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Abstract In this paper, we present diverse new metric properties that prox-
regular sets shared with convex ones. At the heart of our work lie the Legendre-
Fenchel transform and complements of balls. First, we show that a connected
prox-regular set is completely determined by the Legendre-Fenchel transform
of a suitable perturbation of its indicator function. Then, we prove that such
a function is also the right tool to extend, to the context of prox-regular sets,
the famous connection between the distance function and the support function
of a convex set. On the other hand, given a prox-regular set, we examine the
intersection of complements of open balls containing the set. We establish that
the distance of a point to a prox-regular set is the maximum of the distances
of the point from boundaries of all such complements separating the set and
the point. This is in the line of the known result expressing the distance from
a convex set in terms of separating hyperplanes. To the best of our knowledge,
these results are new in the literature and show that the class of prox-regular
sets have good properties known in convex analysis.
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1 Introduction

Context and motivations of the paper. The concept of prox-regularity
finds its roots in the fundamental work [17] by H. Federer under the name
positively reached sets. Federer by introducing the notion of curvature measure
unified the studies of volumes of enlargements of sets in differential and con-
vex geometry. This was a remarkable extension of Steiner polynomial formula,
known for convex sets or C2 submanifolds, to positively reached sets. The no-
tion of prox-regular sets was introduced in the literature under different names
over the years and through different but equivalent definitions. For example
A. Canino ([12]) called it p-convewity, the name O(2)-convez sets is due to A.
Shapiro ([32]), J.-P. Vial ([35]) in 1983 introduced and studied the concept
of weak convezity. Recently, F.H. Clarke, R.J. Stern and P.R. Wolenski ([15])
introduced the notion of prozimally smooth sets, defined as closed sets S in
a Hilbert space X such that the distance function dg is continuously differ-
entiable on the open tube Tube,(S) := {z € X : 0 < dg(z) < r}, for some
r > 0. The name proz-regularity was coined by R.A. Poliquin and R.T. Rock-
afellar ([29]) for functions, and prox-regular sets were studied by R.A. Poliquin,
R.T. Rockafellar and L. Thibault ([30]) as sets whose indicator functions are
prox-regular. It emerges from these various articles that the prox-regular and
convex sets share many important properties such as the metric properties of
Lipschitz continuity of the projection and the differentiability of the distance
function on an appropriate tube. If the prox-regularity and the convexity en-
joy for example these two fundamental properties, unfortunately there exist
others, like intersection and inverse image by a linear mapping, which are not
preserved for prox-regular sets. We refer the reader to [2] for counterexamples
and sufficient conditions for such properties and others. Despite the absence
of a good behavior of the prox-regularity with respect to set operations, we
will see in the present paper that prox-regular sets share diverse new metric
properties with convexity. This gives quite remarkable writings of the distance
function from a prox-regular set.

Contributions of the paper. Let S be a subset of a Hilbert space X en-

dowed with an inner product (-,-) and its associated norm || - ||. The usual
support function o(-,.S) of S is defined by o(z*,S) := sup(z*, z). In Convex
zes

Analysis, the concept of support functions for closed convex sets is known to
be one of the most fundamental notions. It is often used to translate geometric
Hahn-Banach separation theorems and in particular it characterizes a closed
convex set C' through the following equivalence property: = € C' if and only
if (z*,2) < o(z*,C) for all z* € X. Recalling that the Legendre-Fenchel con-
jugate f*: X — RU{—o00,+00} of a function f : X — RU {—o00,40c0} is
given by f*(z*) := sup ((z*,z) — f(x)), it is clear and well-known that the
zeX

support function o(-, S) of the set S is the Legendre-Fenchel conjugate of the
indicator function ¢g of S defined by ¥s(z) = 0 if z € S and Yg(z) = 400
if x € X\ S. So, in Convex Analysis support functions are at the heart of
many results related to duality theory, normal cones, barrier cones etc. (see,
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e.g., [4]). For a closed set S of the Hilbert space X, E. Asplund ([5]) uses in
an original way the Legendre-Fenchel transform of the function g + 2| - | to
characterize the convexity of S via the single-valuedness and the continuity of
the metric projection onto S. As we already mentioned in [1], Asplund’s paper
[5] seems to be the first one revealing the great interest of this function

vt (v 51 1) @) =sup (2 - 5lel?)
€S

in the study of the behavior of closed sets of Hilbert spaces. This function
is strongly involved in approximation theory as highlighted by J.-B. Hiriart-
Urruty ([22,23]) who called it the Asplund function of S and employed the
notation yg. For other works using the function ¢g we refer, for example, to
[8,33] and the references therein.

When the closed set S of the Hilbert space X is r-prox-regular for some
r > 0 (see Definition 1), it will be shown that the variant function ¢g, on X,
defined by

par(a) = (vs 4 30 7) @) =sup (@) - L) @)

is the right tool to extend the following fundamental results known for convex
sets in convex analysis to the variational analysis of proz-regular sets:

(m1) A closed convex set is completely determined by its support function, in
the sense that for two closed convex sets Cy, Cs

Ci=0Cy & U(',Cl) = 0'(',02);

(m2) The analytic formulation of the distance from a convex set C' in terms of
its support function (see, e.g., [20, Theorem 6.23])

do(z) = (z*,2) —o(x*,C) forsome z* € S:={ue X : ||u|| =1};
(m3) The duality property for a closed convex set C

d = inf (z*, 2 —y) = inf r—y);

- A =

(m4) The formula for the distance from a closed convex set C' in terms of sup-
porting hyperplanes: the distance d¢(z) coincides with the maximum of
distances dg(x) taken over all hyperplanes H separating C' and = ¢ C,
and this maximum is attained for one and only one hyperplane.

The extensions of the above properties (71) — (74) to the prox-regular setting
are respectively developed in Theorem 4-Corollary 1, Theorem 6, Proposition
5 and Theorem 7.

Organization of the paper. After some preliminaries in Section 2, we
investigate in Section 3 the great role played by the function ¢g ,, defined in
(1), in the context of r-prox-regular sets. The last section of the present work
is devoted to the distance function associated to a prox-regular set.



4 S. Adly et al.

2 Notation and preliminaries

As usual, N denotes the set of integers starting from 1 and R := RU{—o0, +0c0}
is the extended real-line. Given an extended real r» € R, we will denote by r+
its positive part, that is, r* := max{r,0}.

Throughout the paper, X stands for a (real) Hilbert space not reduced to
the trivial space {0} endowed with the inner product (-,-) and its associated
norm ||-|| :=+/(:,-). The open (resp. closed) ball and the sphere of X centered
at © € X with radius p > 0 are denoted by B(z, p) (resp. B[z, p]) and S(z, p).
In the particular case of the closed unit ball and the unit sphere of X, we use
the following notation

B:= B[0x,1] and S:=S5(0x,1).

