Annika Umierski 
email: annika.umierski@uni-bielefeld.de
  
Kerstin Tiedemann 
  
Generalizing distributive structures in primary school

Keywords: Generalizing, distributive structures, resources, language

In the reported project, the focus is put on the process of generalizing distributive structures: How do primary school children use different communicative resources in order to express their generalizations? Thereby, the use and function of language is of particular importance. When analyzing the interview data, the central questions are: How does the interplay of different resources vary? What does that consequently mean for the level of generalization? In this paper, we present first results from a pilot study. They suggest, among other things, that language and manipulatives can fulfill quite contrasting functions when they are used in combination.

Introduction

"Generalization is the heartbeat of mathematics, and appears in many forms" (Mason, 1996, p. 65). According to [START_REF] Mason | Expressing generality and roots of algebra[END_REF], generalizing can be described as one of the basic skills in mathematics. The ability to notice a local commonality in patterns or terms and to distinguish between different aspects [START_REF] Radford | Algebraic thinking and the generalization of patterns: A semiotic perspective[END_REF] enables learners to generalize this across all terms. Then this identified generality can be used as a basis to develop strategies [START_REF] Lannin | Generalization and justification: The challenge of introducing algebraic reasoning through patterning activities[END_REF].

It becomes apparent that generalizing is not only important from a propaedeutic point of view, but is already important in primary school itself. In accordance with [START_REF] Lannin | Generalization and justification: The challenge of introducing algebraic reasoning through patterning activities[END_REF], in some contexts using a strategy means using a general rule, for example generalized distributive structures can be used to derive multiplication tasks. Therefore, instead of investigating generalizations of patterns, like it is commonly done, this study will focus on how primary school children generalize distributive structures. In primary school, different resources, such as images or mathematical signs, are available. Primary school children can use these resources for generalizing as well. Language as one resource stands out, because it enables students to detach from concrete objects and to make mathematical structures visible [START_REF] Radford | Gestures, speech, and the sprouting of signs: A semiotic-cultural approach to students' types of generalization[END_REF]. Moreover, if students can express complex structures in a more condensed way with language, it indicates a bigger availability of those structures [START_REF] Caspi | Spontaneous meta-arithmetic as a first step toward school algebra[END_REF]. Therefore, the way how structures are expressed with language can be used as an estimation of the level of generality [START_REF] Caspi | Spontaneous meta-arithmetic as a first step toward school algebra[END_REF]. This is whyconcerning generalization -language seems to be an important aspect. Hence, the interplay between language and other resources and its function and role are to be investigated in this study.

In this paper, at first generalizing is defined, the meaning of generalizing in context of distributive structures and the students usage of combinations of resources are outlined. According to the current theoretical framework, our research interest and results of the pilot study are presented.

Theoretical framework

Generalizing in mathematics

Generalizing as a process consists of multiple parts with different focuses. Hence, the term generalization is not used consistently. Nevertheless, most definitions refer to the ability of "seeing a generality through the particular" (Mason, 1996, p. 65). When generalizing, commonalities across different cases have to be identified and regularities have to be derived and extended to other cases [START_REF] Ellis | A taxonomy for categorizing generalizations: Generalizing actions and reflection generalizations[END_REF][START_REF] Fischer | Mehr als Umformen: Reichhaltige algebraische Denkhandlungen im Lernprozess sichtbar machen [More than transforming: Making rich algebraic thinking visible in the learning process[END_REF][START_REF] Harel | The general, the abstract and the generic in advanced mathematics[END_REF] The biggest difference between the definitions is the prioritization within the process of generalizing. While [START_REF] Harel | The general, the abstract and the generic in advanced mathematics[END_REF] emphasize that in generalizing the scope of a mathematical object is extended and transmitted, [START_REF] Fischer | Mehr als Umformen: Reichhaltige algebraische Denkhandlungen im Lernprozess sichtbar machen [More than transforming: Making rich algebraic thinking visible in the learning process[END_REF] highlight the understanding of commonalities in a general context. Furthermore, [START_REF] Ellis | A taxonomy for categorizing generalizations: Generalizing actions and reflection generalizations[END_REF] distinguishes between generalizing actions and reflections. On the contrary, [START_REF] Radford | Gestures, speech, and the sprouting of signs: A semiotic-cultural approach to students' types of generalization[END_REF][START_REF] Radford | Algebraic thinking and the generalization of patterns: A semiotic perspective[END_REF] distinguishes between the comprehension and the expression of a generality. The formal way in which generalizations are expressed is not overly important for Ellis, while it is crucial for Radford. Nonetheless, for both researchers the grasping of a general structure is the first step of generalizing. Average primary school children are not able to refer to algebraic language such as variables [START_REF] Britt | Algebraic thinking with and without algebraic representation: A pathway for algebraic thinking[END_REF]. This is why the focus on how primary school children expressing generalizations, becomes especially interesting.

