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Abstract: This paper presents a comprehensive theoretical study of the magnetic-tunable near-field radiative 

heat transfer (NFRHT) between two twisted graphene gratings. As a result of the quantum Hall regime of 

magneto-optical graphene and the grating effect, three types of graphene surface plasmon polaritons (SPPs) 

modes are observed in the system: near-zero modes, high-frequency hyperbolic modes, and elliptic modes. The 

elliptic SPPs modes, which are caused by the combined effect of magnetic field and grating, are observed in the 

graphene grating system for the first time. In addition, the near-zero modes can be greatly enhanced by the 

combined effect grating and magnetic field, rendering graphene devices promising for thermal communication at 

ultra-low frequency. In particular, the near-zero modes result in a unique enhancement region of heat transfer, no 

matter for any twisted angle between gratings. The combined effect of grating and magnetic field is investigated 

simultaneously. By changing the strength of magnetic field, the positions and intensities of the modes can be 

modulated, and hence the NFRHT can be tuned accordingly, no matter for parallel or twisted graphene gratings. 

The magnetic field endows the grating action (graphene filling factors and twisted angles) with a higher 

modulation ability to modulate the NFRHT compared with zero-field. Moreover, the modulation ability of twist 

can be tuned by the magnetic field at different twisted angles. In sum, the combined effect of magnetic field and 

grating provides a tunable way to realize the energy modulation or multi-frequency thermal communications 

related to graphene devices. 



 

 

I. INTRODUCTION 

Near-field radiative heat transfer (NFRHT), first proposed by Rytov [1] and formalized by Polder and Van 

Hove [2], can exceed Planck’s blackbody limit by several orders of magnitude in nanoscale separation distance. In 

recent years, rapid progress has been achieved in nanoscale thermal radiation [3-14]. Graphene, a monolayer sheet 

of carbon atoms, exhibits intriguing electronic properties that arise from its massless Dirac dispersion of electrons. 

Owing to its unusual physical characteristics, graphene is a promising candidate for fundamental research and new 

applications [15-17].  

Graphene surface plasmon polaritons (SPPs) can be excited in the near-field regime to transport energy in 

photonic channels [18]. In recent years, several theoretic studies on NFRHT concerning graphene have emerged. 

The near-field radiative heat transfer has been investigated between two suspended graphene sheets [19, 20], two 

graphene sheets patterned in ribbon arrays [21], graphene disks [22-25] and multilayer graphene systems [26-32]. 

Given its excellent modulating performance and strongly confined SPPs, graphene can greatly enhance and tune 

NFRHT when it is coated on dielectric materials [33-35] either in parallel-plate configurations [18, 26, 36-41] or 

grating geometry [42-48]. Moreover, graphene can enhance NFRHT for materials with nonmatching surface 

excitations [49]. Covering the cell of the near-field thermophotovoltaic system with a graphene monolayer 

enhances performance of the device [27, 36, 50-52]. However, existing research on modulating NFRHT with 

graphene is based on tuning the chemical potential of graphene by electronic method or doping. 

In consideration of the magneto-optical characteristics of semiconductors, such as InSb, an external magnetic 

field is applied to modulate the NFRHT of magneto-optical nanoparticles [53-56] and plates [57, 58]. The unique 

phenomena caused by magnetic field are mainly attributed to the anisotropic permittivity of InSb. In addition, 

applying an external magnetic field perpendicularly to graphene induces some unique phenomena, such as 

quantum Faraday effects and Kerr effects [59, 60] because of the magneto-optical conductivities of graphene 

[61-63]. In particular, the magnetic field modulates the NFRHT between two suspended graphene sheets[64, 65]. 

Shubnikov–de Haas-like oscillations have been observed in the spectral heat flux caused by the intraband or 

interband transitions between various Landau levels (LLs). For a strong magnetic field, an additional band with 

the resonant peak appearing at near-zero frequency exists, which has never been found in graphene systems at 

such a low frequency before.  

