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This study aims at analysing the impact of group interaction on the construction of learners' mathematical discourse on generalization in the classroom. Comparative and inductive analysis were applied to examine five group discussions with learners aged 15 and 16 involved in problem solving. I report the analyses of two segments of group discussion to illustrate how certain forms of interaction influence the production of mathematical language and the construction of discourses on generalization of patterns. Results show the positive effect of social interaction by minimizing the ambiguity of the language, connecting different linguistic expressions of a mathematical object and identifying the variables to construct a symbolic generalization.

Introduction

In [START_REF] Planas | The productive role of interaction: students' algebraic thinking in whole group discussion[END_REF], we reported the analysis of learning opportunities around the construction of algebraic thinking in the context of classroom group discussion. In that report, we established the bases for the study of the impact of social interaction on students' mathematical learning in a middle school classroom. On this occasion, I present the analysis of group discussion of another lesson of the same data corpus, with the purpose of arguing the impact of certain forms of interaction on the development of the language of mathematics in class. The mediation role of social interaction on classroom mathematical learning is key to social theories [START_REF] Planas | One speaker, two languages: Learning opportunities in the mathematics classroom[END_REF][START_REF] Planas | Language as resource: A key notion for understanding the complexity of mathematics learning[END_REF], but it is still necessary to expand and refine arguments about how this mediation occurs and with what effects for tasks focused on specific mathematical topics. Data, results and reflections in this report respond to the goal of identifying the impact of certain forms of interaction on the production of mathematical language and the construction of discourses on generalization processes.

In what follows I briefly present my theoretical views of social interaction, mathematical learning and discourse on generalization. Then I introduce the orientation of the methods applied in the research. From here, I comment on two lesson episodes to illustrate how certain forms of interaction influence students' mathematical discourses on generalization with specific implications for the development of languages of mathematics. I end with reflections on the relationship between social interaction and students' mathematical discourses on generalization.

Social interaction, mathematical learning and discourses on generalization

Within the social theories of learning, I draw on the tradition of symbolic interactionism and socioconstructivism in mathematics education research [START_REF] Krummheuer | The ethnography of argumentation[END_REF]. Here social interaction is seen as a process in which individual actions are influenced by the interpretation of, and reaction to, the system of actions taking place in a setting. Specifically, my study is based on the tradition of micro-analyzing classroom discourses by interpreting empirical data in terms of participants' actions. The focus is on actions aimed at communicating and negotiating mathematical meanings articulated in, and for the production of, mathematical discourse on generalization. A collective action is generated by linking participants' actions and depends on the individual meanings constructed in the interpretation process of the interaction [START_REF] Blumer | Symbolic interactionism: Perspective and method[END_REF]. If we add the vision of learning as recognition and use of meanings assignable to a discourse, we can say that while collective construction of the language of mathematics is produced, the bases for the individual mathematical learning of the participants in the interaction are established [START_REF] Morgan | Word, definitions and concepts in discourses of mathematics, teaching and learning[END_REF]. Accordingly, mathematical learning results from social interaction in contexts of use of the language of mathematics and the meanings associated with the appropriation of the school culture. From this perspective, I understand the notion of discourse as language in use with meanings depending on the context in which it occurs [START_REF] Planas | Language as resource: A key notion for understanding the complexity of mathematics learning[END_REF]. Then, the conception of mathematical learning can be refined, seeing it as the recognition and use of meanings of a discourse by participating in it.

Mathematical learning understood as the development of the language of mathematics in a school culture requires the modification of student's discourse in those aspects that are far from the formality of the school mathematical discourse. [START_REF] Drouhard | Symbols and language[END_REF] claim that clear ordinary languages are a basic resource to facilitate the understanding of algebraic symbolism and syntax in problem-solving environments. The interpretive nature of assigning meaning to algebraic symbols and syntax requires substantial experiences with meaning-making activities around letters, words, and syntactic structures in ordinary school languages used to represent and discuss the problem to be solved [START_REF] Planas | The productive role of interaction: students' algebraic thinking in whole group discussion[END_REF]. Difficulties in the recognition, understanding and symbolic representation of variables and their functional relationship endure over time for lower, upper secondary and university students [START_REF] Ursini | ¿Mejora la comprensión del concepto de variable cuando los estudiantes cursan matemáticas avanzadas?[END_REF]. Sorales and [START_REF] Solares | Articulating syntactic and numeric perspectives on equivalence: The case of rational expressions[END_REF] recommend classroom activities that allow connecting and developing syntactic and semantic levels to achieve a rich understanding of algebra. The problem-solving approach of generalization of patterns adopted in this research helps to develop both levels since it facilitates meanings for symbols from a functional perspective [START_REF] Carraher | Early algebra and algebraic reasoning[END_REF].

