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Random real branched coverings of the projective line.

Michele Ancona*

Abstract

In this paper, we construct a natural probability measure on the space of real branched
coverings from a real projective algebraic curve (X, cx) to the projective line (CP', conj). We
prove that the space of degree d real branched coverings having "many" real branched points
(for example more than \/EHQ, for any o > 0) has exponentially small measure. In particular,
maximal real branched coverings, that is real branched coverings such that all the branched points
are real, are exponentially rare.

Introduction

Let (X, cx) be a real algebraic curve, that is a smooth complex complex curve equipped with an
anti-holomorphic involution cx, called the real structure. We denote by RX the real locus of X, that
is the set Fix(cy) of fixed points of cx. For example the projective line (CP!, cony) is a real algebraic
curve whose real locus equals RP!.

The central objects of this paper are real branched coverings from X to CP!, that is, the branched
coverings u : X — CP' such that uocx = conjou. Let us denote by ME(X) the set of degree d
real branched coverings from X to CP!. The first purpose of the paper is to show that M]E(X ) has
a natural probability measure ug4 induced by a compatible volume form w of X (that is cjw = —w),
which we fix once for all. Later in the introduction we will sketch the construction of the measure
1q, which we will give in details in Section 1.3. By Riemann-Hurwitz formula, the number of critical
points, counted with multiplicity, of a degree d branched covering u : X — CP! equals 2d + 2g — 2,
where g is the genus of X. The probability measure ug allows us to ask the following question.

What is the probability that all the critical points of a real branched covering u € M%(X) are real?

In [2], it is proved that the expected number of real critical points is equivalent to cV/d as the degree d
of the random branched covering goes to infinity. The constant c¢ is explicit, given by ¢ = \/g\/ol(RX ),
where Vol(RX) is the length of the real locus of X with respect to the Riemannian metric induced
by w. The main theorem of the paper is the following exponential rarefaction result for real branched
coverings having "many" real critical points.

Theorem 0.1. Let X be a real algebraic curve. Let £(d) be a sequence of positive real numbers such
that £(d) > Blogd, for some B > 0. Then there exist positive constants c¢1 and co such that the
following holds

2

paf{u € ME(X), #(Crit(u) NRX) > (d)Vd} < ¢je” 24D

For example, for any fixed a > 0, we can consider the sequence £(d) = v/d . Theorem 0.1 says

. . 1+ L. . .
that the space of real branched coverings having more than v/d “ real critical points has exponential
small measure. In particular, maximal real branched converings (i.e. branched coverings such that
all the critical points are real) are exponentially rare.

The probability measure on M%(X). The construction of the probability measure on M5 (X)
uses the fact that there is a natural map from M%(X) to the space of degree d real holomorphic line
bundle Pic%(X ), see Proposition 1.5. This map sends a degree d morphism wu to the degree d line
bundle w*O(1). The fiber of this map over L € Pici(X) is the open dense subset of P(RH?(X, L)?)
given by (the class of) pairs of global sections without common zeros. In order to construct a
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probability measure on M%(X), we produce a family of probability measures {y} LePicd(x) ON each
space P(RH®(X, L)?). The probability measure u; on P(RH?(X, L)?) is the measure induced by
the Fubini-Study metric associated with a real Hermitian product on RH%(X, L)2. This Hermitian
product is the natural £2-product induced by w, see Section 1.1. This family of measures, together
with the Haar probability measure on the base Pic%(X ), gives rise to the probability measure p4 on

ME(X).

An example: the projective line. Let us consider the case X = CP! equipped with the conju-
gaison conj([xo : x1]) = [T : Z1]. Given two degree d real polynomials P,Q € R*™[X(, X;] without
common zeros, we produce a degree d real branched covering upg : CP* — CP! by sending [z : 1]
to [P(zo,x1) : Q(x0,x1)]. We also remark that the pair (AP, \Q) defines the same branched covering.
Conversely, one can prove that any degree d real branched covering u : CP' — CP! is of the form
u = upg for some (class of) pair of polynomials (P, ) without common zeros. This means that
ME(CPY) = P(RE™[X,, X1)? \ Ag), where Ay is the set of polynomials with at least one common
zero. Consider the affine chart {z; # 0}, the corresponding coordinate = = i—i’ and the polynomials
p(X) = P(Xp,1) and ¢(X) = Q(Xo,1). Then, one can see that a point « € {z; # 0} is a critical
point of upg if and only p'(x)g(z) — ¢'(x)p(x) = 0 (see Proposition 2.14).

In the the previous paragraph, we constructed a probability measure on this space by fixing
a compatible volume form on source space, in this case CP!'. Indeed, a compatible volume form
induces a L£2-scalar product on Rgom [Xo, X1] which will induce a Fubini-Study volume form on
P(R%°™[X, X1]?) and then a probability on ME(CP'). If we equip CP! with the Fubini-Study form,

then the induced scalar product on R/°™[X, X1] is the one which makes {y/({)X§X{ " }o<r<q an

orthonormal basis. This scalar product was considered by Kostlan in [8] (see also [11]). It is the only
scalar product invariant under the action of the orthogonal group O(2) (which acts on the variables
Xo and X7) and such that the standard monomials are orthogonal to each other.