The surface characteristics of objects can be anisotropic when they are patterned into metasurfaces or 

gratings. In the near-field regime, the heat transfer can be modulated in a mechanical method by changing the 



 

 

twisted angle between the optical axes of the two anisotropic surfaces [66-70]. Considering this phenomenon, we 

combine the effects of twist and magnetic field in the present study to modulate the NFRHT between two 

graphene gratings. The paper is structured as follows. In Section II, the anisotropic magneto-optical conductivity 

of graphene gratings, reflection coefficients and energy transmission coefficients are introduced. In Section III, 

the NFRHT between two parallel gratings in the presence of a magnetic field is investigated. The effects of 

graphene filling factor and magnetic field on NFRHT are investigated. Then, in the absence of a magnetic field, 

the effect of twist on NFRHT is studied for different graphene filling factors. In Section IV, the combined effect 

of grating and magnetic field is studied simultaneously. Finally, in Section V, we provide conclusive remarks. 

II. PHYSICAL SYSTEM 

A. NEAR-FIELD RADIATIVE HEAT TRANSFER 

 

Fig. 1 

 

To explore the physical mechanism of heat transfer in graphene system, suspended graphene sheets [19, 28, 

30], gratings [21, 47] and nanodisks [23, 71, 72] are considered as ideal systems to avoid the influence of other 

objects. The essential mechanism discovered in suspended graphene systems paves a way for improving the 

performance of realistic systems which are coated with graphene sheets or gratings. Moreover, the grating system 

owns another two manners to modulate the heat transfer, which are the orientation of the gratings and filling 

factors of graphene. Therefore, in the present work, we consider a system composed of two parallel graphene 

gratings separated by a vacuum gap with separation distance d. The two graphene gratings are composed of arrays 

of graphene strips with the periodicity L and the strip widths Lg, as illustrated in Fig. 1. The temperatures of the 

two gratings are denoted as T1 and T2. The two gratings are twisted, and the twisted angle  is represented by the 

main axes of the two gratings, which are labeled with blue and red dashed lines. An external magnetic field B is 

applied perpendicularly to the graphene gratings. The net radiative heat flux between two graphene sheets is given 

by 
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where ћ is Planck’s constant divided by 2  and n1,2()=n1()-n2() denotes the difference between the two mean 

photon occupation numbers  
1

1/2 B 1/2( ) exp( / ) 1n k T 
−

= − .  is the component of the wave vector parallel to the 

interface. () is the energy transmission coefficient, which reads [67, 70, 73] 
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where 0=/c is the wave vector in vacuum, 2 2
z 0  = −  is the normal component of the wave vector in 

vacuum. ( )z
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=D I R R  is the Fabry-Perot-like denominator matrix and Rj (j=1, 2) is the reflection 

coefficient matrix for the j-th graphene grating, with the form 
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where the superscripts s and p represent the polarizations of transverse electric and transverse magnetic modes, 

respectively. The reflection coefficientss of graphene sheets coated on an isotropic substrate are given by [64, 65, 

74] 
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where ( )a 0 z, z/ /xx i i     = + , b 0 0/ xy   = , ( )c 0 z, z/yy i    = +  and d 0 0/ yx   = . 0 

and 0 are the permittivity and permeability of vacuum, respectively. 2 2
z, 0i i   = −  is the normal component 

of the wave vector in the substrate with the relative permittivity i. The conductivities xx, yy, xy, and yx are 

introduced in the following part. 

B. MAGNETO-OPTICAL CONDUCTIVITY OF GRAPHENE GRATINGS 

When a magnetic field is applied perpendicularly to graphene, the response of graphene electrons to the 

external magnetic field displays a characteristic optical quantum Hall effect [61, 75]. The conductivity of graphene 

becomes a tensor with nonzero values for diagonal and off-diagonal components, given by  
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where L  and H  represent the longitudinal and Hall conductivities, respectively. Within the Dirac-cone 

approximation [76], the magneto-optical conductivity of graphene assumes the simple form in the random phase 

approximation [75, 77] 
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where gs(v)=2 is the spin (valley) degeneracy factor of graphene, e is the charge of an electron, and h is Planck’s 

constant. 
( )/

( ) 1 / 1 n BE k T
F nn E e

− = +
 

 stands for the Fermi distribution function, kB is the Boltzmann constant, 

and   and T are the chemical potential and temperature of graphene, respectively. Throughout this paper, T is 

fixed at 300 K unless otherwise noted. ( )nm   is the LL broadening, taken as 6.8meV in this paper [78]. 