As [START_REF] Radford | Layers of generality and types of generalization in pattern activities[END_REF] claims, not all patterning activity leads to algebraic thinking in the same way as using symbolic language to express a pattern does not imply generalization reasoning. This is the case of inductive reasoning, frequently used by students, even if the inductive process can be expressed using symbolic language. Accordingly, I distinguish between inductive discourse originated by guessing strategies and generalization discourse that requires seeing something general in the particular. Moreover, algebraic generalization of patterns requires the use of symbols to reason about and to express a generalization [START_REF] Kieran | A perspective on algebraic thinking[END_REF]). If we see generalization of patterns as a route to algebra, there are different degrees of generalization (arithmetic, factual, contextual and symbolic) depending on the material form used to reason and to express the general [START_REF] Radford | Layers of generality and types of generalization in pattern activities[END_REF]. While an arithmetic generalization is based on "a local commonality observed in some figures, without being able to use this information to provide an expression of whatever term of the sequence" (Radford, 2010, p. 47), factual, contextual and symbolic generalization depend on the way a general rule is expressed, namely, using gestures and movements (factual), linguistic expressions (contextual) or algebraic language (symbolic).

Research context and methods

A sequence of five lessons with five problems involving generalization of patterns was designed to facilitate algebraic thinking in a mathematics classroom with eight students aged 15 and 16. For each lesson, the teacher presented a problem and then the students discussed it in pairs while the teacher walked around the room. For the last thirty minutes, students were asked to discuss their approaches in a group and to examine and compare resolution strategies. The teacher acted as a facilitator of students' interactions. The students were used to pair work and group discussion. They were also used to problem-solving dynamics, to listening to each other, and to communicating their mathematical ideas. The problems included imaginable contexts outside mathematics and drawings of the first terms of a sequence. The questions were structured considering algebraic thinking: 1) concrete, considering small quantities; 2) semi-concrete, considering big quantities; and 3) abstract, using symbols [START_REF] Carraher | Early algebra and algebraic reasoning[END_REF]. Within the 5-problems sequence, the difficulty of a problem was also controlled by omitting the semi-concrete question and introducing a question that requires understanding of symbolic expressions as objects that can be manipulated (see Figure 1). Data collection consisted of audio and video recordings of lessons. We began by transforming audio and video files into transcripts. First, I explored data of pair work and constructed a narrative detailing some aspects of students' interaction and generalization processes [START_REF] Chico | Interpretación de indicadores discursivos en situaciones de aprendizaje matemático en pareja[END_REF] to better understand the mathematical activity in group discussion. Regarding group discussion data, I began a process of comparative and inductive analysis [START_REF] Glaser | The constant comparative method of qualitative analysis[END_REF] to elaborate interactional codes. These codes mark students' actions informing about the continuation of mathematical content initiated in prior turns. In the interpretative process of codifying social interactions, two criteria were followed: i) attending to the closest context of interaction by differentiating the interaction between peers of a pair, ii) giving priority to the function of the language in relation to the mathematical content rather than to the linguistic form (see more detail in [START_REF] Chico | Impacto de la interacción en grupo en la construcción de argumentación colectiva en clase de matemáticas[END_REF]. The interactional codes discussed in this report are: Initiating (new approach to the resolution), Co-Initiating (new approach to the resolution in pairs), Co-Reflection (on a resolution in pairs). To segment the transcript into episodes, I looked for changes in students' discourse on generalization, distinguishing between inductive discourse and arithmetic, factual, contextual or symbolic generalization discourses [START_REF] Radford | Layers of generality and types of generalization in pattern activities[END_REF]. The transcript of each episode was examined to complete the interactional codes with mathematical actions. From a linguistic perspective, I focused on mathematical actions that have an effect on the language used such as word refinement, word (symbol)-meaning clarification, pattern linguistic (symbolic) expression or variable linguistic (symbolic) expression. At this point I had episodes characterized with interactional codes and mathematical actions. It took time to search for relationships between interactional codes and mathematical actions and regularities among the episodes. According to my goals, I looked for regularities of mathematical actions involved in a particular type of interaction. It gives information about the impact of social interaction on the production of mathematical language. Then, I looked for regularities in the combination of certain forms of interaction involved in changes in students' discourses on generalization. Hereunder, I present two episodes that represent what happened at different moments of the group discussions throughout the sessions.