About the proof. There are two main steps in the proof of our main theorem. First, we reduce
our problem into the problem of the computation of the Gaussian measure of a cone Cy(4) which lies
inside the space of pairs of global sections of a real holomorphic line bundle over X. This cone is
defined by using the Wronskian of a pair of global sections, which plays a key role. Then, we use
peak sections theory to estimate some Markov moments related to this Wronskian. These moments,
together with Poincaré-Lelong formula, allow us to estimate the measure of the cone Cy4).

Let sketch the proof in more details. We fix a degree 1 real holomorphic line bundle F over X, so
that, for any L € Pick(X) there exists an unique E € Picg(X) such that L = F? ® E. Recall that
any class of pairs of real global sections without common zeros [a : 8] € P(RH?(X, F? ® F)?) defines
a real branched covering u,s by sending a point z € X to [a(z) : S(z)] € CP'. Theorem 0.1 will
follow from the estimate

prage{la: 8] € PRH(X, F?® E)?), #(Crit(uag) NRX) > £(d)Vd} < ¢je @ (1)

where fipag  is the probability measure induced by the Fubini-Study metric on P(RH®(X, Fi®E)?).
Indeed, if we integrate the inequality (1) along Pich(X) we exactly obtain Theorem 0.1. To prove the
estimate (1), we will use the following two facts. First, a point z is a critical point of u,g if and only
if it is a zero of the Wronskian Wop = a® VS —8® Va. Second, the pushforward (with respect to the
projectivization) of the Gaussian measure on RH®(X, F¢ ® E)? is exactly the probability measure
Urige- These two facts imply that the estimate (1) is equivalent to the fact that the Gaussian
measure of the cone

Coay = {(o, B) e RH(X, Fl @ E)? #(real zeros of W) > E(d)\/(;} (2)

is bounded from above by ¢je~ 24,
In order to estimate the Gaussian measure of Cy(q4), inspired by [5], we bound from above the moments
of the random variable (o, 8) € RH(X, F¢® E)? + log |[Was(z)|, where z is a point in X such that

dist(z, RX) is bigger that l%d, see Proposition 2.15. This condition on the distance is natural, it is

strictly related to peak section’s theory (see [12, 6]) and it is the reason why we need the hypothesis on
the growth of the sequence £(d) in Theorem 0.1. The estimate of these moments uses two ingredients:
the theory of peak sections and the comparison between the norms of two differents evaluation maps
(and more generally jet maps). Once these moments are estimates, Markov inequality and Poincaré-
Lelong formula gives us the exponential rarefaction of the Gaussian measure of the cone (2).
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Organization of the paper. The paper is organized as follows. In Section 1.1 we introduce the
main objects and notations of this paper. In Sections 1.2 and 1.3 we study the geometry of the
manifold M%(X) and we construct the probability measure 4 on it.

The purpose of Section 2 is to prove Proposition 2.15, that is, to estimate of the moments of the
random variable (o, 8) € RH(X, F1® E)? — log ||(a ® VB — B ® Va)(z)||, for F and E are respec-
tively a degree 1 and 0 real holomorphic line bundles. In order to do this, in Section 2.1 we introduce
Gaussian measures on RH?(X, F? ® E)? and in Section 2.2 we study jet maps at points z € X
which are far from the real locus. Finally, in Section 3, we deduce Theorem 0.1 from the estimates
established in Section 2.

1 Random real branched coverings

1.1 Background

Let (X,cx) be a real algebraic curve, that is a complex, projective, smooth curve equipped
with an anti-holomorphic involution cx, called the real structure. We assume that the real locus
RX = Fix(cx) is non empty. For example (CP!, conj), where conj([zo : z1]) = [Zo : Z1], is a real
algebraic curve whose real locus is RP'. A real holomorphic line bundle p : L — X is a line bundle
equipped with an anti-holomorphic involution ¢y, such that pocx = crop and ¢y, is complex-antilinear
in the fibers. We denote by RHY(X; L) the real vector space of real holomorphic global sections of
L, i.e. sections s € H%(X; L) such that socx = ¢g o s. Let Pick(X) be the set of degree d real line
bundles. It is a principal space under the action of the compact topological abelian group Pic]%(X )
and so it inherits a normalized Haar measure that we denote by dH (see, for example, [7]). Finally,
recall that a real Hermitian metric h on L is a Hermitian metric on L such that cjh = h.

Proposition 1.1. Let (X,cx) be a real algebraic curve and let w be a compatible volume form of
mass 1, that is cxw = —w and [, w=1. Let L € Pick(X) be a degree d real holomorphic line bundle
over X, then there exists an unique real Hermitian metric h (up to multiplication by a positive real
constant) such that ¢1(L,h) = d - w.

