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Abstract

A major drawback of the Standard Heston model is that its implied volatility
surface does not produce a steep enough smile when looking at short maturities.
For that reason, we introduce the Stationary Heston model where we replace
the deterministic initial condition of the volatility by its invariant measure
and show, based on calibrated parameters, that this model produce a steeper
smile for short maturities than the Standard Heston model. We also present
numerical solution based on Product Recursive Quantization for the evaluation
of exotic options (Bermudan and Barrier options).

Introduction

Originally introduced by Heston in [Hes93|, the Heston model is a stochastic volatility model used

in Quantitative Finance to model the joint dynamics of a stock and its volatility, denoted (St(x))@o
and (vf)=0, respectively, where v§ = x is the initial condition of the volatility. Historically, the
initial condition of the volatility x is considered as deterministic and is calibrated in the market
like the other parameters of the model. This model received an important attention among
practitioners for two reasons: first, it is a stochastic volatility model, hence it introduces smile
in the implied volatility surface as observed in the market, which is not the case of models with
constant volatility and second, in its original form, we have access to a semi closed-form form
formula for the characteristic function which allows us to price European options (Call & Put)
almost instantaneously using the Fast Fourier approach (Carr & Madan in [CM99]). Yet, a
complaint often heard about the Heston model is that it fails to fit the implied volatility surface
for short maturities because the model cannot produce a steep-enough smile for those maturities
(see [Gatll]).

Noticing that the volatility process is ergodic with a unique invariant distribution v = I'(«, 3)
where the parameters a and 8 depend on the volatility diffusion parameters, it has been first
proposed by Pagés & Panloup in [PP09| to directly consider that the process evolves under
its stationary regime in place of starting it at time 0 from a deterministic value. We denote
by (St(l/))tgo and (vf)i=0 the couple asset-volatility in the Stationary Heston model. Replacing
the initial condition of the volatility by the stationary measure does not modify the long-term
behavior of the implied volatility surface but does inject more randomness into the volatility
for short maturities. This tends to produce a steeper smile for short maturities, which is the
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kind of behavior we are looking for. Later, the short-time and long-time behavior of the implied
volatility generated by such model has been studied by Jacquier & Shi in [JSI7].

In the beginning of the paper, we briefly recall the well-known methodology used for the
pricing of European option in the Standard Heston model. Based on that, we express the price

Iy of a European option on the asset S’éy) as

Iy =E[eTo(8$)] = E[f(vh)] (0.1)

where f(v) is the price of the European option in the Standard Heston model for a given set of
parameters. The last expectation can be computed efficiently using quadrature formulas either
based on optimal quantization of the Gamma distribution or on Laguerre polynomials.

Once we are able to price European options, we can think of calibrating our model to market
data. Indeed the parameters of the model are calibrated using the implied volatility surface
observed in the market. However, the calibration of the Standard Heston model is highly de-
pending on the initial guess we choose in the minimization problem. This is due to an over-
parametrization of the model (see [GR09]). Hence, when we consider the Heston model in its
stationary regime, there is one parameter less to calibrate as the initial value of the volatility
is no longer deterministic. The stationary model tends to be more robust when it comes to
calibration.

In the second part of paper, we deal with the pricing of Exotic options such as Bermudan
and Barrier options. We propose a method based on hybrid product recursive quantization.
The "hybrid" term comes from the fact that we use two different types of schemes for the dis-
cretization of the volatility and the asset (Milstein and Euler-Maruyama). The recursive quan-
tization (also called Markovian quantization) was first introduced in [PPP04] and then studied
extensively by Pageés & Sagna in [PS15] for one dimensional diffusions discretized by an Euler-
Maruyama scheme. They proposed a fast algorithm based on deterministic methods for building
the quantization tree. Then, the fast recursive quantization was extended to one-dimensional
higher-order schemes by [MRKP18| and to higher dimensions using product quantization (see
[FSP18, RMKP17, [CFGI8, [CFGI17]). Then, once the quantization tree is built, we proceed
by a backward induction using the Backward Dynamical Programming Principle for the price of
Bermudan options and using the methodology detailed in [Sag10] [Pag18| based on the conditional
law of the Brownian Bridge for the price of Barrier options.

The paper is organized as follow. First, in Section [1} we recall the definition of the Standard
Heston model and the interesting features of the volatility diffusion which bring us to define the
Stationary Heston model. In Section[2] we give a fast solution for the pricing of European options
in the Stationary Heston model when there exists methods for the Standard model. Finally, once
we are able to price European options, we can define the optimization problem of calibration on
implied volatility surface. We perform the calibration of both models and compare their induced
smile for short maturities options. Once this model has been calibrated, in Section |3 we propose
a numerical method based on hybrid product recursive quantization for the pricing of exotic
financial products: Bermudan and Barrier options. For this method, we give an estimate of the
L?-error introduced by the approximation.



1 The Heston Model
)

The Standard Heston model is a two-dimensional diffusion process (S?fx ,vf) solution to the

Stochastic Differential Equation

()

dS ~

S(Z}) = (7- — q)dt + \/E(pdwt + Md”t) (1 1)
t .

dv¥ = k(0 — vF)dt + E/vEdW,

where

° St(x) is the dynamic of the risky asset,

v{ is the dynamic of the volatility process,
° S(()z) = sp = 0 is the initial value of the process,

e r € R denotes the interest rate,

q € R is the dividend rate,

p € [—1,1] is the correlation between the asset and the volatility,

(W, V[N/) is a standard independent two-dimensional Brownian motion,

e 0 = 0 the long run average price variance,

e ~ > ( the rate at which v} reverts to 0,

e ¢ > 0 is the volatility of the volatility,

e vj = x > 0 is the deterministic initial condition of the volatility.

This model is widely used by practitioner for various reasons. One is that it leads to semi-
closed forms for vanilla options based on a fast Fourier transform. The other is that it represents
well the observed mid and long-term market behavior of the implied volatility surface observed
on the market. However, it fails producing or even fitting to the smile observed for short-term
maturities.

Remark 1.1 (The volatility). One can notice that the volatility process is autonomous thence
we are facing a one dimensional problem. Moreover, the volatility process is following a Cox-
Ingersel-Ross (CIR) diffusion also known as the square root diffusion. Existence and uniqueness
of a strong solution to this stochastic differential equation has been first shown in [IW8I], if
x = 0. Moreover, it has been shown, see |[LL11], that if the Feller condition holds, namely
€2 < 20, for every x > 0, then the unique solution (v)¢q satisfies

V=0, P(rf=+x0)=1 (1.2)
where 77 is the first hitting time defined by
75 =inf{t > 0| vf =0} where inf & = +00. (1.3)

Moreover, the CIR diffusion admits, as a Markov process, a unique stationary regime, charac-
terized by its invariant distribution

v=T(a,p) (1.4)

where

a=08 and j=2k/€. (1.5)



Based on the above remarks, the idea is to precisely consider the volatility process under its
stationary regime, i.e., replacing the deterministic initial condition from the Standard Heston
model by a v-distributed random variable independent of (W, VIN/) We will refer to this model
as the Stationary Heston model. Our first aim is to inject more randomness for short maturities
(t small) into the volatility but also to reduce the number of free parameters to stabilize and
robustify the calibration of the Heston model which is commonly known to be overparametrized
(see e.g. |[GRO9]).

This model was first introduced by [PP09] (see also [TWS8I], p. 221). More recently, [JS17]
studied its small-time and large-time behaviors of the implied volatility. The dynamic of the asset
price (St(y))tZO and its stochastic volatility (v})¢>0 in the Stationary Heston model are given by

s W
S = (= @t (pdWe+ L= 2 (1.6)
t .

dvy = k(0 —v)dt + {«/v;’dﬁft

where v§ ~ L(v) ~ T'(a, 8) with 8 = 2k/£2, a = 5. S[gy), r and ¢ are the same parameters as
those defined in (1.1) and the parameters p, 0, k, 0 and £ can be described as in the Standard
Heston model.

2 Pricing of European Options and Calibration

In this section, we first calibrate both Stationary and Standard Heston models and then compare
their short-term behaviors of their resulting implied volatility surfaces. For that purpose we relied
on a dataset of options price on the EURO STOXX 50 observed the 26th of September 2019 (see
Figure . This is why, as a preliminary step we briefly recall the well-known methodology for the
evaluation of European Call and Put in the Standard Heston model. Based on that, we outline
how to price these options in the Stationary Heston model. Then, we describe the methodology
employed for the calibration of both models: the Stationary Heston model and the Standard
Heston model and then we discuss the obtained parameters and compare their short-term
behaviors.

2.1 European options

The price of the European option with payoff ¢ on the asset Séfl), under the Stationary Heston
model, exercisable at time 7' is given by

Io=E[e T (s (2.1)

After preconditioning by v{, we have

I =E|E[eTo(5{) | o(h)]| = B[/(05)] (22)

where f(v) is the price of the European option in the Standard Heston model with deterministic
initial conditions for the set of parameters \(v) = (so,7,q,0, K, &, p,v).