Students can use different ways to express a generalization, for example gestures or colloquial means [START_REF] Radford | Gestures, speech, and the sprouting of signs: A semiotic-cultural approach to students' types of generalization[END_REF]. According to Radford (2003, p. 65) "language allowed the students to carve and give shape to an experience out of which new general objects emerged". Additional resources, like manipulatives, are available in primary schools. Usage of and switching between representations, which can be used as resources [START_REF] Greeno | Practicing representations: Learning with and about representational forms[END_REF], support the development of mathematical understanding [START_REF] Duval | A cognitive analysis of problems of comprehension in a of mathematics[END_REF]. The expressions themselves may differ in their degree of generality. In particular, the usage of language to express a generality can indicate the level of generality [START_REF] Caspi | Spontaneous meta-arithmetic as a first step toward school algebra[END_REF]. According to that, three levels can be claimed within the process of generalizing. At the first level, processual description, language is used to express and describe a calculation. The calculation is presented in the order of its execution. Generalizations at the second level, granular description, still include description of a process but also (linguistic) parts that transform procedural elements into an object, like 'the product of…'. This change from an operational conception (process) to a structural conception (object) is called reification [START_REF] Sfard | Thinking as communicating. Human development, the growth of discourses, and mathematizing[END_REF]. At the third level, objectificated description, all processes are reificated and students use them as fully fledged objects, for example 'if two products have a common divider, they can be combined into one fact'. General expressions "will now be used in alienated (depersonalized) descriptions of relations between objects" (Caspi & Sfard, 2012, p. 51).

While [START_REF] Radford | Gestures, speech, and the sprouting of signs: A semiotic-cultural approach to students' types of generalization[END_REF] emphasizes the importance of natural language, [START_REF] Caspi | Spontaneous meta-arithmetic as a first step toward school algebra[END_REF] focus on the meaning and level of generality of language and [START_REF] Duval | A cognitive analysis of problems of comprehension in a of mathematics[END_REF] classifies language as one of four equally important representations. With the help of these different perspectives on language, various expressions and the associated interplay of different resources and its consequences for generalization are to be investigated.

Generalizing distributive structures

It should be noted that many studies refer to the generalizations of pattern sequences [START_REF] Akinwumni | Zur Entwicklung von Variablenkonzepten beim Verallgemeinern mathematischer Muster[END_REF][START_REF] Blanton | Helping elementary teachers build mathematical generality into curriculum and instruction[END_REF]. However, Ellis, Lockwood, Moore, and Tillema (2017, p. 677) are correct to point out, that "there remains a need to understand how students construct generality in more varied and more advanced mathematical domains". Our interview study aims to investigate how primary school children express their generalizations of distributive structures. Since generalizing as a form of algebraic thinking represents a general capability, results from previous studies serve as a first empirical basis and should be compared with results of this study.

