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TWO DIMENSIONAL NEIGHBORHOODS OF ELLIPTIC CURVES:
ANALYTIC CLASSIFICATION.

FRANK LORAY, FREDERIC TOUZET, AND SERGEI M. VORONIN

ABSTRACT. We investigate the analytic classification of two dimensional neighborhoods
of an elliptic curve C' with torsion normal bundle. We provide the complete analytic clas-
sification for those neighborhoods in the simplest formal class.
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1. INTRODUCTION AND RESULTS

Let C be a smooth elliptic curve: C = C/T';, where I'; = Z + 7Z, with (1) > 0.
Given an embedding ¢ : C' — U of C into a smooth complex surface U, we would like to
understand the germ (U, +(C)) of neighborhood of +(C') in U. Precisely, we will say that
two embeddings ¢,: : C < U, U’ are (formally/analytically) equivalent if there is a (for-
mal/analytic) isomorphism U : (U, «(C)) — (U’,/(C)) between germs of neighborhoods
making commutative the following diagram

(1.1) C—=U

C—=U

By abuse of notation, we will still denote by C' the image +(C') of its embedding in U, and
we will simply denote by (U, C') the germ of neighborhood.

The two first authors are supported by grant ANR-16-CE40-0008 “Foliage”. The third author is supported by
grant RFBR-17-01-00739-a. We thank T. Ohsawa to let us know the reference [3].
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2 F. LORAY, F. TOUZET, AND S. M. VORONIN

1.1. Some historical background. The problem of analytic classification of neighbor-
hoods of compact complex curves in complex surfaces goes back at least to the celebrated
work of Grauert [6]. There, he considered the normal bundle N¢ of the curve in U. The
neighborhood of the zero section in the total space of N¢, that we denote (N¢,0), can
be viewe as the linear part of (U, C'). A coarse invariant is given by the degree deg N¢
which is also the self-intersection of the curve C' - C'. In this paper, Grauert proved that the
germ of neighborhood is “linearizable”, i.e. analytically equivalent to the germ of neigh-
borhood (N¢, 0), provided that deg(N¢) is negative enough, namely deg(N¢) < 4 — 4g
for a curve of genus g > 0, and deg(N¢) < 0 for a rational curve g = 0. It was also
clear from his work that even the formal classification was much more complicated when
deg(N¢) > 0. At the same period, Kodaira investigated the deformation of compact sub-
manifolds of complex manifolds in [10]. His result, in the particular case of curves in
surfaces, says that the curve can be deformed provided that deg(N¢) is positive enough,
namely deg(N¢) > 2¢g — 2 for a curve of genus g > 0, and deg(N¢) > 0 for a rational
curve g = 0. Using these deformations, it is possible to provide a complete set of invariants
for analytic classification for g = 0: (U, C) is linearizable when deg(N¢) < 0 (Grauert
for < 0 and Savelev [21]] for = 0), and there is a functional modul when deg(N¢g) > 0
following Mishustin [I3] (see also [4]]). Also, when g > 0 and deg(N¢) > 2g — 2,
the analytic classification has been carried out by Ilyashenko [9] and Mishustin [[16]. In
all these results, it is important to notice that formally equivalent neighborhoods are also
analytically equivalent: the two classifications coincide for such neighborhoods.

The case of an elliptiﬂ curve ¢ = 1 with deg(N¢) = 0, which is still open today,
has been investigated by Arnold [1]] in another celebrated work. In this case, the normal
bundle N¢ belongs to the Jacobian curve Jac(C') ~ C' = C/I'; and can be torsiorﬂ or not.
Torsion points correspond to the image of Q + 7Q C C in the curve. Arnold investigated
the non torsion case and proved in that case

e if N¢ is non torsion, then (U, C) is formally linearizable;

o if N¢ is generi(ﬂ enough in Jac(C), then (U, C) is analytically linearizable;

e for non generic (and still non torsion) N¢, there is a hugeﬁ moduli space for the
analytic classification.

However, we are still far, nowadays, to expect a complete description of the analytic clas-
sification in that non torsion case. It is the first case where the divergence of formal and
analytic classification occur. Also, it is interesting to note that the study of neighborhoods
of elliptic curves in the case deg(N¢) = 0 has strong reminiscence with the classifica-
tion of germs of diffeomorphisms up to conjugacy. It will be more explicit later when
describing the torsion case.

The goal of this paper is to investigate the analytic classification when the normal bundle
is torsion, and show that we can expect to provide a complete description of the moduli
space in that case. More precisely, the formal classification of such neighborhoods has

1Strictly speaking, the linear part is more complicated in general, as it needs not fiber over the curve, as it is
the case for a conic in P2,

2The moduli space is comparable with the ring of convergent power series C{X, Y }.

3Elliptic means g = 1 and that we have moreover fixed a (zero) point on the curve, to avoid considering
automorphisms of the curve in our study.

“4Torsion means that some iterate for the group law ® is the trivial bundle O¢.

die. belongs to some subset of total Lebesgue measure defined by a certain diophantine condition

OThanks to the works of Yoccoz [32]] and Perez-Marco [20], we can embed at least C{ X } in the moduli space
with a huge degree of freedom.
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been achieved in [11]; we provide the analytic classification inside the simplest formal
class, and we explain how we think it generalizes for all other formal classes.

1.2. Formal classification. An important formal invariant has been introduced by Ueda
[27] in the case deg(N¢) = 0 and g > 0. There, among other results, he investigates
the obstruction for the curve to be the fiber of a fibration (as it would be in the linear case
(N¢,0) when N¢ is torsion). The Ueda type k € Zs is the largest integer for which the
aforementioned ﬁbratiorﬂ of N¢ can be extended to the ™ infinitesimal neighborhood of
C (see [3l section 2] for a short exposition). When x = oo, then we have a formal fibration,
that can be proved to be analytic; the classification in that case goes back to the works of
Kodaira, in particular in the elliptic case g = 1.

Inspired by Ueda’s approach, it has been proved by Claudon, Pereira and the two first
authors of this paper (see [3]]) that a formal neighborhoods (U, C') with deg(N¢) = 0 carry
many regular (formal) foliations such that C'is a compact leaf. This construction has been
improved in [11} [25] showing that one can choose two of these foliations in a canonical
way and use them to produce a complete set of formal invariants. In the elliptic case g = 1,
there are * + 1 independant formal invariants for fixed Ueda type x where v is the torsion
order Ng” = O¢ (see [L1]]); for g > 1 and No = O¢ (the trivial bundle), Thom founds
infinitely many independant formal invariants in [25].

In this paper, we only consider the case ¢ = 1 where No = O is the trivial bundle,
to which we can reduce by covering whenever N was torsion. Let us recall the formal
classification in that case. For each Ueda type k € Z~q, let P € C[X] be any polynomial
of degree < k and v € C a scalar. To these data, we associate a germ of neighborhood
(Uk,v,p, C) as follows. Writing C' as a quotient of C* by a contraction:

C=C/<zwqz> withz=e*"andq =", (|¢| <1)
we similarly define (U, ., p, C) as the quotient of the germ of neighborhood
(C2 % Ty, {y = 0})
by the germ of diffeomorphism

r+1

= Y . yP(y)

v — 7n8 T r 20

Fypp = exp(vo + Vo), Where 0 Ttvy= Y + Tqoyr 20z
Voo = 2imT20,

The two vector fields vg and v, span a commutative Lie algebra, and therefore an infin-
itesimal C2-action on the quotient neighborhood. By duality, we have a 2-dimensional
vector space of closed meromorphic 1-forms spanned by

d d 1 d P
Y + u—y and we = — G ) dy
yrtl y 2nT 2 yr

Wwo =

In particular, we get a pencil of foliations F;, t € P!, by considerin wy = 0 where

Wt = Wy — tWeo-
When P = 0, F defines a fibration transversal to the curve C' and the neighborhood is
the suspensiorﬂ of a representation ¢ : m(C) — Diff(C,0) taking values into the one-
parameter group generated by vy = %8@/ For t € C finite, F; is always (smooth)

TMore generally, in the non torsion case, we may try to extend the foliation defined by the unitary connection
on N¢.

8or equivalently the phase portrait of the vector fields v = tvg + veo

%in the sense of foliations
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tangent to C, i.e. C is a compact leaf; when P £ 0, the same holds for F,. For m+mn €
I in the lattice, F. _z=_ is the unique foliation of the pencil whose holonomy along the
corresponding loop m + 7n in 71 (C') ~ T is trivial. As proved in [L1, Theorem 1.3], the
neighborhoods (U, .. p,C) span all formal classes of neighborhoods with trivial normal
bundle No = O¢ and finite Ueda type x; moreover, any two such neighborhoods are
formally equivalent (U, . p,C) ~ (U, pr,C) if, and only if there is a x"-root of
unity ¢ such that:

k=r, v=0 and P'(y)=CP(Cy), ¢ =1

As explained in [11, Theorem 1.5], the moduli space of those neighborhoods with two
convergent foliations in a given formal class up to analytic conjugacy is infinite dimen-
sionafﬁ comparable with C{X }. A contrario, if a third foliation is convergent, then the
neighborhood is analytically equivalent to its formal model (U, ,, p, C'). However, an ex-
ample of a neighborhood without convergent foliation is given by Mishustin in [17], and it
is expected to be a generic property. In this paper, we describe the analytic classification of
neighborhoods with Ueda type x = 1; we expect that a similar result holds more generally
for torsion normal bundle Ng’m = O¢, and finite Ueda type k < co. As we shall see, the
moduli space is comparable with C{X,Y'}.

1.3. The fundamental isomorphism. In order to explain our classification result, it is
convenient to recall the following classical construction. For the simplest formal type
(k,v,P) = (1,0,0), the neighborhood (U 0,0, C) actually embeds into a ruled surface
Sy — C, namely one of the two indecomposable ruled surfaces over C' after Atiyah [2].
Indeed, setting y = —1/&, the ruled surface is defined as the quotient

So = (70/ < Fy > where UQ = (Cz X @5 and Fo(Z,f) = (qz,§ + 1)

and the infinity section £ = oo defines the embedding of the curve C' C Sy. The com-
plement of the curve Sy \ C is known to be isomorphic to the moduli space of flat line
bundles[r] over the elliptic curve, and has the structure of an affine bundle. The Riemann-
Hilbert correspondance provides an analytic isomorphism with the space of characters
Hom(m(C), GL1(C)), which is isomorphic to C* x C*. Explicitely, the isomorphism
is induced on the quotient Sy by the following map

M:S5\C = Ch% xCy; (2,8 = (e2im8 = 1e2imTE),

In this sense, we can view Sy and Py x P}, C C% x C3 as two non algebraically equivalent
compactifications of the same analytic variety. In fact, the algebraic structures of the two
open sets are different as C% x Cj3. is affine, while Sy \ C'is not: there is no non constant
regular function on it. This construction, due to Serre, provides an example of a Stein
quasiprojective variety which is not affine (see [[7, page 232]). Denote by D C PY x P},
the compactifying divisor, union of four projective lines:

D:L1UL2UL3UL4 with
L;:{Y =0}, Ly:{X =00}, L3:{Y =00} and L,:{X =0}

Logarithmic one-forms with poles supported on D correspond to the space of closed one-
forms considered above via the isomorphism:

1 dx

wo = d§ 5= 5% = Wo
{ 1 4. and {2 A
Y

Woo = 2inT z 2 = T(wﬂ - woo)

10isomorphic to Ecalle-Voronin moduli spaces

I . lines bundles together with a holomorphic connection
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Therefore, at the level of foliations, we have the following correspondance

dX dY

In particular, for m + 7n € T' ~ 71(C) in the lattice, the unique foliation with trivial
holonomy along m + 7n corresponds to the one with rational first integral XY ™:

dX day
.Fm:j;n — m7+n7 =0
and the ruling corresponds to a foliation with transcendental leaves:
dX dY
Foo 4 T =T =0
X v

Let us now study the isomorphism IT : Sy \ C' — P! x P!\ D near the compactifying
divisors. Denote by V; a tubular neighborhood of L; in ]P%( X IP’%,, of the form L; x disc
say, V = V3 U Vo U V3 U Vy the corresponding neighborhood of D. Denote by V* =
Vi \ (V; N D) the complement of the divisor and by U; = I1~}(V;*) the preimage: we have
a decomposition neighborhood U \ C' = U; U U3 U Us U Uy. One can show that U/ s look
like sectorial domains of opening 7 in the variable y saturated by variable z (see section
[3.1). Our main result is that this sectorial decomposition together with isomorphisms II; :
U; — V;* persists for general neighborhoods (U, C') in the formal class (U; 00, C); we
conjecture a similar result holds true for all formal types, whenever N¢ is torsion.

1.4. Analytic classification: main result. A general neighborhood (U, C') formally con-
jugated to (Uy 0,0, C') can be described as quotient (see Proposition
U=U/<F> where UCC}xC,
is a neighborhood of the zero section C' = {y = 0}, and
F(z,y) = (a2 + O(y%),y +y* +y° + O(y")).

There is a formal isomorphism

V=24 am2y™y+ > bul2)y"

m>2 n>4

such that U o F = Fiooo U; we have a,,, b, € O(C?%) and no convergence assumption
in y-variable. We can also consider ¥ as a formal diffeomorphism (U, C) — (U1,0,0,C).
The main ingredient of our classification result, proved in section[9] is the

Lemma A. Sectorial normalization. Denote w = arg 7. For each interval

(1.3) I =lww+n], L=]-m0, Ii=L+n, L=+

there is a transversely sectorial domair[zl U; C U of opening I; and a diffeomorphism
U, : Ui = Uippo

2Given an interval I = [01,02] C R, an open subset Uy C U is said transversely sectorial of opening I if
the lift Up C U C C} x C, contains, for arbitrary large open set C € C* and arbitrary small € > 0, a sector
C x 8(Ic,r) where

S(Ie,m)={ye€C;arg(y) C I, 0< |y| <r}, I.=]01+¢,00—¢|

for some r > 0.
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(onto its image) having U as asymptotic expansio along C, satisfying
V;0F =Figg0¥,.
After composition with the fundamental isomorphism II : U; g o — C% x C§,, we get
Corollary B. The composition 11; = 11 o U, provides an isomorphism germ
IL; : (U;,C) — (Vi*,L;) suchthat 11, = @; ;41 0l on U; N U4
for some diffeomorphism germs p; ;1 € Diff (V' |, piit1).

After patching copies of germs (Vi,L;) =~ (P% x PL, L;) by the ¢;ii1
(Vig1,pii+1) — (Vi,piji+1), we get a new neighborhood germ (V,,, D) of the divisor
D, where ¢ = (¢; i+1)icz,» together with a diffeomorphism germ

II: (U\C,C) = (V,\D,D)

which does not depend on the choice of sectorial normalisations ¥;.

More generally, consider a neighborhood (V, D) in which each component L; C D
has zero self-intersection. Then after [21]], the neighborhood (V, L;) is trivial (a product
L; x disc). After identification with our model v; : (V, L;) = (PY x PL, L;), we get
that V' takes the form V., for a convenient 4-uple of diffeomorphisms ¢. The gluing data
 is not unique as we can compose each embedding 1; by an automorphism germ ¢; €
Diff (V;*, L;). Therefore, it is natural to introduce the following equivalence relation

O~ (pl < 4 ((pi S Dlﬁ(%*, Li))ieZ4 such that ¢; o 90;,1'—&-1 = Piit1 O Pit1-
Clearly, the moduli space V of neighborhoods (V, D) up to analytic equivalence identifies

with the set of equivalence classes for ~. Notice that each equivalence classe contains a
representative ¢ such that o1 2, 2 3, @3 4 are tangent to the identity, and the linear part

0s1(X,)Y) = (aX + -+, bY +--+)

does not depend on the choice of such representative . Therefore, a, b € C* are invariants
for the equivalence relation, and we denote by V, ;, the moduli space of those triples. With
this in hand, we are able to prove:

Theorem C. We have a one-to-one correspondance between
Ur,00 < Vi1

o the moduli space Uy oo of neighborhoods (U,C) formally equivalent to
(U1,0,0,C) up to analytic equivalence[‘i]

o the moduli space V11 of neighborhoods (V,,, D) with all @; ;11 tangent to the
identity.