From inductive to symbolic generalization discourse

In the excerpt below, students discuss solutions for the second question of the problem in Figure 1. The interactional codes in this excerpt are Initiating, Co-Initiating and Co-Reflection. Initiating [1] and Co-Initiating [2-9] refer to the introduction of a resolution in the group discussion but while the first code is an individual action the second code refers to consecutive actions articulated by the peers of a pair to explain a new resolution. This is also the case of Co-Reflection [10-13], which indicates a reflection produced in and by pair interaction during group discussion.

1 Irene:

We have used a rule of three, if for one row there are eight pine trees, for n there will be x orange trees. Oh! What a mess! x pine trees. 2 Gabriel: We have found directly that if we multiply eight times the number of rows it gives us the number of fir trees. 3 Jose:

Of pine trees. 4 Gabriel: That's it. Of pine trees. First we have seen this observing the first and the second case. And then we have seen why. 5 Jose:

Yes. Later we have seen why. We have seen that multiplying times two the number of rows, we have the number of pine trees that make a side of the square, this one. But not one. We already count one as being from the other. 6 Gabriel: The one on the corner. 7 Jose:

Minus the one on the corner that we already count for the other side. Then, if it has three rows, three times two are six, so that here there are six pine trees, here six more, here six more, and here another six. Therefore, the number of rows times two gives you the number on one side and then you multiply times four that are the sides of the square. 8 Gabriel: Then if you multiply 2n times four it gives you 8n, which is the x. 9 Jose:

That it is what we had seen before and we did not know why. 10 Óscar:

It is more direct, is the developed formula. 11 Irene:

It is like a simplification of ours if you do it. 12 Óscar:

Ok… Theirs is thoughtful, we have been trying. 13 Irene: This is true. Theirs has a reason to be. Ours just worked.

The excerpt starts when Irene introduces the algebraic expression [1/8 = n/x] based on inductive reasoning co-constructed with Óscar during pair work. Gabriel reacts by exposing a generalization based on multiplicative reasoning co-constructed with Jose during pair time [2]. Jose interrupts Gabriel to suggest the use of the word "pines"-written on the wording problem-instead of "first" [3] and Gabriel accepts the suggestion [4]. Later, Gabriel points out the meaning of "one", the one on the corner [6], that Jose validates by including this linguistic expression in his explanation [7]. Gabriel's first explanation is based on the linguistic expression of the general rule x=8n, expressing the letters by referring to their meaning in the context [2]. Then Jose explains the counting strategy underlying the general rule as a commonality that can be applied in all terms of the sequence [5]. To name the variables, both students use the expressions "the number of rows" and "the number of pines", that is, linguistic generic expressions that can be applied in whatever term you may want to consider [2,5]. Jose continues his own explanation of the counting strategy, making gestures on the pattern drawing to show how the general rule works in a particular term of the sequence. Gabriel follows-up by expressing the counting strategy and the final general rule using symbolic language [8]. In short, Jose and Gabriel share the responsibility of constructing a comprehensible discourse about a symbolic generalization that they have negotiated. The communication between them helps to make more explicit the language used and to connect linguistic expressions with different degrees of formality of the same generalization.

By the end of the excerpt, the direct communication between Irene and Óscar produce co-reflection on their discourse on generalization. First, they recognize the equivalence between the two symbolic expressions of the general rule, appreciating the syntactic simplification of the symbolic expression constructed by . Then, they reflect on their discourse as opposed to Gabriel and Jose's [12][13]. Although both pairs find and explain a general rule to solve the problem and use symbolic language to represent it, the heuristics of their discourse on generalization are different. Irene and Óscar's discourse is based on an inductive reasoning and using a trial and error strategy, they propose to apply a rule of three in a few particular cases.

Gabriel and Jose's discourse points out what seems to be general in the common features of the given drawings. Irene and Óscar value the generalization discourse over the inductive because the generalization is "thoughtful" or "has a reason to be" and the inductive "just worked" by "trying" [12][13]. This suggests a qualitative modification of Irene and Óscar's discourse on the meaning of generalization mediated by the discourse constructed in the interaction between Jose and Gabriel.