2.1 Distance function and associated sets

Now, consider any nonempty closed subset S of X. The distance function dg
from S is defined as

dg(z) :==:d(x,5) = ;Ielg le —y|| foralze X.

Given any nonzero vector z* in the Hilbert space X and any a € R, it is known
(see, e.g., [20]) that the distance function of T € X from the affine hyperplane
H_(z%,a) :={z € X : (z*,z) = a} =: {z* = a} (resp. from the closed affine
half-space H<(z*, ) := {x € X : (z*,z) < a} =: {a&* < a}) is given by

d(@, H=(z*,a)) = ||z " |(2*,7) — o (2)
(resp.
d(z, He (2", ) = [|l2*] 7" (2%, @) — ) ). 3)
The multimapping Projg : X = X of nearest points in .S is defined by
Projg(x) :=: Proj(S,z) :={y € S: ||z —y|| = ds(x)} forallz € X.

Whenever the latter set is reduced to a singleton for some T € X, that is,
Projs(z) = {y}, the vector § € S will be denoted by projg(z) or Ps(T). We
say that S is proziminal provided that Projg(z) # 0 for every z € X. It is
known and not difficult to check that every nonempty weakly closed subset of
X is proximinal.

Given an extended real r €]0, +00], we define the (open) r-tube of S as the
set Tube,.(S) := U,.(S) \ S where U,.(S) is the (open) r-enlargement of S

U.(S):={xe X:ds(x) <r}

and we also introduce the (closed) r-exterior of S and the set of points at exact
r-distance to S

Exte,(S) :={x € X : dg(x) >r} and D,(S):={x e X :dg(zx)=r}.
If r = +00, such sets become Uy (S) := X and Exto.(S) =0 = Do (S).
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2.2 Proximal normals

The proximal normal cone of a closed subset S C X at x € S, denoted by
NP (S; ), is defined as

NP(S;z) :={ve X :3Ir >0,z € Projg(z +rv)}.

It is not difficult to see that for every v € X, the inclusion v € N¥(S;z) holds
if and only if there is a real r > 0 satisfying

1
(v,2' —z) < ZH@" —z|* foralla’ € S;

in such a case we will say that v is a proximal normal to S at x with con-
stant r > 0. If x ¢ S, we set by convention N (S;x) := (). According to the
definition, we notice that, for any v € X such that Projg(v) # 0, we have

v—w € NP(S;w) for allw € Projg(v). (4)

It is worth pointing out that the above concept of normal cone is local, in the
sense that for any neighborhood V in X of x € §

NP(SNV;z) = NF(S;z). (5)

If S is convex, it is known (and easily seen) that the proximal normal cone
NP (S;z) coincides with the normal cone in the sense of convex analysis, i.e.,

NP (S;z)={ve X :(v,y—x)<0,VyecS}.

Given a function f : U — R defined on a nonempty open subset U C X,
one says that a vector ( € X is a proximal subgradient of f at a point x € U
with f(x) finite, provided that (¢,—1) € NP(epif; (x,f(x))), where epi f is
the epigraph of f, that is the subset of H x R (endowed with its usual Hilbert
product structure) defined by epi f := {(u,r) e U xR :u €U, f(u) < r}. It
is well-known (and not difficult to check) that the latter inclusion holds if and
only if there are a real o > 0 and a real n > 0 with B(x,7n) C U such that

(Cy—a) < fly)— fl@)+olly—z|® forally € B(z,n).

The set Opf(x) of all proximal subgradients of f at z is the proxzimal subd-
ifferential of f at x. In the same spirit as (5), whenever the set U and the
fonction f are convex, the proximal subdifferential dp f(x) coincide with the
subdifferential of convex analysis 0 f(x), that is,

Opf(z) ={Ce X : ((y—=x) < fly) — f(x),Vy e U} = 0f(x).  (6)
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2.3 Prox-regularity

This succinct paragraph is devoted to the needed basic facts on prox-regularity
which is at the heart of the present paper. For more details on that topic, in
both theoretical and concrete approaches, we refer for instance to [30], the
survey [16] and the book [34] along with the references therein.

Definition 1 Let S be a nonempty closed subset of X and r €]0, 4+o0c]. One
says that S is r-proz-regular whenever, for all € S, for all v € NP (S;2) N B
and for every real t €]0, r], one has x € Projg(z + tv).

Given a closed subset S C X, z € S and v € NP (S;z) with ||v|| = 1, it is
routine to check that for every real ¢ > 0 one has

x € Projg(x + tv) & SN Bz + tv, t) = .

In such a case, one says that the unit normal proximal vector v to S at x is
realized by the t-ball B(x + tv,t).

The following theorem provides some useful characterizations and proper-
ties of uniform prox-regular sets for which we refer to [30,16,34].

Theorem 1 Let S be a nonempty closed subset of X and let r €]0, +00|. The
following assertions are equivalent.
(a) The set S is r-prox-regular.
(b) For all x,2' € S, for allv € N¥(S;x), one has
1
(0,2' —2) < o ol = =2/
(¢) On U,(S) the mapping Ps(-) is well-defined, and for every real s €]0,r],
for all x,x’ € Ug(9),
1

[1Ps(x) — Ps(2')[| < T= (/) l — 2| .

(d) For all x € Tube,(S), the vector Ps(x) is well defined and one has

T — Ps(x)H) for allt € [0,7[.

Ps(z) = PS (Ps(i) + tm

(e) The function d%(-) is differentiable on U, (S) with a locally Lipschitz deriva-
tive and
Vdi(z) = 2(x — Ps(x)) for allx € U.(S).

Remark 1 Tt should be noted that for an r-prox-regular subset of X with
r €]0, +o0[, we have

x — Ps(x)

Ps(x) € Projg(Ps(x) +r ds(z)

) for allz € Tube,(S5).
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3 Legendre-Fenchel transform

As mentioned in the introduction, E. Asplund seems to be the first to depict,
for a (non necessarily convex) set S in a Hilbert space, the importance of the
Legendre-Fenchel conjugate of the function g + || - |, that is, the function

1 1

ot sup ((a%,0) = s + 31012 ) =sup (h) = 5 ol ). ()
yeX yes

This function is denoted by ¢g in [8], and Asplund called it the indefinite

integral of the metric projection of S, a term due to the inclusion

p € dps(x) whenever p € Projg(z) # 0. (8)

Computing the biconjugate of 1g + %] - ||?, that is, the (Legendre-Fenchel)
conjugate of pg and applying the theory of convex analysis, Asplund estab-
lished in [5] with a very elegant and short way the result in Theorem 2 on
Chebyshev set. Recall that a nonempty closed set S in X is a Chebyshev set
if any point in X admits one and only one nearest point in S.

