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Most pre-service teachers (PSTs) are familiar with the algorithm for addition of fractions. The work for teacher education is to help PSTs to "unpack" the algorithm in order to gain breadth and depth in their understanding. In this paper, we investigate which representations PSTs prefer to use when asked to visualize and explain addition of fractions on a national exam in Norway. We discuss in which ways they demonstrate why and how the standard algorithm works. Our analysis shows that the PSTs prefer to illustrate the sum of two fractions using the sub-construct part-whole in a rectangle shaped area model.

Introduction

There is a widespread agreement that teachers need a certain understanding of mathematics in order to explain not only how, but also why different approaches work. Therefore, in teacher education by focusing on different methods of representation in the learning of mathematics topics, PSTs will be better able to analyse and understand their pupils' mathematical thinking and thereby be able to provide the best possible support and help in their teaching [START_REF] Ma | Knowing and Teaching Elementary Mathematics[END_REF][START_REF] Lovin | Pre-K-8 prospective teachers' understanding of fractions: An extension of fractions schemes and operations research[END_REF]. Through a national exam, PSTs at all of Norway's teacher education institutions are tested to find out whether they possess such knowledge, for example of fractions.

We will investigate which methods Norwegian PSTs undertaking the national exam, choose to use when asked to illustrate and explain addition of fraction to pupils in school. Our research questions are: Which representations do the PSTs prefer to use? In which ways do they demonstrate why and how the algorithm works?

Research background and theoretical underpinnings

There is broad agreement that many pupils find the concept of fractions and calculations with fractions problematic. "Fractions are without doubt the most problematic area in mathematics education". (Streefland, 1991, p. 6). One reason for this could be the great conceptual leap from whole numbers to fractions [START_REF] Ni | Teaching and Learning Fractions and Rational Numbers: The Origins and Implications of Whole Number Bias[END_REF][START_REF] Lamon | Teaching fractions and ratios for understanding. Essential Content Knowledge and Instructional Strategies for Teachers[END_REF]. Another reason may be the introduction of algorithms without understanding [START_REF] Mack | Learning fractions with understanding. The case of informal knowledge[END_REF], or too little variation in forms of representation (Sowder, 1998). A third reason for pupils' difficulties could be the complexity of the concept of fractions.

Fractions can be interpreted in different ways. In conceptual terms, fractions can be seen as both the ratio between two whole numbers and as one number. [START_REF] Behr | Rational number concepts[END_REF] describe five sub-constructs: part-whole, ratio, quotient, operator and measure. A too narrow focus on only one sub-construct of fractions can lead to inadequate understanding [START_REF] Behr | Rational number concepts[END_REF]. Although fractions as a part-whole seems more concrete than, for example, fractions as a measure, this subconstruct has its limitations, particularly when the fraction is greater than one [START_REF] Mack | Learning fractions with understanding. The case of informal knowledge[END_REF].

It is possible to use individual forms of representation or a combination of several. When teachers present fractions to their pupils, it is important that they are aware of the strengths of different representations and how they can work together to reinforce each other. [START_REF] Lesh | Representations and Translations among Representations in Mathematics Learning and Problem Solving[END_REF] propose five different forms of representation: manipulative models, static pictures, real scripts, spoken language and written symbols. These forms of representations apply to all sub-constructs of the fraction concept. A single focus on the sub-construct part-whole can lead teachers to use solely representations such as rectangles, circle sectors or other variants of area models. From naming fractions as parts of areas to identifying fractions as points on the number line is a significant turning point for pupils. They have to understand that, on the number line, the whole is defined as the interval from 0 to 1 [START_REF] Ball | Uncovering the special mathematical work of teaching[END_REF]. [START_REF] Freudenthal | Mathematics as an educational task[END_REF] describes the number line as "the most valuable tool (…) it can be an excellent means of visualizing the four main arithmetical operations".

How teachers choose to teach can vary greatly from teacher to teacher. [START_REF] Ma | Knowing and Teaching Elementary Mathematics[END_REF] states that it is important for teachers to have what she describes as a "profound understanding of fundamental mathematics (PUFM)". A teacher with PUFM can present different and varied approaches to a solution, in addition to seeing the advantages and disadvantages of the approaches and is able to offer different explanations to the pupils, focusing on basic concepts and principles of mathematics, and demonstrating horizontal knowledge. A teacher with such qualities shows understanding and sees connections in mathematics in a thorough manner, which can result in greater understanding both in breadth and in depth for the pupils.