The skillful use of arithmetic laws supports students to develop strategies for solving arithmetic problems [START_REF] Lannin | Generalization and justification: The challenge of introducing algebraic reasoning through patterning activities[END_REF]. In order to be able to use arithmetic laws skillfully, students have to grasp structures in concrete tasks and generalize them. Only if general regularities are extended beyond a case [START_REF] Harel | The general, the abstract and the generic in advanced mathematics[END_REF], they can be related to other contexts and used to the student's advantage. According to [START_REF] Mason | Expressing generality and roots of algebra[END_REF], generalizing can be described as the identification of a general rule through particular tasks. This generalized rule in combination with fact based knowledge can serve as a strategic tool. Therefore, in the context of multiplication, generalizing means the recognition of the systematic construction of multiplication and the classification of separated facts in its construction.

In primary school, the distributive law is often implicitly used. Primary school children do not learn to automate multiplication task by learning the times table off by heart. Instead they learn to acquire an understanding of the multiplicative operation and to automate facts that are easier to remember in order to derive facts that are more difficult to remember [START_REF] Gaidoschik | Einmaleins verstehen, vernetzen, merken. Strategien gegen Lernschwierigkeiten[END_REF]. Students do not have to acquire and automate all 100 multiplication facts, merely the facts of the one, two, five and ten times tables. If students have insights into distributivity, they can systematically derive all further facts of multiplication [START_REF] Gaidoschik | Einmaleins verstehen, vernetzen, merken. Strategien gegen Lernschwierigkeiten[END_REF]. Therefore, individual cases do not always have to be treated as new phenomena but are assigned to a certain structure, so that the memory of students who automated a lot of structures is much less stressed [START_REF] Fischer | Mehr als Umformen: Reichhaltige algebraische Denkhandlungen im Lernprozess sichtbar machen [More than transforming: Making rich algebraic thinking visible in the learning process[END_REF]. In summary, from this perspective the use of deriving strategies includes a form of generalization of distributive structures.

Expressing generalizations: Language and other used resources

According to Radford similarities and differences of structures are grasped and expressed through and with linguistic expressions (2003,2006). Language is particularly suitable in this process, because it turns experience into knowledge [START_REF] Halliday | Towards a language-based theory of learning[END_REF]. "With […] speech, words become signs capable of being used with a certain autonomy regarding the objects they denote" (Radford, 2003, p. 63). Since generalizing means to abstract from the particular to the general [START_REF] Mason | Expressing generality and roots of algebra[END_REF], language is particular suitable as a resource. Therefore, it is assumed that regardless of its level or function, language takes part in expressing generality.

However, language is assumed to be especially challenging for some students [START_REF] Fetzer | The interplay of language and objects in the mathematics classroom[END_REF] and in primary school students use other resources, such as manipulatives, in addition to language to acquire and communicate mathematical understanding. Therefore, instructions "should include how students use the situation, the everyday register, and their first language as resources as well as how they make comparisons […] and use mathematical representations" (Moschkovich, 2002, p. 208). In this study, the term resource refers to all representations, such as language or manipulatives, which students can use in order to express generalizations. Figure 1 provides an overview of these possibly used resources. The structure of the figure is based on the distinction between different representations (e.g., [START_REF] Duval | A cognitive analysis of problems of comprehension in a of mathematics[END_REF] and the assumption that language always plays a role in generalization. Therefore, a distinction is made between three different types of combinations of representation language and mathematical signs, language and actions and language and images and the representation language. These (combinations of) representations are available resources that can potentially be used for generalizing. In previous studies, particular resources are identified as appropriate for the process of generalizing [START_REF] Akinwumni | Zur Entwicklung von Variablenkonzepten beim Verallgemeinern mathematischer Muster[END_REF][START_REF] Britt | Algebraic thinking with and without algebraic representation: A pathway for algebraic thinking[END_REF] are consequently relevant for our study, too. These resources have been assigned to the combinations of representations (Figure 1).

