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This article proposes a theoretical framework concerned with fostering functional thinking in Grade 8 students in relation to dynamic representations. To explore how functional thinking can be promoted through dynamic representations, tasks were varied systematically for the implementation in the classroomas evidenced by two exemplar problems presented in this paper. Students' perceptions of engaging with these tasks were ascertained through interviews conducted with Grade 8 students using tablet technology as part of an evaluation of the study. The focus of this evaluation was the effectiveness of the designed tasks for the development of functional thinking and students' skills when dealing with interactive dynamic representations.

Introduction

The development of the concept of function is an important part of a mathematical education. Working with representations of functions and how to translate between different forms are core skills in this area of learning [START_REF] Duval | A Cognitive Analysis of Problems of Comprehension in a Learning of Mathematics[END_REF][START_REF] Höfer | Das Haus des funktionalen Denkens: Entwicklung und Erprobung eines Modells für die Planung und Analyse methodischer und didaktischer Konzepte zur Förderung des funktionalen Denkens: Franzbecker[END_REF]. While there is considerable research concerning the understanding of functions and especially the associated difficulties (e.g. [START_REF] Nitsch | Diagnose von Lernschwierigkeiten im Bereich funktionaler Zusammenhänge: Eine Studie zu typischen Fehlermustern bei Darstellungswechseln[END_REF], the increasing availability of digital tools provides the possibility for working with interactive, dynamic and multiple representations. The way students use these representations when developing an understanding of functions has been the focus of substantial research, for example, studies that investigated how students use dynamic representations in connection with different dragging modalities in geometry [START_REF] Baccaglini-Frank | Generating conjectures in dynamic geometry: The maintaining dragging model[END_REF] or when students explore functional dependence through the use of a dynamic algebra and geometry environment [START_REF] Lisarelli | Students' use of movement in the exploration of dynamic functions[END_REF]. While the benefit of dynamic representations to students is not yet resolved, there is evidence that in certain learning arrangements they are advantageous compared to static representations for the development of functional thinking [START_REF] Rolfes | Funktionales Denken: Empirische Ergebnisse zum Einfluss von statischen und dynamischen Repräsentationen[END_REF] and that computersimulations are more beneficial than material-based experiments [START_REF] Scheuring | Computer-Simulationen oder gegenständliche Materialien -Was fördert funktionales Denken besser?[END_REF].

However, even though interactive, dynamic and multiple digital representations are available, the main goal in mathematics teaching and learning is to develop appropriate mental representations [START_REF] Weigand | Looking back and ahead-didactical implications for the use of digital technologies in the next decade[END_REF]. In this paper, a theoretical framework is proposed as the foundation to design tasks aimed at promoting students' functional thinking through the use of dynamic representations. To this end tasks are designed to support moving from visual to mental representations and foster functional thinking. Insight into this process is provided via the implementation of sample tasks within a Grade 8 classroom. This paper presents the initial findings of this study exemplified through the analysis of two interview protocols.

Functional Thinking

The teaching and learning of functional thinking have been widely discussed. Usually three characteristic aspects are distinguished (e.g. [START_REF] Doorman | Tool use and the development of the function concept: From repeated calculations to functional thinking[END_REF][START_REF] Dubinsky | The nature of the process conception of function. The Concept of Function: Aspects of Epistemology and Pedagogy[END_REF][START_REF] Vollrath | Funktionales Denken[END_REF]. In the framework utilized in this study, Vollrath's notion is used:

-Assignment aspect: a function creates a relation between two variables. For a given input, an output is calculated. The level of understanding can be determined by how relations are recognized and worked with in different forms of representation. -Co-variation aspect: a function describes how changes of the independent affect the dependent variable. Typical activities for this aspect are to plan, execute or analyze variations of the independent variable and the resulting covariations. -Object aspect: a function can be seen as a whole and therefore be dealt with as a mathematical object. This means that attributes can be used to describe a function as a whole (e.g. high points, slope) but can also be derived from it. Furthermore, one can treat functions like mathematical objects in their own right that can be operated on (e.g. add or substitute).

All aspects can be visualized and analyzed if typical representations are seen under a special perspective. However, some representations are more suitable for certain aspects than others. For example, graphs offer the opportunity to display a wide range of pairs of values. This is helpful to view the function as a whole whereas a table only shows a limited number of values. A learner should therefore be able to not only work with but also choose a suitable representation flexibly [START_REF] Acevedo Nistal | What counts as a flexible representational choice? An evaluation of students' representational choices to solve linear function problems[END_REF].

The operative principle to develop functional thinking

According to Dubinsky et al. understanding a concept starts with an action as "an action is a repeatable mental or physical manipulation of objects" (Dubinsky & Harel, 1992, p. 85). As actions are repeated and reflected, they may be interiorized as mental processes and later encapsulated into new objects to which then actions can be applied (for details see Arnon et al., 2014, pp. 17-26).