Theorem 2 If the metric projection onto a Chebyshev set in a Hilbert space
is norm-to-weak continuous, then the set is convex.

A decade later, H. Berens ([8]) gave a full description of subgradients of
the convex function pg thanks to the theory of maximal monotone operators.
For any nonempty closed set S C X, Berens established that

dps(x) = m co(Projg . (z)) forallz € X, 9)
e>0

where as usual Projg (v) := {s € S: ||z — 5| < ds(z) + ¢} # (). Taking into
account (8) or equivalently the inclusion

co(Projg(z)) C Ops(x) forallz € X

(keep in mind that Opg(-) has closed convex values), H. Berens asked the
following question: if dimX = 400, is it possible to find a proximinal set
S C X and T € X such that

@ (Proj5(7)) # Dps ()7

The answer is positive for any infinite dimensional Hilbert space and it was
given by G. Godini in [19].

The function ¢g(-) also appears under the name Asplund function in the
two surveys devoted to challenging open problems in approximation theory,
namely convezity of Chebyshev sets ([22]) and farthest points conjecture ([23]).
In [22], the function ¢g allows to show that d% is differentiable on R™ if and
only if S is convex. We also mention that in [23], Hiriart-Urruty developed
among other things a new technique to establish (9) only with tools coming
from convex analysis (see also the survey [33]).
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Given any set S C X and any extended real » > 0, it will be relevant
to introduce the following variant (which could be called Asplund function of
constant 1) ps, : X — R of the function g defined by

Iyl
»(x¥) =sup ((z*,y) — —=—) forallz* € X.
£s, ( ) yeg(< y> o )
We immediately observe that ¢g, = —oo when S = (), hence there will be no

loss of generality to assume that S # (). Whenever r = +o0 (resp. r = 1), it is
of interest to note that the function ¢g o (resp. ¢gs,1) is nothing but the usual
support (resp. Asplund) function of S, that is,

©0g,00(2") = sug (x*,y) =1 0(z*,S) forallz* e X
ye

(resp.

2
@s,1(x*) == sup ((z*,y) — M) =: pg(x*) for allz* € X).
yes 2

It is worth pointing out that g, is, as g, the (classical) Legendre-Fenchel
conjugate of a function, namely

1
(s + 5= I11)" = s (10)

The equality (10) (for which the important particular case r = 1 has been
stated in (7)) leaded us in [1] to set for a prescribed function f: X — R

[T @) = (f+ % 1-12)"(z*)  for allz* € X.

Accordingly, we can rewrite (10) as

(¥s)™" = ps.r,

so (7) becomes (5)*! = g 1. From the very definition of ¢g, we also see
that the inequality pg,(z*) < a is equivalent to the inclusion S C Qux 1 a,
where the set in the right-hand side is defined (see [1]) as

2
Qa0 = {x €X:{(z"z)— ”;—H < a} . (11)
r
It is worth pointing out that for every 2* € X \ {0} and every real a, the set
Qz* 00,0 1s nothing but the (closed) half-space H<(z*, ). Both above proper-
ties among others are stated in the following proposition.
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Proposition 1 Let S be a nonempty subset of X, r €]0,4o00] be an extended
real. The following hold.
(a) If r < 400, one has

* * r * 1 * *
el 5,0 (%) = g, (z) = B ||z ||2 - gd%(mc ) for allz* € X.
In particular ps,, is real-valued whenever r < 400.
(b) One has ¢g,,(0) = —5-d%(0).
(¢c) For every real A > 0, one has
0sr(AT*) = Apgea(z*)  for allz* € X.
In particular, if r < 400, then one has
rog () = pgi(ra™)  for allz* € X. (12)

(d) The function @g,(-) is the r-conjugate of Vg, i.e.,

osr(x*) = (hs)*"(x%) = (Y5 + % N (x*)  for allz* € X.

(e) The function @g,(-) is convex and locally Lipschitz continuous on X.
(f) For every x* € X and every o € R, one has

S C Qa:*,r,a = LPS,T((E*) S Q.

Proof The assertion (a) follows from the computation valid for every «* € X,

. T2 r g 1 N
2 = 2| = 5 o) = Sodira).

r 2
@s.(a") = 2 (la"[* +sup - |
zeSs

The assertions (b), (¢) and (f) are direct consequences of the definition of
ws,r. Further, (d) has already been established above. To prove (e), it suffices
to observe on one hand that the local Lipschitz property directly derives from
(a) and on the other hand the convexity of ¢g , follows from the convexity of
each f, : X — R with y € S defined by

2
fylx) = (", y) — ”Zi for allz € X.
r

The proof is complete. |

Assertion (f) in Proposition 1 can be seen as an extension of the classical
fact that the inequality o(-,.S) < a characterizes the closed half-spaces which
contain S, that is, for every z* € X with z* # 0 and every o € R,

S {{z*,) <a}=H<(z",a) = Qur 00,0 © Ps.00(r”) :=0(z",5) <

On the other hand, assertion (a) in Proposition 1 makes clear that we cannot
expect in general explicit formulas for the function g , for any type of subset
S C X since this requires to be able to compute the distance function dg(-).
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Ezample 1 Let x € X and r > 0 be a real.
(7) For each real p > 0, we have

rllz|® : P

e itz e LB,
PpB.r(T) = : 2 "

pllzl| — & otherwise.

(#i) For each real p > 0 we have with S := X \ B(0, p)

2 .
s (z) = 4P 1ol = o A Nzl < p,
" 2| otherwise.

(731) Let u* € X \ {0} and @ € R. According to (2) and (3) we have with
H:=H<(u*, ) and H := H-(u*, a)

T 1 N
o) = Sl = —L (it ) — )2
2 o]
and
(@) = 2l = 5 {(r (u*,2) — )
IR P

Now, we develop certain properties of the (sub)differential of the function
g, with § C X and r €]0,400]. Let us say that the set S is strongly ball-
compact provided that the intersection of S with every closed ball of X is
strongly compact. If S C X is nonempty, closed and strongly ball-compact, it
is known (see, e.g., [27, Proposition 2.2]) that

E)c(%d?g)(o:) =z —co(Projg(z)) forallz € X\ S, (13)

where J¢ denotes the Clarke subdifferential (see [14,31,28,26,34] and the ref-
erences therein). The next proposition provides various descriptions of the
subdifferential dpg ,(z*) for z* € X. The description in the first assertion is
in terms of the following particular function associated to a vector z* € X
gz r : X — R defined by

2
Qo r(x) 1= (", ) — @ for allz € X. (14)

This function already played a fundamental role in our previous paper [1]. The
function g, (-) can be rewritten as

ws.r(x*) = sup gz+ »(S) for allz™ € X. (15)

Notice also that the set Qg+, o in (11) is just the a-sublevel of this function
Qo+ r(+), that is, Qg+ ro = {qu» < a}, and clearly gz+ o (+) coincides with the
linear functional (z*,-).
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Proposition 2 Let S be a nonempty closed subset of X and r €]0,+o0[, and
let U be an open subset of X. The following hold:
(a) One always has

SN a(pS,r(gj*) ={zes: @S,r(x*) = Qx*,r(x)} for allz™ € X, (16)

and the latter equality still holds for r = 4+o0.