Example 2.1 (Call). If ¢ is the payoff of a Call option then f is simply the price given by
Fourier transform in the Standard Heston model of the European Call Option. The price at time



0, for a spot price sg, of an European Call C(A(v), K,T) with expiry T and strike K under the
Standard Heston model with parameters A(v) = (so,7,¢,0,k,&, p,v) is

C(p(v), K, T) = E[e (5% — K).]
=T (B[sY Ly g ]~ KE []ls;“zx]) (2.3)
=soe T PI(A\(v),K,T) — Ke "' P,(A\(v), K, T)

with Py (A(v), K,T) and Py(A(v), K,T) given by

1 1 [t® —iulog(K) Av),u—1i,T
Pl()\(v),K,T)=+f Re &— P 5 T)Y
2 7 i soer=aT (2.4)
1 1 +00 e—iulog(K) .
Py(Mw). K.T) = £ + WL Re(iuw()\(v),u,T)>du
where i is the imaginary unit s.t. i* = —1, ¢ (A(v),u,T) is the characteristic function of the

logarithm of the stock price process at time 1. Several representations of the characteristic func-
tion exist, we choose to use the one proposed by [SST04, [Gat11, [AMST07], which is numerically
more stable. It reads

@Z)()\(U), u, T) - [eiulog(S(T“)) | S(()’U)’:L‘]
— elu(log(so)+(r—q)T)

« 562 ((n—ptui-d)T—210g((1-ge~*)/(1-9))) (2:5)
« V6 (k—pEui—d)(1—e~")/(1—ge™)
with
d=~/(ptui — k)2 — €2(—ui —u2) and g = (k— pfui—d)/(k — péui + d). (2.6)
Hence, in , f(v) can be replaced by C’()\(v), K, T), which yields
I =E[eT(SY —K),] - E [C(A(vg), K, T)]. (2.7)

Now, we come to the pricing of European options in the Stationary Heston model, using the
expression of the density of vj ~ I'(a, ), (2.2) reads

h=E[e)] = [ et (2.8)

Now, several approaches exists in order to approximate this integral on the positive real line.

o Quantization based quadrature formulas. One could use a quantization-based cubature formula
with an optimal quantizer of v with the methodology detailed in Appendix@ Given that optimal

quantizer of size N, @év , we approximate Iy by fON

N
IA(])V = [f(ﬁcj)v)] = 2 f(U(])\,fi) P (@év = U(])Yi)- (2.9)



Remarks 2.2. In one dimension, the minimization problem consists in building an optimal
quantizer is invariant by linear transformation, hence applying a linear transformation to an
optimal quantizer preserves its optimality. For example, if we consider an optimal quantization
XN of a standard normal distribution A/ (0,1) then u+o0X XV is an optimal quantizer of a normal
distribution N (11, 0%) and the associated probabilities of each Voronoi centroid stay the same.

In our case, noticing that if we consider a Gamma random variable X ~ T'(«, 1) then the rescaling
of X by 1/8 yields X /B8 ~ I'(a, 3). Hence, for building the optimal quantizer 9}’ of v§, we can
build an optimal quantizer of X ~ T'(a, 1) and then rescale it by 1/8, yielding 3 = )A(N/ﬁ Our
numerical tests showed that it is numerically more stable to use this approach.

In order to build the optimal quantizer, we use Lloyd’s method detailed in Appendix [D] to
X ~ I'(a, 1) with the cumulative distribution function F, (x) = P(X < z) and the partial first
moment K, (z) = E[X 1x<,] given by

Vo >0, F,(x) = F(la)v(a,x), K, (x) = aF, (z)— xro‘(ea_)“’ (2.10)
otherwise, F.(z)=0, K, (x) =0,

where y(a, x) = Sg to~Le~t dt is the lower gamma function. And the associated probabilities of
the optimal quantizer 9’ are given by (D.10))

IP(U(])V —U(])VZ) IP(XN =a:fv) =FX($£\_[H/2) —Fx(mfv_l/Q) (2.11)
N
where Vi € [[2,N]],xf\il/2 = xi‘gxi and x1/2 =0 and xN+1/2 +00.

e Quadrature formula from Laguerre polynomials. One could also use an algorithm based on
fixed point quadratures for the numerical integration. Indeed, noticing that the density we are
integrating against is a gamma density which is exactly the Laguerre weighting function (up to
a rescaling). Then, Iy rewrites

7 ro e an = B e
h= | g e = s | e (212)

a=1¢=Bv i5 the Laguerre weighting function. Then, for a fixed integer n > 0, Iy

where w(v) = v
is approximated by

~ o "
n — . .
I = ) szf(uz) (2.13)
=1
where the w;’s are the Laguerre weights and the v;’s are the associated Laguerre nodes.

2.2 Calibration

Now that we are able to compute the price of European options, we define the problem of
minimization we wish to optimize in order to calibrate our models parameters. Let P, be the
set of parameters of the Stationary Heston model that needs to be calibrated, defined by

Pou = {(0.5.6,p) € Ry x Ry x Ry x[—1,1]} (2.149)

and let P, be the set of parameters of the Standard Heston model that needs to be calibrated,
defined by
Py ={(2,0,r,&p) € Ry x Ry x Ry x Ry x[—1,1]}. (2.15)
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Figure 1: Implied volatility surface of the EURO STOXX 50 as of the 26th of September 2019.
(So = 3541, r = —0.0032 and q = 0.00225) The expiries T are given in days and the strikes K
in percentage of the spot.

The others parameters are directly inferred from the market: we get Sy = 3541, r = —0.0032
and ¢ = 0.00225. In our case, we calibrate to option prices all having the same maturity. The
problem can be formulated as follows: we search for the set of parameters ¢* € P that minimizes
the relative error between the implied volatility observed on the market and the implied volatility
produced by the model for the given set of parameters, such that P = P, for the Stationary
Heston model and P = P,, for the Standard Heston model. There is no need to calibrate the
parameters sg, r and g since they are directly observable in the market.

Being interested in the short-term behaviors of the models, it is natural to calibrate both
models based on options prices at a small expiry. Once the optimization procedures have been
performed, we compare their performances for small expiries. For that, we calibrate using only
the datas on the volatility surface in Figure [1] with expiry 50 days (7' = 50/365) and then we
compare both models to the market implied volatility at expiry 22 days which is the smallest
available in the data set.

Remark 2.3. The calibration is performed using the randomized version of the simplex algo-
rithm of [NM65] proposed in the C++ library GSL. This algorithm is a derivative-free optimiza-
tion method. It uses only the value of the function at each evaluation point.

2.2.1 Optimization withtout penalization

We want to find the set of parameter ¢* that minimizes the relative error between the volatilities
observed in the market and the ones generated by the model, hence leading to the following
minimization problem

min (2.16)

O.I]\\{arket(K’ T) _ U%Odel(gb, K, T) 2
PEP 7

O-I]\\;[arket (K’ T)

where T is the expiry of the chosen options chosen a priori and K are their strikes. The quan-
tities oMarket () T') and o}l (p, K, T) are the implied volatilities deduced from the European



Call/Put Mark-to-Market prices and the prices computed with a given model (Standard Heston
or Stationary Heston) for the set of parameters ¢ respectively.

In all the following figures, the strike K is given in percentage of the spot Sp.
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Figure 2: Implied volatilities for 22 (left) and 50 (right) days expiry options after calibration at
50 days without penalization.

It is clear in Figure [2] (right) that both models fit really well to the market data and more
precisely, the Stationary model succeeds to calibrate with the same precision as the Standard
one with one less parameter. Moreover, one notices that even for 22 days maturity options, the
Standard Heston model tends to over-estimate the implied volatility and fails to produce the
right smile whereas the Stationary Heston model is closer to the market observations.

Now, we extrapolate the implied volatility surfaces, given by the two models, for even smaller
maturities (7 and 14 days) in order to analyze the behavior of each model for short-term expiries.
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Figure 3: Implied volatilities for 7 (left) and 14 (right) days expiry options after calibration at
50 days without penalization.

It is clear in Figure [3] that the Standard Heston model fails at producing the desired smile
for very small maturities when the Stationary model meets no difficulty to generate it. The next
graphics, Figure [f] reproduces the term-structure of the implied volatility in function of 7' both
models.
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Figure 4: Term-structure of the volatility in function of T and K of both models (left: Standard
Heston and right: Stationary Heston) after calibration at 50 days without penalization.

Now, we investigate how these models behave for longer maturities. Do they succeed in
preserving the general shape of the market volatility surface or are they only correctly fitting the
maturity on which we calibrated them?

Figure [5| represents the relative error between the implied volatility given by the market and
the one given by the models calibrated models at 50 days. Clearly, one notices that the Standard
Heston model only fits at this expiry. Indeed, when looking at the expiry 22 days or for long-term
maturities, the relative error explodes. The term-structure of the implied volatility surface of
the market is not preserved when using the Standard Heston model. However, the Stationary
Heston model does fit well at both short and long term expiries. The Stationary model produces
a steep smile for very short maturities and flattens correctly to the appropriate mean for long

expiries.
¢ I v 0 i ¢
Standard Heston || —0.74 0.152584 0.01487 80.05  5.22
Stationary Heston || —0.75 0.02744  593.46 36.80

Table 1: Parameters obtained for both models after calibration without penalization for options
with maturity 50 days (Sp = 3541, r = —0.0032 and q = 0.00225).

However, looking closely at the parameters obtained after calibration (which are summarized
in Table , one notices that both sets of calibrated parameters are far from satisfying the Feller
condition. And we have to keep in mind that the calibration procedure is performed in order to
price path-dependent or American style derivatives using Monte-Carlo simulation or alternative
numerical methods, as developed in the next Section. Hence, the Feller condition has to be
satisfied, this is the reason why we add a constraint to the minimization problem in order to
penalize the sets of parameters not satisfying the condition.
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Figure 5: (K,T) — low t(f,\;TaZk;jl(} T)(¢ K| for both models after calibration at 50 days
without penalization. The expiries T are given in days and the strikes K are in percentage of the

spot. (left: Standard Heston and right: Stationary Heston).

2.2.2 Optimization with penalization using the Feller condition

The minimization problem becomes

min
¢peP e

Market Model 2
O (K> T) — O (¢7 Kv T) 2

A —2k6,0 2.17
(= Famax(E - 20,0) (217
where X is the penalization factor to be adjusted during the procedure. The obtained parameters
after calibration are summarized in Table Pl The Feller condition is still not fulfilled for both
models but it is not far from being satisfied. We choose A = 0.01 which seems to be right the
compromise in order to avoid underfitting the model because of the constraint.