Proof. For the existence and unicity of such metric, see [1, Proposition 1.4]. The fact that the metric h
is real follows from the following argument. Let us consider the Hermitian metric ¢} h on L. Claim: its
curvature equals —d - cj,w. Indeed, for any = € X we consider a real meromorphic section s of L such
that « and cx (x) are neither zero nor pole of s (such section exists by Riemann-Roch Theorem). Then,
the curvature of (L,c}h) around z is dlog(cph) (s(x), s(x)) = 0010 he (2)(cr(s(x)), cL(s(x))) =
9010g hey () (s(cx (@), s(ex () = 00ck log h(s,s) = —ckx0logh(s,s), where the last equality is
due to the anti-holomorphicity of cx. Then, the claim follows from the fact that ddlog h(s, s) = d - w.
Now, consider the real Hermitian metric (h - c¢jh)'/2. Its curvature equals

(0dlog h(s,s) + ddlog(cph)(s,s)) = %(d ‘w—d-cyw)=d-w,

N | =

where the last equality follows from the fact that w is compatible with the real structure. By unicity
of the metric with curvature d - w, this implies that (h - ¢} h)'/? is a multiple of h. We actually have
the equality (h-cfh)'/? = h, because for a real point z € RX and a real vector v € RL, we get
(ha(v,0) - (L )a (v, 0)V2 = (he(0,0) - b (0,0)) 1% = hy (v, 0). O

Definition 1.2. Let w be a compatible volume form of mass 1, let L € Pic]‘é(X) be a degree d line
bundle over X and h be the real Hermitian metric given by the previous proposition. We define the
L2-scalar product on RH®(X; L) by

@B)er= [ halala),Ba)
zeX
for any pair of real holomorphic sections o, 3 € RH?(X; L).

1.2 The space of real branched coverings

In this section we introduce and study the space of real branched coverings from a real algebraic
curve (X, cx) to (CP, cony).



Definition 1.3. We denote by M%(X) the space of all degree d real branched coverings u : X — CP!,
that are the branched coverings such that uocx = conjo u.

A natural way to define a degree d real branched covering is the following one. Consider a degree
d real holomorphic line bundle L € Picf(X) and two real holomorphic sections «, f € RH°(X, L)
without common zeros. Then, we can define the degree d real branched covering u,g defined by

Uap : € X = [a(x) : B(x)] € CP.

Proposition 1.4. Two pairs (o, B8), (¢, 8") of real holomorphic sections of L define the same real
branched covering if and only if (¢/, ") = (Ao, A\B) for some )\ € R*.

Proof. The proof follows the lines of [1, Proposition 1.1]. O

Proposition 1.5. There ezists a natural map from ME(X) to the space Pick(X) of degree d real
line bundles over X. This natural map is given by u € MZ(X) — u*O(1) € Pick(X). The fiber
over L € Pick(X) is the open subset of P(RH(X; L)?) given by (the class of) pair of sections (., B)
without common zeros.

Proof. Given a degree d real branched covering v : X — CP!, we get a degree d real line bundle
u*O(1) over X and the class of two real holomorphic global holomorphic sections without common
zeros [u*zg : u*ry] € P(RHO(X;u*O(1))?). On the other hand, given a degree d real line bundle
L — X and two real holomorphic global sections without common zeros («a, 8) € RH?(X; L)?, then
the map uqp : X — CP! defined by z — [a(x) : B()] is a degree d real branched covering. Moreover,
by Proposition 1.4, two pairs («, ) and (o’, 8’) of real holomorphic sections of L define the same real
branched covering if and only if (¢/, 8") = (Aa, AB) for some A € R*, hence the result. O

1.3 Probability on ME(X)

Let X be a real algebraic curve equipped with a compatible volume form w of total mass 1. In this

section, we construct a natural probability measure on the space M]}}(X ) of degree d real branched
coverings from X to CP!.
Let L € PicﬁlR(X ) be a degree d real line bundle equipped with the real Hermitian metric h given
by Proposition 1.1. We recall that in Definition 1.2 we defined the £2-scalar product on the space
RH°(X; L) induced by the Hermitian metric h. This £2-scalar product induces a scalar product on
the Cartesian product RH?(X; L)? and then a Fubini-Study metric on P(RH®(X;L)?). We recall
that the Fubini-Study metric is constructed as follows. First, we restrict the scalar product to the
unit sphere of RHY(X; L)2. The obtained metric is invariant under the action of Z/2Z and the
Fubini-Study metric is then the quotient metric on P(RH?(X; L)?).

Definition 1.6. Let L be a real holomorphic line bundle over X. We denote by uy the probability
measure on P(RH?(X; L)?) induced by the normalized Fubini-Study volume form. Here, the Fubini-
Study metric on P(RH?(X; L)?) is the one induced by the Hermitian metric on L given by Proposition
1.1.

Proposition 1.7. The probability measure ju;, over P(RH®(X; L)?) does not depend on the choice of
the multiplicative constant in front of the metric h given by Proposition 1.1.

