...,jnt+1 are coordinates on S; let f1,..., frni1 be
generators for the function field of S. Since p2 and pop; are finite coverings, the
functions j1, ..., jnt1 have fractional expressions in terms of fi,..., fny1, and
the same is true for the 6;/6y on §”. These polynomial systems are generically
of dimension 0, so they can be inverted using Grébner bases. By the primitive
element theorem, up to a change of coordinates on S, we can assume that these
Grobner bases are in echelon form. We define F' to be the Zariski closed subset
of codimension 1 in § where at least one of the denominators vanishes among all
the fractional expression considered, or where one of the f; is not well defined.
Then U = S\p o p1(F) is open dense in S. Let P € L[j1,...,jn+1] such that
{P#0}CU.

Let z € § where j1,...,jnt+1 are well defined, and P(j1,...,jny1) # 0. We
look at the diagram above, from left to right. Lift z to a point z € g; by
construction, z ¢ F. By repeated applications of Propositions 5.10 and 5.12,
we have

E(fl(z)7 ) fn-‘rl(g)) S CE(]].(Z)7 cee 7j’ﬂ+1(z))'
Writing 2" = p2(Z), we also have

E(g—;(z’/),...,Z—s(z”)) <CR(AG) .., a1 (3)).

38



This implies, in the notation above,
E@J(A") < CEj(A),

so by equation (*) _ _
hr(A) < Chj(A).

Going through the diagram from right to left gives the reverse inequality. [

From now on, we define U to be the Zariski open set in S where j1,..., jn+1
are well defined and P(j1,...,jnt1) # 0.

Corollary 6.4. Let A, A’ be the abelian varieties with PEL structure associated
with z,2" € U. Assume that A and A’ are related by an isogeny of degree £. Then

hj(A") < Cro(hj(A) +log ).
Proof. Combine Propositions 6.1 and 6.3. We may take C1g = C%S' O

Remark 6.5. We can presumably do better than Corollary 6.4. For instance,
when studying j-invariants of isogenous elliptic curves, one can prove that
|h(§(E)) — h(j(E"))| is bounded by logarithmic terms [24, Thm. 1.1]. This
is also the kind of bound provided by Theorem 6.2. However, the estimate in
Corollary 6.4 is sufficient for our purposes, so we do not pursue this question
further. This problem should be solved before attempting to give meaningful
explicit values for the constant Co in Theorem 1.1.

6.2 Heights of evaluated modular equations

We keep the notation used in §3.2. Fix a Hecke correspondence Hys of de-
gree d(¢), and consider the modular equations s ,,, of level § between connected
components S, S’ of Shx (G, X;)(C). Written in canonical form, the 5, can
be seen as elements of the ring L(J1, ..., Jn)[Jnt1, Y1, .-, Yl

Let U (resp. U’) be the open subset of S (resp. S’) constructed as in §6.1.
Define Us C S to be the Zariski open set of all points [z,g9] € S such that
[z,9] € U, and [z, gdv] € U’ for every v € Ko/K,+1. Finally, we define Vs C L™
to be the Zariski open set of all points (j1,...,J,) where the equation (FE)
(cf §3.1) has e distinct roots and the following property holds: if j,41 is a root
of (E), then (j1,...,Jjn+1) are the invariants of some z € Us. In particular, the
denominators of modular equations do not vanish on V.

Lemma 6.6. There is a nonzero polynomial Py € L[Jy,...,Jy] of total degree
at most Cd(0) such that {Ps # 0} C Vj.

Proof. Let R be the the resultant of (F) and its derivative with respect to jp11.
It is a rational fraction in ji,...,j, of degree C. If R is well defined and does
not vanish at (j1,...,Jn), then the equation (E) has e distinct roots.
Similarly, there is a polynomial @ € L[Ji,..., J,11] such that every tuple
(J1,- -+, Jn+1) satisfying (F) and such that Q(j1, ..., jns1) 7 0 lies in the image
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of 8. Taking the resultant with (E) with respect to j,t1, we obtain a rational
fraction R'(j1,...,Jn) of degree C. If R’ is well defined and does not vanish at
J1s---yJn, then for every root j,y1 of (E), the tuple (j1,...,jn+1) lies in the
image of S.