P* H p Vo 0 K 13
Standard Heston || —0.83 0.0045 0.17023 2.19 1.04
Stationary Heston || —0.99 0.02691 19.28 1.15

Table 2: Parameters obtained for both models after calibration with penalization (A = 0.01) for
options with maturity 50 days (So = 3541, r = —0.0032 and q = 0.00225).

Figure [0 displays the resulting implied volatility curves at 50 days and 22 days for both
calibrated models and observed in the market with calibration at 50 days. Adding a penalization
term deteriorates the calibration results compared to the non-penalized case (see Figure[2| (right))
but the results are still acceptable.

10
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Figure 6: Implied volatilities for 22 (left) and 50 (right) days expiry options after calibration at
50 days with penalization.

Now, again, we extrapolate the implied volatility of both models for very short term maturities
in Figure [l The Stationary Heston model produces the desired smile, however the Standard
Heston model fails to produce prices sensibly different than 0 for strikes higher than 105 with
this set of parameters, this is why there is no values in implied volatility curves.
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Figure 7: Implied volatilities for 7 (left) and 14 (right) days expiry options after calibration at
50 days with penalization.

Figure [§ represents, as in the non-penalized case, the relative error between the implied
volatility given by the market and the one given by the models calibrated models at 50 days using
a penalization. The Standard Heston model completely fails to preserve the term-structure while
being calibrated at 50 days. In comparison, the Stationary Heston behaves much better and the
relative error does not explodes for long-term expiries, meaning that the long run average price
variance is well caught.
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(left: Standard Heston and right: Stationary Heston).

3 Toward the pricing of Exotic Options

In this Section, we evaluate first Bermudan options and then Barrier options under the Stationary
Heston model. For both products, the pricing rely on a Backward Dynamical Programming
Principle. The numerical solution we propose is based on a two-dimensional product recursive
quantization scheme. We extend the methodology previously developed by [FSP18| [CFGIS,
ICFG17], where they considered an Euler-Maruyama scheme for both components. In this paper,
we consider a hybrid scheme made up with an Euler-Maruyama scheme for the log-stock price
dynamics and a Milstein scheme for the (boosted) volatility process. Finally, we apply the
backward algorithm that corresponds to the financial product we are dealing with (the Quantized
Backward Dynamical Programming Principle for Bermudan Options, see [BP03, [BPP0S,
and the algorithm by for Barrier Options based on the conditional law of the

Brownian motion).

3.1 Discretization scheme of a stochastic volatility model

We first present the time discretization schemes we use for the asset-volatility couple (St(y) ,uf )te[O’T].
For the volatility, we choose a Milstein on a boosted version of the process in order to preserve
the positivity of the volatility and we select an Euler-Maruyama scheme for the log of the asset.

The boosted volatility. Based on the discussion in Appendix [A] we will work with the
following boosted volatility process: Y; = e oY, t € [0,T] for some x > 0, whose diffusion is given
by

dY; = e kOdt + £ % \/Y,;dW,. (3.1)

The Milstein discretization scheme of Y; is given by

}_/Ttk+1 = Mg’g—(tkal_/;fk7zlz+1) (32)
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with tg = %k and b and & are given by

éent/Q
= 2\/5

E(t, r) = " Kb, F(t,x) =&J/ze™?  and (¢, 2)

T

(3.3)

and M; (¢, 7, 2) defined by

G

5(t, ) 5 (55,)(t,2)\ | (35t )b 1 ?
3009 =5 = gy (e - B2« B e )
(3.4)

€T
We made this choice of scheme because, under the Feller condition, the positivity of M; - is
ensured, since

2 2 Kt 2
Mz,a(tvx’z) = he™ <’i9 - %) + hg : (Z + \/;g/eitﬂ) (3'5)

and
€2 < 260 < 4r0.

Other schemes could have been used, see [Alf05] for an extensive review of the existing
schemes for the discretization of the CIR model, but in our case we needed one allowing us to
use the fast recursive quantization, i.e., where we can express explicitly and easily the cumulative
distribution function and the first partial moment of the scheme, which is the case of the Milstein
scheme (we give more details in Subsection .

Hence, as our time-discretized scheme is well defined because its positivity is ensured if
the Feller condition is satisfied, we can start to think of the time-discretization of our process

(St(,i/))ke[[o,n]}-

The log-asset. For the asset, the standard approach is to consider the process which is the
logarithm of the asset X; = log(S;). Applying Itd’s formula, the dynamics of X; is given by

dX; = (r - %)dt + o dW. (3.6)

Now, using a standard Euler-Maruyama scheme for the discretization of X;, we have

th+1 = gb,ff (tk7th’Y;fk7 Zli—i-l) (3 7)
Y;fk+1 = Mg,g (tk’ Y;fw Zl%Jrl) .
where Z} , ~ N(0,1), Z., ~ N(0,1), Corr(Z}, 1,27, ) = p and
Epolt,,y,2) = 2+ b(t,z,9)h + ot z,y)Vhz (3.8)
with o
b(t,z,y)=r—q— ¢ 5 and o(t,x,y) = e Ht/2 VY. (3.9)

3.2 Hybrid Product Recursive Quantization

In this part, we describe the methodology used for the construction of the product recursive
quantization tree of the couple log asset- boosted volatility in the Heston model.

In Figure [9] as an example, we synthesise the main idea behind the recursive quantization
of a diffusion v; which has been time-discretized with Fy(¢, z,z). We start at time ¢ty = 0 with

13



a quantizer Uy taking values in the grid I'y, = {v9,...,0{,} of size 10, where each point is
represented by a black bullet (e) with probability p = P(%y = v?) is represented by a bar. In
the Stationary Heston model, 7y is an optimal quantization of the Gamma distribution given
by and . Then, starting from this grid, we simulate the process from time ¢y to time
t;1 = 5 days with our chosen time-discretization scheme Fy(t,z, z), yielding 01 = Fy(to, vo, Z1),
where Z; is a standardized Gaussian random variable. Each trajectory starts from point v?
with probability p?. And finally we project the obtained distribution at time ¢; onto a grid
[y, = {v],..., v} of cardinality 10, represented by black triangles () such that 9; is an optimal
quantizer of the discretized and simulated process starting from quantizer 9y at time ¢y = 0.

Remark 3.1. In practice, for low dimensions, we do not simulate trajectories. We use the
information on the law of ¥ conditionally of starting from 7y. The knowledge of the distribution
allows us to use deterministic algorithms during the construction of the optimal quantizer of ¥;
that are a lot faster than algorithms based on simulation.

0.30

o Vv A v}
PP =P =) = p} =p=vl)

0.25 1

0.20- V1= Folto, V1,21) N

< 0.15 4

0.10 4

0.05 4

0.00 -

—0.005 0.000 0.005 0.010 0.015 0.020 0.025

Figure 9: Exzample of recursive quantization of the volatility process in the Heston model for one
time-step.

In our case, we consider the following stochastic volatility system

dXt = b(t, Xt, n)dt + O'(t, Xt, th)th

- o (3.10)

where W; and W, are two correlated Brownian motions with correlation p€[—1,1], b and o are
defined in and b and & are defined in . Our aim is to build a quantization tree of the
couple (X, Y};) at given dates tg, k = 0,...,n based on a recursive product quantization scheme.
The product recursive quantization of such diffusion system has already been studied by [CEG17]
and [RMKP17| in the case case where both processes are discretized using an Euler-Maruyama
scheme.

One can notice that building the quantization tree (}Afk) ke[o,n] approximating (Yi)ie[o,r) is a
one dimensional problem as the diffusion of Y; is autonomous. Hence, based on our choice of
discretization scheme, we will apply the fast recursive quantization (detailed above in Figure E[)

14



that was introduced in [PS15] for one dimensional diffusion discretized by an Euler-Maruyama
discretization scheme and then extended to higher order schemes, still in one dimension, by
[IMRKP18]. The minor difference with existing literature is that, in our problem, the initial
condition yg is not deterministic.

Then, using the quantization tree of (?k)ke[[o,n}] we will be able to build the tree ()A(k)ke[[o,n]]
following ideas developed in [FSP18, RMKP17, [CEGI1S8, [CFG17]. Indeed, once the quantization
tree of the volatility is built, we are in a one-dimensional setting and we are able to use fast
deterministic algorithms.

3.2.1 Quantizing the volatility (a one-dimensional case)

Let (Y%)se[o,r] be a stochastic process in R and solution to the stochastic differential equation
dY, = b(t, Y,)dt + &(t, Yy)dW, (3.11)

where Yj has the same law than the stationary measure v: £(Y;) = v. In order to approximate
our diffusion process, we choose a Milstein scheme for the time discretization, as defined in [3.4]
and we build recursively the Markovian quantization tree (Ytk) kelo,n] Where Y}k .. 1s the Voronoil

quantization of Ytk ., defined by

Y;‘k+1 = Mag (tkv Ytk, Z}%+1)7 Y;5k+1 = PI‘OJFY

N k41

(Vi) (3.12)

and the projection operator Proij (+) is defined in , N2 o1 = {ka ...,y]"“\,2 k-+1} is

No k+1

the grid of the optimal quantlzer of Ytk 4, and Zk i N(0,1). In order alleviate the notations,
we will denote Yk and Yk in place of Ytk and Ytk

The first step consists of building YO, an optimal quantizer of size Na of Y. Noticing that
Yy = vy, we use the optimal quantizer we built for the pricing of European options. Then, we
build recursively (Yj)g=1,.. n, where the Ny j-tuple are defined by yl ~, (y{“, . ,yN2 k) by

solving iteratively the minimization problem defined in the Appendix E' in ., with the help
of Lloyd’s method I. Replacing X by Ykﬂ in yields

E[Yk-i-l ]lyk 1ec( N2k+1)]

P (Vi e C(rY,,.))
E[M St Vi, Z2,,) 1

k+1 _
Y =

(3.13)

M 5 (tkak7Zk+1) €Cj ( No, k+1) ]

P (M (tkaYka k+1) € Cj ( Ny k+1)>

Now, preconditioning by }A/k in the numerator and the denominator and using pf =P (}A/k =, ),

15



we have

E [E [M St Vi Z2,,) 1

) 15]]

Mg’g (tk,?k,Z£+1) GC (

il RENES
j
E |:IP (M (tkaykv Zk+1) € C (F%Q k+1) | Yk>j|
Na i
E[ (et 22 ) 1 ]'?
2 Mbﬁg( ko Yis Ziten) M 5 (tewh 22,,) € (T, k+1) Pi
Z ( tkawak—H) & (FN2 k+1))p§
Nk
(E L) — KEWED) ) ot
_ =1
N
(FEGE ) — FEGE) ) ot
i=1
where C;(T'), k+1) = (yfjll /273/;'6111/2] is defined in (D.I)). FF and KF are the cumulative distri-

bution function and the first partial moment function of UF ~ u¥ + x¥(Z ,i at A2 respectively
with . N

N CARA) w1

7 2 ’ T VR (b )

k ~~f

kE_ k U(tkay]) g k ( )(tkvy]>

and Wy =yj — 5 (1 o) (e o5 + h{ btk yj) — — s )
x 1

The functions Ff and K ,Lk can explicitly be determined in terms of the density and the cumulative
distribution function of the normal distribution.