Proof. The proof follows the line of [1, Proposition 1.7] O

Remark 1.8. For a real holomorphic line bundle L, we denote by A; the space of pair of sections
(s0,51) € RHY(X; L)? with at least a common zeros. By [2, Proposition 2.11], the set A;, has zero
measure (it is an hypersurface), at least if the degree of L is large enough. This implies that pr,
induces a probability measure on P(RH®(X;L)?\ Ay), still denoted by .

Definition 1.9. We define the probability measure 14 on ME(X) by the following equality:

/ fdpa = / (/ fduL> dH(L)
ME(X) LePicg (X) ME(X,L)

for any f € M%(X) measurable function. Here:



o ME(X, L) is the fiber of the natural morphism M%(X) — Pic(X) defined in Proposition 1.5.

e ;7 denotes (by aslight abuse of notation) the restriction to M%(X, L) of the probability measure
on P(RH®(X, L)?) defined in Definition 1.6.

e dH denotes the normalized Haar measure on Picg (X).

Remark 1.10. The probability measure g of Definition 1.9 is the real analogue of the one constructed
in the complex setting in [1] for the study of random branched coverings from a fized Riemann surface
to CP'. Also, in the complex setting, a similar construction has been considered by Zelditch in [14]
in order to study large deviations of empirical measures of zeros on a Riemann surface.

Example 1.11. Let us consider the case (X,cx) = (CP, conj), where CP! is equipped with the
Fubini-Study form wrps. For the projective line CP', the unique degree d real line bundle is the line
bundle O(d), which is naturally equipped with a real Hermitian metric hq whose curvature equals
d-w. The space of real holomorphic global sections RH?(CP'; O(d)) is isomorphic to the space of
degree d homogeneous polynomials RZO’”[XO, X1] and the L2-scalar product coincides with the Kostlan

scalar product (i.e. the scalar product which makes {/ (Z)X(’)“Xffk}ogkgd an orthonormal basis, see

[8, 11]). Then, a random real branched covering u : CP! — CP! is given by the class of a pairs of
independent Kostlan polynomials.

2 Gaussian measures and estimates of higher moments

In this section, we introduce some Gaussian measures on the spaces RH?(X; L)? and H°(X; L)?,
asin [6, 5, 10, 2]. We follow the notations of Section 1. In particular, (X, cx) is a real algebraic curve
whose real locus RX is not empty.

2.1 Gaussian measures

In this section, given any degree d real line L € Pict(X), we equip the cartesian product
RH?(X;L)? of the space of real holomorphic section with a Gaussian measure v7. In order to
do this, we fix a compatible volume form w of total volume 1 (i.e. ¢kw = —w and [, w =1). Given
L € Pic(X), we equip L by the real Hermitian metric h with curvature d - w (the metric h is unique
up to a multiplicative constant, see Proposition 1.1).

In Definition 1.2, we defined a £2-Hermitian product on the space RH®(X; L) of real holomorphic
global holomorphic sections of L denoted by (-, ),z and defined by

m@p—/dmmmﬁmw

for all o, 8 in RH®(X; L).

Definition 2.1. The £2-scalar product on RH?(X; L)? induces a Gaussian measure vz, on RH®(X; L)?

defined by

L(A) = L/ el =181 g nd g
(a,B)EA

Na

for any open subset A C RH%(X; L)% Here dadg is the Lebesgue measure on (RHO(X; L)?; (-, ) z2)
and N, denotes the dimension of RHY(X; L), which equals the complex dimension of H°(X;L).

Remark 2.2. Ifd > 2g—2, where g is the genus of X, then H*(X; L) = 0 and then, by Riemann-Roch
theorem, we have Ng=d+1—g.

Proposition 2.3. [1, Proposition 1.12] Let f be a function on an Fuclidian space (V, (-,-)) which is
constant over the lines, i.e. f(v) = f(\v) for allv € V and all A € R*. Denote by dvy the Gaussian
measure on V induced by (-,-) and by du the normalized Fubini-Study measure on the projectivized
P(V). Then, for all cones A CV, we have

Aﬂh=&mmw

where P(A) is the projectivized of A and [f] is the function on P(V') induced by f.
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We will be also interested in the compler Gaussian measure on the space H°(X, L)2. Indeed, the
Hermitian metric h on L defines a £2-Hermitian product on H°(X, L) by the formula

(o, Bz = /  falota) Bl

for all o, 8 in H°(X; L).
Definition 2.4. The complex Gaussian measure ¢ on H°(X; L)? is defined by

1
VE(A) = 7T2Nd/( i Aefnauirnﬁn;dadﬁ
a,p)e

for any open subset A C H°(3; L)2. Here dadj is the Lebesgue measure on (H°(X; L)?; (-, -)2) and
Ny denotes the complex dimension of H°(X; L).

2.2 Jet maps and peak sections

Let F' and E be respectively degree 1 and 0 real holomorphic line bundles over X. We equip F'
and F by the real Hermitian metrics given by Proposition 1.1 which we denote by hr and hg. In
particular the real Hermitian metric hq = h% ® hp on F? ® E is such that its curvature equals d - w.
Finally, recall that the space H°(X, F¢ ® E) is endowed with the £2-Hermitian product

(0, B2 = / _ hala(a), B

defined by for any «, 8 in H(X;F¢® E).