(b) The function ¢s,(-) is Fréchet differentiable on U if and only if d% is
Fréchet differentiable on U.

(¢) Let p > 0 be an extended real. The set S is p-proz-regular if and only if
©s,r(-) s Fréchet differentiable on U,(S). In such a case, one has

Vs (x) = Veg(re) = {projg(rz)} for allx € Uy(S).
(d) One has

Opg r(z) = ﬂ ﬁ(Projsvs(m:)) for allx € X.
e>0

(e) If S is strongly ball-compact, then
Ops.r(z) = @(Projg(rz)) for allz € X \r~*S.
(f) If dimX = 40, there exist a proziminal set S C X and x € X such that
dps.r(x) # co(Projg(re)).

Proof (a) Fix any * € X. Let T € S. Assume first that pg . (2*) = ¢z (7).
Pick any 2’ € X. Thanks to the inclusion T € S, we have

2 —2
)y < oyl e
(2, 7) < sup({asu) = 5 =)+ 55
which is obviously equivalent to
2 2
o — 2 < sl - L) ey 4 1
T ues 2r 2r

The latter inequality can be rewritten as

(@2 —a") < por(a) = o (T) = 05,0 (2") — 5.0 (27)

and this justifies the inclusion T € S N dpg,(z*). Conversely, assume that
T € SN Ops,(x*). From the definition of subdifferential of convex analysis
(see (6)) it is not difficult to observe that

wsr(@*) < (2%, T) — (T,2") + ps,(2') foralla’ € X.
According to Proposition 1, we then deduce
1

5 d%(ra’) foralla’ € X.

.
psr() < (a*,7) — (@) + 5 o' -
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38

Applying the latter inequality with the vector £ yields
x r ||z |

r

)

_ l=1®

otherwise stated ¢g (z*) < (2*,T) — "5 = ¢z »(T) < s, (2*). The proof of
(a) is then complete.

(b) It is a direct consequence of Proposition 1(a).

(¢) Tt suffices to put together (b) above, Theorem 1(e) and the equality (12)

Ysr = r_l(gos orldy). (17)

(d) Combining Beren’s equality (9) with (17) gives the desired result.

(e) It follows from the two equalities (13) and (17) mentioned above.

(f) This can be obtained through the Godini’s construction ([19]) which pro-
vides a proximinal subset S C X and = € X such that

Ops(x) # co(Projg(x)).
|

The right hand-side of (16) is strongly connected to the following concept
of support points.

Definition 2 ([1]) Let S be a closed subset of X and r €]0,+oc] be an ex-
tended real. One says that u* € X is an r-quadratic support functional of S
whenever there exists T € S such that

— — 1 —n2 1 2
Gur,r(T) = (2", %) — o |Z]” = sup({u*, 2) — — [|z]]") =: s (u”).
2r €S 2r
In such a case, u* is said to quadratically support S at T. One says that T € S
is an r-quadratic support point of S whenever there exists u* € X with u* #
such that u* supports S at 7.

Before going further, let us introduce a notation. To a nonempty closed
subset S of X, we associate the multimapping I's .(-) : X \ S = X defined by

1 1 1

- — ——)Projg(z) + ——=z forallz € X\ S.

r ds(l‘)) S( ) ds(.ﬁ) \

When Projg () is reduced to a singleton for some T € X \ S (i.e., projg(T) is
well defined), the set I's (%) is obviously a singleton. In such a case, the set
s, (%) will be identified to its unique element (1 — #@)projs(f) + ﬁ(@f.
If in addition the set S is r-prox-regular for some real r > 0, we derive from
Remark 1 the inclusions

Ps(z) € Projg(rls,(z)) for allz € Tube,(S) (18)

Tsr(z):=(

and
A (S) :=rIls,(Tube,(S)) C D,(S5). (19)

Now, we are in position to recall the following theorem from [1].
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Theorem 3 Let S be an r-prox-regular subset of X with r €]0,4+00],
Tube,(S). Then, one has with * := Ig,(z) = (£ — #(w))projs(x) +
the following separation property for some a € R

8 M

xr
1
ds(x)

2
S C {(m*,~> — % < a} C Qa0

and
. [Els .
qu*,r(x) = <£C a-T> - o > « > sup qm*,r(S) = @S,r(z )

Concerning the a-sublevel set Qg+ r o Of gz » (see (11) and (14)), we also
recall the following features from [1]. They show in particular that such sublevel
sets are in general nothing but complements of suitable open balls.

Proposition 3 Let z* € X, a € R and r €]0, +o0[. One has
O = {X \ B(ra*, /72 |o*|* — 2ra) it 2 ||z*|® — 2ra > O,
X otherwise.
In particular, if psr(x*) = a € R for some closed subset S of X, one has
2 ||z*||® - 2ra = d% (rz*)

and
0 B {X \ B(rz*,dg(ra*)) ifra* ¢S,

X otherwise.

With p := r?||x*||? — 2ra, one has

2
_ =]l

bdry Qg+ ra = {x € X : (" x) o a} = S(ra™,/p).

Further, for every x € X \ Qg+ .o, one has

Pronz*,m () =

{S(rm*,\/ﬁ) if x = ra*,

{%(HJ —ra*) + rx*} otherwise.
In particular, the set Qzx r o 5 proximinal and for every z € X,

d(, Qu+ ra) = (VP =l = r2*|)™.

Coming back to the usual support function, it is worth recalling that a
classical application of Hahn-Banach theorem says that for two closed convex
sets C1,Cy C X, one has

0'('701) < O'(',CQ) & Cp C Os.
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Our goal is now to show that ¢g,.(-) is a suitable function to extend such
an equivalence to the r-prox-regular framework. First, it should be noted that
for two nonempty closed subsets 51,52 of X and any real r > 0,

905'177‘(') < 905277’(') A dSz(') < dSl(') < 51 C 5. (20)

Then, it turns out that the desired generalization reduces to the following
question: under prox-regularity assumptions on S; and Ss, is it possible to
weaken the inequality of the left hand-side of (20) in shrinking the set on
which it is required? The answer is essentially positive and is contained in the
next theorem. The following proposition which complements [10, Lemma 3.3]
and [9, Theorem 6.10] is needed. Given an r-prox-regular subset of X for some
real r > 0, recall that (see (19))

A,(S) :=1rTs,(Tube,.(S)) = {(1 - #(z))projs(x) + #(x)x tx € ’I‘uber(S)} .