(3.15)

Lemma 3.2. Let U = pu + w(Z + N\)?, with p, s, A€ R, A\ =0, K > 0 and Z ~ N(0,1) then the
cumulative distribution function F, and the first partial moment K, of U are given by

FU(x) = (Fz(er) - Fz(x,)) 11:1:>,u

K, (x) = (F (@) + w7+ 1) + (o F o F )) L., 19

s

K

where x, = A/ =H — X\, x_ = —/TE — X and F, is the cumulative distribution function of Z.
Finally, we can apply the Lloyd algorithm defined in Appendix [D.9with F; and K defined

by
Ng’k NQ,k

= Y FA@)  and K (@)= ) b Kl (). (3.17)

In order to be able to build recursively the tree quantization (}A/k)kzor_”n, we need to have
access to the weights pf =P (Yk = yf), which can be themselves computed recursively, as well
.- ey S k1l 1 O
as the conditional probabilities pfj =P (Yk+1 = yj+ | Yy = yf)

Lemma 3.3. The conditional probabilities pfj are given by

pm _sz( f:11/2) sz(yfjllp) (3.18)
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And the probabilities p?“ are given by

Na
k+1 2 prU (319)
Proof. The R R
Pl =P (Vi = o5 | Vi = o)

=P <M b5 (tk‘7Yk‘7Zk+1) € C (FNz k+1) ‘ i}k = yf)

:]P <M55(tk7yz ’ Zk:-i—l) € C (FNQ k+1))

=F} (95111/2) ~ Ef (yfjll/Q)
and

Na i
P =P (Verr = i) = 30 P (Yiwa = o [ Vi = o) P (Vi = o)

Na i,

= Z pz ng

O

As an illustration, we display in Figure [I0] the rescaled grids obtained after recursive quan-
tization of the boosted-volatility, where 7, = e " Yk and (Yk)k 1,..,n are the quantizers built
using the fast recursive quantization approach.

3.2.2 Quantizing the asset (a one-dimensional case again)

Now, using the fact that (Y;); has already been quantized and the Euler-Maruyama scheme of
(X1)t, as defined (3.8), we define the Markov quantized scheme

thﬂ = gb,U (tk’ thv i}tk? Zl%+1)7 th-#l PrOJFX (jztk+1) (3'20)

Nik+1

. . . . . X . .
where the projection operator PrOJFﬁLkH (+) is defined in (D.2]), FNMH is the optimal Ny j41-

quantizer of thﬂ and Zli+1 ~ N(0,1). Again, in order to simplify the notations, th and )A(tk
are denoted in what follows by X r and X k-
Note that we are still in an one-dimensional case, hence we can apply the same methodology

as developed in Appendix@ and build recursively the quantization (X k) as detailed above,

k=0,...,n
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k
i

Probability p!

0.00 0.05 0.10 0.15 0.20 0.25
Quantizer §, |

Figure 10: Rescaled Recursive quantization of the boosted-volatility process with its associated
weights from t = 0 to t = 60 days with a time step of 5 days with grids of size N = 10. The
recursive quantization methodology is applied to Yy and then we display the rescaled volatility

p = e "R Y.

where the Nj p-tuple are defined by :c]f:Nl . (x’f, . 7:1:‘?\[1,19)' Replacing X by )Z‘k in yield

B & (ths Xty Vi Z4,0) 1 I ]
Ebo (thr Xty» Yirr Ziy1) gbyo(tk,th,mk,Z;H)ecjl(rﬁl’kﬂ)

P
Ji P (gb,g (tk’Xtm}/tka Z]%Jrl) € le (F%Lk_,_l))
N1,k Naog
]E[ ook gk 7l )1 ]k
ilz_l izz_l gbﬂ( k> iy Yiy k+1) 5b,a(tk7xf1»yf27zé+1)Ele (Fﬁuﬁl) p(z1,22)
- Ny x Nog
7 : 3.21
S0P (& (ol o Zh) € € (TX,,) ) o (321
i1=112=1

k

k Nak
k k+1 k k+1
Z K(il,ig) ('le—i-l/Q) - K(il,iz) (xj1—1/2)> p(il,ig)
ig=1
& Nok

Nl’
ilz—l
Nl,
Z (F(]EI;Z'Q) (xf;rll/Q) - F(]zlyiQ) ($5j51/2)> p’(cil,lé)

i1=112=1

and K

(i1,ip) TC the cumulative distribution

k 1 k
(il,ig) + Zk+1o-(i17i2)

k % E v k k
where Plinsin) = P (Xk =x;, Vg = yiz) and F(Z.M.Q)
function and the first partial moment function of the normal distribution pu
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and they are defined by

k
T P
F(Izl,iQ)(l‘):FZ< - (1 2)>

9 (i1 ia)

. _ (3.22)
k k T Pigig) k ~ Plivia)
K(ilﬂé)(x) = 'Lb(ilﬂ'Q)FZ( k ) + U(im'Q)KZ( k )
(i1,i2) (i1,i2)
with
u’&hiz) = xfl + b(tg, xfl,yfz)h and 0@172-2) = a(tk,xfl,yfg)\/ﬁ (3.23)

and F, and K, are the cumulative distribution function and the first partial moment of the
standard normal distribution.
Finally, we apply the Lloyd method defined in Appendix with ', and K, defined by

Ny Na i Ny i Nojk
Z Z p(ll,ZQ 11,12)( ) and 2 2 p(ZMQ (11712)(1}). (324)
i1=11i2=1 i1=112=1

The sensitive part concerns the computation of the joint probabilities p’(“i1 i) Indeed, they
are needed at each step in order to be able to design recursively the quantization tree.

Lemma 3.4. The joint probabilities p”(“i1 i) 7€ given by the following forward induction

N1 g No
D) = Z Z i P (X1 = 257 Vi = o571 | Xy = 2F Y0 = of) (3.25)

where the joint conditional probabilities P (Xk+1 = x Yk+1 = y]H | Xk = ﬂzk f/k = yl";) are
given by the formulas below, depends on the correlatzon

o if (Dorr(Z,iH,Z,%H) =p=0

~ k ~
]P (Xk+1 = le-’_17Yk+1 = y]+1 ‘ Xk - ‘T117Yk = ylg) = plg]g |:N (xfl,iQ,j1,+) _N(wflyi%jl:*)]’

(3.26)
where pi-‘;jz is defined in (3.18]) and
k+1 k k+1 k
i — " —ub.
k n—=1/2  P(isie) k 12 (i)
R T s e (3.27)
or. . ok .
(i1,i2) (41,i2)

with u’&hb) and a(l i2) defined in .
o if Corr(Z}, 1,27 ) =p#0
P(Xpp1 = w?fl,? = Z/JJr1 | Xy =af Yy = yb)
=P (Zli+1 € (45, igujs—r T ig it s Zir1 € (\/ Uiy o — A \ Uiy ot — )‘k]
+P (Zli-&-l € (‘T'Z,ig,jl,fﬂxi’i,iz,ﬁ#]’ Zi € [_ \/yi,j2,+ Ny M‘ /\5‘62))

(3.28)
where . . . .
Yjo—1/2 — Hia % Yipa1/2 — Hiy
Yig,jo,— = 0v QTa Yig jo,+ = 0v ZT, (3.29)
12 io

with M%; ﬂfQ and )\g defined in (3.15]).
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Remark 3.5. The probability in the right hand side of (3.28)) can be computed using the
cumulative distribution function of a correlated bivariate normal distributionlﬂ Indeed, let

Fy(x1,22) = P(X1 < 21, Xo < 29)

the cumulative distribution function of the correlated centered Gaussian vector (Xi, Xs) with
unit variance and correlation p, we have

P (X € [a,b], Xs € [¢,d]) = Fp(b,d) — Fy(b,¢) — Fy(a,d) + F,(a,c) (3.30)

with a,c > —oo and b,d < 400.