From arithmetic to symbolic generalization discourse

In the second excerpt the conversation is focused on another resolution to the second question of the problem in Figure 1. Cristina and Maria co-initiate the discussion by taking turns speaking to construct a generalization developed together during pair work [14][15][16][17][18]. Maria explains the meaning of the linguistic expression "the result" used by Cristina in the previous intervention [15][16]. This student validates and tests in case 5 what was said by Maria, who also incorporates the mathematical information given by Cristina [15]. Finally, Cristina synthesizes and orders the mathematical information of the previous turns to explain a counting strategy that depends on visual perception and does not contemplate the functional relationship between variables [18]. Thus, the interaction between these two students has a positive effect on the cohesion of the discourse that makes Cristina's explanation more comprehensible. The introduction of this approach in group discussion and the implicit request for help by Cristina [18] focus the subsequent conversation on the representation of this generalization in a symbolic language. This action was coded as Requesting. This code is a key and repeated action that refers to the demand for clarification or help regarding an exposed mathematical reasoning. Gabriel and Irene request clarifications that lead to connecting the perceptual dependence of the counting strategy with the lack of references to the independent variable in the context [21][22]. Cristina implicitly asks for help in [23] and Irene identifies the independent variable [24], which is crucial to represent Cristina's resolution in a symbolic language. Irene connects the linguistic expression of the variable, "the rows", with the symbolic expression, n. Right with the rows, it is 2n. 26 Maria: Then it will be 2n. No! 2n plus one, we multiply all times four and then we subtract the four vertices. 27 Cristina: And that is the number of pine trees, right? That is what we weren't able to do.

We didn't find the relationship which holds, we have been trying, but we haven't found it. 28 Maria: Because this was the number of rows, not the number of orange trees… We haven't done it with the number of rows. 29 Cristina: Right, because of that we didn't find that those 11 were the 2n plus one.

The excerpt finishes with co-reflection between Cristina and Maria on their discourse [26-29]. Cristina's initial discourse points to what is general in the particular. It can be said that it is a discourse about generalizing in the mathematics classroom, but not so much about generalizing algebraically. The development of algebraic thinking through the generalization of patterns implies representing the general case through the language of algebra in order to be able to later use a symbolic expression as a structural object [START_REF] Kieran | A perspective on algebraic thinking[END_REF]). This step is not trivial and involves identifying and representing variables symbolically as well as thinking about algebraic generalization as a functional relationship. The modification of Cristina and Maria's discourse lies not only in the use of symbolic language to express a pattern, but in the recognition of the need to identify which are the variables to represent a functional relationship.

Discussion

I have shown changes in students' mathematical languages along with the interactions involved in co-construction of processes of generalization. Results indicate that some forms of interaction have a special impact on the development of languages of mathematics and students' mathematical discourse on generalization. This is the case of Co-Initiating. The direct communication between students who were involved in the co-construction of a resolution have a positive effect on the explicitness of the students' language used and the cohesion of the discourse on generalization constructed. Peers of a pair share the responsibility to produce a comprehensible discourse to explain a resolution to the rest of the group. Students respond to, and build upon, the peer mathematical contributions in some appropriate way according to the classroom culture. Linguistic expressions with different degrees of formality to represent the same mathematical object are connected in the discourse co-produced by a pair in the group discussion. This fact mediates in discourse changes on generalization of other students as it was argued in the first except. Requesting is also crucial to achieve changes in discourses on generalization. In the second excerpt, the identification along with the linguistic and symbolic expressions of the independent variable is influenced by Requesting and helps Maria and Cristina to move from arithmetic generalization to symbolic generalization discourse. These qualitative changes on generalization discourses are reflected again in the communication between students who were working together during pair time after they confront other discourses. Although these conversations have a private nature and are addressed to specific interlocutors, they are publicly produced and constitute a learning opportunity for the whole group. Under the assumption that the form of the students' participation in the classroom is determinant to mathematical learning, the role of the pair in the group has an important impact in the production of school mathematical languages used to construct discourses on generalization. Restructuring and connecting mathematical meanings in the group discussion represents a learning opportunity for all participants who, regardless of their participation in the construction of the certain discourse, are potential receivers of the mathematical information and are susceptible to experience conceptual changes on generalization.
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 1 Figure 1: Example of one of the problems in the study

  Then Jose refers to the algebraic expression 2n used in his resolution to represent the pine trees on one side minus one (see the previous excerpt)[25]. Although he does not explain the meaning of 2n in the context of the problem, Maria represents the counting strategy in a symbolic language[26].14 Cristina: I said, if you multiplied… you subtracted four from the result, the ones on the corners… I don't know… 15 Maria: You count one more in each side, the one on the corner. If there are four sides, four vertices… 16 Cristina: That is it! Four times eleven… adding the two corners in each side… 17 Maria: You add all and then subtract four, the ones on the corners. 18 Cristina: What you do is, from every side you count how many pine trees there are with the two corners. Then you multiply by four and then you must subtract four because you have counted the corners twice. But I am not able to write it down.

	19 Óscar:	Like in a formula?
	20 Cristina: Yes.
	21 Gabriel: But the number of sides, I mean, the number of pine trees, you cannot know it,
		right?
	22 Irene:	That's right, how could you know the number of pine trees if you do not have a
		drawing of it?
	23 Cristina: But you guys knew it, right?
	24 Irene:	Sure! With the rows. The n.
	25 Jose:	
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