Remark 1.1. The correspondance is analytic in the sense that analytic families of neigh-
borhoods t — (Uy, C') correspond to analytic families of cocycles t «— ;. As the freedom
lie in the choice of one-dimensional diffeomorphisms p;, it is quite clear that the moduli
space is essentially parametrized by two-dimensional diffeomorphisms, and therefore quite
huge.

BThe diffeomorphism ¥; : U; — Ut 0,0 admits U, as an asymptotic expansion along C' if the entries of its
lift ¥y : U; — C% x C, admit the entries of U as asymptotic expansion on each open subset C x S(I¢, ) (see
section .

4\ ore precisely, we allow for this statement analytic isomorphisms inducing translations on C'; see, Propo-
sitionfor a more precise statement.
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In a similar way, we expect that Uy, , ~ V,, witha = €2 and b = 27T (V—1) | We
explain in section @] how to construct an embedding V, ;, — U1 ., but the surjectivity
needs to adapt our Sectorial Normalization Lemma which seems rather technical. For
larger Ueda type k > 1, we expect to have s more sectors with opening = and the moduli
space would be then equivalent to the moduli of neighborhoods of 4x-cycles of rational
curves (the model would be a degree & cyclic cover of (V, D)).

1.5. Foliations. A neighborhood (U, C) formally conjugated to (Us o0, C') admits a pen-
cil of formal foliations F; (corresponding to F; in 1| via the formal normalization ).

Theorem D. The foliation Fyis convergent if, and only if, there exists a representative p
in the corresponding equivalence class such that each ; ;1 preserves the foliation

X Y

In that case, these two foliations are conjugated via the isomorphism U \ C — V' \ D.

When F; is not of rational type, i.e. 7(1 — 1) & Q U {oc}, then F; is defined by a
closed meromorphic 1-form and the logarithmic 1-form of the statement is also preserved
by all ¢; ;+1 and defines a global logarithmic 1-form on (V, D). On the other hand, in
the rational case, Ecalle-Voronin moduli of the holonomy provide obstruction to define the
foliation by a closed meromorphic 1-form. For instance, when JF is convergent, Martinet-
Ramis cocycle are given by the X -coordinate of 1,2 © @2 3 and @3 4 © @41 (see section
for details).

In [[11]], the two first authors with O. Thom provided the analytic classification of neigh-
borhoods with 2 foliations. In section [/} we provide examples of neighborhoods with only
one foliation, and also without foliatio which is the generic case.

In section[8] we investigate the automorphism group of neighborhood germs. We prove
in Theorem that it can be of three types: finite (the generic case), one dimensional
and we get an holomorphic vector field (and in particular a convergent foliation), or two
dimensional only in the Serre example.

1.6. SLo(Z) action. The analytic classification of resonant diffeomorphism germs of one
variable is reminiscent in our classification result. However, there are differences like
the fact that the sectorial trivialization is not unique in our case. Indeed, our sectorial
decomposition U \ C' = Uy U U U Us U Uy has been imposed by our choice of a basis for
the lattice I' = Z + 7Z. It comes from the sectorial decomposition of the holonomy maps
of the two foliations F{ and F; having cyclic holonomy, trivial along 1 and 7 respectively.
If we change for another basis (m + 7n, m’ + mn’), with
!/
(Tg Tg) € SLy(Z)

then the change of coordinates

< . ’
z’ = L =(m+m)—nz ~ 2 =¥ = i
m—+Tn
gives (S, C) as the quotient of C*, x C¢ by the transformation
/ /
1ot Y ’ 2imr’ ;. m+Tn
2 (2 € +1), ¢ =e g mrTn
( ’g ) (q 75 ) q s p—

15An example without foliations has been given by Mishustin in [[17]].
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The new isomorphism is related to the previous one by a monomial transformation
(‘le7 Y/) _ (e2i7r£/, Z/*162i7r-r’£') _ (men’ Xm'yn/).
Using sectorial normalization for a general neighborhood (U, C') with this new basis gives
a new compactifiction (V’, D) which is bimeromorphically equivalent to (V, D).
2. PRELIMINARY REMARK

Recall that C' = C*/ < ¢ >, and we denote by C ~ C* — C the corresponding cyclic
cover. Denote U = C} x C, and C = {y = 0} C U. The following is already mentioned
by Arnol’d [IL].

Lemma 2.1. Any germ of neighborhood (U, C') with C? = 0 is biholomorphic to a germ
of the form (U,C)/ < F > where

2.1) F(z,y) = (92 + yf(2,9), \(2)y + y*9(2,9))
with f, g holomorphic on a neighborhood of {y = 0}, where q¢ = €™ and \ € O*(C%).

Proof. Because the self-intersection C2 determines topologically the neighborhood (more
exactly a suitable arbitrary small representative), U is homeomorphic to a product D x C'.
So, one can consider the cyclic covering_ U—U extending the cyclic cover C - C.
This gives rise to a neighborhood Uof C ~ C*. Following Siu [24], the germ of this
neighborhhood along C' is isomorphic to the germ of a neighborhood of the zero section
{y = 0} in the normal bundle N5 ~ C} x C,. The deck transformation of the (germ of)
covering takes the form F' of the statement. O

Definition 2.2. Any two quotients (U,C)/ < F > and (U,C)/ < F' > are analytically
(resp. formally) equivalent, and we note

(U,C) % (U, C) (resp. (U,C)Z (U, C)),

if there is a germ of analytic (resp. formal) diffeomorphism

22)  Y(z,y) <z + Z an(x)y", Z bn(x)y”> suchthat Vo F =F oW,
n=1
Although the formal classification is already in [[11], we need the following formulation
and give some basic step.
Proposition 2.3. A germ of neighborhood (U, C) is formally equivalent to
(U0,C) = (U,C)/ < Fy >, Fo(zy) = (g2

Y
o) =l y gty )
-y
if. and only if, it is biholomorphic to a germ of the form (U, C)/ < F > where
(2.3) F(zy) = (a2 + 9 f(z,0),y + v + 47 +y'9(2,9)).
Precisely, there exists a formal diffeomorphism (tangent to the identity on C)

(2.4) U(z,y) = (z +D a2y y+ Y bn(z)y">

n>0 n>1

with a,, b, € O(C%) (and no convergence condition on y), such that

(2.5) VoF =FyoW.
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Moreover, any other formal diffeomorphism 'z of the form satisfying writes

(2.6) U =®oU where @(z,y):(z,ﬁ):(z,ertyZJr'”), tecC.

Proof. Letg =) ., 9n2" be holomorphic on C;. The functional equation

2.7) $(gz) — 6(2) = 9(2)
admits a solution ¢ holomorphic on C¥ if, and only if, go = 0; then ¢ is unique up to
the choice of ¢(0). Indeed, if we write ¢(2) = >, ¢, 2", then equation (2.8) writes
dn(q" — 1) = gy, for all n.

Let f be a holomorphic non vanishing function on C}. The functional equation
(2.8) o(qz)/p(z) = f(2)
admits a solution ¢ holomorphic and non vanishing on C? if, and only if,

e f:C* — C* has topological index 0 so that g = log( f) is well-defined,
o the coefficient go of g = >, ., gn2" vanishes.

Indeed, topological index is multiplicative and those of ¢(¢z) and ¢(z) are equal and
cancel each other. Then we can solve the corresponding equation (2.8) for g and set ¢ =
exp(¢), which is unique up to a multiplicative constant. Note that, if gy # 0, then we can
solve

(2.9) w(qz)/p(2) =

for a = exp(go).
Let us start with F' like in (2.1)). The change of coordinate ¥ (z,y) = (z, f(2)y) yields

Ut o FoWy(z,y) = (g2 + O(y), (f(((;))f(Z)y +O0(y?)).

We can easily check that the coefficient f in F' defines the normal bundle N¢ in the quo-
tient, and its topological index coincides with deg(N¢) with is zero in our case. Then we
can find p € O*(C3) satisfying and get

Fi(z,y) = Uit o FoWi(z,y) = (g2 + O(y), ay + O(y%)).

Moreover, ¢ is unique up to a multiplicative constant. The coefficient a can be interpreted
as a flat connection on N¢ with trivial monodromy along the loop 1 € I' and monodromy
a along the loop 7 € I'. In our case, No = O¢ and a = 1 and we can write

Fi(z,y) = (42 + O(y),y + 9(2)y* + O(y?)).
Now the change of coordinate Wo(z,y) = (z,y + ¢(2)y?) gives
Uyt o FroWs(z,y) = (g2 + O(y),y + [9(2) + 6(2) — d(a2)]y* + O(y°)).
Solving equation (2.8), we get
Fy(z,y) = U5t o Fi o Ws(z,y) = (g2 + O(y),y + by® + O(y°)).

In our case, b # 0 (i.e. Ueda type x = 1). By using a change (z, A\y) (freedom in the
choice of ¢ above) we can set b = 1 and write

Fao(z,y) = (g2 + 2f (2)y + O(y?), y + v + 9(2)y* + O(y*)).
The change of coordinate W3(2,y) = (z + ©(2)y,y + ¢(2)y?) gives
F3(z,y) = V3l o Fy o Uy(2,y) =
(g2 +2[f(2) + ¢(2) = 0(2)ly + Oy*),y + y* + [9(2) + 6(2) — d(g2)]y* + O(y")).

f(z)

a
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Solving twice equation (2.8), we get

Fy(z,y) = (g2 + azy + O(y%), y + v* + By® + O(y")).
Here, we have no freedom and «, 5 are formal invariants corresponding to p, v in the end
of section in the formal class Uy,9,0 we get b = 0 and ¢ = 1. Then, we can kill-out all

higher order terms in I’ by a formal change of coordinate, or better normalize it to F g o.
Indeed, at the NV step, we get
Fn(zy) = (g2 + 2f(2)y" 1+ 0WY),y +y° + 97 + -+ g(2)yV T + Oy )
the coordinate change ¥ 1(2,y) = (2 + azy™ 2 + o(2)yN 1y + by + ¢(2)yN+1)
gives
Fnia(z,y) = Uyl 0 Fy o Unya(z,y) =
(a2 + 2[f(2) + ¢(2) = p(gz) — (N = 2)agly™ ! + O(y"),
YRy e+ () + 6(2) — 9(a2) — (N — 4)blyN ! + 0N +2)).
We can clearly normalize the two coefficients into brackets by a constant, and can even
choose the constant by means of a, b.

The composition of all changes of coordinates ¥~ := ¥; o Uy 0 U3 0--- converges
in the formal topology as a formal diffeomorphism satisfying (2.3)). For any other formal
diffeomorphism W’ of the form ll satisfying |i we have that ® := U’ o U~ is an
automorphism of (Uy, C') inducing the identity on C. As we shall see in Lemma , dis
necessarily convergent and of the form (2.6). O

3. SECTORIAL DECOMPOSITION AND SECTORIAL SYMMETRIES

In this section, we introduce the sectorial decomposition of U by transversely sectorial
domains U; = II71(V;*) and compare spaces of functions on both sides. From now on,
we work in the variable { = —1/y, at the neighborhood of ¢ = oo; this is much more
convenient for computations. Notations are as in section|[I.3]

3.1. Some sheaves of functions on the circle of directions. Let S! := R/27Z and I be
an open interval of R (regarded as the universal covering of S1).
Definition 3.1. For c, R > 0 denote
S(I,R;c) ={(z,§) € C; x C¢ ; arg(§) C I, R< [¢], e7¢ < |z] < e}
A sector of aperture I is an open subset ¥y C S(I,0;00) such that for all ¢ >> 0, there
isa R. > 0 such that
S(I,R;c) C 2.

Let X7 be an open sector as above. Then, O(X;) contains the subalgebra A(X;) of

holomorphic functions admitting an asymptotic expansion along C}:

Definition 3.2. A function f € O(X;) belongs to A(Xy) if there exists a formal power
series f =3~ apé~k € O(C)[[€]] such that ¥ ¢ >> 0, and ¥n, 3C¢ ,, Re., > 0 such
thatV(z,§) € S(I, Ren;c) C Xy, we have

3.1 F(28) =) an(2)EF < ‘ gi’}|-
k=0

The asymptotic expansion is unique, and we have a well-defined morphism of C-algebra
A(Er) = OCH[E] 5 | f,

whose kernel, denoted A (X1), consists of flat functions.
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When fixing only [ and taking inductive limits associated to restriction maps, the col-
lection of algebras of the form O(X;) define an algebra of germs O;. The presheaf on S!
defined by I — Oy naturally gives rise to a sheaf on S which we will denote by O. One
can define on the same way the sheaves A, A associated to I — A;, I — A7° and they
are sheaves of differential algebra with respect to 0, and O¢. The stability by derivation is
indeed a straighforward consequence of Cauchy’s formula. As the asymptotic expansion
is independant of the representative, we have a morphism of sheaves

A= OC)E: fe f
whose kernel is A$° (here O(C3)[[€]] is viewed as a constant sheaf over S*).

Remark 3.3. Mind that the inclusion Oy — O(I) (resp. Ay — A(I)) is strict. For
instance, one must think that a section f € A(I) can be represented for every interval
J € I by a function belonging to A(X ;) for suitable sectors of aperture J but does not
necessarily admit a representative on a sector of the form X1. In other words, the domain
of definition of f is a transversely sectorial open set in the following sense.

Definition 3.4. Given an interval I = [01,0] C R, an open subset ¥ C C% x C, is said
transversely sectorial of opening I if, for arbitrary large ¢ >> 0 and small € > 0, there is
a R such that

S(Ie,Ree;c) C X, where I, =]01 + ¢€,02 — €.

Remark 3.5. The sheaves O, A and A>° are invariant under the action of a diffeomor-
phism F of the form (2.3). Moreover, this action is stalk-preserving due to the fact that
F is tangent to the identity along C on the transversal direction y. In particular, they de-
fine similar sheaves of sectorial functions on the quotient (U,C) = (U,C)/ < F > by
considering those sections invariant under F. We will denote by O[F), A[F] and A>[F]
these latter sheaves. In the next section, we characterize sections of A [Fy(I) for special
intervals I.

3.2. Sectorial decomposition. Denote w = arg(7) €]0, 7[ and let us deﬁn
L=|l-wr—w|, L=]-7m0, Isy=I+7 and Iy =1L+ .
Denote by V; a (small enough) neighborhood of L; C PL x P, where
Li:{Y =0}, Ly:{X =00}, Ls3:{Y =00} and Ly:{X =0}

Denote D = L1 ULy U L3 U Ly, and V' = V; \ (V, N D). Let V; ;11 = V; N V4, for
i€ Zsand Vi = Vi1 \ (Viig1 N D). Recall that

IT: Sy \ C =5 Ch x CL ; (2,8) = (€27, 2712778,
Then we have:

Proposition 3.6. The preimage U; = I1-Y(V;*) lifts on U=C:x C¢ as a transversely
sectorial open set of aperture I; (in the sense of Definition 3.4). Moreover, the lift of
H_l(Vifi_H) = U; N U, is transversely sectorial of aperture I; N I; 1.

Proof. For instance, for a, b, c > 0, we easily check that

U1 ={(X,Y) € C" xC*; |X| < exp(—a), |Y] <exp(-b)}

16Mind that these intervals for arg (&) correspond to those defined in Lemma@for arg(y) = m — arg(§).
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contains the sectorial open set

. , a b+c
C*xCje® ‘1 —, 1 .
{(z,{“) eC*xC; e < |z| <ef, Im(&) > 5 m(7&) > 5 }
The remaining cases are similar and straightforward. (]

Denote p; ;+1 = L; N L;1. Denote by O°(V;, L;) (resp. O°(Vi it1,pi i+1)) the set
of germs of holomorphic functions on (V;, L;) (resp. (V; i+1,pii+1)) vanishing along L;
(resp. at p; ;+1). Denote by A>°[Fp] the subsheaf of AA> whose sections f are invariant by
Fo(z,€) = (g2, +1).