Proof.
k+1 v _ k1 S _ o k+1
D1 42) =P (Xk+1 =T Y1 = Yo )
Ny No g
v k+1 k+1 | ¥ k v k v k 1 k
= P ( Xy =25 Y =y, | X =2, Y = yj) P (Xk =25, Y = us)
i=1 j=1
Nik Nog

k _ k1 R+l v ok Lk
P (Xps1 = i Y =y | X = a5, Yy = Y-

=
—~

-
=

.
¥
<

o if Corr(Z,iH,Z,%H) =p=0

% k+1 k+1 | ¥ k k
P (Xpy1 =25 Yy =y, | Xoo = 20, Y = )

_ ok o ktl Y _ kO _ .k

= Diy P (Xpyr = 257 | Xip = 23, Vi = v)

_ .k e k+1 k+1 v _ .k v _ .k
= Pisjo P (Xk+1 € (ﬂUjl_l/gafﬂle/g] | Xy = @y, Y = yi2>
_ .k E .k ol k+1 k+1

= Diyj, P <5b,<f (tkv Li1» Yig> Zk+1) € ($j1—1/2’$j1+1/2]>

_ .k k k
= Piyjo [N (xi17i27j1,+) -N (xilyiQ:jlﬁ)]’
o if Corr(Z} \, Z%, ) =p#0
v k+1 < k+1 v k k
P(Xjt1 = ﬂfjf Y1 = yj2+ | X =2, Ve = up)
_ k ok ol k+1 k+1 N k2 k+1 k+1
=P <5b,g(tk7xi1,y¢2, Zip1) € (25,70 250 o] My 5 (b Uiy Zicyn) € (yj2—1/2’yj2+1/2]>
_ k k 1 k+1 k+1 k k 2 k\2 k+1 k+1
=P (“(il,iz) + 0(iyi5) L1 € (xj1—1/2’$j1+1/2]’“i2 + ki (i1 T A,)7 € (ng—l/Q’yj2+1/2])
1 k k 2 k \2 k k
=P <Zk+1 € (xilyiQ:jL*’xi17i27j17+]7 (Zk+1 + /\i2> € (yinz,*’ yiz:h#]

_ 1 k k 2 k k k k
=P (Z,m € (i iz g1, T izt ) Dkt € (\/ Yinsjo,— — Mio> A Yiz o+ — )‘iz]
1 k k 2 k k k k
+P (Zk+1 € (T iz 1= Tz it ] Dhst € [_ V Vi o+ — Mo T\ Vi o, — )‘i2)>‘

O

LC++ implementation of the upper right tail of a bivariate normal distribution can be found in John Burkardt’s
website https://people.sc.fsu.edu/” jburkardt/cpp_src/toms462/toms462.html.
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Remark 3.6. Another possibility for the quantization of the Stationary Heston model could be
to use optimal quantizers for the volatility at each date t, in place of using recursive quantization.
Indeed, the volatility (v;); being stationary and the fact that we required the volatility to start
at time 0 from the invariant measure, we could use the grid of the optimal quantization vy of size
N of the stationary measure with its associated weights for every dates, hence setting 0y = 7.
We need as well the transitions from time t; to tx,1 defined by

P (041 = ’U]Q Yoy = vk) (3.31)

These probabilities can be computed using the conditional law of the CIR process described
in [CLJRO5) [And07], which is a non-central chi-square distribution. Then, we would build the
recursive quantizer of the log-asset at date )2]g+1 with the standard methodology of recursive
quantization using the already built quantizers of the volatility 75 and the log-asset )Z'k at time
tr, 1.e. N R R N

X1 = Epo (ths Xi, O, Zoyy)  and  Xpy1 = ijpﬁ1 . (Xk+1) (3.32)

where, this time, the Euler scheme is not defined in function of the boosted-volatility but directly
in function of the volatility and is given by

Eo(t, 2,0, 2) = + h(r —q— g) + vovhz. (3.33)

However, the difficulties with this approach come from the computation of the couple tran-
sitions R

P (Xk;+1 = x]” J ksl = vh 1 Xk = x“,vk = vf;). (3.34)

Indeed, these probability weights would not be as straightforward to compute as the methodology

we adopt in this paper, namely using time-discretization schemes for both components. Our

approach allows us to express the conditional probability of the couple as the probability that

a correlated bi-variate Gaussian vector lies in a rectangle domain and this can be easily be

computed numerically.

3.2.3 About the L2-error

In this part, we study the inerror induced by the product recursive quantization approximation
Up = (Xg, Yx) of Uy = (Xk, Yy), the time-discretized processes defined in and . 3.7)) by

Up = Fr_1(Ug_1, Zy.) (3.35)

where Zy, = (Z}, Z?) is a standardized correlated Gaussian vector and the hybrid discretization
scheme Fj(u, Z) is given by

(3.36)

€Ut7 ’ 7Zl
Fk('U,,Z): ( b, (kxy k+1)>

ME}& (tka Y, Z]%+1)

We recall the deﬁnltlon of the product recursive quantizer Uk = (X ks Yk) Its first component
X & is the projection of X L onto FX ., and the second component Yk is the projection of Y} onto

FX,M, ie.,
Xpp1 = Projrﬁ (Xp41) and Yiiq = Projpy (Yit1) (3.37)
1,k+1 2,k+1

where Xk and Yk are defined in and (13.20)), respectively. Moreover, if we consider the
couple Uy, = (Xk, Yk) using the above notations we have

Up = Foe1(Up—1, Z). (3.38)
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It has been shown in [FSP18, [PS18] that if, for all k = 0,...,n — 1, the schemes Fj(u, z) are
Lipschitz in u, then there exists constants j = 1,...,n, C; < +00 such that

—-1/2

k
|0k = Ukll, < D) Cj(N1j x Nayj) (3.39)
j=1

where ﬁk and Uy, are the processes defined in (3.37) and (3.38]). The proof of this result is based
on the extension of Pierce’s lemma to the case of product quantization (see Lemma 2.3 in [PS18]).

In our case, the diffusion of the boosted volatility in the CIR model does not have Lipschitz
drift and volatility components, hence the above result from [FSPI8| [PS18| does not apply in our
context. Even if we can hope to obtain similar results by applying the same kind of arguments,
the results we obtain have to considered carefully. Indeed, when we take the limit in n — 400,
the number of time-step, the error upper-bound term goes to infinity. However, in practice, we
consider h = kT /n fixed and then study the behavior of ﬁk in function of Ny ; and Np; for
j = k. The proof of the following proposition is given in Appendix [C|

Proposition 3.7. Let b, o, b and 7, defined by (3.3) and (3.9), the coefficients of the log-asset
and the boosted-volatility of the Heston model. Let, for every k = 0,...,n, Uy the hybrid recursive
product quantizer at level Ny X Noy of Uy. Then, for every k =0,...,n

10 = Oil, < 3. Apo(Nuy x Nog) ™2 + Bivh (3.40)
j=0

where (B1)j i 1/

- p=2 ATV 1—2-1igi\ 1P
Ajp=22% ClAj <2<21)Jgg,|on|§ + ap 171 57)) (3.41)

1-227°4,
with -

Ajp =2 T T 0D and By =Cp(n) Y 255 o5 (1) (3.42)

=0

<

where 3,5 = 0 by convention and Cr(h) = O(1).

3.3 Backward algorithm for Bermudan and Barrier options

Bermudan Options A Bermudan option is a financial derivative product that gives the right
to its owner to buy or sell (or to enter to, in the case of a swap) an underlying product with a
given payoff ¢ (-, -) at predefined exercise dates {tg,- - ,t,}. Its price, at time ¢y = 0, is given by

sup }E [e*” (X7, Y7) | Fto]

T€{to, " ,tn

where X; and Y; are solutions to the system defined in (3.10|).

In this part, we follow the numerical solution first introduced by [BPP05, BP03|. They
proposed to solve discrete-time optimal stopping problems using a quantization tree of the risk
factors X; and Y;.

Let FXY — (F)o<k<n the natural filtration of X and Y. Hence, we can define recursively
the sequence of random variable LP-integrable (V})o<k<n

_ A Tln
{Vn =€ Q;Z)n(Xm Yn)a (3.43)

Vi = max (e ¢ (X, Y2), E[Viy1 | Fi]),  0<k<n-—1
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called Backward Dynamical Programming Principle. Then
Vo = sup { Ele " (X, Y;) | Fol, T € @O,n}

with ©g ,, the set of all stopping times taking values in {tg, - ,t,}. The sequence (Vi)o<i<n is
also known as the Snell envelope of the obstacle process (e*’"tk (X, Yk))ogkgn' In the end,
E[Vh] is the quantity we are interested in. Indeed, E[V}] is the price of the Bermudan option
whose payoff is ¢ and is exercisable at dates {t1,--- ,t,}.

Following what was defined in , in order to compute E[Vp], we will need to use the
previously defined quantizer of X and Y: )A(k and f’k Hence, for a given global budget N =
NioN2g + -+ + Ni,Noy, the total number of nodes of the tree by the couple (Xk, Yk)0<k<n,
we can approximate the Backward Dynamical Programming Principle (3.43)) by the following
sequence involving the couple (X ks Yk)0<k<n

{‘7” =e "n ¢n(in7?n)a

. AU (3.44)
Vi = max (e ™% ¢ (Xi, Vi), E[Vis1 | (Xi, Yi)]),  k=0,....,n—1.

Remark 3.8. A direct consequence of choosing recursive Markovian Quantization to spatially
discretize the problem is that the sequence (Xk,Yk)0<k<n is Markovian. Hence the above se-

quence is the Backward Dynamical Programming Principle of the Snell envelope of ( RV (X ks Yk))o <h<n’
This is the main difference with the first approach of [BPP05, BP03|, where in there case they

only had a pseudo-Snell envelope of (e*”k Uk ()? ks }A/k))o <h<n'

Using the discrete feature of the quantizers, (3.44) can be rewritten

~ i1=1,..., N1y
(el ) = T gl g, TR
Nik+1 Nojkt1 k=0,....n—1
6k(x§17y1k2) = max < T w 117y12 Z 2 Tr(zl,ZQ (J1 jg)vk-i‘l( k+17 y;c;_l))v n=1... 7N1,k:
Ji=1 jo=1 iQZl,...,NQ’k
R R (3.45)
where W@17i2)7(j17j2) =P (Xk+1 = x?jl,YkJr y]2 | Xk = “,Yk yg) is the conditional

probability weight given in (3.28)). Finally, the approximation of the price of the Bermudan
option is given by

Nao
E Do (w0, Y0)] = > pito(xo, 1)) (3.46)
iz1

with p; = P (370 = y?) given by .