Since U and U’ only depend on the setting, the conditions defining Us are
equivalent to asking that a certain modular form A on S of weight Cd(d) does
not vanish: this modular form is constructed as in §4.1. After increasing the
weight by a constant, we can find a modular form £ such that wt(\) = wt(&)
and the divisors of A and ¢ have no common codimension 1 components. By
Propositions 4.4 and 4.5, we can write

e—1

A , 2

€ = 2 Fulins s dndin
k=0

where the Ry are rational fractions such that deg Ry, < Cd(0) for every k.
Taking the resultant with (E) with respect to j,y1 yields a rational frac-
tion R”(j1,...,Jn) of degree still bounded by Cd(6). If R, R” are well de-
fined and do not vanish at (j1,...,Jn), then for every root j,i1 of (E), the

tuple (j1,...,Jn+1) comes from a point z € Us.
Therefore we can take Ps to be the product of all numerators and denomi-
nators of R, R’ and R”. O

Proposition 6.7. Let (j1,...,jn) € Vs, and let 1 <m <n+1. Then
h(W51m(j1, N 7]71)) S CQO d(é) (E(jl, N ,]n) + logé(é))

Proof. Let J be the set of roots of (E) at (ji,...,Jn), and let j,41 € J.
Let [z, g] be the point of S describing an abelian variety A with PEL struc-
ture whose invariants are (ji,...,jn+1). Then for every v € Ky/K,,, the
point [z, gyd] describes an abelian variety As which is related to A by an isogeny
of degree £(9), by Corollary 2.7. Therefore, by Corollary 6.4, we have

E(jlé([x,g]), e ijH,a([xag])) < C(E(jlv cosJnt1) 103((5))'

We now take a closer look at the formula in Definition 3.1. We see that ¥s ,,
is the evaluation of a multivariate polynomial in the variables j/,([z,g]) for
1<i<mand~ € Ky/K;. The number of variables is

di+dido+ - +di- - dm <md(0),
and each variable appears with degree 1. Therefore, by Proposition 5.10,
h(Wsm (1, -5 Jns1)) < md(6)log(2) +md(8) C(h(j1,. .-, jnr1) + log€(d))
< CAS) (A1, - - jnt1) +log £(8)).

In order to obtain W, (41, - . .,7n), we interpolate a polynomial of degree e — 1
in j,41 where J is the set of interpolation points. By Propositions 5.10 and 5.12,
we have

h(jnt1) < Ch(j1,---,Jn) for every jni1 € J.

Therefore, bluntly using the Lagrange interpolation formula is sufficient. O
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6.3 Heights of coefficients of modular equations

In this final subsection, we prove height bounds on modular equations using
Proposition 6.7 and the results on heights of fractions from §5.

Definition 6.8. We call an (n, N1, N2)-evaluation tree arooted tree with depth n,
arity N7 at depths 0,...,n — 2, and arity N2 at depth n — 1, such that every
vertex but the root is labeled by an element of Z and the sons of every vertex
are distinct.

Let T be an (n, N7, Na)-evaluation tree, and let 1 < k < n. The k-th

evaluation set T, (T) of T is the set of points (yi,...,yx) € Z* such that y;
is a son of the root, and y;41 is a son of y; for every 1 < ¢ < k — 1. We say
that T is bounded by M if every vertex is bounded by M in absolute value. We
say that T has amplitude (D1, D2) if for every vertex y of depth 0 <r <n —2
(resp. depth n — 1) in T, the sons of y lie in an integer interval of amplitude at
most Dq (resp. Ds).

Finally, let T be an (n, N1, Na)-evaluation tree, let a = (ai,...,a,) € Z",
and let F be a coefficient of s, for some 1 < m < n+ 1. Write F = P/Q
in irreducible form over L(Y3,...,Y,), and let d = deg(F); assume that d > 1.
We say that T and a are valid evaluation data for F if the following conditions
are satisfied:

1. T and a are bounded by some M such that
M > max{d*H log(d*H),6ddy},
where

H = max{3, log(2M), Cod(6)(log(M (M + 1)) +log((4)) }.