As figure 1 shows, it is assumed that resources are not used separately but mutually in relation to each other. Language can have different functions within these combinations. While the use of language in form of word-variables can refer to grasped structures, reificated objects as Sfard (2008) calls them, language can serve to describe generalized numbers [START_REF] Akinwumni | Zur Entwicklung von Variablenkonzepten beim Verallgemeinern mathematischer Muster[END_REF], relations and other resources as well. In conclusion, language has a functional character for all available resources and the interplay within the combinations can vary according to the individual use. Moreover, the switch between two or more combinations of representations, like language and actions and language and mathematical signs is possible as well. According to [START_REF] Duval | A cognitive analysis of problems of comprehension in a of mathematics[END_REF], the process of switching between different representations reveals whether a given mathematical structure has been understood. Thus, generalizing can be understood as a form of understanding: A child that is expressing a given structure in two different representations, in this context two different combinations of representations, is generalizing this particular structure. Moreover, "forms of representations are tools that students can learn to use as resources in thinking and communicating" (Greeno & Hall, 1997, p. 362). Therefore, various resources should be made available for primary school children should be used.

Research interest

According to the theoretical assumptions, we are looking for answers to the following questions: (How) do children use language in order to generalize distributive structures? And can language, as a consequence, be regarded as the essential resource for the purpose of expressing generality? Correspondingly, we want to learn more about language and other used resources of the children while generalizing distributive structures. This focus touches two aspects, the interplay within the combinations of resources on an interactional level and the switch between different combinations The interview is conducted with second-and third-grade students of different primary schools. One of the schools is supposed to be a language school, a school for children with language disorders. These two types are chosen because, on the one hand, the difference between children with and without language disorders should be emphasized. On the other hand, the difficulties of children with language disorders may point to general aspects of the relation between language and generalizing.

In order to reconstruct the processes of generalizing distributive structures, we transcribe the recorded interviews and subsequently use the analysis of interaction [START_REF] Cobb | Introduction: The coordination of psychological and sociological perspectives in mathematics education[END_REF]. This method serves to reconstruct the processes of negotiation between the child and the interviewer and reveals the content-related ideas which emerge in the interaction. This allows us to determine levels of generalization [START_REF] Caspi | Spontaneous meta-arithmetic as a first step toward school algebra[END_REF] with a special focus on the interplay of resources.

First results

To give an impression of the results from our pilot study, some illustrative examples are presented in the following. In May 2018, six second-grade students of a primary school for children with language disorders, were interviewed. Reference was made only to the combination of action (blocks) and language. First results indicate that depending on the type of task (two multiplication facts can be linked distributively or not), students generalize on different levels. According to [START_REF] Caspi | Spontaneous meta-arithmetic as a first step toward school algebra[END_REF] generalizing is distinguished regarding to the level of generality. In tasks of the first type students used language to generalize in form of chronological description, for example: "first there was 3x3, then 2x3 was added and then it is 5x3". Relating to [START_REF] Caspi | Spontaneous meta-arithmetic as a first step toward school algebra[END_REF], these descriptions comply with the first level processual description. On contrary during completion of the second type of task, students used vocabulary like "here is always one more" or "because now this has two and this has two, too". These terms correspond to the second level granular description. Parts of their generalizations such as the "two" are objectified, as it stands for the second times table and hereby for the general distributive structure. In conclusion, the two types of tasks could be used to induce various level of generality when generalizing distributive structures.

Further results can be seen when generalizing is distinguished regarding to its expressions (following [START_REF] Radford | Gestures, speech, and the sprouting of signs: A semiotic-cultural approach to students' types of generalization[END_REF][START_REF] Radford | Algebraic thinking and the generalization of patterns: A semiotic perspective[END_REF]. According to the theoretical framework of resources, the interplay of resources have been analyzed. The participating children with language disorders used the offered manipulative combined with language. Their generalizations were quite often grammatically incomplete and incorrect. In addition, they tended to use gestures and linguistic references, such as pronouns like "it does not fit, here (1x4-block), to that (2x3-block) two more". In this example, the student compensated missing language with the help of provided material and used place deictic words. According to [START_REF] Fetzer | The interplay of language and objects in the mathematics classroom[END_REF], manipulatives are used to relief language. Thus, the scope how to interpret the expression extents. At this point it is assumed that the manipulatives function as generic example, because the example is used to explain conditions of a general structure [START_REF] Harel | The general, the abstract and the generic in advanced mathematics[END_REF]. The function of language is to emphasize the aspect that is being referred to. Similar interviews were conducted at another primary school with no particular specialization on children with language disorders. These students used considerably more nouns, conditional sentences, and explained their processes in a more detailed way. The example "this stone (single cube of 1x4-block) must go, then we would have 3x3" shows a combination of manipulative and language as well, but the manipulative does not relief language. Language is used to structure the process and to construct an example, which includes parts of a generic example, such as the use of a conditional statement. The use of language makes it possible to construct relations that are not visible. Nevertheless, the description is close to the concrete example, like "must go". Because of this, the utterance is interpreted as an example with the potential to be generalized.