Barrier Options A Barrier option is a path-dependent financial product whose payoff at
maturity date T depends on the value of the process X1 at time 71" and its maximum or minimum
over the period [0,T]. More precisely, we are interested by options with the following types of
payoff h

h‘ = f(XT) ]l{supte[o,T] XtEI} or h‘ = f(XT) ]l{inftE[O,T] XtEI} (347)

where [ is an unbounded interval of R, usually of the forme (—oo, L] or [L, +0) (L is the barrier)
and f can be any vanilla payoff function (Call, Put, Spread, Butterfly, ...).

In this part, we follow the methodology initiated in [Sagl0O] in the case of functional quan-
tization. This work is based on the Brownian bridge method applied to the Euler-Maruyama
scheme as described e.g. in [Pagl8|. We generalize it to stochastic volatility models and product
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Markovian recursive quantization. Xy being discretized by an Euler-Maruyama scheme, yielding

X, with k = 0,...,n, we can determine the law of maxXe[o,7] X, and minge[o,7)] X¢ given the
values X}, = xk,Yk =y, k=0,...,n
_ k -1
c (tg[l% X | Ky = Vi = gk = 0on) = £ max (G, y0.) 7 (U0) (348)
and
— _ k -1
L (tg[lou%] Xi | X =21, Y =y, k=0,... ,n) =L (k:&iﬁ—l (F(zkﬂl/k)@lwrl) (Uk)> (3.49)

where (Ug)g=o,... n—1 are i.i.d uniformly distributed random variables over the unit interval and
(G’(“gC ) )"t and (F (kx ) _)~! are the inverse of the conditional distribution functions G’(“I ). and

1d )

F(’;’y%z defined by o
_oplEmwzmw)
Gl(ﬂLy)’Z(u) = (1 —e To2(ty,@,y) ) 1{u2max(x,z)} (3_50)
and

(z—u)(z—u)

—2n
F(l;,y),z(u) =1- <1 —e To2 bk .w) ) ]l{uémin(m,z)} . (351)

Now, using the resulting representation formula for E f(Xr, maxe(o,77] X;) (see e.g. [Sagl0,
Pagl§|), we have a new representation formula for the price of up-and-out options Pyo and
down-and-out options Ppo

pUO - e_TT B [f(XT) ]lsupte[(),T] XtSL] - e_TT E [ H (Xk:Y k) Xkt 1 (L>:| (3.52)

and

|
—

Ppo = ¢ " E[f(Xr) Lintoom KoL | = e E [f(XT) < F(’i:Xk,Yk) XkH(L)>} (3.53)
0

e
I

where L is the barrier.

Finally, replace X; and Y by Xk and Yk and apply the recursive algorithm in order to
approximate Pyo or Ppo by E[VO] or equivalently E[0y(xg, YO)]

Vi, =e T F(X,),
{A" f& "Z SO S (3.54)
Vi = B [gr(Xk, Vi, Xir 1) Virn | (X, V)], 0<k<n-—1
that can be rewritten
~ —rT izl,...,NL
el o) = T g, TR
Nik+1 Nojkt1 k=0,....n—1
k k k .
172/12 Z Z (11712 ]17‘72) k"rl( +17y]2+1)g ( 17y7,27 jl“l'l)’ 1= 1, .. .7N17k,
J1=1 jo=1 j=1,...7N2’k
(3.55)

with 7T(217Z2) (Groa) = P (Xk:+1 = x Yk+1 = y]Jrl | Xk = :E“,Yk = y; ) the conditional proba-
bilities given in (3.28)) and gk(az,y, z) is either equal to G(x ).z (L) or 1 — F(’; W) ,(L) depending
on the option type. Finally, the approximation of the price of the barrier option is given by

Na o
E[Vo] = E [fo(z0, Y0)] = ) pi Bo(wo, ) (3.56)
=1

with p; = P (170 = y?) given by .
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3.4 Numerical illustrations

In this part, we deal with numerical experiments in the Stationary Heston model. We will apply
the methodology based on hybrid product recursive quantization to the pricing of European,
Bermudan and Barrier options. For the model parameters, we consider the parameters given in
Table [2| obtained after the penalized calibration procedure and instead of considering the market
value for Sy, we take Sy = 100 in order to get prices of an order we are used to. For the size of
the quantization grids, we consider grids of constant size for all time-steps: for all £k = 0,...,n,
we take Ny = Ny and Ny = No where n is the number of time steps. During the numerical
tests, we vary the tuple values (n, Ny, Na).

All the numerical tests have been carried out in C+-+ on a laptop with a 2,4 GHz 8-Core
Intel Core i9 CPU. The computations of the transition probabilities are parallelized on the CPU.

European options First, we compare, in Table[3] the price of European options with maturity
T = 0.5 (6 months) computed using the quantization tree to the benchmark price computed
using the methodology based on the quadrature formula (the quadrature formula with Laguerre
polynomials) explained in Section [2| We give, in parenthesis, the relative error induced by the
quantization-based approximation. We compare the behavior of the pricers with different size of
grids and numbers of discretization steps. We notice that the main part of the error is explained
by the size of the time-step n.

‘ (N17 NQ)
| K Benchmark  (20,5) (50, 10) (100, 10) (150, 10)
80 2017 19.68 (2.46%) 19.99 (0.92%) 20.04 (0.64%) 20.06 (0.57%)
85 1556 14.97 (3.75%) 15.35 (1.31%) 15.42 (0.89%) 15.43 (0.79%)
Call | 90 1124 10.60 (5.68%) 11.03 (1.84%) 11.10 (1.18%) 11.12 (1.02%)
95 7383 6.781 (8.14%) 7.202 (2.44%) 7.286 (1.30%) 7.306 (1.03%)
100 4196 3727 (11.1%) 4.081 (2.73%) 4.173 (0.54%) 4.194 (0.04%)
100 4469 4.160 (6.90%) 4.396 (1.61%) 4.459 (0.22%) 4.472 (0.08%)
105 771 7.034 (1.91%) T7.178 (0.09%) 7.244 (1.01%) 7.257 (1.19%)
e | 110 1086 10.84 (0.18%) 10.91 (0.46%) 10.97 (1.02%) 10.98 (1.11%)
115 1538 15.43 (0.33%) 15.40 (0.12%) 15.43 (0.37%) 15.44 (0.41%)
120 20.30  20.43 (0.60%) 20.31 (0.02%) 20.29 (0.05%) 20.29 (0.04%)
Time 2.6s 39s 192s 480s

Table 3: Comparison between European options prices, with maturity T = 0.5 (6 months),
given by quantization and the benchmark, in function of the strike K and (N1, N2) where we set

n = 180.
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‘ K Benchmark 30 60 90 180
80 20.17 20.00 (0.83%) 20.03 (0.70%) 20.03 (0.72%) 19.99 (0.92%)
85 15.56 15.33 (1.47%) 15.38 (1.11%) 15.39 (1.07%) 15.35 (1.31%)
Call | 90 11.24 10.94 (2.60%) 11.04 (1.78%) 11.05 (1.63%) 11.03 (1.84%)
95 7.383 7.045 (4.57%) 7.170 (2.87%) 7.203 (2.43%) 7.202 (2.44%)
100 4.196 3.879 (7.55%) 4.016 (4.29%) 4.057 (3.31%) 4.081 (2.73%)
100 4.469 4.161 (6.89%) 4.306 (3.64%) 4.354 (2.56%) 4.396 (1.61%)
105 7.171 6.972 (2.77%) 7.081 (1.25%) 7.125 (0.64%) 7.178 (0.09%)
Put 110 10.86 10.81 (0.44%) 10.85 (0.05%) 10.87 (0.12%) 10.91 (0.46%)
115 15.38 15.39 (0.06%) 15.38 (0.04%) 15.39 (0.08%) 15.40 (0.12%)
120 20.30 20.29 (0.08%) 20.29 (0.09%) 20.29 (0.06%) 20.31 (0.02%)
‘ Time 9s 16s 24s 42s

Table 4: Comparison between European options prices, with maturity T = 0.5 (6 months), given
by quantization and the benchmark, in function of the strike K and of the size n where we set

(N1, Na) = (50, 10).

Bermudan options Then, in Figure we display the prices of monthly exercisable Bermu-
dan options with maturity 7" = 0.5 (6 months) for Call and Put of strikes K = 100. The prices
are computed by quantization and we compare the behavior of the pricer for different choices of
time-step n and sizes of the asset grids N7 where we set No = 10. Again, we notice that the
choice of n has a high impact on the price given by quantization compared to the choice of the
grid size.

Call (K=100) --N, =10 Put (K=100) - N, =10

4.4 4.7
—— EU price —— EU price
4.3 4.61
4.2 ] 4.5 °
o s 0 4.4 s
V4.1 o
& L] a s
4.0 Ny 4.3] Ny
e 50 a2l e 50
3.9]° 100 100
« 200 41 + 200
38735 60 90 180 30 60 90 180

n

n

Figure 11: Prices of Bermudan options in the stationary Heston model given by product hybrid
recursive quantization with fized value Ny = 10.

Barrier options Finally, in Figure [I2] we display the prices of an up-and-out Barrier option
with strike K = 100, maturity 7" = 0.5 (6 months), barrier L = 115 and Ny = 10 computed with
quantization. Again, we can notice the impact of n on the approximated price.
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Call (K=100) --L=115--N,=10

3.05 Ny
—e— 50
3.00 100
—— 200
0n 2.95
[V]
R
€ 2.90
2.85
2.80
30 60 90 180

Figure 12: Prices of Barrier options with strike K = 100 in the stationary Heston model given
by product hybrid recursive quantization with fized value No = 10.
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Appendices

A Discretization scheme for the volatility preserving the positiv-
ity
We recall the dynamics of the volatility
dvy = k(6 — vy)dt + f\/iTtth
with £ > 0, § > 0and £ > 0. In this section, we discuss the choice of the discretization scheme

under the Feller condition, which ensures the positivity of the process.