Those mental processes are also called operations. Operations can be characterized as reversible, associative and that they can be composed (Piaget, 1967, 47 ff.). However, actions as well as operations cannot be viewed on their own but must be considered as they act on an object. The changes caused to the object by these actions and operations and its properties and relations are to be evaluated. As Wittmann comments "to comprehend objects means to investigate how they were constructed and how they behave when operations are applied on them" (transl. by author from Wittmann, 1985, p. 9). In order to use an investigative approach in the learning process, one should adapt tasks by varying the involved objects, operations or the relations between them to find interesting effects or invariants. Such an approach is referred to as the operative principle [START_REF] Wittmann | Objekte-Operationen-Wirkungen: Das operative Prinzip in der Mathematikdidaktik[END_REF].

The operative principle is useful for developing functional thinking utilizing interactive dynamic representations via digital tools for various reasons. Actions can be performed directly on the given objects, for example, by dragging points or using sliders and the changes can be viewed accordingly. Thereby one can investigate invariances and variations. Relations between different variables can be studied by varying one variable and examining the changes caused to a dependent one. This can be viewed from all aspects of functional thinking.

To use the operative principle in the classroom, tasks need to be developed which guide the learner to view the problem's different aspects by varying relevant ones. Usually there is a starting condition provided to which operations must be applied to get a target configuration. It seems, therefore, constructive to begin by varying one of those attributes.

In this article we try to answer the following research questions:

1. What is the form of a theoretical framework that describes the relationship between the aspects of functional thinking and the operative principle? 2. How can interactive and dynamic tasks be developed and implemented in order to develop a relationship between aspects of functional thinking and the operative principle? 3. How do students utilize dynamic representations in the context of the developed tasks and how do they reflect and elaborate on their functional thinking?

The Function-operation-matrix (FOM)

In figure 1 these three aspects of tasks and the three aspects of functional thinking are arranged in a gridthe function-operation-matrix (FOM). To create tasks the problem definition has to first be analyzed regarding which aspect of functional thinking is of interest and its setting (e.g. what is given, what is the target). The FOM is meant to serve as a guide for developing meaningful tasks by selecting cells and varying the problem accordingly. 

Sample tasks

To illustrate this concept two sample sequences of tasks are presented. One typical change of representation which is practiced repeatedly in the beginning of learning about functions is from symbolic formula to a corresponding graph. A coordinate system and a formula are provided, and the learner is required to sketch the graph. One possibility could be to vary the starting condition: Instead of the coordinate system a line is provided and the task is to adjust the coordinate system in such a way that the line represents the given formula (Herget, 2017, p. 9). Using a GeoGebra learning arrangement the coordinate system can be stretched, shrunk, rotated about the origin or shifted as a whole by dragging the blue points (see figure 2a). Afterwards the result can be checked by comparing the resulting function equation with the given one. The task is described as follows: "A line is given. Adjust the coordinate system in such a way that the line corresponds to the function ." This task would be categorized in the FOM within the cell starting conditionobject, as the learner has to operate with the function as a whole and use its attributes to find the proper configuration. In varying this task further, operations can be restricted, which means moving to the cell operationsobject [START_REF] Günster | Die Bedeutung des operativen Prinzips für die Entwicklung funktionalen Denkens im Tablet-unterstützten Unterricht[END_REF]. For this variation the wording of the task is: "Revisit task 1, with the following restriction. Do not use a) rotation b) shrinking/stretching of the axis."

A task concerning proportional functions reads as follows: "There is a square ABCD with a side length of 2 cm given. How much does the perimeter of the square change when the side becomes 1 cm longer?" In the FOM, this variation would be located at starting conditionco-variation because the change of the dependent variable, the perimeter, under the influence of the starting condition, the length of the side, should be evaluated. As a second subtask one could ask by how much the side must be lengthened to get a perimeter which is 6 cm longer, therefore varying the task according to the cell target configurationco-variation. Subsequently, it can be discussed whether this depends on the initial length of the side of the square or how the problem changes if, rather than a square, a triangle or hexagon is treated. The task then reads as: "For comparison consider an equilateral triangle and regular hexagon. For which figure do you need to change the length of the side the most, to obtain the same change of the perimeter. Explain your answer!" This means extending the task with respect to the cell target configurationobject. A dynamic representation is a powerful tool in this case, as the variation of the side can be realized and the relation between the length of the side and the perimeter viewed as a whole by using the trace facility (see figure 2b). 

Methods of the empirical investigation

The interviews presented in the following section were conducted as part of a study at four German Gymnasien (grammar schools) where students are offered the choice of joining a tablet class. Two of the schools made use of iPads, one utilized Android tablets and one used Microsoft Surface devices. In total, five grade 8 classes without and five with tablets were includeda total of n = 216 participants. Teachers were given access to tasks designed according to the FOM described above to use them freely in regular class.

Students were administered a pen-and-paper test at the beginning and at the end of the school year to examine their knowledge regarding functional thinking. Additionally, selected students of different skill levels were interviewed in pairs after half and the full year. Questionnaires evaluated the general usage in school as well as at home through teachers, parents and students. As the study was conducted in the school year 2017/18, only preliminary results are available at this point.