Proposition 3.7. A section f € O(I;) (resp. O(I; 1)) belongs to A®[Fo|(I;) (resp.
A®[Fo)(Li i) ifs and only if, f = g o I with g € O°(V;, L;) (resp. O°(Vi i1, pii1))-

Proof. As before, we only give the proof for I, 1, the other cases are similar. If f = g oI
with g € O%(V;, piiv1), then g(X,Y) = X1 (X,Y) + Yg2(X,Y) with g; holomorphic
at p; ;+1 (and therefore bounded), so that f(z,&) = %78 f1(z, ) + €277 fo (2, £) with fj,
bounded: clearly, f is exponentially flat at £ = 0 in restriction to any sector S(J, R;¢) C
U4,1, J e I4’1.

Conversely, let f € A [Fy](14,1), defined on a sectorial open set Uy 1 of aperture Iy ;.
Let Uy ; be the domain of definition of f, a transversely sectorial open set of aperture 14 ;
(see definition . One can find another one U, 471 C Uy,1 such that

V(z0,&) € Usy, Y(s,t) €[0,1] x [0,1], = (2,€) = (& + 5, D2g) € Uyy.

If we denote (X, Yo) = II(z0, &), then the image of (z, £) while (s, t) run over the square
is
(X,Y) = II(€,€) = (€™ X, e*™Yp)
a product of two loops. Therefore, the image II(Uy 1) contains an open set W’ which is
saturated by the toric action of S' x S' on C% x C3%,, i.e. a Reinhardt domain (see [22}
Chap.1,sec.2]), and which contains Uy ; (just take T’ to be the image of all those (z, &)
like above when (29, &o) runs over Uy ;). Since f is invariant under Fp, f o Fp = f, then it
factors through IT and, maybe passing to another representative, we have f = g o Il where
g € O(W'). Mind that W’ (as well as II(Uy,1)) might not be of the form W \ (W N D)
for a neighborhood W of py4 1, but we will prove that the holomorphic hull of g is such a
neighborhood.
As W' is a Reinhardt domain, let us consider the (convergent) Laurent series of g:

gXY)= > ama X"V
m,n€”Z
The coefficients are given by the integral
1 1
An,m = 7/ (7/ 9(X, Y)X_n_ly_m_ldX)dY
24 Beo 2im e,
where ag, (s) = (€™ X, Yp) and B¢, (t) = (Xo, €*™*Yp). This can be rewritten as

1 1
Qnym = / (/ g(X, Y)X(;myofnef2i7r(ms+nt)dt)ds
t=0 Js=0

from which we deduce the estimate

1 1
ennl < [ ([ lax)XG Y5 dn)as
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|an,m| < llg(X, Y)HW"Zo|n|672i”(m+m)50|

Janml < |1 fllvy 2 |2o] 2SO FTIES,

Now, given m,n € Z, assume that there exists 6 € I, 1 such that S(e?(m +7n)) > 0.
The above inequality promptly implies that a,, ,, = 0 by fixing 2y and making {, — oo
in the direction 6 (which is possible in U ; as its aperture is I4,1). This is possible if, and
only if

arg(m +mn) + Iy, intersects | — 7,0 mod 2w
which, since I, ; = [0, 7 — @], means that
arg(m+7mn) €| —7m,0[ -0, 7 —w[=] — m,0[+ |Jow — 7,0 = Jw — 27, 0].
It promptly follows that the only non zero coefficients a, , occur where

arg(m + mn) € [0, w]

which means that m,n > 0, and g extends holomorphically at ps ; : X =Y = 0. Finally,
as f — 0 as & — oo, we get that ag o = 0 and g(0,0) = 0. O

Remark 3.8. The second part of the proof does not use the fact that f is flat (i.e. admits
asymptotic expansion zero) along C, but only the fact that it is bounded. As a consequence,
any bounded holomorphic function on a transversely sectorial open set U; or U; ;11 as
above automatically admits a constant as asymptotic expansion along C. We note that
bounded functions on Uy, Us (resp. Us, Uy) therefore correspond to first integrals of the
foliation Fy (resp. F1).

3.3. Sheaves of sectorial automorphisms. Denote by Aut(Sy) the automorphism group
of the ruled surface Sy. It preserves the ruling as well as the section C' C Sy, inducing
an action on the neighborhood of C. The subgroup Aut"(Sy, C') of elements fixing C'
point-wise is the one-parameter group generated by the flow of the vector ﬁel

O0¢ = 2im(X0x + 7Y Oy).
We have an exact sequence
(3.2) 1 — Aut®(Sy, C) — Aut(Sp) — Aut(C) — 1.
The full group Aut(Sp) is generated by the flows of
(3.3) O¢ + 2im720, = 2irX0x and — 2imz0, = 2i7Y Oy

and a finite order map which, for a general curve C, is just an involution that can be choosen
taking the form (z,€) — (£, —¢). In fact, specializing Aut(Sp) to the neighborhood of the
curve, we get all analytic, and even formal automorphisms of the neighborhood (Sy, C):

Lemma 3.9. Any formal automorphism P - ¢ (So,C) fixing C point-wise is actually
convergent and belongs to Aut® (S, O).

Proof. Recall [11]] that the only formal regular foliations on (Sy, C) are those defined by
w = 0 where w belongs to the vector space of closed 1-forms £ = (C% + Cd¢. Moreover,
forw e E'\ C%, F., does not admit non constant formal meromorphic first integral, and

17See notations of section|1.3
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the only formal closed meromorphic 1-forms defining F,, must be a constant multiple of
w, thus belonging to E. If

n>0 n>0
is a formal automorphism of (Sy, C') fixing C point-wise, then it must preserves the vector
space E. In particular, it must preserves (Cdf (and z actually as it fixes C' point-wise) and
send d¢ to some other element adz—z + BdE. A straightforward computation shows that d
writes R
(I)(,:Ij,f) = (z,ozlog(z) + B+ 7) , 1€C,

and we have a = 0. Finally, as ® must commute with Fy(z,&) = (gz,€ + 1) and we get
g=1. O

Corollary 3.10. Any formal automorphism P ¢ (So, C) is actually convergent and be-
longs to Aut(Sp).

Proof. The formal diffeomorphism ® induces an automorphism of C. Using exact se-
quence lb after composing ® by a convenient element of Aut(Sy), we can assume that
it fixes C' point-wise, and then apply Lemma O

Let us consider the germs of sectorial biholomorphisms in the direction arg(§) = 6 of
(U, C) that are tangent to the identity:

CI)(z7 f) = (Z + fzfl(z> 6)7 §+ §2f2(2:>€))7 fi, f2 € Ap.
The collection of these germs when varying 6 naturally gives rise to a sheaf of groups (with
respect to the composition law) on S' that will be denoted by ¥'. We will consider for
further use the subsheaf ¥ of ¢! of germs of sectorial biholomorphisms flat to identity,
i.e. when fi, fo € AZ°. Denote by ¢! [Fp (resp. 4°°[Fp]) the subsheaf of 4 (resp. ¥°°)
defined by germs of transformations ® commuting with Fy: ® o Fy = Fy o ®.

Remark 3.11. Note that ® € 41[Fy) implies that its asymptotic expansion d also com-
mutes with Fy, i.e. ® o Fy = Fyo ®. According to the description of the formal centralizer
of Fy in Lemma it turns out that 91 [Fy] = 9°°[Fy] x Aut®(Sy, C) where Aut®(Sp, C)
is regarded as a constant sheaf on S'.

We would like to apply characterization of A°°[Fy](I) obtained in the previous sec-
tion for our special sectors I; and I; ;4 to obtain a similar characterization of sections
of 4*°[Fy]. For this, denote by Diff (V,*, L;) the group of germs of diffeomorphisms of
(V4, L;) which preserves the germ of divisor (D NV}, L;), for instance:

Diff (Vy", L1) = {o(X,Y) = (Xa(Y),Yb(Y)) ; a,b € C{Y'}, a(0),b(0) # 0},
and by Diff* (V;*, L;) the subgroup of germs tangent to the identity along V;, i.e. a(0) =
b(0) = 1 in the example. In a similar way, denote by Diff (V;%; 1, pi it1) the group of
germs of diffeomorphisms of (Viit1,pii+1) which preserves the germ of divisor (D N

Vii+1,Piis1) and by Diff (V* “:+1,Pi.i+1) the subgroup of germs tangent to the identity at
Di i+1. For instance:

Diff (Vi1,pa1) = {p(X,Y) = (Xa(X,Y), Yb(X,Y)); a,b € C{X, Y}, a(0),b(0) # 0},
and Diff! (Vi'1,pa1) is characterized by a(0) = b(0) = 1

Proposition 3.12. We have the following characterizations:
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o & € G°[Fy|(I;) if and only if Tl o ® = o Il where o € Diff' (V" L;);
o & € G°[Fy)(L;i41) ifand only if lo ® = oIl where ¢ € Diﬂl(%fi+1,pi7i+1).

Proof. For any interval I, a section ® of 9°°(T) can be written ®(z, &) = (2(1+f1), &+ f2)
with f1, fo € A*(I). Then ® belongs to ¥>°[Fy](I) if, and only if, fi, f> are invariant
by Fy,ie. f1, fa € A®[Fp](I). Assume now I = Iy 1, say. Then, by Proposition[3.7} one
can write fi, = gr oIl i.e. fx(2,&) = gr(X,Y), with g, € O°(V41,p41). Therefore, one
can write

a=e
b= eQi‘n"rgg(X,Y)(l + gl(X7 Y))_l.
Clearly, a, b are holomorphic at (X,Y’) = (0,0) and a(0,0) = b(0,0) = 1. Conversely,
given ¢ € Diff'(V;,,pa.1), thus of the form o(X,Y) = (Xa(X,Y),Yb(X,Y)), we
recover f1, fa € A®[Fo](I41), and ®(z,€) = (2(1 + f1),£ + fa), by setting

T

f1:<ab—1>ol'[ and fF@on

The description of elements of ¢°°[Fy](I;), ¥°°[Fy](li+1) can be carried out exactly
along the same line. (]

2img2(X,Y)
Mo® = (Xa(X,Y),Yb(X,Y)) with { :

4. ANALYTIC CLASSIFICATION: AN OVERVIEW

Here, we would like to detail our main result, namely the analytic classification of all
neighborhoods that are formally equivalent to (Un,0,0, C'). The most technical ingredient
is the sectorial normalization (Lemma [A]in the introduction) which now reads as follows.
Let F' be a biholomorphism like in Proposition [2.3]

F(z,¢) = qz—l—zan(z),f—i—l-i-zﬁnigf)

n
n>2 g n>2

In particular, there is a formal diffeomorphism ® conjugating F' to Fy(z, &) = (¢z, € + 1),
ie. FoWU = Wo Fy.
Lemma 4.1. Denote w = arg 7. For each interval
4.1 L=l-wr—w], Ib=]-m0], Is=L+m and Iy=1+m,
there is a section V; of 9*(I;) (see section such that
\Ili oF = FO o \IJZ

Section [9] is devoted to the proof of this lemma. Let us see how to use it in order to
provide a complete set of invariants for the neighborhood (U,C) = (U,C)/ < F >.
First of all, we note that ¥; is unique up to left-composition by a section of ¢! [Fp](1;),
i.e. the composition of an element of the one-parameter group AutO(So, (') with a section
of ¥°°[Fy](1;) (see Remark [3.11). Using this freedom, we may assume that asymptotic
expansions coincide:

U, =,
It follows that, on intersections [; ;41 = I; N I;—1, we get sections
(I)i,i+1 = \I/l o \I’z_«kll € goo[Fo](ILH_l).
Using Proposition [3.12] we have
Mo®; ;41 =410l forsome ;11 € Diffl(‘/'{fi_;_ppi,iﬂ).
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In other words, setting II; := Il o ¥;, we get

4.2) I =0o¥; =lo®;;410V;11 =¢;ip1 0oV =101l
which proves Corollary [B| We have therefore associated to each neighborhood (U, C') for-
mally equivalent to (U; 0,C) a cocycle ¢ = (¢;i+1)icz, which is unique up to the
freedom for the choice of V;’s.

Definition 4.2. We say that two cocycles p and ' are equivalent if
p~¢ & FteC, p € DIt (V7 L)

4.3) such that Lpg’iJrl =@t op; o i it1 © <p;+11 ot
where ¢t = (e2™ X, e?™TY') is the one-parameter group of the vector field v, =
2im(X0x + 7Y 0y).

Proposition 4.3. Two neighborhood (U, C') and (U’, C) formally equivalent to (Uy o0, C)
are analytically equivalent if, and only if, the corresponding cocycles are equivalent
U,C)~(U.C) & o=y

Proof. Any biholomorphism germ (U,C) — (U’,C) lifts-up to a global section ¥ €
@1 (S) satisfying Wo F' = F’ o W. Let (¥;) and (V) be the sectorial normalizations used
to compute the invariants ¢ and ¢’. Clearly, U; o ¥ provides a new collection of sectorial
trivializations for (U, C'). We can write (using Remark [3.11))

\IJ: oV = exp(tiag) oP; 0¥, with &, € gOO[Fo](Il)
However, as ¥; = \i/j and \i/; = \il;», we have t; = t; =: ¢ for all 4, j. Therefore, we have
(I)g,i+1 = (‘I’; oW)o (‘I’;-s-l © ‘I’)’l
= (exp(tde) o ®; 0 U;) o (exp(te) o ®iyq 0 W)~ !
= exp(tde) o ®; 0 P; i1 © <I>i_+11 o exp(—tdg).
After factorization through II, using (3.3) and Proposition[3.12] we get the expected equiv-
alence relation 1) for ¢ and ¢’. Conversely, if ¢ ~ ¢, then we can trace back the

existence of an analytic conjugacy ® : (U, C) — (U’, C) by reversing the above implica-
tions. (]

Remark 4.4. We can weaken the notion of analytic equivalence between neighborhoods
by considering biholomorphism germs ® : (U, C) — (U’, C) inducing translations on C.
This means that, in Definition|2.2| we now allow conjugacies ®(z,y) = (cz+0(y), O(y))
with ¢ € C* in formula (2.2)), i.e. translations on the elliptic curve. In that case, the
corresponding cocycles are related by

Qiig1 =00 0@ 100 07!
where $(X,Y) = (aX,bY) for arbitrary a,b € C*.

. . f
To resume, we have just associated to each (U, C') ~ (Uy 0,0, C') a cocycle

(4.4) ¢ = (pii+1)iczs, Pii+1 € DU (Viipy, piit1)

and constructed a map from the moduli space U oo of such neighborhood up to analytic
equivalence to the moduli space C of cocycles ¢ like (#-4) up to equivalence ([@3):

4.5) o Upoo={(U,C) % (Ur,00,C)} e — C={p}/~
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which is proved to be injective in Proposition In section [5] we prove the surjectivity
by constructing an inverse map ¢ +— U,,. Before that, we want to reinterpret the cocycle ¢
as transition maps of an atlas for a neighborhood (V,,, D).

5. CONSTRUCTION OF U,,.

In this section, we construct a large class of non analytically equivalent neighborhoods,
all of them formally equivalent to (Uy g0, C'). This is done by sectorial surgery, extending
the complex structure along C' by means of Newlander-Nirenberg Theorem. In order to do
this, we have to work with smooth functions (i.e. of class C'*°).