In the article "Toward a theory of proficiency in teaching mathematics", [START_REF] Schoenfeld | Toward a theory of proficiency in teaching mathematics[END_REF] present a provisional framework for proficiency in the profession, where "Knowing school mathematics in depth and breadth" is the first category. Breadth refers to teachers being able to provide multiple ways of conceptualising relevant subject matter knowledge, knowing varied forms of representation, understanding key aspects of the different topics and seeing connections with other topics at the same level. Depth refers to knowledge about the basis for and further development of the curriculum in the subject and knowledge of how mathematical ideas are conceptually developed.

Method

We have collected our material from 114 PSTs' answers on the national exam in fractions in spring 2017. The exam is compulsory and is held by all institutions during the semester in which the primary and lower secondary teacher education programmes have fractions on their course plan. The exam consists of 20 tasks, we have focused on one of the tasks.

The exam question we have analysed: Draw an illustration with an explanation that can be used in primary and lower secondary schools to show the solution to the problem .

It is important that the examiners grade the papers as similarly as possible. For this reason, a team of examiners from different institutions was established. They made grading guidelines pointing out which answers should give two, one or zero points:

To be awarded two points, the candidate must include an illustration with a good explanation either by using fractions or by converting to decimal numbers and arrive at the correct solution. If the answer is greater than 1, it is most appropriate to use a length/number line model, but other models for fractions can also be used. To be awarded one point, the candidate must find the correct solution to the problem but provide an illustration or explanation with shortcomings. Answers that only include algorithmic calculations are awarded zero points. (Our translation) (NOKUT, 2017).

Additionally, all answers were graded by two examiners chosen by the Norwegian Agency for Quality Assurance in Education (NOKUT).

We have analysed 114 answers, which constitutes approximately 10% of all the answers in the exam. The answers are anonymised with respect to both the PSTs identity and what institution they are affiliated to. This was done before the answers were coded. The 114 answers are therefore randomly selected and can be said to represent primary and lower secondary PSTs in Norway.

We coded the answers in two rounds (shown in Table 1 and2). The codes were entered in SPSS together with the points awarded by the examiners and analysed. We were both involved in grading the submissions in the national exam. Experience from this work, combined with the grading guidelines and Lesh et al.'s (1987) five different forms of representation formed the basis for our initial codes (Table 1). In the first round of coding, we used three different codes for the models: Area model rectangle, area model sector and number line. The code "good explanations of transition to a common denominator" is used for a written text that explains the transition to the common denominator by combining the static picture of the models with the calculation. The initial coding revealed a need for a more detailed coding of the methods of explanation, particularly the use of illustrations, language and how they worked together. In the second round of coding, we therefore reviewed all answers that had been awarded one or two points (Table 2).

Results and analysis

We started the analysis by looking at all the 114 answers. Of these, 65 candidates were awarded two points by the sensor team from NOKUT, 34 were awarded one point and 15 got zero points. The answers that were awarded zero points contained purely algorithmic calculations or had arrived at the wrong answer and were for that reason left out for the rest of the analysis, leaving us with 99 answers. In the first phase of coding, we focused on different illustration methods and solution strategies. Using the codes given in Table 1 we wanted to see how the different models/forms of representation were distributed. In Table 1, we distinguish between those who were awarded two and those awarded one point by the examiners chosen by NOKUT. We wanted to see if there were any evident differences. Table 1 shows that some of the main differences between those awarded two points and those awarded one point are whether they have included a good explanation of how to find the common denominator and whether they illustrate one tenth as part-whole. This indicates that the PSTs rewarded two points show a depth and breadth in their understanding of this particular task [START_REF] Schoenfeld | Toward a theory of proficiency in teaching mathematics[END_REF]. The form of representation preferred by most of the PSTs, regardless of the points they received, is the rectangle. Very few PSTs choose to use sectors and even fewer use a number line.

As many as 51 of the 65 answers that were awarded two points, have been coded with a good explanation of how to find the common denominator. 25 of the 51 answers are coded for both a good explanation of how to find the common denominator and the conversion to the common denominator. This shows that many PSTs find the common denominator without linking it to a good contextual or visual explanation of the conversion itself. Nearly all the answers (33 of 36) that were coded for a good explanation of how to find the common denominator use a rectangle to illustrate this. This could indicate that this way of illustrating the problem is regarded as a suitable way of explaining the need for a common denominator. Rectangles are easy to divide into equally sized congruent parts that can then be added together.