The comparison between both participating student groups indicate a difference in expressing generalizations of distributive structures. Both examples refer to the same mathematical content and in both cases a granular description [START_REF] Caspi | Spontaneous meta-arithmetic as a first step toward school algebra[END_REF] is given. Both children describe a process combined with facts (2x3, 3x3), which are used as reificated objects [START_REF] Sfard | Thinking as communicating. Human development, the growth of discourses, and mathematizing[END_REF]. Furthermore, the same resources are involved. However, the interplay within the combination of the resources language and manipulative differs. Two different types of resource interplay in the process of generalizing have been identified. While in the first example the manipulative enriches the linguistic expression, linguistic expressions enrich the manipulative in the second example. Consequently, we can see that children express comparable generalizations by using resources differently.

Outlook

These first results indicate different functions of language in the process of generalizing. According to the interplay of resources, it further will be analyzed how the other resources (images and mathematical signs) interplay with language. To figure out how language and the other resources interplay in detail and its consequences for generalizations is one of the main goals of the further research project. In addition, the objective of the study is to analyze how an interviewer or another child interprets expressions within an interaction. Both examples provide potential that can be identified as generalization. Regarding to the two different types of resource interplay, it will be worked out how expressions will be grasped and how the types influence the generalization of distributive structures. In addition to the resources, it will be investigated, how and if the consequences through the two types of tasks can be confirmed and which conclusions arise regarding generalizing. The analysis of the pilot study also shows that new impulses must be developed to facilitate generalization. For example, we should no longer talk about concrete facts, but about a rule.
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Research design

Our study is designed as an interview study. In order to pursue the research interest, the interview questions and tasks are in accordance with the classification (see Figure 1) of the interplay within and between the combinations of resources. It refers to the assumption that language always takes a part and its function is determined in relation to other resources.

Based on a guideline, children are asked to decide whether they can identify a distributive structure in different resources. In this paper, the use of one resource, the multiplication blocks, is presented as an example. Those blocks are manipulatives like given blocks that are composed of different amounts of cubes (see Figure 2). These blocks are fixed, glued together wooden cubes, which cannot be attached but laid against each other.

Therefore, the interviews are designed according to the different resources. In addition, the interview differentiates between the two "directions" of the distributive law: One interview part focuses on decomposing one multiplication fact and the other interview part focuses on combining two multiplication facts. Within the part of combining, two different types of tasks serve as basis. In the first type of task, two multiplication facts may be combined to one multiplication fact, e.g. 2x3 + 3x3 = 5x3. In the second type of task two multiplication facts cannot be combined to one multiplication fact, e.g. 2x3 and 1x4. Table 1 illustrates an extract of the second type of task of the pilot study guideline. In order to emphasize the relation to the mathematical context of the distributive law, a section of the interview talks about concrete facts in the form of mathematical symbols. The relation to mathematics is also established by naming the blocks according to their respective facts.

Resource

Questions Research interest

2x3-block 1x4-block 2x4-block

• Can you combine these two facts to one fact?

•Why yes or no?

• And what about this fact? Why can I now combine two facts?

• What aspects are the learners focusing on?

• How and with which resources do they generalize? How do these interplay?

• Does the generalization change?

• How do they talk about the new situation?