Euler-Maruyama scheme. Discretizing the volatility using an Euler-Maruyama scheme
Tiy,y = Uty + K(0 — Ty )b+ EJO N ZE

with t), = kh, h = T/n and Z},, = (Wtk“ — Wtk)/\/ﬁ may look natural. However, such a
scheme clearly does not preserve positivity of the process even if the Feller condition is fulfilled

since (6 h
_ - —Vo — R(U—17
]P(vt1<0)—]P<Z< oV >>0

with Z ~ N(0,1). This suggests to introduce the Milstein scheme which is quite tractable in
one dimension in absence of Lévy areas.

Milstein scheme. The Milstein scheme of the stochastic volatility is given by
- - 2
Vtp1 = Mo (tk? Uty 1> Zk+1)

where (see (3.4))

Moo (t,2,2) = 2 — 222) + h<b(t,x) _ (""3;)(9“)> + “’"2“”’)}& <z + my

with b(z) = k(0 — x), o(z) = &/x and ol (x) = ﬁ Consequently, under the Feller condition,

the positivity of My (¢, z, z) is ensured if

o(x)
207, (x)

T = >0, b(t,z) = 5 >

In our case, if the first condition holds true since

ofz) _ & _
20,(x) 2.4

the second one fails. Indeed ;
(oop)(z) _ VT3 &

2 2 4

can be bigger than b(t,z). In order to solve this problem, we consider the following boosted
volatility process

Y; = ey, te[0,T]. (A1)
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Milstein scheme for the boosted volatility. Let Y; = e vy, t € [0, 7] for some x > 0, which
satisfies, owing to It6’s formula

dY; = e kfdt + & e \/ Y, dW,.

Remark A.1. The process (Y;);e[0,7] Will have a higher variance but, having in mind a quantized
scheme, this has no real impact (by contrast with a Monte Carlo simulation).

Now, if we look at the Milstein discretization scheme of Y;
% % 2
Yo = ME,& (tk’ Yi Zk+1)

using the notation defined in (3.4)) where drift and volatility terms of the boosted process, now
time-dependents, are given by

gemf/Q
SN

b(t, z) = e k6, F(t,x) = &vze™?  and  F(tz) =

Under the Feller condition, the positivity of the scheme is ensured, since

5(t,2) RN A e

——— = <b(t,z) = e k6.
2% (ta) 2 4 (t,2) ="

The last inequality is satisfied thanks to the condition 5—29 < 1 ensuring the positivity of the

2K
scheme.

B [P-linear growth of the hybrid scheme

The aim of this section is to show the LP-linear growth of the scheme Fy(u,z) with u = (x,y)
defined by

gb,U(tk‘,xvyaz]%-fl)) (B 1)

F Z) =
w2 <ME,5(tkayaZI§+1)

where the schemes &, and M; ; are defined in (3.8) and (3.4), respectively.
The results on the LP-linear growth of the schemes are essentially based on the key Lemma
2.1 proved in [PSI8] in R? that we recall below.

Lemma B.1. (a) Let u € R and A(u) be a d x g-matriz and let a(u) € RY. Let p € [2,3).
For any centered random vector ( € L%d(Q, A, P), one has for every h € (0,+400)

E [la(u) + VAA(u)(["] < (1 + Wh) la(u)P + h(1+p+hE ) |Au) P E [|¢7]

(B.2)
where | A(u)| = (Tr(A(u)A*(u)))"/>.
(b) In particular, if |a(w)| < |u|(1 + Lh) + Lh and |A(u)|P < 2P71YP(1 + |ulP), then
E[la(u) + VhA@)CP] < (M L+ Kp)h + (" + K,h) [ul?, (B.3)
where
Kp = =D =2) +2pL and K, =2"'YP(1+p+h: D E[|CP]. (B.4)

2
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Now, we will apply Lemma to Fj(u,z) defined in (B.1) further on in order to show its
LP-linear growth. Let a(u) € R? and let A(u) be a 2 x 3-matrix defined by

T+ h(r — e_ztk y) e~rth/2 VY 0 0
= A = &
a(u) ( y + e kOh ’ (u) 0 \/ﬂe”tk/Q \/E&Ttk

Zyia
and (= Z,?H
(Zi1)” — 1
First, we show the linear growth of a(u)
—ktg . 12 1/2
la(u)| = <‘x+h(r— ¢ y)‘ + |y + e n@hf)
—2kty 1/2
- <|az|2 +|y|* + h? (r2 + I |y|2> + 2tk n292h2)

< <\u|2<1 + th_Ttk) + h2(r2 4 o2nt ﬁ292)>1/2

—2nt),
4

< |u|(1 4 hg) (2 4 T ,{292)1/2

< |u|(1+ Lh) + Lh

(S

1/2
< |l (1 + B ) + h(r? + Xt 126%)'?

where L = max (%, (r? + e T 5292)1/2). Then, we study |A(u)|?

4 2Kty /2
A1 = (e ey + byl et +h S

54 e2m€k )p/2
16

— (Iylte™" + &%) + b
2

2p pKtg
£—1 |y|g(e—ntk+entk)g +h§£ :p )

2p oPKtk
(e—ntk _'_entk)g +h§§ e )
AP

£2p epHT 1
221 (1 +enT)’2’>

Iyl + 1+ 0%

<2P7IYP(1 4 |ufP)

T\ 5 p 2 T
Where Tp — w + h§£ pQSZK

LP-linear growth

. Hence, by Lemma the discretization scheme Fj, has an

E [’Fk(% Zk+1)|p] < ap + Bplul’

with
ap = (e“PhL + Kp)h and S, = e L K,h (B.5)

where K, and , are defined in the Lemma

C Proof of the L*-error estimation of Proposition
We have, for every k =0,...,n—1
ﬁkﬂ - ﬁkﬂ = ﬁkﬂ - ﬁkﬂ + ﬁkﬂ - ﬁkﬂ

AR ! i} (1)
= Upt1 — U1 + Fi(Ug, Zis1) — Fi(Uk, Z41)
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by the very definition of ﬁk_}rl and Uj1. Hence,

1Tks1 = Ut s < 0kt — Ot s + [Tkt — Tpga [

SRR ! . (C.2)
< |Uks1 = Ugills + | Fk(Uks Zis1) — Fie(Uk, Zig1) |-

Using the definition of Milstein scheme of the boosted-volatility models M; » in (3.5)), the %-
Holder property of 1/z, for every y,y’ € R one has

Kt/2 /] 9 N )
(M5 (8, 2) = My (89, 2)| = (Z&T V) - (zgeT V)

< i = VY| (1212 VR + i+ Y (C.3)
<Vly = IVhlzlge™” +y — v/

and using the definition of the Euler-Maruyama scheme of the log-asset &, defined in (3.8)) we
have, for any =, 2’,y,y’ € Ry

{gb,a(t)x7y7z) - gb,o (t,JJ/,y/,Z)| = ‘LU - | + h’|y Y | te /2 \/7|Z‘ \% ‘y y (04)

Now, when we replace x,y,z’,y by )?k, ?lka, Y, in the last expression, we get an upper-
bound for the last term of (C.2))

| Ex (U, Zi1) — Fio(Op, Zy1)|

< ||5b7a(tk,)2k,f’k,zii+1) - 5ba(tk,Xk,57k,Z;1+1)H
+ HM (tkayku Zk+1) MN (tk7Yk7Zk+1)H

)”Yk — Yk’“z H\/7 56“’“/2 + e_mk/2 ’\/ ’Yk — Yk H
) 195 = Fall, + |aR(E e+ e[~ T
2

Now, using that v/avb < 3(% + b\) with v/a = /2h(E2e" +e ") and Vb = Ve — Vi
where we considere that A\ = v/h h(1 — \/E) Wo choose \ of this order because we wish to divide
equally the impact of h and get v/h on each side. Hence, we have

2h 2 mﬁk —Kig ~ _
V2h(E2 et + e~rti)y [V — V| < 2< € A+e )+|Yk—Yk|A). (C.6)

< IR - Xl + (14

< 1% Kl + (14

Then,

HFk(ﬁka Zrs1) — Fr(Uy, Zk+1)H

A~ _ 2h 2 I{tk +e Kt - _
< [ Xk = Xill, + <1+ )\Yk—YkH2+H2< ¢ A ) +\Yk—Yk|/\>H
2
~ _ —Iitk ) . . h
< IRe— Xl + (14 S D) 1P = Vil + (€ o))

h h
\\/5(1+2+ )HUk UkH2+CTX

< Va(1+ Y B~ Ol + Crvi
(C.7)
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where Cr(h) = (14 &2eT)(1 —vh)~! = O(1).
Finally, (C.2) is upper-bounded by

~ _ ~ ~ VRN o~ =
01 = Ukl < 1001 = Ol + V2(1+ 232 ) [0 = Uil + Crlb)vh

kt1 | B . | )
< Y105 - Till.2 % (1 + \/E)k VRO Y 2 (1+ ‘/H)k ]

j=0 2 j=0 2
k+1 N N
< Y AjenlU; = Ujll, + Beavh
=0
(C.8)
where
k—j <R . k=1 k—1—j h
Ajp=27¢2"* D and By =Cr(h Z 2 2 ez (k1) (C.9)
7=0

and >, = 0 by convention.

Now, we follow the lines of the proof developed in [PS1§|, we apply the revisited Pierce’s
lemma for product quantization (Lemma 2.3 in [PS18|) with » = 2 and let p > r = 2, which
yields

k+1
HUk-i-l — Uk+1H2 2 2p C Z A] k+1HU H (]\flJ X NQJ) 172 + Bk_,_l\/ﬁ (C.lO)
7=0

where C),, = 2C1 ), and C is the constant appearing in Pierce lemma (see the second item in
theorem |D.8and [GLO0] for further details) and we used that ||Uj||, > 0,(U;) = inf g2 |U; —al,.
Moreover, noting that the hybrid discretization scheme Fj, has an LP-linear growth, (see Appendix

, ie.