Definition 5.1. For any open sector X1, we denote by £°(3r) the C-algebra of those
complex smooth functions f : 31 — C satisfying the following estimates

Vo = (a1, a0, 03,04) € N*, ¥n € N, VK C C* compact, 3C > 0 such that:
aal+a2+a3+a4f( ) C

pst 850‘282’0‘3650‘2 ‘ - £n+1|

Passing to inductive limits and sheafification as in section[3.1] we get a sheaf £°° of dif-
ferential algebra on the circle S*. Like in section we can also define the sheaf of groups
D on the circle, whose sections ¥ € D*°(I) are smooth sectorial diffeomorphisms as-
ymptotic to the identity, i.e. of the form W(z,£) = (z + h1,& + ho) with hy, he € £°(I).
The following property somehow expresses that a cocycle defined by a collection of secto-
rial biholomorphisms is a coboundary in the C'*° category.

vV, 2) €Xr, z €K, wehave|

Lemma 5.2. Let (J;)icr be a covering of S' by open intervals threewise disjoints. Assume

also that there exists on non empty intersections JZJ = J; N J; a family of sectorial

biholomorphisms ®;; € 4°°(J;;) with ®;; = CI)” (in particular ®;; = id). Then,

there exist smooth sectorial diffeomorphisms flat to identy ; € D> (J;) such that ®;; =
-1

Yot

Proof. One can extract from this covering a finite covering (Jx), k € Z,, such that only

consecutive sectors Ji and Jy; intersect. It clearly suffices to prove the Lemma for this

particular subcovering. Let (),) a partition of the unity subordinate to this covering. Write

Dpri1(2,8) = (2 + hy i, EF hipgr) With by gy, b e € A (Jrra)-
First define 1@6 € D> (Jy) for k € Z,, by
B = { Id ) , when arg(§) € Ji \ Ji k+1,
Id + Ory1(arg &) (hy 15 hE k1) When arg(§) € Ji p+1
Next, define ¢, € D> (J}) by

Vi = {(I)k,k1~o Yr—1 when arg(§) € Jr_1k
VY when arg(§) € Ji \ Jk—1k
One easily check that vy, are smooth, equal to the identity outside intersections, and satisfy
Yy, = ®p r—1 01i—1 on intersections as expected. One easily check that 1/319 and v, define
diffeomorphisms provided ¢ is large enough; certainly this will impose to shrink a little
bit the domain of definition of ®y ;1 1, but it will still be transversely sectorial of same
aperture. O

Corollary 5.3. Notations and assumptions like in Lemma [5.2] Then, there exist secto-
rial biholomorphisms tangent to identity U,; € gl( ;) such that ®;; = ¥; o ¥; 1

particular, asymptotic expansions coincide U, = \Il].
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Proof. Let U; be the sectorial domain of definition of ¢; and U be their union together
with the section C' defined by £ = oco. Lemma allows to write ®;; = ; o wj’l
where 1); € D>(I;). In particular, denoting by I the standart complex structure on C2,
J := ;"I = ;"I is a new complex structure on U \ C which extends to U as a complex
structure by Newlander-Nirenberg’s Theorem. In fact, because of flatness of 1); to the
identity, the almost complex structure J extends at 0 as a C°° almost complex structure
on U; by construction, it is integrable on U;’s and therefore Nijenhuis tensor vanishes
identically on U \ C, and by continuity on U. Then, Newlander-Nirenberg’s Theorem tells
us that J is integrable. Note that I = J in restriction to C which is then conformally
equivalent to C* for both structures. Now, we use the fact that two-dimensional germs
of neighborhood of C* are analytically equivalent as recalled in Section [2] This can be
translated into the existence of a smooth diffeomorphism 1 of (U , C ) such that ¢, I = J.
Up to making a right compositon by a biholomorphism of (U , C’) with respect to I, one
can suppose (exploiting that I = J on TU @) that v is tangent to the identity along C. This
implies that for every i, ¥; := 1; 0 ¢ € ¥1(U;) and, because the ®;;’s are flat to identity,
admit an asymptotic expansion 0, along C=cr independant of 7. By construction, we
have ®;; = ¥; 0 W j_l as desired. Obviously, all along this proof, we might have shrinked
the domain U of definition without mentionning it. d

Remark 5.4. The use of the Newlander-Nirenberg in this context is not new and can be
traced back to Malgrange |12|] and Martinet-Ramis [13]].

We now specialize to our covering of S' determined by the intervals I; defined by
in Lemma Let us show how to construct a neighborhood realizing a given cocycle
© = (pi,i+1) as in @.4). We first define @; ;1 € ¥°[Fp](; i41) satisfying [T o ®; ;41 =
©i,i+1 o II. Then use Corollaryto obtain ¥; € ¥'(I;) such that &, ;11 = ¥; o \Il;rll.
As ®; ;11 commute to F, we have on intersections:

(T;0 \I/;_ll) oFy=Fyo(¥;0 \I/;_ll)
which rewrites
\I/;rll oFyoVW,;y; = \I/i_l oFyoV,.
Therefore, we can define a global diffeomorphism of (U Ne; ) by setting
F,=U;'0Fo0¥,
on U;’s and extending by continuity as the identity mapping on C. By construction, the
quotient
(U,,C) = (U,C)) < F, >
has cocycle ¢ and is formally equivalent to U; g 0. This proves the surjectivity of the
map (4.5) whose injectivity has been proved in Proposition It remains to prove the
Sectorial Normalization Lemma [4.1] (i.e. Lemma [A]in the introduction), which will be
done in section@} Modulo this technical Lemma, we have achieved the proof of Theorem

6. CONSTRUCTION OF V.

In this section, we generalize Serre isomorphism IT : Uy 90 \ C — C% x Cj§ to the
case of a general neighborhood (U, C) iy (U1,0,0,C).
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Jor

Theorem 6.1. Given a neighborhood (U, C)~ (Ui 0,0, C), there exists a neighborhood
germ (V,, C) of D where each L; have trivial normal bundle, and an isomorphism germ

6.1) I, : (U,\C,C) = (V,\D,D)

canonically attached to the analytic class of (U, C) in the following sense: if (U, C) is
another neighborhood germ, then

(6.2) (Up,O) X (Uyr,C) & (VD)X (V,,D)

where the analytic equivalence allows tmnslatiom{ig] on C for the left-hand-side, and pre-
serves the numbering of lines L; on the right-hand-side.

Proof. Given a cocycle not necessarily tangent to the identity

© = (Piit1)iezs, Piiv1 € DUV 1, piiv1),

we define a new germ of analytic neighborhood of D as follows. We consider the disjoint
union of neighborhood germs (V;, L; ), and patch them together through the transition maps

oiit1: Vig1,piiv1) — (Vi piit1)-

The resulting analytic manifold V,, contains a copy of D), namely the union of lines L;
identified at points p; ; 11, and only the germ of neighborhood V,, makes sense

(Vio, D) := Us(Vi, Li) /(@i i1)-
This germ of neighborhood comes with embeddings
’Ll)i : (V;,L,L) — (V¢7D)

Conversely, if (V, D) is a germ of neighborhood of D where all lines L; have zero self-
intersection, then there exist trivialization maps

¥ (Vi Li) — (V*, L)
(where * means that 1; preserves the divisor D) in such a way that, near p; ;41 we have
i = piip1 01, forsome ;1 € DIff(V 1, piiv1).
It is clear from above arguments that, for another cocycle ', we have
(Ve D) R (Ver, D) & o~ g
where
p~¢ & 3p e DIff(VS, L), @0 ©iir1 = Pi,it1 O Pitl,

and in that case, the isomorphism V,, — Vs is given by patching

’
i

(Vy, D) 2 (Vi, L) 255 (Vi, Li) 5 (V,, D).

From the linear part of equivalence relation ¢ ~ ¢’, we see that any cocycle ¢ is equivalent
to a cocycle such that

® V12,023, P34 € Diffl(‘/;fi+1,pi7i+1) (tangent to the identity),
o v11(X,)Y)=(aX +---,bY +---) fora,b € C* independant of the choice.

18we emphasize that this is not exactly the equivalence relation defined in Deﬁnition
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The pair (a,b) is an invariant of the neighborhood V,,. Cocycles arising from (U, C) =
(Uy,0,0, C) have invariants a = b = 1. In order to prove the equivalence , we just have
to note that, for equivalent cocycles ¢ ~ ¢’ normalized as above (in particular when all
Vi it1, cp;l 41 are tangent to the identity) then all four conjugating maps ¢; have the same
linear part. Then apply Remark [4.4]to show that it corresponds to analytic equivalence of
(Uy,C) and (U,s, C) up to a translation of the curve.

Finally, we construct the isomorphism (6.1) by patching together the sectorial ones

U; 2 v B v\ D
using the identity @.2) II; = ¢; ;41 0 ;1 1. |

7. FOLIATIONS
Recall that our model (Un 0,0, C) carries a pencil of foliations
1 dz

2T 2

Fi + {wo —tweo =0}, where wp=d{ and we =

moreover, there is no other formal foliation on (Uy o9, C) either tangent, or transversal
to C' (see [L1] section 2.3]). Via the isomorphism II : Uy 90\ C — Vo \ D, we get the
corresponding pencil
dX dY
H*./—"t : (1 — t)TY + t7
The monodromy (or holonomy) of F; is given by

L [E— &+ 1]

m(C) = Aut(C) ; {7_'_> € €+1—1]

In particular, for % € Q, are equivalent

e F; has trivial monodromy along m + mn € I, viewed as a loop of 71 (C) ~ T';

o t = —Th_ orequivalently (§ —1)7 = Z;

o II, F; admits the rational first integral X 7:’LY".
We will say that F; is of rational type if there is 2 € Q U {oo} with these properties, and
of irrational type if not. We note that rational type foliations are characterized by the fact
that their holonomy group is cyclic (one generator), and also that the space of leaves (after
deleting C) is rational, and not elliptic.
If (U, C) is any analytic neighborhood with a formal conjugacy

U (U,C) = (Uro0,C),

then it also carries the pencil of formal foliations F, := U*F,. As we shall prove, these
foliations are divergent in general. In fact, recall (see [ 11, Theorem 4])

Theorem 7.1. Let (U, C) be an analytic neighborhood formally equivalent to (U1 0 o, C).
Assume

o three elements .7:}1, ﬁtQ, ﬁtg of the pencil are convergent,
e or two elements Fy,, Fy, of the pencil are convergent, both of irrational type:

(%—Qngﬁm:1J

Then the full pencil F is convergent, and (U, C) is analytically equivalent to (U10,0,C)
(in fact U s convergent).
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In [[11, Theorem 5], the two first authors and O. Thom construct infinite dimensional
deformations of neighborhoods with two convergent foliations f'tl and ]:',52, provided that
one or two of them is of rational type. In fact, Ecalle-Voronin moduli spaces are shown
to embed in moduli spaces of neighborhoods through these bifoliated constructions. Now,
we known from our main result Theorem [C] that the moduli space of neighborhood is
larger, comparable with C{X, Y}, in contrast with Ecalle-Voronin moduli space which is
comparable with C{X }. The fact is that we missed all neighborhoods with only one, or
with no convergent foliation.

7.1. Existence of foliations. We now start examinating under which condition on the
glueing cocycle ¢ = (¢; ;+1) the neighborhood (U,,C) admits a convergent foliation.
Here, we follow notations ¥, IT;, ®;, ... of section [}

Lemma 7.2. Lett € P'\ {0,1}. If the formal foliation F; of (U, C) is convergent, then

the induced foliation 11, F; on V;* extends as a singular foliation on V; and is defined by

a closed logarithmic 1-form

dX dy
7.1 0, =1 —-t)T— +t— +1;
(7.1 A=t7— +t5+1

with n; closed holomorphic on V.

Remark 7.3. On V; withi = 1,3 (resp. © = 2,4), the closed holomorphic 1-form writes
n; =df with fe C{X} (resp. f € C{Y'}).
We note that are equivalent:
e O is a closed logarithmic 1-form on V; with poles supported by D,
o = adTX + 6d7y + n with n holomorphic and closed on V;,
o 0 =" {a% + ﬁ%} where @; € Diﬂ?l(‘/'i*7 L;).
For instance, on Vi, if 1 = df with f € C{X}, then ¢; = (Xe/(X)Y).

Proof. Let us start with the tangent case ¢ # oo. Then, by transversality of Fy and F,
and the fact that the w,’s are Fy-invariant, one deduces that F; is defined by a unique 1-
form of the shape w = wy — u - W for a function u € A[Fp](I;), obviously satisfying
=t Ifi=1,3,thenu =t + f(X) with f € C{X}, f(0) = 0 (see Proposition 3.7).
e L IPLLL R L0 SV S A

U U X Y
If i = 2,4, thenu =t + f(Y) with f € C{Y'}, f(0) = 0, and we arrive at a similar

situation

1—t dX dy f dX
T + T
1—u X Y 1-t—-f X
Of course, we have used ¢ # 0, 1 in order to divide.

Let us end with the case F,. The foliation, in that case, can be defined by a closed
holomorphic 1-form w extending the holomorphic 1-form on C. Now, up to a multiplica-
tive constant, we can write w = w; + 1 for a closed holomorphic 1-form 7. We end the
proof as above. U

Lemma 7.4. If the formal foliation Fo (resp. F ) of (U, C) is convergent, then the induced
Soliation 11;,, F; on V" extends as a singular foliation on V; and is defined by a 1-form

g K ALXOF i =13 ([Tt if i=1,3
RG] if i=2,4 P V= LML if i=24
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with f; € C{X} (resp. C{Y'}), fi(0) = 0, and n; closed holomorphic 1-form on V;.

Proof. 1t is similar to the proof of Lemma[7.2] For the case ¢ = 0, once we have defined
Fy by w = wy — u - wao for a function u € A>[Fp](I;), then
1 _dX u dY

7T Tioa v
Again, by Proposition we see that if ¢ = 2,4, then u = f(Y) with f € C{Y},
f(0) = 0, and we are done. However, when ¢ = 1,3, then v = f(X), but we cannot
divide by ﬁ to get a closed logarithmic 1-form as before: as f(0) = 0, the polar locus
will increase (see remark [7.3)). g

Remark 7.5. In Lemma we can always define the foliation Hi*]}t by a closed mero-
morphic 1-form on V; provided that we allow non logarithmic poles. For instance, in the
caset =0andi = 1,3, if f = 0 (is identically vanishing), there is nothing to do, it is the
logarithmic case; if f # 0, then after division, we get

1 1—-fdX dY 5 dX dY
s x Ty IWpm v

f
with f e C{X}, f(()) #£ 0, and k € Z~q. As it is well-known (see |11} section 2.2]), we
can write

LW dX dX dY
PPt xR O Ty
for some o € C (the residue off(X)%) and p; € Diff'(V*, L,).

We can now prove Theorem D]

Corollary 7.6. The formal foliation Fi of (U, C) is convergent if, and only if, there exist
1; closed holomorphic 1-forms on (V;, L;) such that

dX dy
((pi i+1*9i) A\ 9i+1 =0 where 0; = (1 — t)T* +t— +n;.
’ X Y
Equivalently, there exists an equivalent cocycle @' ~ o such that

(0hip1 0°) N =0 where 6°=(1- t)T% + t%.
Proof. When t # 0,1, the proof easily follows from Lemma Indeed, all I1;, F; are
defined by 0; = 0 and have to patch via the glueing maps ¢; ;4+1. Conversely, if 8, = 0
patch via the glueing maps ; ;41, then this means that we get a foliation 7 on U, \ C
which is flat to F; along C, and therefore extends by Riemann. Using Remark and
Definition 4.2} one easily derive the second (equivalent) assertion. Finally, in the case
t = 0 for instance, after applying Lemma[7.4]in a very similar way, we note that 6; defines
aregular foliation on V; for i = 2,4 (as n; = df, f € C{X}). On the other hand, on V; for
i = 1,3, 0; defines a singular foliation as soon as f; # 0 (non identically vanishing), i.e.
with a saddle-node singular points at the two points p; ;41 and p;_; ;; therefore, f; = 0
in the case we have a global foliation and we are back to the logarithmic case. The proof
ends-up like before. (]

Remark 7.7. The statement of Corollary can be reformulated as follows. The formal
foliation F of (Uy,, C) is convergent if, and only if, there exists a foliation G on (V,,, D)
which is locally defined by a closed logarithmic 1-form with poles supported by D and
having residues t on Ly and (1 — t)7 on Ly (we have automatically opposite residues on
opposite sides of D). Indeed, the local foliations 0; = 0 patch together.
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We can precise Corollary for generic ¢ as follows.

Proposition 7.8. If]:—t is not of rational type, i.e. (% — 1) T & Q, then are equivalent

(1) .7:} is convergent,

() Fis defined by a closed (convergent) meromorphic 1-form w,

B) (@iit1)*0; = 0;11 with 0; like in Corollary

(4) there is a closed logarithmic 1-form 6 on (V,,, D) with poles supported by D and
having residues t on Ly and (1 — t)7 on Ly.