Proposition 4 Let S be a nonempty subset of a real normed space (E, ||| g)
and let r €]0, +00].
(a) One always has

clg(U-(S)) = Enl,.(S),

or equivalently
intp(Exte,S) = {u € E :dg(u) >r}.

If (E,| - ||g) is the Hilbert space (X, | -||) and if S is r-prox-regular, then the
following assertions (b) and (c¢) hold.
(b) For every s €]0,r[, one has

clx (X \ Enl,S) = {u € X : dg(u) > s} = Ext,(S) (21)
or equivalently
inty (Enl,S) = {u € X : dg(u) < s} = Uy(S).
(c) One always has
A.(S) = {z € D.(S) : Projg(z) # 0} (22)
along with
D,(S) = clx(A,(5)) and cly(Dy(S)) = clu(A(S)).

Proof (a) We keep the notation dg (or d(-, S)) for the distance function relative
to the normed space (E, || - ||g). Fix any r €]0, +00]. Assume that r < 400,
otherwise there is nothing to prove. The inclusion clgU,(S) C Enl,.(S) follows
from the continuity of dg(-). Let us establish the converse inclusion. Let u €
Enl,(S). We may suppose that dg(u) = r. Let an arbitrary real e > 0. Pick
any sequence (2, )nen of S such that r, := ||u — 2|/ = 7. Choose any N € N
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such that ry —r < e and fix any ¢ € [0, 1] such that 1 — = < ¢ < = Observe
that ||[(1 —t)u+tzny —ul|p =try <e and

d((1—thu+tzn,S) <||I—-tu+tey —2nllg < A —t)rn <7

Consequently, we have (1 —t)u +tzy € B(u,e) NU,(S) # 0. This means that
u € clgU,(S). The desired equality in (a) follows.

Assume now that (E, ||-||z) is the Hilbert space (X, ||-||) and that S is s-prox-
regular.

(b) First, note that we always have Ug(S) C intx (Enls(S)), or equivalently

clx (X \ Enl,S) € X \ Us(S) = Ext,(S).
Let us establish the converse inclusion. Fix any u € X \U,(.S). We may suppose
that ds(u) = s. Let (s,)nen be a sequence of |s,r[ with s,, — s. Since S is

r-prox-regular, the set Projg(u) is reduced to a singleton (see Theorem 1(c)).
Let p € X be such that Projg(u) = {p}. Set for each n € N,

u—p
tn =P S Tl

According to the r-prox-regularity of S, to the inclusion u € U,.(S) \ S and to
the definition of p, we have by Theorem 1

{p} = Projg(u) = Projg(u,) for alln € N.

We also see that dg(u,) = s, > s, so u, € X \ EnlyS for each n € N. Further,

(un)nen converges to p + sﬁ. Since s = dg(u) = |Ju — p||, we have
s
[lu—pll

Consequently, we get u € clx (X \ Enly95).
(c) Set z* := I'g(z) with x € Tube,(S). First, observe that (18) and (19)
entail

projg(z) € Projg(ra*) and ra* € D,(S5). (23)
From this we then note that the inclusion
A,(S) € {u € Dy(S) : Projg(u) # 0}
holds true. Let us establish the converse inclusion. Fix any v € D,(S) with

Projg(u) # 0. Choose any p € Projg(u) # 0 and = €|p,u[. Let us start by
observing that

p=projg(r) and ds(u)=r=ds(z)+ ||z —ul,
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so in particular « € Tube,(S). With d := dg(z), it follows

o+ ol == o=+ e
= (5 =D lp—ul* + Z o — ull
+2(1—%)g<p—u,x—u>.

On the other hand (keep in mind the inclusion x €]p, u[)
p—wx—u) = |p—ulllz—ul =r(r—d.

Combining the two latter equalities together gives
2r2

2 92
Y

Q-+ lam =" (r —d)? (r—d)*=0.
d

d d
This entails that u = (1—%5)p+ 5, hence u € A,(S) according to the inclusion
x € Tube,(5) and to the equality p = projg(x). The first equality of (c) is
then established.

Let us show the second equality claimed by (¢). Let = € D,(S). According
to (a) above, we can choose a sequence (z,,),>1 in Tube,(S) such that =, —
x. For every integer n > 1, set z}, := I's,(z,). From the boundedness of
(projg(@n))n>1 and the convergence  — m — 0, we observe that z, — 7,
or equivalently rz} — z. On the other hand, from (23) we also see that
(ray)n>1 is a sequence of A,.(S5). It follows that D,.(S) C clj. (A,(S)). The
converse inclusion follows from (22) proved above.

It remains to show the third equality in (c). Since clj. (A,(5)) C clw(A-(5)),
from the previous equality we deduce that D,.(S) C cl,(A,(S)). It results that
clyw(Dr(S)) C cly(A,(S)), which is in fact an equality thanks to (22). The
proof is complete. n

Remark 2 If s € {0,7}, then (21) does not hold in general. Indeed, in the case
s =0, (21) means intx(S) = 0. Now, let us focus on the case s = r. Consider
the set S = {t € R: [¢t| > 1} which is r-prox-regular with r := 1. It is readily
seen that Enl,.(S) = R and U,.(S) = R\ {0}, hence

0

clg(R \ Enl,.(5)) # Ext,(S) = {0} .
|

Now, we can state and prove the result on the consequence of the inequality
s, r(-) <@g, r(-) on suitable subsets of X. Recall first that for a nonempty
subset A of a topological space (T, 7), A is T-connected if and only if for each
7-closed subsets F, G of X satisfying A C FUG and ANF NG = (), one has

ANF=0 or ANG=0. (24)
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Theorem 4 Let S1,S2 be two r-proz-regular subsets of X with r €]0, +0o0].
Then, one has
S1 C S U EXteT(SQ)
under anyone of the following conditions:
(a) s, (%) < g, r(x*) for every x* € I'g, (Tube,(S2));
(0) r < 400 and pg, (z*) <@g, (z*) for every x* € A,.(S2);
(¢) r < 400 and pg, (*) < g, (x*) for every * € D,.(S2).
If in addition Sy is connected (which is always the case if diam Sy < 2r), then
one has

51CSQ ifSlﬂSQ#@,
Sy C Exte,(S2) otherwise

whenever one of the conditions (a) — (c¢) holds.