With the application of an external magnetic field, electrons acquire considerable cyclotronic energies via the 

Lorentz force. The continuum Dirac energy spectrum evolves into degenerated LLs with the energies of n-th LL 

given by 

 sign( )( / ) 2n F BE n v l n=   (8) 

where 610 m/sFv   is the Fermi velocity of the carriers in graphene, /Bl eB=  is the magnetic length, and B 

is the intensity of the magnetic field. nm n mE E = −  is the LL energy transition (m, n= 0, ±1, ±2, . . .are the LL 

indices). The matrix elements in Eq. (7) are given by 
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where  is the Kronecker symbol. 

To demonstrate the quantum regime of the magneto-optical conductivity clearly, we show the schematic of 

the electronic transitions of graphene for =0, 0.2, 0.3 eV with a magnetic field B=10 T (E1≈0.11 eV) in Figs. 

2(a)-2(c), respectively. The figures show that the band structure of graphene is composed of two Dirac cones. The 

magnitudes of energy for different LLs can be regarded as the sizes of different plates in the Dirac cones. The 

number of last occupied LLs is denoted as NF=int[( /E1)2], which yields the number of occupied 

electron-degenerate LLs. In view of Eq. (8), NF undoubtedly increases as the chemical potential of graphene. The 



 

 

electronic transitions have two types: (i) intraband transitions limited to adjacent LLs (NF to NF+1) within the 

positive cone; and (ii) interband transitions, connecting LLs from the negative cone with LLs in the positive cone. 

The allowed interband and intraband transitions are represented with the vertical arrows in blue and crooked 

arrows in red, respectively. As shown in Fig. 2(a), the state at n=0 falls at the apex of the Dirac cones, where 

positive and negative energy cones meet. The transition involving zero-energy from n=0 to n=1 LLs in Fig. 2(a) is 

the only transition that cannot be definitely designated as inter or intraband transition. In this study, it is denoted 

as an interband-like transition for simplicity.  

In consideration that the magneto-optical conductivity of graphene is mainly determined by the longitudinal 

part, the real and imaginary parts of longitudinal conductivity are plotted for B=10 T, with red and blue solid 

curves in Figs. 2(d)-2(f). L is plotted as a function of E/E1, with E =
 
and 

1 2 /F BE v l= . The three panels 

are for =0, 0.2, 0.3 eV, corresponding to Figs. 2(a)-2(c). Intraband transition with an energy difference of 

intra 1F FN NE E+ = − dominates at low frequency where most of the spectral weight is centered around 

( ) ( )1 1/ 1 /
F FN N F FE E N N E += − = + −  (green dashed line in Fig. 2(e)). Interband transitions with an 

energy difference of ( )inter 1n n FE E n N+ = +   have a series of peaks at frequency 

( ) ( )1 1/ 1 /n nE E n n E += + = + −  (blue dashed lines) beyond the interband threshold 12 FE N E=  

(violet dashed lines in Figs. 2(e) and (f)). A series of absorption peaks demonstrating the maxima of the real part and 

0 for the imaginary part at high frequencies is observed. 

In view of Eq. (8) and the definitive formula of NF, NF decreases as the magnetic field B increases. As a 

result, no intraband transitions can occur at a low electronic density or strong magnetic field (large E1), i.e., =0 

eV<E1≈0.11 eV. The magneto-optical conductivity is completely determined by the interband transitions. For a 

high electronic density of =0.2 eV between E3 and E4 as shown in Fig. 2(e), some low-frequency interband 

transitions vanish and intraband transitions emerge. For a higher electronic density of =0.3 eV as shown in Fig. 

2(f), the interband threshold is so large that interband transitions decay greatly. In this case, intraband transitions 

dominate the magneto-optical conductivity of graphene. In sum, the response of graphene electrons to the external 

magnetic field has two regimes: (i) the semiclassical limit, for low magnetic field and/or high electronic density; 

and (ii) the quantum Hall regime, for strong magnetic field and/or low electronic density. 