Obviously, w = 1 w up to a constant.

Proof. When F; is not of rational type, then we have
(@iig1 0) NOiz1 =0 < (ii+170;) = Oit1.
Indeed, if ; ;41%0; is colinear to 61, then it is proportional to 0;, 1, i.e. it writes f; - 0;
with f; meromorphic on V; (deRham-Saito Lemma). But since it is also closed, we have
0=d(f;-0;) =dfi NO; + f; A\ db;
~—~
=0
and f; is a meromorphic first integral for ; = 0, which must be constant in the irrational
type. This constant must be = 1 as the residues are preserved. As a consequence, all
0; patch together on V. Finally, note that if F; is convergent, then its holonomy is not
cyclic (because not of rational type) and therefore preserves a meromorphic 1-form on the
transversal that we can extend as a closed meromorphic 1-form w defining the foliation.
O

Let us now illustrate how different is the situation for foliations of rational type by
revisiting the classification [[11, Theorem 5] of neighborhoods with 2 convergent foliations,
in the particular case of Fo and Fi, corresponding respectively to vertical and horizontal
foliations on V,,. The proof is a straightforward application of the above criteria.

Proposition 7.9. The formal foliations Fo and Fy on (U, C) are convergent if, and only
if, (U, C) can be defined by a cocycle of the form

{%‘,Hl(Xa Y) = (a;(X),Y) for 1,3
Qpl,i+1(Xa Y) = (X, OZZ(Y)) fOi" 274

for 1-variable diffeomorphisms o; tangent to the identity, and the corresponding foliations
on Vi, are respectively defined in charts V; by dX = 0 and dY = 0. Moreover, this
normalization is unique up to conjugacy by ¢(X,Y) = (et X, e™Y).

1
1

The space of leaves of FoonU \ C corresponds to the space of orbits for its holonomy
map, and therefore to Martinet-Ramis’ “Chapelet de sphéres” (see [14, page 591]). It is
given by two copies of C% patched together by means of diffeomorphism germs o (X) at
X = coand a3(X) at X = 0. A similar description holds for F with Martinet-Ramis’
cocycle as and ay. The invariants found by the third author in [30] are related with the
corresponding periodic transformations in variable &.

Remark 7.10. It follows from [11ll, or from the unicity of the formal pencil F,, that for
given t € P, one cannot find two different collections (0;); and (0.); defining two global
logarithmic foliations Gy and G, on V, like in Corollary One way to see this directly
from the point of view of this section is as follows. In the irrational case (% — 1) T &
Q, we see from Proposition that 0;’s patch as a global closed logarithmic 1-form.
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FIGURE 1. Martinet-Ramis moduli

But the difference between two closed logarithmic 1-forms with the same residues is a
closed holomorphic 1-form 1 on (V,C). Now, n must be zero, even if we restrict on two
consecutive line neighborhoods (Vi, L;) Uy, .., (Viy1, Lit1), as it only depends on X or
on'Y depending on the sector. In the rational case, (% — 1) T & Q, there is also unicity
of 0;’s on two consecutive line neighborhoods whose residues have quotient > 0; indeed,
after blowing-up, we get a rational fibration which must be unique by Blanchard Lemma.

7.2. Non existence of foliations. For a generic neighborhood (U,,, C'), there is no con-
vergent foliation. In order to prove this, it is enough to provide a single example without
foliation. Such an example has been given quite recently by Mishustin in [17]. With our
Corollary [7.6] it is not too difficult to provide an example without foliations.

Theorem 7.11. Let (U, C) be a neighborhood such that
e14(X,Y) = (X(1+XY),Y(1+ X?Y)).
Then all foliations Fi belonging to the formal pencil (ﬁt)te[pl are divergent.
Even the transversal fibration Fog is divergent in that case.

Proof. Suppose by contradiction that there exists at least one convergent foliation in the
pencil. Then, by Corollary[7.6] there exists on each V; a non trivial logarithmic 1-form

dX { fi(X)dX ifieven

0: _O‘7+B* £,(Y)dY ifiodd

with f; : (C,0) — C holomorphic, such that 6,1 A (¢; i+1)*0; = 0. One has

dX = d(XY) d(X?2Y)

(1) =0+l S + 5+

+AY (1 +X?Y)) - ((1+2X?Y)dY +2XY?dX).
The residual parts of the 2-form 64 A (¢1,4)*01 at X = 0 and Y = 0 respectively write

(7.2) Olfl( )diX/\dY and Bf4( )dX/\d7Y

Both two expressions must be vanishing identically. If 5 = 0, then o # 0 and we deduce
from that f; = 0. This imply that (1 4)*6; only depends on X (1 + XY), while 6,
only depends on X, contradiction. Assume now o = 0 (and 3 # 0); then, by (7.2), we
have f4 = 0. Again, we conclude that (¢; 4)*6; only depends on X (1 + X2Y'), while 64
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only depends on Y, contradiction. Finally, assume that o # 0 and 8 # 0; then, by (7.2),
we have f1, fo = 0 and we obtain

alo— ) + Bla—20)X + (o® — 25%) X2V
(1+XY)(1+X?%Y)

Clearly, this expression cannot be zero if « and § are both non zero. (I

04 A (1,4)%01 = dX NdY.

7.3. Only one convergent foliation. To complete the picture, it is interesting to provide
an example of a foliation having only one convergent foliation in the pencil.

Theorem 7.12. Let to = [ug : vo] € P*, and let (U, C)) be the neighborhood such that

p1a=(X(1+ XYeY)fﬁo,Y(l + XYeX)™) and 4 i1 =1d
where oy = 7(vg — ug) and By = ug fori=1,23.

Then f"to is the unique convergent foliation in the formal pencil (ﬁt)tepl.

Proof. Note that ¢ preserves the foliation defined the logarithmic form %X + By iE
which then descends on V,,, i.e. the formal foliation ]:to is indeed convergent on Uw

Assuming by contradiction that there is another convergent foliation Fy with t # to, let 6;
be the associated logarithmic 1-form on V;. As in the proof of Theorem [7.11] we get

dX dX
61 —a7+5—+f1( )dY and 04 _a7+57 + f1(X)dX
X X
with f; : (C,0) — C holomorphic, and [« : 8] # [ : Bo]. We derive
dx d(XYeY)
(1) = + 3%+ 008~ )y

+AY A+ XYe)™)  d(Y (14 XYeY)).
The residual parts of the 2-form 6, A (901,4)*91 at X = 0 and Y = 0 respectively write

(7.3) afi (Y )d—XAdY and Bfy(X )dX/\dTY

We are led to a similar discussion as in the proof of Theorem When g = 0, then
f1 = 0and (p1,4)*61 only depends on X (1 + XY)_ﬂO, while 64 only depends on X; we
get a contradiction since 5y # 0 in this case. When a = 0, then f, = 0 and (¢1,4)*6; only
depends on Y (1 + XY)™, while 6, only depends on Y'; contradiction. Finally, when both
a # 0and 8 # 0, then

Y
04 A (p1,4)°0 (aoﬁ—aﬁo)% ( de'i‘ﬁ )
£0

which cannot be zero, again a contradiction. O

Remark 7.13. Given f € C{X,Y } vanishing along X = 0 andY = 0, the same proof
shows that the cocycle defined by p1.4 = (XePof Yexol) and Yii+1 = Id otherwise
also provide a neighborhood (U,,, C') with only one convergent foliation, namely ]:'to, pro-
vided that df N d(XPY?) #£ 0 for all p,q € Z~o. Moreover, one easily check that two
different such f, say f and f', define non equivalent neighborhoods provided that their
difference do not take the form ' — f # g(X) + h(Y).
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8. SYMMETRIES

Let (U, C) be a neighborhood formally equivalent to (U; o, C'). Formal symmetries
(or automorphisms) of (U, C) are those of (Uy,0,C), i.e. of the form (see Corollary

(2,8) = (c2, €+ 1) 2imt —1 2Tt
{ ceCr teC < (X)Y)—= (e X, ¢ eb Y)

a

The subgroup Aut(U,, C) of convergent automorphisms identifies with a subgroup
G C Aut(V°, D) ~ C* x C}.

Theorem 8.1. Let (U,,C) and G be as above. Then the subgroup G C C}; x Cj is
algebraic. In particular, we are in one of the following cases:

o G is finite and G = {(a,b) ; a’b? = a?'b? = 1} for some non proportional
(p,q), (', q') € Z*\ (0,0);

e G ={(a,b); a’b? = 1} for some (p,q) € Z*\ (0,0); in particular, a finite index
subgroup of G is generated by the flow of the rational vector field pX Ox + qY Oy ;

e G=C:xC;and(U,,C) L (U100,C).

Moreover, in the first two cases, up to equivalence =, the cocycle takes the form
©0iir1(X,Y) = (X - w11, Y - vii41)

where u; j41,v; 41 are Laurent series in XPY? and xr'yd (resp. in XPY1) and the
action of G is linear in each chart (V;, L;).

Proof. By similar arguments as in the proof of Lemma([7.2] we see that each automorphism
of (U, C) corresponds to a collection of automorphisms of g; € Diff(V;, L;) satisfying

9i © Qii+1 = Pii+1 © gitl-
We first prove that g; can be linearized in each chart. Indeed, for instance on (Vy, Ly4), g4
acts by transformations of the form

(X,Y) = (aX - u(X),bY -v(X)), u(0)=0v(0)=1.

The gluing condition for ¢4 ; shows that the restriction 4|z, : X +— aX - u(X) becomes
linear in the chart (V1, Ly). Therefore, after changing X coordinates on (Vy, L), we can
assume
94(X,Y) = (aX,bY -v(X)), v(0)=1.

But g4 must also preserve the fibration dY; = 0 of (V1, L1) which is preserved by g1;
that can be normalized to dY; = 0 in the chart (V}, L) and this implies that v(X) = 1
also. We therefore conclude that for each automorphism in Aut(U,,, C'), the corresponding
transformation in (V,,, D) can be linearized in all charts (V;, L;).

A first consequence is that ¢ is the identity whenever ¢ = b = 1, proving that the
morphism

Aut(U,,C) = C; x C;
is injective.

A second consequence is that G contains the Zariski closure of < (a,b) >C C} x C;.
Indeed, all ¢, ;11 have to commute with g(X,Y) = (aX,bY"). Writing ¢; ;+1(X,Y) =
(X -u(X,Y),Y -v(X,Y)), we see that u, v have to be invariant by g, i.e. v o g = u for
instance; equivalently, all non zero monomials of © and v are g-invariant. These monomials
define an algebraic subgroup H C C} x C; which is the group of linear transformations
commuting with ¢; ;1. We conclude that (a,b) € H C G.
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If g was Zariski dense in C, x C;;, we are done: the commutation of ; ;11 with all linear
transformations shows that ¢; ; 11 is linear and (U, C') % (Uy 0,0, C'). Now, assuming that
G is a strict subgroup of C’ x C;, we want to prove that it can be linearized globally.

Assume first that G is finite. Then it can be linearized on each line neighborhood
(Vi, L;). Indeed, for instance on (Vy, Ly), G acts by transformations of the form

9(X,Y) = (aX - u(X),bY -v(X)), wu(0)=0v(0)=1.

and we denote by lin(g) its linear part (aX, bY"). Then the transformation

1
p1:= 7 ) lin(g)tog
#G gze;;
is of the form ¢4(X,Y) = (X - u(X),Y - v(X)), u(0) = v(0) = 1 and linearizing the
group:
paog=lin(g)ops, Vgeq.

We can therefore assume that G acts linearly in each chart (V;, L;) and the cocycle ¢
has to commute with all elements. It is well known that the group G is generated by
two elements (a1,by) and (az, bs) of finite order; moreover, by duality, G is defined by 2
independant monomial equations aPb? = a?'be = 1. Gluing conditions with ¢; ;4.1 show
that w; ;41, v;, 541 must be G-right-invariant and therefore factor through the two monomial
equations.

On the other hand, if G contains an element g of infinite order, then we can first linearize
this element. The Zariski closure H of its iterates < g > in C}; x C; is one dimensional, if
strictly smaller than C}, x C;, and defined by a monomial equation a?b? = 0. If G is larger
than H, then it is generated by an element of finite order ¢’ and we can linearize the finite
group < ¢’ > like above; since ¢’ and its linear part both commute with H, the linearizing
transformations also commute with H and G is linearized. It is therefore algebraic, defined
by monomial equations of ¢; ; 1, and they all factor into a single monomial. (I

Remark 8.2. We note that the convergence of a non trivial automorphism of (U, C)
inducing the identity on C implies that (U, C) X (Uy,0.0,C), since the corresponding
element g € C; x C; must be Zariski dense.

Remark 8.3. In Proposition the foliation ]:'0 is defined by a holomorphic vector field
if, and only if, as(Y) = a4(Y) = Y. Equivalently, the Martinet-Ramis invariant of JF
are trivial, i.e. F1 can be defined by a closed 1-form.

9. SECTORIAL NORMALIZATION
We keep notations as before and set A = 2i77 to simplify formulae, so that ¢ = e*. Let
(U, C) be formally equivalent to (Up, C'). We want to show that (U, C') has the form U,,.
9.1. Overview of the proofs. One can suppose that (U, C') = (U, C)/F where
F(Z,f) = FO(Z7£) +(A17 A?) with Az = O(g_N)
(qz,€-1)
qz,6—

where N >> 0 is an arbitrarily large integer, so that there exists a formal diffeomorphism

H(z,8) = (z+4§,6+h), h=> a&™ §=>Y bu&"

n>1 n>1
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where a,,, b,, are entire functions on C = C* such that

FoH=FHo Fy.
This can be reformulated as
9.1) hoFy—h=Ay0H
9.2) GoFy—qj=NMoH

Basically, we will show that there exist holomorphic solutions h, g of the previous fonc-
tional equation defined on "suitable sectorial domains", namely | i nm1 (Vi—L;),i=1,3,
and admitting asymptotic expansion along C compatible with the formal conjugacy map.
More precisely h, g € A(I; U I3) with the notations of [3.1| with respective asymptotic ex-
pansions h and g. To this effect, we will first exhibit solutions of the linearized equations
satisfying some suitable growth behaviour

9.3) hoFy—h=A,

94) golty—qg=~A
on O(Il U Id)
Remark 9.1. The equation can be reduced to equation (9.3)); indeed, after setting

9(2,8) = 24(2,8) and A1(z,€) = qz&(z,f),
we get
joFy—§=AL
This will enable us to solve by a fairly standard fixed point method the initial functional
equations ho Fp —h = Aso Hand go Fy — qg = Ay o H where H = Id + (h, g). In

order to get rid of the coefficient ¢ on the left hand side, note that both equations can be
reformulated as:

©:6)  §(az,6—1) = §(2,€) = (14 §(2,))A1(2(1 + (2, €)), £ + h(2,€))

where the symbol ~ stands for the same modification than the one defined in the linear
case.

To conclude, it suffices to solve the same homological equations on the union of sectors
I, U I. This can be done by changing accordingly the presentation of (U, C'), by consid-

ering the cyclic covering determined by M = 1 é) (see Section . This consists in
writing (U, C) as the quotient (C%, x C¢/, £’ = 00) by the semi-hyperbolic transformation

2 .
Fi(,€) = (¢'#,& + 1) where ¢/ = exp 2T = exp 2y, & = ¢+ L. In these
T
coordinates (U, C') is isomorphic to a quotient of the form (C}, x C¢ {£' = co}) by a bi-
holomorphism F” such that F'(2’, 00) = (2, 00) and we can repeat the process described
above and obtain the sought analytic sectorial conjugation on /5 U I; when coming back
to the (z, £) coordinates.
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9.2. The linearized/homological equation. Our purpose here is to construct some secto-
rial solution of the linearized functional equationsandbelonging to O(l;), 1 =1,3.
We will only detail this construction for ¢ = 1 and the first equation, the remaining cases
being completely similar (see Remark [9.T).