Proof We may assume that r < 4+o00. We observe through the equality valid
for any subset S C X

rogr(x*) = ps(ra™) forallz* € X

that (a) < (b). On the other hand, through the equality D,.(S2) = clj.| (A-(S2))
due to Proposition 4(c) and through the continuity of ¢g, (), we also see that
the assertion (b) is equivalent to (c). As a consequence, it suffices to establish
the desired result under the assumption (a). Assume that g, »(-) < ps,.r(*)
on I'g, ,(Tube,(S2)). By contradiction, suppose that there is ¢ € S with
a ¢ Sy UExte, (S2), i.e., a € U,(S2) \ S2 = Tube,(S2). According to Theorem
3, there are 2* € I'g, ,(Tube,(S2)) and a real « such that

2 2
: a
Sy C {(m*,)—”'}nga} and (w*,a)—%>a.

Hence, we have for all x € Sy,

2 2
X a
@t 0) L <o o) - B <)

and this entails ¢g, ,(2*) < g, »(z*) which is the desired contradiction.
If in addition S; is connected, it suffices to note that F' := Sy and G :=
Exte,(S2) are closed subsets of X satisfying

SiCFUG and SINFNG=10
and to use the equivalence (24) recalled above. |

Corollary 1 Let Sy, S5 be two r-proz-regular connected subsets of X for some
r €]0, +oo] with S; N Sy # 0. Then, one has

2
S1 =52 & v, () = ps, r(2¥)  forall x* € U I's, »(Tube,(S;)).

i=1
If r < 400, then one has
S1 =855 & pg, (%) = s, (&%) for all 2™ € D,.(S1) U D,.(S2).
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Given a nonempty closed convex subset C' of X, it is well-known that

C = m {:UEX : (x*w} ga(x*,C)},

zreX

that is, C is the intersection of the closed half-spaces which contain it. It is
worth pointing out that the latter equality can be written as

C= ﬂ {reX: (%, z) <o(z*,C)}, (25)

2*€Tl'¢, 00 (Tubeos (C))

where I'c o (Tubes (C)) = {%&f‘)(“) tu € X\ C}. Then, it is quite natural

to investigate if (25) could be extended to the context of an r-prox-regular set
S with the help of the function ¢g, and the set I's .(Tube,(5)).

Let us start with the following lemma which will play a great role in some
places in the rest of the paper.

Lemma 1 Let z* € X, a € R, r €]0,+00[. Assume that S C Qu» r.o and
x & Qur r.o- Then, one has B := pg,(z*) < a and

SCQurp and x¢ Qurga.

Further, one has

d(xa Qw*,r,a) S d(.’l?, Qx*,r,ﬂ) S d(LU, S)

Proof Set Q := Qg+ r,o and Q' := Q. 3. From the definition of 5 and Qg+ r 3
one sees that S C @', then d(z,Q’) < d(z,S). Further, note that from the
inclusion S C @, we must have 8 < «, then @' C @ which in turn ensures

that d(z, Q) < d(z,Q’) and z ¢ Q' since = € Q. [ |

Given a nonempty closed subset of X and any real r > 0, we have with
Q= {Qw*ma rrr e X,a € R}

S= ) Q=) Quipsne = ) X\B(ra*,ds(ra*)) = T.

SCQeQ, zreX re* ¢S

Indeed, it directly follows from Lemma 1 and Proposition 3 that the three
intersections involved above are equals. This along with the obvious inclusion
S C ﬂSCQEQT Q justify that we only need to establish that Z C S. By con-
tradiction, if there is # € Z such that = ¢ S, we must have z ¢ B(u,ds(u))
for every u € X \ S, in particular = ¢ B(x,dg(x)) and this cannot hold true.

Taking into account what precedes and (25) leads to consider the intersec-
tion

ﬂ {I € X: Q1*,T(x) S QDS,T(:C*)} = ﬂ QJ;*,T,cps,,«(a:*)'

2*€Ts (Tube, (S)) 2*€ls (Tube, (S))
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Theorem 5 Let S be an r-proz-reqular set of X for some real r > 0. Then,
one has

S U EXtegr(S) = ﬂ Qw*,r,aps,r(x*)v
#*€Ds.,.(Tube, (S))

or equivalently
Tubey, (5) = U B(z*,r).
z* €N (S)
In particular, with 2,.(S) = A.(S)U{z € X : ds(x) > 2r}, one has the
following equality
X\S= [J B@* .. (26)

z*€92,(S)

Proof First, note that the equivalence claimed comes from the fact that by
Proposition 3 and (19)

x\ |J Be = N X\ B(ra*, ds(rz*))

x* €A (S) z*€lg, (Tube,(S5))

= 1 @eresen (27)

x*EFs,7~(TUbe7~(S))

Fix any 2o € U,-ea, () B(2”, 7). There is u € Tube,(5) with [[u* — x| <,
where u* :=rI'g,(u). Since

(5 = g Prois ) + s — prols(a)

[[u* = projg(u)|| = =r
we have
ds(zo) < [lzo — projs(u)[| < [lzo — u™[| + [lu” — projg(u)[| < 2r.
Thus, we get
U B(z*,r) C Tubey,(S). (28)

z* €A (S)

Now, fix any T € X \ (S U Exte,(5)) = Tube,(S). From Theorem 3, we know
that there exist u* € I'g . (Tube,(S)) and a € R such that S C Qu+ o and
T ¢ Qur ro- According to Lemma 1, we have S C Qu+rp and = ¢ Qu» ,.3,

7

where 3 := sup((u*,y) — 5.—) = @5, (u*) < a < +oo. Hence, we get
yeSs

x ¢ m Qm*,r,tps,r(x*)v

z*€lg,r(Tube(S5))

and this says that

N Quv rps o (av) C S UExte, (). (29)
z*€lg,(Tube,(S))
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Taking complements in (28) and (27), and then using(29), we arrive to

Tube,.(S) C U B(z*,r) C Tubeg,(95).
z* €A (S)
Now, let « € Tubey,(S5) \ Tube,(S). According to [9, Lemma 6.3], we have
d:=d(z,D.(5)) =d(z,5)—r<2r—r=r.

Fix any real ¢ > 0 such that d + ¢ < r. There is u € D,(S) such that
d < ||z —ul| < d+ /2. Thanks to the equality D,.(S) = clj. (4,(5)) in
Proposition 4(c), there is z* € A,.(S) such that |z* — u|| < £/2. It follows that

[z — " < [lo —ul| + [[+" —ul| <d +e <,
i.e., x € B(z*,r). This justifies the equality

Tubes, (S) = U B(z*,r),
z* €A (S)
or equivalently

S U EXtezr(S) = ﬂ Qm*,r,cps,r(x*)'
x*€ls, »(Tube,(5))

The proof is complete. |
Remark 3 We derive from the latter result that the set N Qur ryps.0 (%)

@*€ls, - (Tube,(5)) ’
fails to be connected if Extes,(S) # 0. |

4 Distance function from a prox-regular set

Our aim in the present section is to provide several new links between dg(-)
and ¢g,(-) for an r-prox-regular set. Doing so, we will extend in particular
two among the most basic results of convex analysis.