2. Nl = 2d and N2 Z 2M/3
3. T has amplitude (4d, M).
4. For every (y1,...,Yn) € Z,(T), the point

(jla---ajn) = (ylyn"'ala---aynflyn +an,1,yn+an)

belongs to V.

5. For every (y1,...,Yn—1) € Z,—1(T), the polynomials P and @ evaluated
at (1Y +a1,...,yn—1Y + an—1,Y + a,) are coprime in L[Y].

6. Qay,...,an,) #0.

Lemma 6.9. Let F be a coefficient of Vs, of degree d > 1. Then there exist
valid evaluation data (T, a) for F with M = Ca1(d(8)° + log? 0(6)).

Proof. According to Theorem 4.6, we have d < Cd(J). Provided that Cyy is
large enough, condition 1 in the definition above will be satisfied.
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Since @ is a nonzero polynomial, and has degree at most d in Y7, we can find
ay € Z such that |a;| < M and the polynomial Q(a1,Ys,...,Y,) is nonzero. Iter-
ating, we find @ = (a1, ...,a,) € Z™ bounded by M such that Q(aq,...,a,) #0.

We now build the evaluation tree T down from the root. Let Ps be an
equation for the complement of Vs as in Lemma 6.6, and define

Rs = Pé(}/lyn +ay,...,.Yp1Yn +an_1,Yn + an)
which is a nonzero polynomial of degree at most Cd(d). Finally, denote
R = RGS(P, Q)(Ylyn + Aty ... ,Ynflyn —+ Ap—1, Yn —+ an)

which is nonzero and has degree at most 2d?. Therefore we can find 2d values
for y1, bounded by Cd(§)?, and lying in an interval with amplitude at most 4d,
such that neither Rs nor R vanishes when evaluated at Y7 = y;. We iterate this
to construct 7" up to depth n—1 with the right arity, bound and amplitude, such
that the evaluations of Rs and R are nonzero at every (y1,...,Yn—1) € Zn—1(T).

Let (y1,...,Yn—1) € Zn—1(T). Then, as before, at most Cd(5)? values for y,,
are forbidden as they make either Rs or R vanish. Therefore it is easy to see that
we can complete the tree, perhaps at the cost of increasing C'91. Nonvanishing
of Rs and R guarantees conditions 4 and 5 respectively. O

We are now ready to prove part 1 of Theorem 1.1.

Theorem 6.10. Let F(j1,...,Jn) be a coefficient of some W5, in canonical
form. Then h(F) < Cd(5)log £(9).

Proof. By Lemma 6.9, we can find valid evaluation data (T, a) for F bounded
by M = C(d(6)" +log? £(6)). After scaling P and @), we can assume that in fact
Q(a1,...,an) =1. Let (y1,...,Yn—1) € Z,—1(T), and write

F(Y)=FY +a,...yn1Y +an_1,Y +ay).
For every son y,, of y,—1 in T', we have
h(y1yn + a1, Yn—1yn + an) < log((M +1)M).
Therefore by Proposition 6.7
h(F(yn)) < Cond(8)(log((M + 1)M) + log £(5)) = H.
By construction, the hypotheses of Theorem 1.2 are fulfilled, so

hF) <3H + Clog(dH) + 3dlog(2M)
< Cd(0)log £(9) by Lemma 2.8.
Moreover, the quotient

Py1Y +a1,...,yn-1Y +an—1,Y +an)
Q(yly + az,... 7yn—1Y + an—17Y + an)
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is a way to write F in irreducible form, and has a coefficient equal to 1. There-

fore h(F) is the affine height of the coefficients appearing in the quotient, so
h(P(len +at, .. Yn1Yn +an_1,Y, + an)) < Cd(d)log €(8)

for every (y1,...,Yn—1) € Zn—1(P), and the same is true for (). Since N7 > 2d,
we can now interpolate successively the variables y,_1,...,y1, using Proposi-
tion 5.16 at each vertex of the tree T'. Finally we obtain

h(F) < Cd(d)log £(9)

as claimed. O
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