Definition 2.5. For any z € X, let H,, be the kernel of the map s € H*(X, F¢ ® E) — s(z) € (F!® E),.
Similarly, we denote by Hs, the kernel of the map s € H, — Vs(z) € (F!® E), ® T%. .- We define
the following jet maps:

evy :s € H' (X, F'® E)/H, — s(z) € (F*® E),,
vy 1 5 € Hy/Hap — Vs(z) € (F1® E), @ T ;-
The previous definition has the following real analogue:

Definition 2.6. For any point € X, we define the real vector spaces RH? = HONRH?(X, F¢® E)
and RHY, = HY, NRH’(X, F?® E) and the real jet maps by

ev® s e RHY(X,F?® E)/RHC — s(z) € (F!® E),,

evs, + 5 € RH, /RHy, +— Vs(z) € (F1® E), QT ;-

By the fact that F is ample (recall that deg F' = 1), we get that for d large enough the maps ev¥,

evy, evs, and evq, are invertible. The following proposition estimates the norms of this maps and of
their inverses.

Proposition 2.7. [6, Propositions 4 and 6] For any B > 0, then there exists an integer dg and a
positive constant cg such that, for any d > dp and any point x € X with dist(z,RX) > Blogdd, the
maps d*%ev?f, d’%evm, d=levs, and d~'evy, as well as their inverse have norms and determinants
bounded from above by cp.

Remark 2.8. In [6, Propositions 4 and 6], the constant B equals 1, and the line bundle E is trivial.
The same proof actually holds for any fired B > 0 and any F € Pic%(X). Indeed, the proof is based
on the theory peak sections and Bergman kernels and this theory holds in this more general setting
(see for example [4] or [9, Theorem 4.2.1]).

Using the £2-Hermitian product on H°(X, F?® E), we can identify H°(X, F? ® F)/H, with the
orthogonal complement of H, in H°(X, F? ® E). Similarly, we identify the quotient H,/Ho,, with
the orthogonal complement of Hy, in H,. We then have an orthogonal decomposition

HY(X,F'®F)=H"(X,F'® E)/H, ® H,/Hsy © Ho,.
6



Similarly, using the £2-scalar product on RH®(X, F? ® E), we have the orthogonal decomposition
RH’(X,F?® E) = RH’(X,F? ® E)/RH, ® RH, /RH, © RHy,.

The map ev, x evy, (resp. evk x evk,) gives an isomorphism between H°(X, F¢® F)/H, ® H,/Ha,
(resp. RH(X, F?*® E)/RH, ® RH,/RHa,) and the fiber (F?® E), ® (F'® E), ® T% .

Moreover, remark that we have natural identifications H(X, F¢ ® E)/H, ® H,/Hs, = Hs and
RH’(X,F!®FE)/RH,®RH, /RH,, = RHj.. A direct consequence of Proposition 2.7 is the following

Corollary 2.9. For any B > 0, there exist an integer dg and a positive constant cg such that, for
any d > dg and any x with dist(x,RX) > Blogdd, the map (evs x evX, ) "Lo(ev, X evay) : Hy: — RH5-
has determinant bounded from above by cp and from below by 1/cp.

Definition 2.10. We denote by sy and s; the global holomorphic sections of L? ® E of unit £2-norm
which generates respectively the orthogonal of H, in H°(X, F¢ ® F) and the orthogonal of Hs, in
H,. We call these sections the peak sections at x.

The pointwise estimate of the norms (with respect to the Hermitian metric hy of curvature d - w)
of the peak sections are well known and strictly related to the estimates of the Bergman kernel along
the diagonal (see [12, 13, 3, 9]). With a slight abuse of notation, we will denote by ||-|| any norm
induced by hy.

Lemma 2.11. ([1, Proposition 1.5]) For any x € X, let so and s1 be the peak sections defined
in Definition 2.10. Then, as d — 400, we have the estimates ||so(x)| = %(1 + 0(d™1)) and
(IVs1(2)|| = %(1 +0(d™1)), where the error terms are uniform in x € X.

2.3 Wronskian and higher moments

Let F and F be respectively degree 1 and 0 real holomorphic line bundles over X. The purpose
of this section is to prove Proposition 2.15, which gives key estimates of the higher moments of the
random variable (o, 3) € RH(X, F!® E)? + log H#Wa/;(x) , where W5 is the Wronskian, given
by the following

Definition 2.12. Let V be a connection on F'*® E. For any pair of real holomorphic global sections
(o, 8) € RHY(X,F?® E)?, we denote by W,z the Wronskian o ® V3 — 8 ® Va, which is a real
holomorphic global section of F2? ® E? @ T%.

Remark 2.13. The Wronskian W,z does not depend on the choice of a connection on Fi® E.
Indeed, two connections V and V' on FY ® E differ by a 1-form 0, and then we have

(a@VB—-FaVa)—(aV'B-pVa)=ax(V-V)IB-B(V-V)a=a®pe0-8xax0 =0.