The first one (which is sometimes called analytic formulation of distance
from a convex set, see, e.g., 20, Theorem 6.23]) asserts that for any nonempty
closed convex subset C' of X and for any € X \ C, there is one and only one
z* € S (namely, 2* = ¢ (2) = de(z) 7' (x — Po(z))) such that

do(z) = (z*,2) —o(z*, C). (30)
The extension to the prox-regular setting is stated as follows.

Theorem 6 Let S be an r-proz-reqular subset of X for some r €]0,+0o0]
and let © € Tube,(S). Then, there exists one and only one z* € X with
|a* —r~ta|| =1—r~tds(z) (namely, 2* :=Ts,(x)) such that

dS(x)(l - (ZT)_ldS('r)) = QI*J'(x) - QDS,T(x*)'

In particular, one has g, (x*) < gz ().
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Proof Existence. Set p := projg(z) and d := dg(x). Since z — p € NF(S;p)
(see (4)) we have (thanks to Theorem 1)

(x—p,y—p) < (2r)dlly—p|* forallyes,

which gives d* = infyeg ((m —p,x—y)+ (2r) "ty — pHQ), or equivalently

d= éréf (d @ —p),z—y)+ 2r) My —pl?) .

From the latter equality we also see that

d = (2)"'d = inf ({07 @ = p)w —y) + @) (ly — ol ~ e pl1?)).

yeSs

Put g(y)

= (d Yz —p)z—y) + ) (ly—pl> |z —pl|?) forall y € S
and z* ;= d !

(x — p) +r~1p. Note that

g(y) = (" x) — @) al® = (" y) + (2r)7Hy|* forally € S.

The desired equality d(1 — (2r)~1d) = g; () — ¢s,-(z*) then follows.
Uniqueness. Let 27,25 € X such that for each i € {1,2}

oy —r 2| =1-7r""d and d(1— (2r)"'d) = qi(z) — s, (z]),
with ¢; := gur . Set z* := 27! (2} + 23) and observe that

H;v* - r_lacH <971 fo — r_le +271 Hx§ — r_le =1-rld. (31)
Thanks to the definition of x* we notice that
() = 27 (ot + 8, ) — L) = 27 ot ) — o ol (3, 2) — 5 ]
=27 q1(2) + 2(2)],

which in turn ensures (see (15)) that

@, (2*) = sup gu+ ,(u) = 27" sup[qr (u) + g2 (w)].
u€esS u€eS

It results that

Qo+ (2) = 05,0 (27) = 27 a1 (2) + ga2(@) — sup(qs (u) + g2 (u))]

ueS
> 27 q1(%) + q2(2) — sup g1 (u) — sup g2 (u)]
u€esS uesS

=27 () — w5, (27) + @2(2) — ps.r(23))
=d(1-(2r)"'d) >0, (32)
where the latter equality is due to the choice of 27 and x3. From the inequality

Qe+ r(2) > s (%), it is readily seen that © ¢ Qux rps , (2+)- According to
Proposition 3, we see that ¢ := d*(x, Qu+ 1. () = (v/P— |z — ra*]])?, with
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pi=r2|z*|* - 2rog ,(x*). Elementary computations along with the equality

p = d%(rxz*) (see Proposition 1(a)) yield

2(r? 2% = ros., (%) + 27 |lz||* — r (2%, 2) — rdg(rz*) |z —r~'a|)

=2(r (z*,2) — [|l2|? /2 — rps(a*) + 12 |2*]* = 2r (a*, z) + ||z||® - rds(ra®) ||z* — 7 2]|)
2 (e 1 () — 5.0 (2%)) + 2 |ra* — z|* — 2rdgs(ra*) |a* —r~'a.

Consequently, we obtain
Gz r(T) — Qs r(x*) = (27")_1( + Hx* — r_le (ds(rm*) -7 Hx* - r_le )

Putting together the latter inequality, the inclusion S C Qg+ r o5, (2*), the
inequality dg(ra*) < d+ ||rz* — z|| and (31) and (32), we arrive to
Qo r(x) — @gr(x™) < (2r)7 L% + Hx —r” x“ d
2r)'d®+ (1 —r'd)d
d(l ( r)_ld) < qgc*ﬂ‘(x) - @s,r(fﬂ*)~

IN

Then, it follows that ||#* —r~'z| = 1 —r~'d =: «, in particular the three
points x%, x5, z* lie on the sphere r—'x + aSx with z* = (27 + 23)/2. The
strict convexity of this sphere of the Hilbert space X ensures that ] = 3,
which justifies the uniqueness property. |

Given a (nonempty closed) convex set C, a direct computation gives for
every y € C and every u* € X with ||u*]| =1,

(w*,z) —o(u*,C) = leelf (v, —y) < dc(x).

Hence, taking into account (30), we have

— * _ * — inf * _ )
do(x) Hg}ﬁzl(@’aﬁ o(z*,C)) \|£I}ﬁ§1520<x’$ Y)

Let us point out that we can reverse maximum/supremum and infimum in the
latter formula (see, e.g., [20, Remarks 7.2,p.126)), i.e

— o * _ — _
de(v) = max inf (2%, 2 —y) = inf max (2%, 2 —y).

The next result provides a similar feature for prox-regular sets.

Proposition 5 Let S be an r-proz-reqular subset of X with v €]0,+00|, x €
Tube,(S) and L := {z* € X : Hx* — r‘le =1—r"tds(z)}. Then, one has

ds(x) o . o
o ) = max inf (g2 r(2) = qor r(y)) = inf max (g2 0 (%) = qur + (y))-

ds(z) (1 -
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Proof Let us focus on the first equality. Fix any v* € £ and observe that

inf (M—k(v* x_y>) —inf (<U*_§ x_y>+M)
; =

yeS 2r yeS 2r
2
) T lz —yll
< it ([[or = |z -l F570)
< Inf (o7 =2 lz =yl +
= K, (33)

with k := infyeg ((1 - d%(m)) |z =yl + %) By contradiction, suppose

that k > (1— d%(w))ds(ac)Jr@ =: 0. Let € €0, x[. Pick any sequence (yn )nen

of S with || — yn|| = ds(z) and note that for every n € N,

ds(z) |z — yul®
r r

(1- 3

)l — ynll + >k >e>0.