Vk=0,....n—1, YueR? E[[Fi(u, Z:1)["] < oy + Bplzf’, (C.11)
where the coefficients oy, and 3, are defined in (B.5)). Hence, for all j =0,...,n — 1, we have

1Tl = BE[E[|F(T), Ziw)I? | U] < o + Byl Ty (C.12)

Furthermore, It [|U |p] can be upper-bounded using Jensen’s inequality and the stationary prop-
erty satisfied by X and Y independently. Indeed, they are one-dimensional quadratic optimal
quantizers of X and Y}, respectively, hence they are stationary in the sense of Proposmon -

051 < 251 (B [1%,0] + B [195)7])

< 2§1<E[\E[Jz}- y)Z*j]}p] +E[\E[l~’j | fﬁ‘]’p])

~ ~ C.13
<251 (E[%, 0] + E[I¥]) (19
o
o
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Now, plugging this upper-bound in (C.12)) and by a standard induction argument, we have

T2 < ap + 825 |Tja
j—1

P_qVi A p_ 7
< I)Jﬁi,\onl\§+apZ(22 'By) (C.14)
=0 .
A 1-2G-Dig)
p_q P
§2(2 )]B;7|U0|2+ap2516p

Hence, using the upper-bound (C.14) in (C.10)), we have

1Uk+1 — Ussls

k+1 (5-1)jgiN\ 1/p
PN A 1 —2%2 _
<2 21’ C Z AJ k+1 <2(g I)JB%HUOHI; + ap15]7> (lej X NZJ‘) 1/2 + Bk.ﬁ_l\/ﬁ

b_
j=0 ~2:715,
+
Z A K1 Nl] X Ngj) 1/2 +Bk+1\/ﬁ
(C.15)
yielding the desired result with
~ p—2 RN 1 _o5-1)igi\1/p
A= 25 coa;, <2<§—1>gﬁg||on§ " apl;glfp) | (C.16)
- P

D Quadratic Optimal Quantization: Generic Approach

Let X be a R-valued random variable with distribution P, defined on a probability space
(Q, A, P) such that X € L% (Q, A, P).

Definition D.1. Let Ty = {z,.. ,:c%} < R be a subset of size N, called N-quantizer. A
Borel partition (C;(I'n))ie1,...ny of R is a Voronoi partition of R induced by the N-quantizer
[y if, for every i € {1,... ,N},

= {€eRJ¢ — 2| <minf¢ — [},

The Borel sets C;(I'y) are called Voronoi cells of the partition induced by I'y.

Remark D.2. Any such N-quantizer is in correspondence with the N-tuple = = (zV,...,z¥) e
(R)N as well as with all N-tuples obtained by a permutation of the components of z. This is

why we will sometimes replace I'y by .

N N N

If the quantizers are in non-decreasing order: zj' < xy <--- <axy_; < :L‘%, then the Voronoi

cells are given by
N N
where Vi €€ {2,...,N},xij\il/2 = % and a:Jl\;Q —o0 and :cN+1/2 +00.

Definition D.3. The Voronoi quantization of X by I'y, XN , is defined as the nearest neighbour
projection of X onto I'y

XN = Projr, (X) = Y &M Txee,ry) (D.2)
=1
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and its associated probabilities, also called weights, are given by
P (XN = va) =Py (Ci(FN>) =P (X € (mi]\il/wxﬁlﬂ])'

Definition D.4. The quadratic distortion function at level N induced by an N-tuple x =

(z,...,2N) is given by

1 1 1 S
::):'—>f]E[ min X—xNQ] — “E[dist(X,Ty)?] = Z|X — X2,
Qo i SB[ _min X — o] = SB[ dist(X.Tn)?] = 5| b
Of course, the above result can be extended to the LP case by considering the LP-mean
quantization error in place of the quadratic one.
We briefly recall some classical theoretical results, see [GLO0L [Pagl8] for further details. The
first one treats of existence of optimal quantizers.

Theorem D.5. (Ezistence of optimal N-quantizers) Let X € L% (P) and N € N*.

(a) The quadratic distortion function QN at level N attains a minimum at a N-tuple x* =
(z,...,2N) and Ty = {¥, i € {1,...,N}} is a quadratic optimal quantizer at level N.

(b) If the support of the distribution P, of X has at least N elements, then z* = (z¥,...,z%)
has pairwise distinct components, P (CZ(F}*\,)) > 0,7 € {1,...,N}. Furthermore, the
sequence N — inf e gyv Qo N(x) converges to 0 and is decreasing as long as it is positive.

A really interesting and useful property concerning quadratic optimal quantizers is the sta-
tionary property, this property is deeply connected to the addressed problem after for the opti-
mization of the quadratic optimal quantizers in .

Proposition D.6. (Stationarity) Assume that the support of P, has at least N elements. Any
L?-optimal N-quantizer Ty € (R)N is stationary in the following sense: for every Voronoi
quantization XN of X,

E[X | XV] =XV

Moreover P (X € Uiz1 N acl-(rN)) = 0, so all optimal quantization induced by 'y a.s. coin-
cide.

The uniqueness of an optimal N-quantizer, due to Kieffer [Kie82], was shown in dimension
one under some assumptions on the density of X.

Theorem D.7. (Uniqueness of optimal N-quantizers see [Kie82]) If P, (d§) = ¢(£)d§ with
log ¢ concave, then for every N > 1, there is exactly one stationary N-quantizer (up to the
permutations of the N-tuple). This unique stationary quantizer is a global (local) minimum of
the distortion function, i.e.

VN > 1, arg min Qo N = {z*}.
RN

In what follows, we will drop the star notation (x) when speaking of optimal quantizers, x*
and Iy will be replaced by z and I'y.

The next result elucidates the asymptotic behavior of the distortion. We saw in theorem
that the infimum of the quadratic distortion converges to 0 as N goes to infinity. The next
theorem, known as Zador’s Theorem, establishes the sharp rate of convergence of the LP-mean
quantization error.

Theorem D.8. (Zador’s Theorem) Let p € (0, +0).
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(a) SHARP RATE [ZAD82|, [GLOO|. Let X € L%+5(P) for some § > 0. Let P, (d§) = ¢(&) -
A(d€) + v(d€), where v L A t.e., is singular with respect to the Lebesgue measure A on R.
Then, there is a constant Jp1 € (0, +0) such that

~ 1 1 1+%
lim N min X -XV] = —— J eTrd\| . (D.3)
N—>+w TI'ycR,|Iy|<N Po2(p+1) LUk

(b) NON ASYMPTOTIC UPPER-BOUND [GLO00, [PAGIS8|. Let § > 0. There exists a real constant
Cip € (0,400) such that, for every R-valued random variable X,

YN >1, ‘ X-XN <o X)N! D.4

i X = R, < Gy, () 0.4

where, for r € (0,+00),0,(X) = minger | X —al| < 400 is the L"-pseudo-standard devia-
tion.

Now, we will be interested by the construction of such quadratic optimal quantizer. We
differentiate Qs N, whose gradient is given by

V%N@:<E“ﬁ_medwmﬂmﬂlﬂ K (D5)

G =
goooy

Moreover, if x is solution to the distortion minimization problem then it satisfies

E [X 1 ]
V() =0 <«— zN= Xe (o yaetual i=1,...,N
P <X € (xi]\i1/2v$z]'\-[+1/2]) (D.6)
— 4N _ Ky (xﬁyz) — Ky (xz‘]\i1/2) i1 N

i N N )
Fy (‘Tz'+1/2) - Iy (%-1/2)

where K, (-) and F', () are the first partial moment and the cumulative distribution respectively,
function of X, i.e.

K,(z)=E[X1x<] and  F(z) =P (X <uz). (D.7)

Hence, one can notices that the optimal quantizer that cancel the gradient defined in ,
hence is an optimal quantizer, is a stationary quantizer in the following sense

E[zV | X] =XV, (D.8)

The last equality in was the starting point to the development of the first method
devoted to the numerical computation of optimal quantizers: the Lloyd’s method I. This method
was first devised in 1957 by S.P. Lloyd and published later [L1o82]. Starting from a sorted N-
tuple 219 and with the knowledge of the first partial moment K, and the cumulative distribution
function F', of X, the algorithm, which is essentially a deterministic fixed point method, is defined

as follows N.[n] N.[n]
K, (2)]5) — Ky (z,]))

N,[n+1] i+1/2 i—1/2 .
x; = N[l Ny i=1,...,N. (D.9)
Fy ($i+1/2) — Iy (%71/2)

In the seminal paper of |[Kie82], it has been shown that (x["])n>l converges exponentially fast
toward x, the optimal quantizer, when the density ¢ of X is log-concave and not piecewise affine.
Numerical optimizations can be made in order to increase the rate of convergence to the optimal
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quantizer such as fixed point research acceleration, for example the Anderson acceleration (see
[And65] for the original paper and [WNII] for details on the procedure).

Of course, other algorithms exist, such as the Newton Raphson zero search procedure or its
variant the Levenberg—Marquardt algorithm which are deterministic procedures as well if the
density, the first partial moment and the cumulative distribution function of X are known. Ad-
ditionally, we can cite stochastic procedures such as the CLVQ procedure (Competitive Learning
Vector Quantization) which is a zero search stochastic gradient and the randomized version of
the Lloyd’s method I. For more details, the reader can refer to [Pagl8, [PY16].

Once the algorithm has been converging, we have at hand the quadratic optimal quan-
tizer XV of X and its associated probabilities given by

i

P (XN =af) = Fy(aly) = Fx(&)y),  i=1,...,n (D.10)
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