Amongst the PSTs awarded one point, 85% find the common denominator. This could be due to the fact that PSTs who use a visual explanation of the addition without proceeding through the calculation of the common denominator are awarded two points (for an example of such an answer, see Figure 4). The exam text does not require them to find the common denominator. Here as well, we see that the four PSTs (Table 1) who have been coded for a good explanation of how to find the common denominator have used a rectangle. One explanation for them, nonetheless only being awarded one point, could be that they do not draw the proper fraction part of the mixed number in the correct way. Instead, they choose to draw a separate part without linking it to the whole.

During the first round of coding (show in Table 1), we saw that many PSTs use illustrations to show the calculations they have made, rather than the other way around. For example, some use illustrations to show the need to divide the rectangles into equal parts to be able to perform the addition. After analysing the answers based on which strategies and models/forms of representation are used, we saw a need to further examine whether the PSTs based their answer on an arithmetic calculation and how they choose to illustrate the algorithm. During the second round of analysis, we therefore looked more closely at the connections in the explanations, whether algorithms are generated or only presented and what role the illustrations and textual explanations play. By algorithm, we mean the following calculation method: Table 2 shows that there is variation in the methods of explanation among the 99 answers, where we see that different variants of code A are the most common. These PSTs have calculated the common denominator by using the algorithm and have illustrated the whole or some of the steps of the algorithm. Figure 1 shows an example where all the steps are illustrated. This PST has first shown detailed arithmetic calculations and repeated them under the rectangles. The PST has also included a good written explanation. This is an example of the three different representations working together. According to [START_REF] Ma | Knowing and Teaching Elementary Mathematics[END_REF], different approaches such as arithmetic, illustration and a good explanation of how to solve the problem are important. The drawings and text underline and confirm the calculation without deriving the calculation method.

Figure 1: Answer paper coded A1

In the second round of analysis, we saw that some PSTs illustrated the calculation and answer, but not the problem, before expanding the fractions. Figure 2 shows an answer where the 'last part' of the algorithm is illustrated. There is no visual generation of the algorithm itself, it does however give a good illustration of the answer. The PST manages to convey that it is more than a whole. The problem with choosing an area model in the illustration of a task where the answer is an improper fraction, is to illustrate it in a way that makes it easy for the pupils to see that it is 1/10, and that the tenths are clearly shown in the illustration. This PST has also used a real-life context in the written explanation, as described by [START_REF] Lesh | Representations and Translations among Representations in Mathematics Learning and Problem Solving[END_REF].

Text: What I have done is to draw big 'boxes' of equal size divided into and . To solve this, we must first find the common denominator and I have therefore drawn up two boxes and divided them into 10 sections, as this is the common denominator of both fractions. We then shade the number of sections that are in the nominator and add these to find out that the answer will be 1 . As shown in Table 1, most PSTs choose to use rectangles in their illustrations. We find some interesting differences in those answers who drew rectangles divided into equal sized smaller rectangles. As shown in Table 2, different steps of the calculation are illustrated. During our work on the analysis, we also saw examples of lack of clarity in relation to equivalent fractions. An example is shown in Figure 3, two rectangles, described as fifths and halves, are divided into 10 parts. [START_REF] Ma | Knowing and Teaching Elementary Mathematics[END_REF] emphasises that it is important to work thoroughly on connections with breadth and depth. For pupils, it is difficult to see this connection if they do not know that 6/10 is equivalent to 3/5. Then the illustration in Figure 3 will be hard to understand. The task in this national exam does not specifically ask for the algorithm and we used the codes C and C2 for the answers without the algorithm (C or C2 depending on how good the explanation/illustration is). Figure 4 shows an answer where the PST illustrates and explains well without showing the algorithm arithmetically (Code C). The answer, together with the explanation, demonstrates a breadth and depth of understanding, highlighting how the PST can vary the forms of representation used, and use them to complement each other. Both [START_REF] Ma | Knowing and Teaching Elementary Mathematics[END_REF] and [START_REF] Schoenfeld | Toward a theory of proficiency in teaching mathematics[END_REF] describe these as important elements in showing good understanding. Then I draw a similar rectangle, with just as many and equally large parts and shade of these, i.e. 5 parts. When I add the shaded parts, I find that I get a full rectangle where all 10 parts are shaded and a rectangle with the same amount of parts of equal size, where only one is shaded. The answer will then be 1

Text: Ola has 6/10 of a bar of chocolate. He gets 5/10 of a bar of chocolate from Kari. He is then left with 11/10, which is a whole bar of chocolate plus 1/10.