We are thus going to work in the domain S of the following shape. Consider the annulus
Cap = {a <|2z7'| < b}, a,b>0,b> |g| "a. Consider the foliation defined by the level
sets {J = c} of J = z71e ¢ (recall that it corresponds to the fibration dY = 0 on a
neighborhood of L; or L3 depending on whether c is "small" or "big"). Fix R >> 0 and
let 69 > 0 such that log% —loga = R. Forevery 0 < § < §y. Denote

Saps = 1{(2,6) € C*|J(2,€)] < dand z € Cap}.
Alternatively, this set can be described by the equation R(\E) > ‘Zgll , 2 € Cqp so that in
particular arg £ € I;. For every complex number ¢, 0 < |¢| < §, consider

Sc,a,b,é = {J = C} N Sa,b,(s = {(275) = (C_le_)\£7€) ; g € Dc,a,b}

where
1
lc|
Note that UO<|c|<6 Sc,a,b,(S = Sa,b,é and that FO(Sa,b,(S) = S\q|*1a,|q\*1b,6- It is thus
coherent to investigate the existence of a solution h of on the domain S, |4-15,5 =
Sab.5 U Fo(Saps) (recall that [t = e > 1),

In what follows, we will indeed provide a solution of with "good estimates" on
a domain of the form S, |4-15,5 using a "leafwise" resolution with respect to the folia-
tion defined by the levels of J. For the sake of notational simplicity we will omit for
a while the subscript a,b by setting S5 := Sap5 and S§ := S, |g-1p5. If 61 < 0o,
remark that S5, and Sj are respectively subdomains of Ss, and Sj, To state precisely
our result, let us fix some additional notations and definitions. Let m > 3 a positive
integer and consider the subspace HJ" of 7(Ss) defined by the functions A such that
Al = sup(, ¢yes, | A2, O)]€]™ < oo. We will also introduce the space H§®" of holo-
morphic functions & on S§ equipped with the natural norm

+loga) < R(AE) < (logi +logb)}.

Deop={£€C:(log "

1Plloe := SUP(. ¢)esy A (2, €)] < 0.

Theorem 9.2. Fix a, b,y as above with §y small enough. Then there exists a positive
constant C enjoying the following properties:
For every 6 < dg and every function As in Hj", there exists a unique function hs €
H(SOC' such that
(1) hso Fy —h =As

() Forevery (2,€) € $5 M1 {S€ > 1}, [ha(=, )| < el
(4) There exists a positive number D depending only on 6 € [0, g) such that for every

0 < dpand (z,€) € S5N|argl + argq| < 6, we have
D] As]l,,

¢ =2
In order to prove this result, remark firstly that the equation

hOFofh:AQ

hs(z,§)| <
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can be then rewritten as

9.7 (¢ = A) — () = Ac(C)

where ¢ = A&, () = h(c™'e ¢, %), and A (C) = Ax(c™te ¢, §). We are then reduced
to solve a family difference equations (the so-called homological equations) in the vertical
strip Steap = {¢ € C : log ﬁ +loga < R(¢) < log ﬁ + log b} where we impose ..
to be holomorphic defined on the larger strip St 4 ;-1 = {¢ € C : log ﬁ + loga <

R(C) < log & ot log b — %A} and to depend analytically on the parameter c.

cf

9.3. Resolution of a difference equation. We know proceed to the contruction of .. It
is essentially a consequence of the following general result

Theorem 9.3. Let A,B € (1,400), B > A — R\ (B —R\)/A < 2. Let A be
holomorphic on the strip Sap = A < Re ( < B. Suppose moreover that ||Al,,
SUPces, g IAQ)||C|™ < oo for some m > 3; then there exists a bounded holomorphic
Sfunction ¢ on Sz, p_wx which solves

(9.8) (¢ =) — () = A(Q).

Moreover  is unique modulo an additive constant and one can choose  such that there
exists C =C(B—A) >0 Eglsuch that the following estimate holds

9.9) supcesa s-nr | PO < C A,

Proof. First notice, that if o1, 2 are two bounded holomorphic functions solving [9.§] to-
gether with the fact that ®\ £ 0, the difference 7 — ¢o extends as a bounded A-periodic
entire function, hence constant. For ( € S4 p_xx, let us define ¢ by the formula

(€)=Y Fu(0)
n=0

1 A(t) A(t)
BO=37, T mrm® T /L, Crmt)

where L_ = {ft = A} and L, = {Rt = B} both oriented from bottom to top.
Here, in accordance with Cauchy’s formula one sets z— [ L A gy

t u
= fL+ — t)dt A(u) whenever u € L™ and 5 fL — ’;)d = 5 fL = dt+A( )

if w € L. With this convention, and thanks to the fact that m > 2, F,, is well defined and
holomorphic on the strip S4, B ge A

Moreover, if ®u > A — L2 one has |2m I tfu) m th L |‘f|t2‘ IfA<

where

Ru < A— 7, Cauchy’s formula yields the inequality

1Al 1 / \dt|
i, Tt S 0 e [

Following the same principle, we get the inequality

1 A(t
o | 2% <cual,

i L+t7

1911 order to give an unambiguous statement, m, A are fixed but A, B, A are allowed to vary
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where Cy = (1 + 3\ /\M f%t 1 |‘td|t2) and Ru < B. This eventually leads to the majoration

|[Fn(Q) <2C1||1A]l,,, Yn >0, V(€ SaB—nx.

Moreover, when n > AER_—/\B, Cauchy’s formula allows to write f Ly t—Ac(—tZ:,A dt =

I’ A(t) 5 dt. Consequently,

t—
i/ A)(2(t—¢) —A)
2ir Jp t—=C4+nN){Et—-C—(n+1)A)
Set v = J(¢t — {). The key point will be to find a suitable upper bound for A(t,{) =
Do | T eTn GGy | Where ng > 2(54% +1).
Set v = J(t — (). For n > ng, Cauchy- Schwartz inequality gives
(9.10)

Fn(C) = dt

1
2

1 1 :
A0 =< ( Z (v +nSA)? + (n?R)\)Q) ( Z (v —(n+1)IN)? + ((%%/\)2)

n>ngo n>ngo

This, together with the fact that || A||, < oo, for some m > 3, proves immediately that the
serie Y F), converges uniformly on every compact of S4 g_xx. The function ¢ is then
well defined and holomorphic on S4,g_x and in addition verifies the difference equation
[0.8]as a simple application of Cauchy’s Formula.

Moreover, by a simple integral comparison, one then obtains from [9.10] that

Cy
9.11) At Q) <
]
where C is a positive number depending only on A. For n > ng, consider the decomposi-
tion F,, = GG,, + H,, where

1 A)(2(t—¢) —A)
Gn(Q) = %im /{teL W<y E—C+nA)(E—C—(n+ I)Adt

and

1 A(t)(2(t-¢) = A)
H,.(¢) = % /{teL o1y (E—CHnA(t—C— (n+ 1))\dt,

A simple glance at the inequality shows that |G, ()| < Cs||A|l,, where C5 > 0
depends only on B — A. The upper bound given in allows to assert that

JA@®)2(t =¢) =N
> HA(Q) < CQQW /{teL_,v|>1} o] |dt].

n>ngo

In particular, there exists a positive number C; depending only on B — A such that

D HL(O] < Call Al

n>ngo
By putting together the inequalities above involving C1, ..., Cy one obtains that ¢ satisfies
the estimate[9.9] of the Theorem. O

Remark 9.4. If one takes a thorough look to the proof, one can observe that the solution
contructed above satisfies the little bit more precise estimate:

dt
©.12) suncesy om0 < 1AL, [

where C only depends on B — A.
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9.4. Additional properties of ©.

Lemma 9.5. Let ¢ as in the proof of Theorem and set my = % J. A(t)dt. Then,

there exists a constant F' = F(B — A) such that for every { € S p_w» such that S(%) >
1, one has

N

VIS

Moreover, for every § € [0, %), there exists a constant D = D(6, B — A) > 0 such that
for¢ € Ko = Sap_nxnN{lArg(¢)] < 6}

(9-13) () — mo| <

D|A
©.14) (6) — mol < - C”|m”;”
Proof. Let ¢ € Sa p—nx, ¢ ¢ ZA. Equivalently \9( ) # 0. Write
1 A() O A(t)
Ba¢) = 2m(/L+ Y T S M e P /L+ Cr et
A(t) A(t) A(t)
+/L (—n)\d _/L C—nAdt+/L_ t—C—i—n)\dt)
Now using that
n=-+oo 1 B . 5
2 ety
and summing-up the previous equality, one obtains
1 tA(t)
wlC) = 2im ,Z;)/M C+nm+DNE—-C—(n+ 1))\)dt
(t) i ¢
2@#2/ ¢—ni) t—C—f—n)\)dt ﬁCOt( )\) I Alt)dt

which makes sense for \Y( ) # 0. As before, consider a positive integer ng > 2(‘%{—)\3—}—1),
set v = S(t —¢) and define B(t,¢) = 3,5, | emnyi—eran| for (t,¢) € L™ x
Sa,B—mx . Here again, by the successive uses of Cauchy-Schwartz and integral com-
parison we obtain
Iy
[S(3)0l

where F is some positive constant. As before, if one considers separately the case |[v| < 1
and |v| > 1 and also n < ng, we can easily establish for every ( € S4 p_%x, %(%) >1

the inequality:
By A
Z / MO BAL,
by

B(t,() <

where F> > 0 only depends on B — A. Similarly, one gets

tA() F3||A||m
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where F5 > 0 only depends on B — A. Moreover, for ¢ lying in the same domain, it is
clear that there exists a constant £, > 0 such that

¢ Fy
L) gl s

1
— CO
2A
1S(3)I

[~

These different estimates prove [0.13]

Remark 9.6. Note that |S(§)| can be arbitrary big on the domain S a4y . In particular
©(€) :==>",,50 Fn({) — my is the unique solution of the difference equation or which
there exists a positive number F (depending a posteriori only on B — A) such that for

every ¢ with %(%) > 1, one has
FlAll,
S(5)I

lP(O] <

Now, let us establishes the majoration[9.14] We use the same notations as in the proof
of Theorem [9.3|by considering the solution ¢ = > - F},. Now just observe, that on Ky,

A< < lzgsA, In particular, one has |%\ > % for every t € L~. From Remark
CllA m—2 d

one deduces that supcek, |¢(C)] < \C”\T”Ug (Z5) " Jr- % where C = C(B — A). A

similar and straighforward majoration of m gives the sought upper bound[9.14] O

9.5. Version with parameters and proof of Theorem[9.2] Let 6 > Oand 0 < a < b
such that log b > log a — R\ where A € C has been fixed with R\ < 0. In accordance with
the notations introduced in[9.2] for every positive number § < §y and complex number ¢
such that 0 < |¢| < o, consider the strips in the complex line defined by

St.={¢CeC: (logﬁ +loga) < R(() < (log% +logb)}

Ste. = St. U (St. — RN)
and consider also the domain of C? (with boundary), -5 10 a.logb = |, <slch x St.

Set A, = log \%I +loga and B, = log |—i‘ +log b. It is worth mentioning that B, — A, =
log b — log a does not depend on c. By a suitable choice of g, one can moreover assume
that and that A, > 1 and BCA;C%’\ < 2. Let A be a holomorphic function defined on
75.10g a,log b and assume in addition that

||A—5||m = Sup(c,c)éygvlog a,log b |A5(Cv C) | |<|m <00

for some m > 3. From the results collected in Section [9.3] 0.4] one promptly obtains the
following statement:
Proposition 9.7. Let As as above, then there exists a unique function s €
H (-5 10g a—Rxlog b) With the following properties

(1) Forevery( < ¢ < 6, forevery( € St., one has ps(c,(—N)—gs(c, ¢) = As(c, €)

(2) There exists a positive number C = C(dp, a,b) such that

Sup(c,{)eyg’loga,log bR |805 (C) <)| S C||A5 ||'rn

ClAs|

sup(cvc)ey&loga,logbfﬁﬁkms(%)zlhoé(c’<)| =< ‘C\(C;'
(<
A



34 F. LORAY, F. TOUZET, AND S. M. VORONIN

Proof. Define ¢; by the formula ps(c, () = > 00

n=0

1 As(e,t)

Fn(& C) = %( L mdt-f—/L

F,(c,¢) — mo(c) where

Ag(c, t)

it—C—i—n)\dt)

setting L& = {Rt = A}, LS = {Rt = B.} and mo(c) = 55 [, As(c,t)dt. From this
integral formula, it is clear that for every n, F}, is well defined as a holomorphic function on
5 log a,log b—wx and that mg depends analytically on c. Moreover, one can easily verifies
(as in Section that the serie > F,, converges uniformly on every compact subset of
F5log alogb—Rr- ThUs ¢ € H(F510ga,1ogb—5x) and fullfills the properties stated in the
Proposition as a direct application of the construction performed in Section[9.3] O

Then, the proof of Theorem [0.2] immediately follows when translating this existence
and uniqueness result into the original variable (z, &) (see Section together with the

upper bound[9.14] of Lemma[9.5] O

Once we have solutions to the linearized equation as achieved above, we are in position
to obtain a solution to the general functional equations[0.5]and[9.6]by a standard fixed point
Theorem. This is detailed in the following section.

9.6. Solving the functional equation. Notations as in[0.2] In particular, we will omit for
a while the subscript a,b. As before, dy > 0 has been chosen small enough and § is any
positive number such that 0 < § < .

Let m > 3 and H;""" be the subspace of H(Ss) x H(Ss) defined by N,,,(A,O) < oo
where

N (A,0) = SUP(z,g)e§5|A(va)||§|m +SUP(; )es; 9(z, )€™
and let H;*™' be the subspace of H(S}) x H(S}) defined by N’ (h, §) < oo where

N (h,g) = SUP(z,g)esg|h(Za§)| + SuP(z,g)esgm(g)zﬂh(Z,f)\\/ 13(6)]-

FSUP(. )51 19(2 E)| + SUP(. ¢y 513 (6)>119(2, OIVIT(E)]-

Note that both normed spaces are Banach spaces. For every M > 0, set
H"" (M) = {(A,0) € Hi"™" [N (A, ©) < M}

and
H> (M) = {(h,§) € Hy>*'|N/o(h,§) < M}.

By Theorem[9.2] one inherits from a continuous linear map £ between the normed spaces
(H{"™, Ny,) and (H> ', N’ defined by

L:(A,0)— (h,g) where (hoFy—h=A, gokFy—g=0).

To be more precise, there exists a positive constant C' such that for every § and every
(A,©) € H, 5, one has

N (L(A,0)) < CNp,(A,0)
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9.7. Substitution map. Let us come back to the expression to the of the transformation F'
defining the formally equivalent neighborhood (U, C') as in One will fix and arbitrary
integer N > m such that A;(2,£) = O(¢~%). Then up to adjust &y, one can assume that
we a have a map well defined for every 0 < § < ¢ by

R : H‘X">o (1)—>H"””
B = (h1.hs) > T = (51,52)
where

01(2,8) = Ba(2(1 4 ha(2,€)), € + hi(z,€)))
02(2,€) = (14 ha) A1 (2(1 + h2(2,€)), € + 1 (2,€)))

Because A; = O(¢~Y), note also that the image of H;’o’ool(l) by R lies in Hy"™(Rs)
where ;iH(l) Rs = 0.
—

Lemma 9.8. Let € > 0 such that eC' < 1. Then, up to shrink 6y, for every § < dy one has,
— — r =
Vh, g € HZ™ (1) Nu(R(H) = R(F)) <eNoo(h = 9)
Proof. Exercise. (I

The map £ o R then induces a (non linear) contracting operator of the complete metric

space Hgo’ool(l). The unique fixed point is a solution to the functional equations
[0.6] This provides a solution of the original functional equations [9.3] and [0.4] taking into
account the renormalization indicated in Remark By uniqueness, the solution (hs, §s)
attached to 0 induces by restriction the solution attached to &’ for " < 4.

One can complete this picture by additional properties borrowed from Lemma(9.5] This
leads to the following statement where we reintroduce the susbceript a, b (with obvious
notations) in order to recall that the choice of § depends of a fixed arbitrary annulus in the
z variable.