In this paper parts of two interviews are discussed which were run after half a year of working with the tablet in the classroom. The first two students were both female and rated as mathematically capable by the teacher. For the second interview, student 3 was female and student 4 was male while both were estimated to be average students. The students already studied linear functions in class. Both interviews featured first some general questions about the usage of the tablets in class and at home, a few pen-and-paper tasks and, most importantly, two tasks to be solved using GeoGebra for which the screen was recorded using screen capture. The first problem was the one already described above as a sample task to adjust a coordinate system in such a way that a given line corresponds to the function equation .

The interviews are analyzed and categorized via qualitative content analysis regarding three guiding questions: how did the students adopt their practiced routines in this scenario? In what way did students use the given dynamic representation? Which aspects of functional thinking did students show? While for the first two questions categories are extracted inductively from the transcripts, the aspects of functional thinkingassignment, covariation and objectare set deductively from the theoretical framework.

Findings

The presentation of the initial findings is structured according to the three guiding analysis questions.

Application of routines

First, both student groups adjusted the coordinate system in order to get the correct y-axis intercept. This is in line with their practiced procedure as it is always the first step to draw in the y-axis intercept. For the first group it was possible to just rotate the coordinate system as they rearranged it while testing a number of options, the second one used the shift-option by dragging the origin. This was followed by attempts to try to match the slope.

Again, the students tried to follow their routine implementing the slope by calculating and and thereby finding a second point the line must pass through. They then adjusted the coordinate system accordingly (see figure 3.1). In their first attempt, they made the careless mistake of selecting instead of since the slope is but were able to correct it on their own while at the same time explaining their thinking processes. The second group determined the slope by gradually turning and shifting it to make the line pass through to two calculated points. However, they made the common mistake of mixing up and (see figure 3.3) [START_REF] Nitsch | Diagnose von Lernschwierigkeiten im Bereich funktionaler Zusammenhänge: Eine Studie zu typischen Fehlermustern bei Darstellungswechseln[END_REF]. Checking their result with the function equation and a little help from the interviewer, the students were able correct the error.

In summary, three possible steps can be identified in students' solution processes: draw in the y-axis intercept; identify and and calculate the slope from the y-axis intercept; or calculate two points and make the line run through those.

Use of dynamic representation

In implementing these steps using the given dynamic representation, students used similar strategies. For the y-intercept they used whichever tool was available to move the point to the intended position making no difference between them. To make the line run through two calculated points however, they gradually shifted and the coordinate system, e.g.:

Student 2:

First, I looked for the y-axis intercept and then I tried to use the rotate turn … with the slope 2, to pass through this point. And then the y-intercept moved again and again, but then one just has to readjust.

As for implementing and it seemed to the students more appropriate to use the shrink and stretch feature. The second group even adjusted the slope with the line running through the origin and then shifted the coordinate system to match the y-intercept (see figure 3.4.) 

Aspects of functional thinking

The students show only the assignmentthrough calculating pointsor at times the co-variation aspect of functional thinking. For example, when asked about the changes they caused by varying the x-axis, they answer:

Interviewer: What changed, when you were varying axis? Student 3:

The boxes got larger, when one was at 1 the boxes got like longer.

Interviewer: When we are talking about linear functions, did the y-axis intercept change? Did the slope change?

Student 3: No, because it's still 1 to the right and 2 up.

Interviewer: And regarding this line, which is here…what changes when one varies the x-axis? Does the y-axis intercept change?

Students are shrinking and stretching the x-axis. The students are able to describe the dynamic representation as they used it, stating that the boxes got larger as well as that it seemed like the coordinate system was getting more precise because of this, since visually it resembles zooming in. However, they have difficulties relating it to the line and the changes which arise through it. They are therefore not able to view the line as a function as a whole.

Conclusion

This paper describes and illustrates a frameworkthe function-operation-matrix (FOM)utilised for the design of tasks used to foster functional thinking via dynamic representations. The FOM combines the operative principle and three aspects of functional thinking. The goal behind this is to develop appropriate tasks for the development of mental representations of functional thinking.

Interactive dynamic representations are capitalised upon by visualizing situations and associated mathematical connections and to change these representations through performing actions related to the different aspects of functional thinking.

Two sample tasks demonstrate how the FOM can be used to develop tasks related to different cells within the framework. One can also vary a single problem regarding multiple cells of the FOM. This offers the opportunity to inspect different aspects of the problem and of functional thinking. Thereby, it can also serve as an intuitive way to prepare the focus on the object aspect of functional thinking.

The analysis of the students' solution processes shows that the students had few problems using the given dynamic representations. They adopted their practiced routines for drawing the graph of a linear function according to the available tools. However, they seem to lack the ability to view the changes they made to the representation in respect to the function as a wholethe object aspect of functional thinking. Nevertheless, the task offered a situation in which this aspect could be discussed based on the interactions of the students with the graphical representation. Future research will include additional analysis of other interviews and concerning other tasks in order to confirm the preliminary finds presented in this paper.
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 1 Figure 1: Function-operation-matrix (FOM) as a guide to create meaningful tasks using dynamic representations for the development of functional thinking
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 3 Figure 3: Screenshots taken during the solving process to adapt the coordinate system so that the line corresponds to the function equation