Very few students choose to interpret the task in such a way that there is a need to generate the algorithm, for example using an inductive approach where the need for the algorithm 'makes itself known'. Such an approach has been coded B. This code has been difficult to use since most students start their written response by showing the algorithmic calculation.

Concluding remarks

These analyses show that PSTs in Norwegian teacher education programmes prefer to illustrate the sum of two fractions using rectangles and the sub-construct part-whole. This finding is in conflict with what the grading guidelines suggest as most natural, namely using a length/number line model. The PSTs prefer to use an arithmetical representation and a written text in addition to the illustration. Most of them starts with the arithmetical calculation before they explain the steps further with the other two representations.

The fact that so few PSTs chose other forms of representation than the area model rectangle could be because the PSTs as a group have not developed the qualities that Ma (2010) describes as important for becoming a teacher with PUFM, namely the ability to vary approaches to solving a problem. It could well be the case that the PSTs are familiar with the different sub-constructs of fractions, but that many of them regard the area-model rectangle as the best illustration for explaining addition of fractions with different denominators to pupils. The rectangle model is easier to divide efficiently than for example the area model sector. We see that many PSTs point out that they divide the rectangles into equal parts (Figure 1 and Figure 4). As seen in Figures 1234the examination paper delivered from NOKUT to all PSTs during the exam has grid lines. This might also have led some of the PSTs to the use rectangles. Although most PSTs use the rectangle as an illustration, the analysis shows great differences in how this is done. Some of them illustrate all the steps, from the calculation to the answer, while others only illustrate how they find the common denominator or only illustrate the task (Table 2).

There were also major variations in the ways the PSTs show how and why the algorithm works, not only between PSTs awarded one or two points for this particular task in the national exam, but also within the group that received two points. In teacher education, the PSTs encounter concepts such as forms of representation and solution strategies, and they work on examples where they combine these in order to help pupils understand fractions. If you calculate the common denominator and then illustrate this calculation with a rectangle, it will be possible to see that they work together because the illustration underpins the calculation and provides a visual expression of the calculation.

Because of the way in which this particular task is worded, it could be understood to mean that the illustration should generate the algorithm (Code B), and that the need for a common denominator can be apparent from an illustration. This approach could entail an interpretation of the illustration as a tool for helping pupils discover the need of equal parts before the algorithm is presented. Very few PSTs interpreted the task in this way. This suggests that they currently lack the mathematical understanding that breadth and depth proficiency in school mathematics entails [START_REF] Schoenfeld | Toward a theory of proficiency in teaching mathematics[END_REF]. At the same time, some of those who start to show the calculation of the answer have good illustrations and good explanations (Code A4, Table 2) and are close to generating an algorithm. Many of the answers contain strategies and representations that can serve as support for pupils who are working on the addition of fractions with different denominators, which is after all promising for the teachers of the future. On the other hand, maybe the reason that so many PSTs respond in a similar way to this task is that they see it as an algorithm for "illustration with an explanation".

Our material is collected from a written school exam, which has its limitations when it comes to identifying breadth and depth in the PSTs knowledge. Among other things various forms of representation like the oral explanation, and the gesticulation and dialogue that are part of a teaching situation are lost. It is also important to emphasise that the PSTs in our study are halfway through a learning process and that they still have several years to go before they are qualified teachers.
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 2 Figure 2: Illustration showing the common denominator and solution, coded A2
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 3 Figure 3: Example of tenths being referred to as fifths and halves
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 4 Figure 4: Good explanation of the steps of the calculation, coded C

Table 1 : Coding results -first round

 1 

Table 2 : Coding results -second round

 2 

	Codes	Explanation of the codes	Number of respondents
	A1	Illustrates the whole calculation	20
	A2	Illustrates the common denominator and the answer 19
	A3	Illustrates only the answer	3
	A4	Good written explanation of the calculation	17
	A5	Illustrates the calculation, not the answer	3