Proposition 9.9. Notations as above. Let Ao, Kl = O(¢~N) two germs of holomorphic
functions in the neighborhood of C C C2 with N > 4 (as defined from the conjugation
equation introduced in . Letm < N. Let 0 < a < b < +00 such that b > |g| ™ "a.

Then there exists 6(a,b) > O such that for every 0 < § < d(a,b),the system of equations

..admlta unique solution (hs b, 5.a.0) € Hy oy ( ) x Hyoy (1) Moreover,
o (N5t a.bs Gor.ap) is the restriction of (hs.ap, §s.ab) if 0 < 6" <6 < d(a,b).
o lim N ((Rsa0,: 95,0,0)) = 0.

o there exists a positive number D(0) depending only 6 € [0, T) such that for every
6 < d(a,b) and (2,€) € S, , N |arg§ +arg Al < 6, we have
D

‘hé,a,b(zvf”a”d |§5,a,b(27£>| < W

9.8. Asymptotic expansion. We start by fixing N > 4 and a, b as before. Let a’, b’ be
positive real numbers such that o’ < a < b < V. By Proposmon-, 9.9 note that the unique

solution of lying in HyY, °§,'(1) x Hgo f‘g, (1), § > 0 small enough, induces by

restriction the unique solution of the same functional equation in H g;’f;o/ (1)x H ;oa’zo/ (1).
In particular, when taking the projective limit with respect to (a, b), (a,b) — (0, +00) and
exploiting the last asymptotic estimate in the proposition above, one get a solution (h, §)
well defined as a flat element of A™73(I1) x A™3(11).
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Now,consider an integer p >> N arbitrarly large. Let o a positive integer and consider
the truncation T (H) of H at order a: Tro(H)(2,8) = (2 + X 1cpca bn€™™ €+
Y 0<n<a @n&™ ™). If a is large enought, one has

~ -1 ~
(TroH) o FoTroH(§,2) = (g2 + AT(2,§),§ — 1+ AZ(2,€)

where A% (z,€) = O(gip) One can apply Propositionto get existence and uniqueness

of h$, g € HE% % (1) (6 small enough)

FOTraﬁOHa:TraﬁOHa0F0

with Hy, = Id + (g5, h§), ga(2,§) = 2Ga(z,). As before, these solutions are in fact
induced by a flat element of AP~4(I;) x AP~4(I;) Set H = Id + (g, h) with g = 2§ and
recall that F'o H = H o Fy. Invoking again uniqueness and by simple restrictions consider-
ations, one obtains that H = Tr, H o H,. Thus, H = (z + Zlgnglnf(oz,p—Al) an& ™ E+
Zl<n<ll’lf(oz.p—4) b,67") + R, where R, € AP~%(I;) is flat. As o (hence p) can be

chosen arbitarily large, we eventually get that H € G*(I;) and admits H as asymptotic
expansion. We have thus obtain the sough normalization on the sector I;.

9.9. Construction of other sectorial normalizations.

9.9.1. On Is. Itis just a slight modification of the previous construction for /;. The start-
ing domain consists again in the resolution of the linearized equation [0.3] on the corre-
sponding domain. In this situation, it is relevant to deal with the levels J = c of the first
integral J = z~'e~¢ for |c| >> 0. One adapts the notation of Section by defining
Saps ={(2,8) € C?||J(2,£)| > dand z € Cyp} (6 >> 0). Here again, this amounts to
solve an analytic family of difference equations where the solutions satisfy some estimates
wich eventually leads by the same fixed point consideration to a normalizing conjugation
map. This can be carried out following verbatim the same method.

9.9.2. On I and I,. As indicated before, one can mimick the construction of normalising
sectorial map by changing accordingly the presentation of the neighborhoods. This is
roughly explained at the end of Section[9.1} To do this in more details, first remark that
(Up, C) and (U, C) can be presented as the quotients by pair of commuting transformations
(Co x Ce {€ = 00})/(t, fo) and (C, x Te, {€ = 00})/(t, f) where t(x, &) = (z + 1,€),
fo(z,6) = (x+ 7,6 — 1) and f(z,6) = (x + 7,6 — 1) + O(£7Y) is the expression of
F in the uniformizing coordinates (x, £).In those coordinates the formal conjugacy map
H reads as 4(z, &) = (z,€) + O(€~1) (wich then commutes with ¢ and satisfies 4! o
fotu = fy). The cyclic covering space of both neighborhoods associated to the matrix

10

and (C, x C¢, {€ = oo})/(f). these quotients are both germs of analytic neighborhoods
of C*, hence are isomorphic. More precisely there exists a germ of biholomorphism ¥ of
(C; x C¢,{€¢ = oo}) tangent to identity along {£ = oo} such that fo = ¥ o fo U~ lIn
particular f' = WotoW ! commutes with f; and then induced a transformation (2', ') —
() = By (2. €) + O ™) where B/(2,€) = ((¢/,€' + 1), ¢’ = exp %2, on
the germ of neighborhood (C%, x C¢r, {¢’ = oo}) equipped with the coordinates 2’ =
exp @x, ¢’ = £+ Z. For the sake of clarity, recall that /) is the transformation induced
by ¢ in the (2/,&’) coordinate.

M = (0 1) is then described by the respective quotients (C, x C¢, {¢ = 0o})/(fo)
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By construction, 9! o f’ o & = t where ¥ is the formal transformation ¥ o @1. Moreover
© commutes with fp, hence descends to (C%, x C¢/, {¢’ = oc}) to a formal conjugacy map
of the form H’ (2/,&") between F’ and F. Now, the fundamental biholomorphism

H(Z, f) — (e2i7r£’ Z—le—Ag)
between the deleted neighborhood Uy — C and V' — (J;¢, Li reads in the (2, ') coordi-
nates as I1'(2/, €') = ((2/) ' e2i™¢’ ¢=*¢"). This allows to play the same game than before.
Indeed, the substitute for the previous first integral .J is J'(z',£") = (2/) "€ (a first
integral for the foliation defined by d¢ = 0). Small and big values of J’ correspond re-
spectively, via the fundamental isomorphism, to the fibers of the vertical fibration dX = 0
on the neighborhood of L4 and L,. One can thus produce, exactly by the same process,
a normalizing sectorial conjugation map H’ € G'(Iy U I,) (with respect to the (2/,¢’)
coordinate having the same asymptotic expansion than H'. By the process wich allows to
pass from the (z, £) to the (2’,¢’) coordinate described above, this sectorial transformation
map, lift to sectorial transformation map H € G*(IyU1,) (relatively to (z, £)) conjugating
F to Fj and having H as asymptotic expansion.
This eventually finishes the proof of Lemma[A] (and more precisely Lemma[4.T]).

10. GENERALIZATION

10.1. General formal classification: recollections. We first recall (under a slightly more
synthesized form) the results obtained in [11]] concerning the formal classification of zero
type neighborhood of elliptic curves with torsion normal bundle and finite ueda type. We
do not adress the case where C fits into a formal fibration (corresponding to infinite Ueda
type). According to a result due to Ueda, this fibration is indeed analytic and we fall into
the case which satisfies the formal principal: there is no differences between analytic and
formal classification and this latter is very easy to describe, see for instance [[11]Section
5.1.

Let m be the torsion order of the normal bundle N¢ and let £ > 0 be the Ueda type.
Recall that this latter is necessary a multiple of m. The linear monodromy of the corre-
sponding unitary connection along the loops 1 and 7 is respectively determined by two
roots of unity a1, a, of respective orders m; and m. such that lcm(my, m,) = m. The
triple (a1, a, k) is obviously a formal invariant of the neighborhood. A complete set of
invariant is indeed provided in [11, Section 5.2], from which we borrow and adapt the
notation. e, .

Set pr,, = exp(fiTyka—y). Let —m < p < k withp € mZ. Set k = mk’ and p =
mp'. Given P(z) = Zg)/:o \iz" a polynomial of degree p precisely (with the convention
that P vanishes identically if p’ = —1), define

(10.1) wp = P(*);7 and g, p(y) 1=/ [(arprw) wp —wpl.
0

m

The group Zj of k'™ roots of unity acts on the set of polynomials P as follows:
(10.2) (p, P(2)) = P(u"'2)
Theorem 10.1. [11]] Notations as above. There exist v € C and P € C|[z] of degree p’

exactly unique up 1o the Zys-action such that (U, C) is formally equivalent to the
quotient of (U, C) := (C, x Cy, {y = 0}) by the group generated by

b1 (z,y) (x+1, ary)
(10.3) { - (2,7) @+ 74 GrpwrW) s arpr,(y))
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The pencil wy = wgy + tweo of closed 1-forms is generated by

dy dy
= W—i—ug and we, = dr — wp.

(104) wWo

Actually (see [11]]), the case p’ = —1 (i.e wp = 0) corresponds exactly to the existence
of a transverse fibration, given at the level of the formal normal forms described above
by wee = dz. If in addition, k¥ = v = 0 (and necessarily m = 1) one recovers Serre’s
example. The case p’ = 0, i.e P = %, ¢ € C* is the constant polynomial, is covered by
Theorem 5.3 in loc.cit whereas p’ > 0 is covered by Theorem 5.4.

When m = 1, that is N¢ analytically trivial, one observes that ¢ is the flow at time 1
of the holomorphic vector field

Xk,u,P = XO + TXoo

where
k1 g 1 k 9
Xo= 4 —Zipio) L2
14 vy* dy y 1+ vyk Ox
and
0
Xoo = —
or

are the dual vector fields of the pair (wp, we). We will denote by (Ug,,, p, C) the corre-
sponding neighborhood. In the specific situation where & = 1, and then P = p is constant,
we will use the notation (U, ,,,C) and X, ,, :== X1, p.

In the coordinates z = €2 and £ = 1/y, the corresponding presentations are

(Ukw.p, C) = (C% x C¢, {§ = 00})/(Frw.p)

where Fy,p = expXg,p and Xj.,p = X + 7Xo with Xg = ﬁ(—ga% +
2imzP(£)2), Xoo = 2imz£. This can be directly borrowed from the presenta-
tion given in the (x,y) variable. For notational coherence and simplicity, we will set
F, = expX, ,. Serre’s example is obtained by taking Iy := Fp 9. We are now ready to

undertake the analytic classification.

10.2. Trivial normal bundle, Uedatype 1. Consider formal models (U, ,,C)
parametrized by (v,u) € C%: (U,,,C) = (C: x C¢, & =00)/(F, (& 2)) where
F,, =expX,,and X, , = &%(—58% + 2i7wza%) + /\z%. From this description,
one easily gets that F,,, = ®,,,~ " o Fy o ®,,, where &, ,(2,&) = (2627 ¢ + vlogé).
Note that ¢(£) = £ + vlog & makes sense as a transformation of a germ of sector of the
form |¢| >> 0 and arg& €601, 02[,02 — 01 < 27 and that =1 (&) = £(1 + o(1)). Then
D, 0(2,86) = (2(~1(€)) 2™, ©~1(€)). Exactly as before, one can express the germ of
deleted neighborhood U,, — C' as the deleted neighborhood of four lines via the multivaluate
function I1,, ,, (2,£) = Mo ®, (2, &) = (£217Ve2ime L 1¢=2im(utTv) o= A

The multivalution of II, ,, impose that U; and U, glue together by the linear cocy-
cle (X,Y) — (6’4“2”X, 64”2(7”*“)}/). One can adapt without additional difficulty
the method detailed in Section [I.3]in the case ¥ = p = 0 to produce infinitely many
analytic class constituted (up to equivalence) of elements of the form (V,,,C) where
© = (Piit1,% € Zy) ~ Y = (Yi41,1 € Zy) is defined as before except that o4 1 as
linear part (6_4”2”, 64”2(T”+“)). Note that we can realize arbitrary linear part of ¢ 4 and
consequently all complex structures on neihborhood of 4-cycle of rational curves (demand-
ing that each rational curve is embedded with vanishing self-intersection).
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The construction of normalizing sectorial transformations maps is based the same idea:
resolution of an analytic families of difference equations followed by a standard fixed point
method which can be carried out using the analytic conjugation induced by ®,, ,, over each
relevant sector I;,% = 1,...,4 between Fy o and F,, ,,. In particular, the collection of V,
provides complete set of analytic moduli. This allows as before to describe the full analytic
moduli space. Concerning the construction of normalizing maps, we have to take here
into account the "wild" behaviour of ®,, , along C represented by the term 2£2™#. For
notational simplicity, we will set ® := ®, ,, in the sequel. Let us explicit the modifications
needed: let (U, C) be formally equivalent to (U, ,,, C)). We want to show that (U, C) has
the form U,,.

One can suppose that (U, C) = (U, C)/F where F(z,£) = F, (2, &)+ (A1, Ay) with
A; = O(6~N) where N >> 0 is a positive integer sufficiently large and that there exists
a formal diffeomorphism of (U, C), H(z,&) = (z + §,€ + h), h = Yons1 @& MG =
> n>1bn€™™ where a,,, by, are entire functions on C = C* such that

FoH=Ho EF..
One wants as before to replace H by an analytic function H, that is
(10.5) FoH=HoF,,

defined on a suitable domain (analogous to that of Section[9.1) that we proceed to describe
now. One adopts the notation of loc.cit.

Consider the annulus C,, = {a < |27} < b}, a,b > 0,b > |¢| "a. Consider the
foliation defined by the level sets {.J,,,, = c} of J,,, = Jo @, , = z 7L~ 2mutTv) =X
(recall that it corresponds to the fibration Y = 0 on a neighborhood of L; or L3 depending
on whether ¢ is "small" or "big"). Let §p > 0 sufficiently small. For every 0 < ¢ < do.
Note Sop5 = {(2,€) € C?| ], .(2,€)| < d and z € C,}. For every complex number c,
0 < |e| < 4, consider S q4,5 = {Jv,u = ¢} N Sap,s.

Note that UO<\c|<6 Sc,a,b,é = Sa,b,& and that FV,M(Sa,bﬁ) ~ S|q*1|a,\q*1\b,5-

It is thus coherent to investigate the existence of a solution H of [I0.5 on the domain
St ps = Saps U Fyu(Saps). Remark now that the conjugacy equation can be
equivalently rewritten

Fq> (¢] H@ = H¢. (¢] Fo
where Fg = ®oFo®™!, Hy = ®o Ho® ! (the parameters (v, ;1) have been deliberately
omitted for the sake of clarity) . This amounts to determine Hg on the domain ®(S;, ;, 5)-
To do this, note that in view of asymptotic behavior of ¢ and ! described below, one

has Fp = Fy + (A1 ¢, Mg o) where one can verifies that (m, Ay p) = O(g%,) where

)\ZZ:; = AL‘I"
We are looking for solution of the form Hg = Id + (he, go). Here again, this can be
reformulated as

(10.6) he o Fy —he = Ay g0 Hp

(10.7) 9s 0 Fy —qge = A1 0 Hy
First, we will still deal with the linearized equations. This can be reformulated as

(10.8) hoFy—h=A,

(10.9) goFo—qg=1»A
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where we have omit the subscript ® for notational convenience.

In what follows, we will indeed provide a solution of [I0.§] (hence also for [10.9 by the
usual transform involving A;) with "good estimates" on a domain of the form ®( b.5)
using a "leafwise" resolution with respect to the foliation defined by the levels of J. This
consists as before in solving a family of difference equations parametrized by the leaves
space in the variable £ where the domains are slightly modified as explained now. For
every complex number ¢, 0 < |c¢| < 4, consider Scqps = {Jo, = ¢} N Sup,s and
B(Seians) = {(2,6) = (c~'e,€)} where

1
€€ Dcap={€C: (log—

o Hos a) < R(AE + 2implog (p1(€))) < (log T +logb)}

1
]
where a determination of the logarithm has been chosen in the sector in which we are
working, namely arg £ € [;.
The remaining part of the proof then follows mutatis mutandis the same line than before
by noticing that the equation
h o F 00— h = AQ

can be then rewritten as

(10.10) SDC(C - >‘) - (PC(C) = AC(C)

where ( = A&, p.(¢) = h(cileica %)s A(Q) = AQ(Cileica %)
We are then reduced to solve a family difference equations (the so-called homological
equations) in the "quasi" vertical strip

Ste = {C € C: (log 7 +loga) < R+ 2implog (¢ (5))) < (og 1 +logb)}
depending analytically on the parameter ¢ and we investigate the existence of a solution ¢,
on the domain St. U St. — A. This can be carried out by resolving equation [9.8| using the
same method (that is, essentially Cauchy formula) replacing accordingly the integration
along the vertical lines L=, L™ by I(¢) = A, B where I(¢) = (¢ + 2implog (<p_1(§)))
One also obtain in a similar way the same kind of estimates imposing the uniqueness of
the solution. This allows by the fixed point method detailed in the previous section to
solve the conjugation equation under the forms[T0.6]and [10.7|on the relevant domains and
finally exhibit a conjugacy sectorial transformation solution of [10.5| H = &' o Hg o ®,
well defined as a section of G over I; and having H as asymptotic expansion. One can

analogously construct conjugacy maps on the other sectors.