Proposition 2.14. [1, Proposition 2.5] Let F' and E be respectively degree 1 and 0 real line bundles
over X and (o, 8) € RH(X, F¢ ® E)? be a pair of sections without common zeros. A point x € X
is a critical point of the map uss : v € X — |a(z) : B(z)] € CP if and only if it is a zero of the
Wronskian W, defined in Definition 2.12.

Proposition 2.15. Let X be a real algebraic curve equipped with a compatible volume form w of total
volume 1 and let F € Picy(X). For any B > 0 there exists an integer dg and a constant cp such

that for any E € Picy(X), any m € N, any d > dp and any point © € X with dist(z,RX) > Blc\)/gad,

we have

e m
/( B)ERHO(X,FiQE)? o8 HWWQB@C)’H halenf) = eolm L1

Here, dist(-,-) is the distance in X induced by w, 74 is the Gaussian measure on RH?(X, F¢ ® E)?
constructed in Section 2.1 and ||-|| denote the norm induced by the Hermitian metrics on F and F
given by Proposition 1.1.

Proof. Let us consider the integral we want to estimate:

Lo ol st 0
a,fB)e JFARQFE
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First, remark that the function in the integral (3) only depends on the 1-jet of the sections o and S.
We will then write the orthogonal decomposition RH?(X, F¢ ® E) = RHs, ® RHs,, where RHy, is
the space of real sections s such that s(z) = 0 and Vs(z) = 0. As the Gaussian measure is a product
measure, after the integration over the orthogonal of RH5. x RHj-, we get that the integral (3) is
equal to

e m
/ log HWWM@C)H‘ dva |RH2ll,xRH2+z (a, B). (4)
(e,8)ERHZ: xRHZ,

Using the notations of Section 2.2, and in particular Definitions 2.5 and 2.6, let J : Hy, — RHj, be
the map (ev® x evX,)™! o (ev, X evy,) and denote by
Ig=Jgx Jg: HE x Hy: — RH3- x RHS-.

By changing of variables given by the isomorphism I;, we get

(4) = /
(a,ﬁ)EH;m ><H2L.

By Corollary 2.9, the maps I; and Id_1 have determinants bounded from above by a constant which
only depends on B. In particular, there exists a constant ¢;, depending only on B, such that

(5) < Cl/
(e,8)€H3, x Hg,,

where fyg is the complex Gaussian measure defined in Definition 2.4. In order to prove the result, we
have to bound from above the quantity

\/(Q,B)GHsz X Hi-,

Let sop and s; be the peak sections at x introduced in Definition 2.10 and we write o = agog + a101
and 8 = bgog + bio;. We then have

tog | =5 Waup @) || ()= (v I, s, ) . B): (5)

m m
tog | 372 Wers @) | 0§ L, iy, (00 9) (6)

™ m
10g | 75 Was(@)| | 495 L iy, () ™

d3/2
[Wap(z)|| = laogbs — aibol||(so ® Vs1 — 51 ® Vso) ()| = |agh — a1b0|7(1 +0(d=2B)y),

where the last equality follows from Proposition 2.11. This implies that the integral in (7) equals

/l:(tlnnlll)G‘C2

\a\2 |b]?
(So ® V51 - 851X VS() H> ‘ ——dadbd
b=(bo,b1)€C?

™
log <a0b1 — a1b0|HW

™ o—lal*—b?
= Ja=(a0,a1)eC? ’10g <a0b1 - a1b0|)’ Wi(l +0(d CS(B)))dadb
b=(bo,b1)€C?

e ‘al _lb‘2
<9 / . log lagby — boas || S —dad (8)
beC?

where the last inequality holds for d > dp, for some dp large enough.

In the remaining part of the proof, we will estimate the last integral appearing in (8). In order to
do this, for any a = (ag, a;) we make an unitary trasformation of C? (of coordlnates bo, b1) by sending

_ 1 —
the vector (1,0) to v, = ——e |2(a0,a1) and the vector (0,1) to w, |ao\2+|a |2( ai,dp). We
will write any vector of C? as a sum tv, + sw, with s,¢ € C. Under this change of variables, the
integral appearing in (8) becomes

—\SI2

dads. (9)

- emlal?=Is=Itf?
< - =
< 2/aecz [log |s][all] p— dadsdt QLE(CQ |log || |[all]
(s,t)€C? seC

2
a
meH



We pass to polar coordinates a = re?, for § € S® and r» € Ry, and s = pe'?, for ¢ € S! and p € R,
and we obtain

—lal®~|s|?
mei _ m 7T27p2 3
2A€€2 [log |s]||al|| 3 dads = 8%6]& [log pr|™e r° pdrdp. (10)

seC pER L

Writing log pr = log p + log r, developing the binomial and using the triangular inequality, we obtain

m
(10) <8 / > (@ llog p|*log r|™ =" =" 1% pdrdp. (11)
pERL k=0

Let us study the integrals fp€R+ llog p|"e~*" pdp and freﬂh llogr|"e~""r3dr . To compute these two
integrals, we will use the following formula obtained by integration by part:

/(log x)"dz = zlogx — n/(logm)”_ldm, n > 0. (12)

e Computation of the integral fpeR+ [log p|”e*P2pdp. We write

n 2 1 2 o0 2
/ log p|"e™" pdp = / (—logp)"e™” pdp +/ (log p)"e™" pdp. (13)
pER L p=0 p=1
For the first term of this sum we have
1 1

2 2
/ (—log p)"e " pdp < f/ (—logp)"dp = in! (14)

p=0 2 p=0 2

where we used first that e="p < ? for p € [0,1] and then we used n times the formula (12).
1

2

.

03

For the second term of the sum in (13), we use first the fact that e_”zp < for any p > 1

and then the change t = 1/p, to have

[e'e] 5 [e’e] —p% 0 1
| togpre o< [ oo =~ [ osu/) e e = [ (< log(o)tear.
P 1 0

=1 p=1 P3 t=1/p
(15)
The last integral is the same as in (14), so from (14) and (15) we obtain
Oo 2
/ (log p)"e ™" pdp < V2, (16)
p=1 2
Putting (14) and (16) in (13), we obtain
/ llog p|"e =" pdp < v/2nl. (17)
PERY
o Computation of the integral [, g logr|"e=""r3dr. As before, we write
2 1 2 o0 2
/ llogr|"e™" r3dr :/ (—logr)"e " r3dr +/ (logr)™e™" r3dr. (18)
reR r=0 r=1
For the first term of the sum, we get
1 1
2
/ (—logr)"e_rzrgdr < (-1 / (logr)*dr = £n! (19)
r=0 r=0 \/g

where the first inequality follows from e < , for r € [0,1], and the last equality is

de =S

obtained using n times the formula (12).



For the second term of the sum in the right-hand side of (18), we use integration by parts with
respect to the functions —1 (logr)"r? and —2re~"" to obtain

o 2 3 1 2 2 n e 1 2 o0 2
/ (logr)te™ rodr = [—=(logr)"r‘e™" ]fozl—l—f/ (logr)" " re™" dr—i—/ (logr)*re™" dr.
S T

s=1 2 2 Jr=1 r=1
(20)
s |—5(logr)"r<e” ’ > 1 = 0 we obtain, by using (16) in (20), that
As [-1( np2eT], =0 b b h
o 3V2
/ (log r)"e_rzr?’dr < —\[n!. (21)
s=1 4
Putting (19) and (21) in (18), we get
log r|™e " r3ds < Mn!. (22)
reR4 & - 12

Now, we use (17) and (22) and we obtain the following estimate:

L /m k ek 2?3 4B3+IN (m 43 +9
I 1 < - ! —RI< — nl.
Jew. 3 (3 Yool togst™ e~ s3parap < EEEST (W)t -t < P s )

pER, k=0 k=0
(23)
Putting (23) in (11) and using (10) , (9) and (8), we obtaine the desired estimate for (7), hence the
result. O

3 Proof of Theorem 0.1

In this section, we prove our main result. We follow the notations of Sections 1 and 2.

Proposition 3.1. Let X be a real algebraic curve equipped with a compatible volume form w of total
volume 1 and let F € Picy(X). Fiz a sequence of positive real numbers (ag)q. Then, for any B > 0
there exists dg € N and a constant cg such that, for any E € Picﬂ%(X), any d > dp and any sequence
of smooth functions (pq)q with dist(supp(eq), RX) > BYed the following holds

> ad}

Vd

7'(- —
s (0. 0) € RGP 8 1 [ tog (7 1Was )] )00

aq
< - ).
_CBeXp< QHaawdwwaKSwmﬂaaww>>

Here, dist(-,-) is the distance in X induced by w, Ypagp is the Gaussian measure on RH*(X, F¢® E)?
constructed in Section 2.1 and ||| denote the pointwise norm induced by the Hermitian metrics on F
and E given by Proposition 1.1.

Proof. For any ty > 0, let us denote

T _
expl|t /log ( Weas(x )8890
(ta] [ 108 (st )00

Remark that

T —
’/ log <W|Waﬂ(x)||>3a<ﬁd
X

so that, by Markov inequality, we have

m

(24)

)-2 0
m=0

T _
log ( Weas(x )88
[ 1oz (57 1Wast@)]) 0024

> aqd & exp (td

T _
[ 105 (st ) 00
X

>ad}<

)d'VFd®E- (26)

>>gwd (25)

mm{(a, B) e RH(X,F?® E)?,

g taad / exp (td
RHO(X,FiQE)2

i —
[ 1o 51 W 21004
X

’]T —
log | == ||[Was(2)|| |00
[ 108 (st )00
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m m

Now, we have
< [|09¢a]|’ (27)

™ = ™
log | = ||[Was(2)|| |00 / lo < Weas(x >w
[ 1ox (sl Wastol )00 N C e

We then apply Holder inequality with m and m/(m — 1) for the functions log <d§“/2||WaB(x)||) and
1, so that