Passing to the limit then gives (1 — d%m)dg(a:) + £d%(z) > € > 0 and this
cannot hold true. Hence, we have

ds()
2r

inf (M—&—(v*,x—y})Smﬁ@zdg(x)(l— ),

yES 2r

where the first inequality is due to (33). Taking the supremum yields

2 2

+<x*,m—y>>.

— =]

)y qup s (12
2r

2r o €L YES
On other hand, using Theorem 6, there is u* € £ such that

ds (:U)
2r

) = que () — sup qus »(S)

2 2
— inf (M+<u* e-y))
yES 2r ’ '

ds(z)(1—

It remains to combine what precedes with the latter inequality to get the first
equality in the proposition. Now, let us establish the second equality of the
proposition. Setting p := 1 — r~!dg(x) and writing

2 2 2 2
— || — | xr
e e 7 Y AR SR
erel 2r 2r r B
2
:M+p max (2%, 7 — )
2r lz*||=1

2
S LI PR
2r ’
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we see that

2 2 2 2
p W=l I el
z*EL 2r ’ TreL 2r ’
2
N 2r Pz =Yl
Consequently, we arrive to
inf max 7”“‘2 _ Hx||2 + (", — y) = inf 7Hx — yH2 +ollz—yl=r
yES ar el 2r ’ yes  2r ’
which completes the proof. |
Remark 4 A function f : C — RU{+o00} on a convex subset C of X is recalled
to be o-semiconvex (on C) for some o € Ry := [0, +o00] if (see, e.g., [34])
g 2
fltz+ (1 =t)y) < tf(e) + (1 =) f(y) + St =) lz =y,

for all z,y € C and for all ¢t €]0,1[. Recall also (see, e.g., [6,27,34]) that the
closed set S in X is r-prox-regular for some real » > 0 if and only if the
function dg(-) is (r — s)~!-semiconvex on any convex subset C' C Ug(S) with
s < r, or equivalently dg + ¢ is (r — s)~!-semiconvex on X. Assuming the
r-prox-regularity of the set S and using the above semiconvexity property, it
is derived in [1] from properties of the Legendre-Fenchel r-conjugate that, for
any nonempty closed convex C' C U,(S)

(ds +Yc)(x) = b}g{ (gzr r—s(@) = (ds +c)*"*(2*)) forallz € X,

which can be rewritten as

ds(z) = sup inf ((z*,2—y)+ (lyl* - ||x||2)+d5(y)) for allz € C.

zreX YEC 2(r —s)

The second crucial result coming from convex analysis that we will extend
can be seen as a geometrical counterpart of (30). Indeed, given a nonempty
closed convex subset C of X and z € X\ C, it is known (see, e.g., [20, Theorem
6.25]) that the distance d(z,C) of z from C coincides with the maximum
of d(x, H) taken over all hyperplanes H which separate C' and z, and this
maximum is attained for one and only one such hyperplane.

Theorem 7 Let S be an r-proz-reqular subset of X for some r €]0,4+o00[, and
x € Tube,(S). Then, one has

d([L’,S) = max{d(QOy*,r,a) : (y*ﬂ) € X x R, Sc Qy*,r,avx §é Qy*,r,a}-
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The mazimum is attained at (x*, g (x*)) with z* :=Tg,(z) and
(2).

Further, for all y* € X with Hy* - r‘le =1—7r"Yds(z) and all « € R, one
has the following implication

A(e,8) = deQyrrads | e
S C QyrpryarT ¢yQy*,r,a} = (", a) = (2%, psr(z7)).

Proof Set * := I's.(z), d := dg(x), p := projg(z) and 8 := pg,(z*). We
have already established (see Lemma 1)

sup {d(:ﬂ, Qy*,r,a) : (y*, a) € X X Ra S C Qy*,r,aax ¢ Qy*,r,a} § d
By Theorem 3, there is t € R such that § C Qg+ and & Qg+ . Thanks
to Lemma 1, we have S C Qg+ 5 and & ¢ Q3+ 5. On the other hand, from
2
Theorem 6, we get 8 = ¢g,(z*) = (a*,x) — % —d(1—(2r)~'d). It is routine
to check that r2||z*||2 = [|rz* — z||* + ||lz||* + 2 (ra* — 2, z) and

projs(z) = projq,.

e g (2*)

—2rf = —2r (z*,z) + 2rd(1 — (2r)'d) + |jz||”.
Putting the two latter equalities together yields
2 ¥ |? = 2rB = |lra* — x| + 2rd(1 — (2r)7d). (34)
It is also readily seen that ra* —z = (1 — rd_l) (p—x), so
lra* — |* +2rd(1—(2r)"'d) = (1—rd~")*d®>+2rd(1—(2r)~d) = r*. (35)

Using Proposition 3 and the equality (34), we obtain

A, Qe ) = /I — >+ 2rd(1 = (20)-1d) — lra” — ]
Putting this, (35) and the inclusion = € Tube,(S) together we arrive to
d(x7 Qm*,r,ﬁ) =T — |]- - d717"| d=d.

Now, fix any y* € X with Hy* — %H =1—7r"'d and t € R. Assume that
d(z,S) = d(z,Qy»rt) along with z ¢ Qy+ ¢ and S C Qy+ ;. By virtue of
Lemma 1, we have

0:=ps,(y") <t and z ¢ Qy o (36)
and d(z,S) = d(x, Qy rt) < d(x, Qy» r0) < d(x,S). Via Proposition 3, we get
d(@,Qye o) = v/p— e —ry*|| with =1 [ly*||* — 2r0.

According to Proposition 3 again, we know that p = d?(ry*, S), so

d=d(z,Qy-rp) = d(ry”, 5) — [l —ry”|
<dAlz —ry*| = [l —ry*|| = d.
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Consequently, we have d(ry*,S) = d + ||z — ry*||, or equivalently
2
p=r*lly*|I" =200 = (d+ [l= = ry*|)*.

Expanding the right-hand side of the latter equality and coming back to the
definition of 6 yield

—2rps,(y*) = & + 2d ||z — ry* || + [|z]* — 2r (", @)

which can be rewritten as gy« .(z) — 0s,-(y*) = (2r)~1d(d + 2 ||z — ry*|]).
Putting the latter equality and the equality Hy* — r‘lmH =1—r~'d together
ensure that gy ,(z) — s, (y*) = d(1 — (2r)~*d). The uniqueness property
provided by Theorem 6 then guarantees that z* = y*. It remains to show that
t = @g,(y*), or equivalently (see 36) t > ¢g,(y*). If t < g, (y*), we have

d=d(x,Qyr rt) = d(, Qur rs) = \/7 ||a*||* = 27t — || — ra*|

* 2 * *
> rllatl]” = 2res,(2%) — ||z — ra”||
= d(fE, Qw*,r,gpsm(z*)) =d

which is a contradiction. The proof is complete.
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