10.3. Trivial normal bundle, finite Ueda type. Still using the formal classification of
[11] as recalled in [T0.1] one can investigate, without any further fundamental change, the
analytic classification of neighborhood of elliptic curves with arbitrary finite Ueda’s type.
For the sake of simplicity, we will first focus on the case where the normal bundle N¢ of C'
is analytically trivial. The formal normal forms (Uy, . p, C') are parametrized by the triple
(v, k, P) where v is a complex number, k € N+ is the Ueda type P is a polynomial map
of one indeterminate of degree < k uniquely defined modulo a certain action of the k"
roots of unity on the coefficients of P as described in

Following , one has Fj, , p = @71 o Fjy o ® where ®(z,&) = (zef
vlog¢) and consequently ®~1(z,&) = (ze= Q') ,=1(¢)), where (&) = % +
viogé and Q(&) = [ w. Note that ® and ® ! make sense as univalued func-

tions on sectors (with respect to the £ variable) of opening < 27 and that their expressions
1
depend on the choice of the determination of log £. Moreover ¢~ (€) = k* &+ + o(|€[%).

2im P(£)dE ¢k
S
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Let us choose 4 intervals I?,i = 1,...,4 such that kI? = I; with non empty over-

laps 1) N 1%, i = 1,2,3. Set I} = I) + 2= | = 0,..,3. The application
inek . )
Oy, p(2,8) = Mo ®(z,&) = (e * &2 5LeP(&)¢=Av=2ima0) where q is the con-

stant term of P and P is the degree k polynomial | w — )\%, maps the germ

of transversely sectorial domain of opening I} (which is Fy, ., p invariant) onto the germ
of deleted neighborhood of L;. The full picture is thus obtained by taking the successive
family of sectors with consecutive overlaps (I, ..., 19, I, ........... JIFT L TEY) and
their corresponding system of transversal sectorial neighborhoods. This defines a cover of
the deleted neighborhhood Uy, p — C' equipped with a system of semi-local charts de-
fined by Il , p. If one follows the cyclic order defined by the succession of overlapping
sectors, one conclude that this deleted neigborhood can be represented the deleted neigh-
borhood of a cycle (L!) of 4k rational curves of zero type, namely the image under I, p
of these sectors . The neighborhood of L! is equipped with the standard coordinate system
of V; (neighborhood of L; in P* x P! and the complex structure of the total neighborhood
is determined by trivial glueings along the axis except for the germ of axis determined
by (LY N Li_l, LY, Li_l) where identification is made by the monodromy .# of Il , p
which is given by the linear diagonal map (X,Y) — (e ™47 VX, e4™" (Tv+a0)y),
Concerning the construction of normalizing maps, let us explicit as before the modi-
fications needed: let (U, C) be formally equivalent to (U, ,,C). We want to show that
(U, C) has the form U, where ¢ consists in a collection gpﬁ’i 41 of 4k germs of glueing

biholomorphisms gpﬁﬁiﬂ localized at the axis (L. N Lﬁii(i), Lﬁ,Liii(i)), g(i) = di4, all

tangent to identity except the last one @231 having .Z as linear part.

One can suppose that (U, C) = (U, C)/F where F(z,£) = Fy,.p(2,6) + (A1, Ag)
with A; = O(¢~) where N >> 0 is a positive integer arbitra{ilyAlarge and that there ex-
ists a formal diffeomorphism of (U, C), H(z,&) = (2 + g, +h),h =3, a, ™, G =
> n>1bn€™™ where a,,, by, are entire functions on C = C* such that -

FoH= IA{oFk,,,)p.
One wants as before to replace H by an analytic function H, that is
(10.11) FoH=HokFy,p

defined on a suitable domain (analogous to that of Section[0.1) that we proceed to describe
now. One adopts the notation of loc.cit without systematically mentioning the parameters
(k,v, P).

As before, we will just detail the construction of a normalizing conjugation map on the
germ of transversal sectorial domain determined by I} where I € [0, k — 1] has been fixed.
Consider the annulus C,, = {a < |z7!| < b}, a,b > 0,b > |g|”"a. Consider the foliation
defined by the level sets {Ji, p = c} N{argé € I}, ¢ "small" of Jy, p = Jo ® =

. k .
Z—lePl(i)f—)\u—Q'mao) — z—le—)\(%+R(§)) where R(f) — QZTfn—(f P(?df + %logg) —

o(¢%) is somehow negligible with respect to £*. Tt corresponds to the fibration dY = 0
on a neighborhood of L!. Let §y > 0 sufficiently small For every 0 < § < dy. Note
Savs = {(2,6) € C¥ |Jpvp(2,8)| <6, z € Cap, argé € I}. For every complex
number ¢, 0 < |¢| < 6, consider S¢ 4,56 = {Jkp,p = ¢} N Sup.s

Note that UO<\c|<6 Sc,a,b,é = Sa,1,75 and that Fk,y,P(Sa,b,é) ~ S‘q—l la,|g=1]b,5-

It is thus coherent to investigate the existence of a solution H of on the domain
S,’l’b’(; = Sops UF,,;(Saps). Remark now that the conjugacy equation can be
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equivalently rewritten

Fq> o Hq> = H¢. o Fo
where Fp = Po Fo® !, Hy = ® o H o ®~!. This amounts to determine Hg on the
domain ®(S7, ; 5).

To do this, note that in view of asymptotic behavior of ¢ and o~ described below, one
has Fip = Fy + (A1,8,A2,¢) where one can verifies that (A} ¢, A2 g) = O(giN) setting
ZAL@ = A1,<I>.

We are looking for solution of the form He = Id + (he, go). Here again, this can be
reformulated as

(1012) h@OFo—ihp :A27(I)OH¢)
(10.13) gs o Fy —qge = A6 0 Hy
First, we will still deal with the linearized equations This can be reformulated as
(10.14) hoFy—h=Ag
(10.15) goFy—qg=2A,

where we have omit the subscript ® for notational convenience.

In what follows, we will indeed provide a solution of [I0.14] (hence also for [I0.13] by
the usual transform) with "good estimates”" on a domain of the form <I>(S(’17b’ 5) using a
"leafwise" resolution with respect to the foliation defined by the levels of J. This consists
as before in solving a family of difference equations parametrized by the leaves space in the
variable ¢ where the domains are slightly modified as explained now. For every complex
number ¢, 0 < |c| < 0, consider S qp5 = {Je,p = ¢} N Saps and ®(Scaps) =
{(2,6) = (cte™¢,€)} where

€€ Doy = {€ € (log 7 +loga) < ROE+ QU () < (log 7 +1owb))
where a determination of the logarithm has been chosen in the sector in which we are
working, namely arg{ € I;. Note also that Q(p~1(£)) = o(£) and consequently the
middle term in the above inequation "behaves" like R(\¢). The remaining part of the proof
then follows mutatis mutandis the same line than before by noticing that the equation

ho FO —h= AQ
can be then rewritten as

(10.16) (€= A) = () = Ac(C)

where ¢ = AL, e(€) = h(e™'e™, §), AclQ) = Ag(c™1e™¢, §).

We are then reduced to solve a family difference equations (the so-called homological
equations) in the "quasi" vertical strip

1 1
Ste = {C € € (g 7 +1oa) < R(C = R(e™(5) < (log 1 +log)

depending analytically on the parameter ¢ and we investigate the existence of an solution
. on the domain St. U St. + A. This can be carried out by resolving equation [9.8| using
the same method (that is, essentially Cauchy formula) replacing accordingly the integra-
tion along the vertical lines L=, L™ by I(¢) = A, B where [({) = R(¢ — R(gp‘l(g))).
One also obtain in a similar way the same kind of estimates imposing the uniqueness of

the solution. This allows by the fixed point method detailed in the previous section to
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solve the conjugation equation under the forms[T0.6/and[I0.7] on the relevant domains and
finally exhibit a conjugacy sectorial transformation solution of [10.5|H = &~ o Hg o ®,
well defined as a section of G over I; and having H as asymptotic expansion. One can
analogously construct conjugacy maps on the others sectors.

10.4. Torsion normal bundle, finite Ueda type. Recall that the elliptic curve is regarded
as the quotient C' = C/Z & 7Z. With the notations of [10.1} let (Up1,m, ; Crmy ,m. ) be the
minimal covering trivializing the normal bundle. That is

(Umi,my s Cmym, ) = (Co x Cy, {y = 0}) /(#7", ¢7'7).

Note that, as an effect of this Z/m; x Z/m, cover, the modulus of the elliptic curve
changes and more precisely Cly,, .., is determined by the lattice (mi, m, 7).
An easy calculus yields

m(g,y) = / (z+mi,y)
(10.17) { o (zyy) = (x+m.7+ foy[(sok,uomT)*wP —wp], @R (Y))

And conjugating by the transformation « : (z,y) — (5, ay), where a = m.%, one
can reduce to the simplest and usual normal formal form

(Uml,mTale,mT) = (CJIJ X (Cya {y = O})/(FlaFT)
Where Fl(l',y) = (il) + 17y)’ F‘f‘(mvy) = (.ﬁ + %IT + hk,u’,P’(y)a<pk,V’(y))7 V/ =z

P'(z) = %In) higw P (y) = foy[go,’g,y,wp/ — wpr]. Note that P’ is uniquely defined up to
the action decribed in[10.2] depending of the choice of a.

If one adopts the presentation in the variable (z,&) this corresponds to the neighbor-
hood labeled identically in the previous paragraph (except that C is replacekd by its cover)
N (5 +R(

which contains the foliation defined by the levels of Ji ,» pr = ze™ €) where

R() = ¢ % + % log{ and A" = 2im =7 and whose presentation as a quo-
tient is given by (C: x C¢,{¢ = oo})/(Fk, p/) where Fy,,» pr = exp X, pr and
= ﬁ (—50% +2imzP' (&) 6%) +)\’z%. This gives a description of the (deleted)
neighborhood of the elliptic curve and the (deleted) neighborhood of 4k rational curves of
zero type. In order to recover the structure of the original neighborhood (U, C'), we have
to determine the identifications induced by the deck transformation group of order m of
the finite cover generated by ¢1 and ¢, in the (x,y) coordinates, which acts by "sectorial
permutation”. There are explicitely given in the (z, ) coordinates by the group generated

by (z,&) — (6%'? z,a1€) and (z,€) — exp % At the level of the neighborhood

of rational curves, these symmetries act on the collection of 4% single neighborhood by
permutations and we eventually end up with a neighborhood of 4k’ rational curves of zero

type.

X,

11. SL3(Z) ACTION

One could retrieve an analogue description of the analytic moduli space starting from
another symplectic parametrisation, changing accordingly the sectorial domain. As itis not
fundamental for our purpose, we just indicate heuristically and without entering into more
details the effects of this transformation in terms of neighborhood of four lines on some

. . . . 0 1 .
examples. The most simple one is associated to the matrix M; = (1 O) asssociated to

the biholomorphism ¢, (X,Y) = (Y, X). In this case, if one starts from a configuration
V., the corresponding picture for the reparametrization @7, o II (given in Section 2??



44 F. LORAY, F. TOUZET, AND S. M. VORONIN

consists in permuting the glueing cocycle by ¢y, . Indeed, as one can easily check, the
original cocycle (¢; i+1) € 174 is transformed into (v; ;11), where 41 = @ar, © 1.4 ©
11
0 1
due to the birational nature of ¢js/. The neighborhood V,, is modified to give rise to a
new neighborhood W of four lines of zero self-intersection F1, Ly, E5, L4 by blowing-up-
contraction according to the process described in Fig. 2. Those neighborhood are hence
bimeromorphically equivalent but not analytically in general. Following Savelev [21], the
neighborhood of each individual line L is a product L x (C, 0). Consequently, the analytic
structure of W is encoded in glueing cocycles <p;77; 1 defined by germs of biholomorphisms
at p; ;+1.In fact, there is no obvious way to express all these cocycles (corresponding to
the M’ parametrization) in terms of ¢, ;41. This explain below where we detail more
thoroughly this construction.

The corresponding reparametrization is defined by ¢/ (X,Y) = (XY)Y) =
(ze=N€, ze=¢) where X' = 2im(r — 1). In particular,Z < arg A < arg \' < 3. So, the
role which was played by the intervals I;;, I; in is played here by I/, I! whith corre-
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@, 1, The reparametrization associated to the matrix M’ = is more intricate,

sponding labels. More explicitely, I] = I; fori = 1,3, I,' =] — arg(\), 2F — arg X[,
I} =]3F —arg(N), 3 —arg X'[and I]; = I;’NI}. By assumption, there exists F" a biholo-
morphism of (U, C) and h; € G'(I;), h, € G'(I) with h; = h!, independant of i such
that ' = h;o Fyoh;, ' = hloFyo h;fl. This implies that in restriction to J; := ;U1 ,,
one can write h}, = h; o g; where g; € G*®[Fp](J;). Note that for i = 1, 3, one can choose
g; = Id. Set h; ;41 = h; o hivi b hi iy = hjo th_l. Those are cocycles associated
repectively to the "trivial" parametrization ¢4 and to ¢,s/. They are both related through

the equality

i1 =0i ohiit10gin
which holds on the intersections I; ;41 N I ; ;. Let V,, V,,s the respective neighboroods
of the cycle of four line associated to these parametrizations. According to Fig.??, one
pass to V,, to V; by first blowing-up pq o and then contracting L; and L3. Consider the
corresponding cocycles, also denoted by ¢, ¢’ at the level of the blow-up manifold and let
G; the local transformation induced by g;. We have represented their domain of definition
on the picture below (Fig[2).

We may have in mind that each transformation preserves normal crossing whenever
defined and are tangent to identity at the intersection points. Conversely, these picture can
be helpful to recover the cocycle ¢’ from . Indeed, the neighborhood of L; U Lo (these
curves being considered as —1 rational curves) is analytically rigid. This is for instance
due to the fact that the contraction of L, gives rise to a O-type neighborhood of L4 which is
isomorphic to P* x (C, 0). This rigidity allows to claim the existence of ¢4 and G4 such
that ¢} ; = Gy lo 4.1 (adjusting if necessary by the automorphism group of P! x (C, 0)
to impose the prescribed behavior at normal crossings). One can exhibit similarly cp’27 3 and
Go such that 3 3 = Gy lo pa,3. Hence ) 5 = p120Gy and ¢y 4 = @34 0 Gy are
automatically defined on the right domains.

Note that by combining these "elementary" operations associated to M; and M’, one
can recover geometrically the corresponding analytic class (in terms of neighborhood of
four lines) for any symplectic parametrization.

We thus inherit in this way from an action of GL(2,Z) on Zj{;. For this action, Ev-
ery g belonging to the stabilizer of V,, gives rise to a bimeromorphic transformation p(g)
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FIGURE 2. Base change M’

of V., uniquely defined modulo the group Z(¢). We will denote by Bir(V,) the group
generated by the p(g)’s g € Stab(V,) and Z(p). It is isomorphic to a subgroup of

Bir(Vig) = Isog(V) x GL(2,Z) (where Id is the trivial cocycle). Moreover Z(¢y) is a
normal subgroup in it and the quotient Bir(V,,)/Z(¢) is isomorphic to Stab(V,,). It seems
difficult to describe the possible values of Bir(V,). It is very likely that this group is trivial
in general.
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