21) < |09 Vol Supp D)™ [
Supp(99¢aq)

T m
o (o lWosll )| w29
By Proposition 2.15, there exists dg € N and a positive constant cg such that for any d > dp we get

right-hand side of (28) ||88<pd” Vol(Supp(99¢4))™cp(m + 1)!. (29)

Then, by (26), (24) and (29), we have

W@)E{(a, B) e RH*(X, F? ® E)?,

[Wags (@)l ‘ }
log 00pq| > aq p <
< 372 d

ety Z (m+1) (Haacde - Vol( Supp(ﬁ&pd))) t. (30)

m=0

Now, we have the identity " ;(m +1)a™ = £ 30 2™ = (gt — 1) = gy %o that the

right hand side in (30) equals

cpexp(—tqaq)
(1- th38<pd|| - Vol( Supp(aacpd)))

(31)

Putting t; = (2”85(,051“00 . Vol(Supp(a&pd)))fl, we get the result. O

Lemma 3.2 (Lemma 2 of |5]). There exist positive constants C;, i € {1,...,4}, and a family of
cutoff functions x: : X — [0, 1], defined for t € (0,to], for some tg > 0, such that

1. Vol(supp(00x;)) < Cit;
2. Vol(X \ x; *(1)) < Cat;
3. HaéXt
4. dist(supp(x:), RX)) > Cyt.

||Lao é CStiz;
We now prove the following fiberwise version of Theorem 0.1.

Theorem 3.3. Let £(d) be a sequence of positive real numbers such that £(d) > B(logd) for some
B > 0. Then there exist positive constants c; and co such that

ppagr{u € ME(X, F4® E), #(Crit(u) "RX) > ((d)Vd} < ey,

Here, lpagp is the probability measure defined in Definition 1.6 and M%(X,F? @ E) is defined in
Definition 1.9.

Proof. For any pair of real global sections (o, 3) € RH(X, F¢ ® E)? without common zeros, let u,s
be the real branched covering defined by = — [a(z) : 5(z)]. Consider the set

0 = {(a, ) € RHY(X, F? @ E)?, #(Crit(uap) NRX) > ((d)Vd}. (32)

Remark that this set is a cone in RH?(X, F?® E)2. By Proposition 2.3, this implies that the Gaussian
measure of Cy(4) equals the Fubini-Study measure of its projectivization, which is exactly the measure
we want to estimate. In order to obtain the result, we will then compute the Gaussian measure of
the cone (32). Moreover, by Proposition 2.14, we have that « € Crit(uqg) if and only if W,g(z) =0,

11



so that, in order to compute #Crit(u,s), we can compute the number of zeros of W,z. To do this,
we will use Poincaré-Lelong formula, that is the following equality between currents

1
Wq — Z 0y = %8810g HWa,B”? (33)
:DG{WQEZO}

where ||-|| is the (induced) metric on F2¢® E2®T} given by Proposition 1.1 and w, is the corresponding
curvature form. Remark that wg equals 2d -w + O(1) (the term 2d - w comes from the curvature form
of F?¢® E? and the term O(1) from the curvature form of T%). Moreover, remark that the Hermitian
metric 5z ||-|| has the same curvature of the Hermitian metric [|-[|, because the curvature form is not
affected by a multiplicative constant. Then, Poincaré-Lelong formula (33), can also be read

1 .= s
200~ Y 0= 5o00ios (W) (31)
z€{Wap=0}

where the equality is in the sense of currents. We will apply (34) for the functions x:, given by

Lemma 3.2, for t; = 4é(d\)/g, where Cs is the constant appearing in Lemma 3.2. By (34), we then get
2

1 T _
o | [ 108 (a1 Wasl o0,

Remark that, for any pair of real global sections (c, 3) in the cone Cy(4y defined in (32), we have

> |2d( —ﬁ(\;%)JFO(l)— > X%(m). (35)

> xuw(z) <2d+29 -2 - L(d)Vd, (36)

xE{Waﬁ:O}

where g is the genus of X. Then, putting (36) in (35), we get

1 s _
9 1 13/9 Wa 00
27r‘/x 08 <d3/2 I ﬂ||> X%

for any (a, 3) € Cy(q)- Then, for d large enough, the cone (32) is included in the set

s _
1 ——= [|Wagsll |00
[ 105 (sl )00y

The result then follows from Proposition 3.1 and Lemma 3.2. O

> JHd)Vd+0(),

{(m) e RHO(X, F' ® B,

> e(d)ﬁ}.

Proof of Theorem 0.1. We fix a degree 1 real holomorphic line bundle F' over X, so that for any
L € Picft(X) there exists an unique degree 0 real holomorphic line bundle E € Pic%(X) such that
L = F*® E. The result then follows by integrating the inequality appearing in Theorem 3.3 along
the compact base Pich(X) ~ Pic(X) (the last isomorphism is given by the choice of the degree 1
real line bundle F). O
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