 



 

 

 

Fig. 2 

 

For two twisted graphene gratings, the conductivity tensor should be modified by the effective conductivity 

[79]  
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where the effective conductivities along (∥) and across (⊥) the main axis, and effective Hall conductivity eff
H  

are given by [79] 
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where fg=Lg/L is the graphene filling factor, and fc=1-fg is the filling factor of the free space between adjacent 

strips. c
c 0 eff2 ln csc

2

fL
i


  



  
= −   

    

[80] is an equivalent conductivity associated with the near-field 

coupling between adjacent strips, where eff denotes the relative permittivity of the dielectric medium surrounding 

graphene. For two suspended graphene sheets or gratings, eff equals 1. 

For the strip periodicity L=20 nm and graphene filling factor fg=0.5, the imaginary parts of anisotropic 

optical conductivities for orthogonal directions (∥ and ⊥) are plotted with blue and red lines in Figs. 2(g)-2(i) 

for =0, 0.2, and 0.3 eV, respectively. Only when Im[∥] is positive can graphene SPPs work. For low chemical 

potentials (=0 eV), the magneto-optical conductivity of graphene gratings also reveals the multiband spectrum. 

Moreover, they match well with the frequencies defined by the interband transitions, represented by blue dashed 

lines. No essential changes are observed in the magneto-optical conductivity of graphene gratings, except that 

they convert to anisotropy. However, for larger chemical potentials of =0.2 eV and 0.3 eV when intraband 

transitions dominate, below the interband threshold, the effective conductivities are similar to those of graphene 

gratings in the absence of a magnetic field [21]. The oscillations of Im[∥] at high frequencies above the interband 

threshold imply that the interband transitions are not greatly affected by grating. The phenomenon implies that the 



 

 

magnetic field exerts minimal effect on conductivities when graphene is patterned into gratings for high electronic 

density. In other words, for large chemical potentials, the pattern transformation from sheets to gratings renders 

the magneto-optical conductivity of graphene impossible to exhibit. Therefore, investigating the NFRHT for 

graphene gratings with high chemical potentials is unnecessary. 

III. RESULTS AND DISCUSSION 

To ensure the accuracy of the calculations based on the effective medium theory (EMT), the vacuum gap 

distance d should be several times larger than the strip periodicity. As given by Ref [21], for L=20 nm, the 

EMT predicts the real heat flux well when d ≥ 60 nm. In the following results, the parameters are selected as 

d=60 nm, L=20 nm, T=300 K unless otherwise noted.  j in Eq. (10) denotes the azimuthal angle of the main axis 

for grating j (j=1, 2), which is illustrated in Fig. 1. When the gratings are aligned, the relationship of azimuthal 

angles for the two gratings is 2= -1. If a twisted angle  exists between the two gratings, then  2=- 1+ . In 

view of Eqs. (4)–(5) and (10), integration over azimuthal angles is necessary for the energy transmission 

coefficients because Fresnel’s coefficients and conductivity of graphene gratings depend on  Hence, the energy 

transmission coefficients considering the integration over azimuthal angles are given as 
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In particular, when fg=1, our results match well with those for two magnetic graphene sheets[64, 65]. When 

fg<1, B=0 T and twisted angle =0°, we can obtain the same results as those for graphene gratings in the absence 

of a magnetic field [21]. In the following discussion, the radiative heat transfer coefficient (RHTC) is utilized to 

evaluate the NFRHT between two twisted graphene gratings as  
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A. PARALLEL GRATINGS IN MAGNETIC FIELD 

 

Fig. 3 

 

The effect of magnetic field on heat transfer between two parallel gratings is studied. The RHTCs 

corresponding to different sets of (B,) are given in Fig. 3(a) for parallel gratings with graphene filling factor 

fg=0.5. The results reveal notable differences for different chemical potentials of graphene. The maximum RHTC 



 

 

is reached around =0.15–0.2 eV, and its trend varies with magnetic field at different . The modulation factor of 

magnetic fields  is defined as   (B)=(h(B,)-h(0,))/h(0,) to demonstrate the modulation effect of magnetic field 

on heat transfer quantitatively. The results of  (B) for different chemical potentials are given in Fig. 3(b). The 

magnitude of  (B) can reflect the changes in RHTC in the presence of a magnetic field, which is viewed as the 

modulation ability of the magnetic field. The gradients of the  (B) curves at different B values are regarded as the 

modulation speed for the specific magnetic field. The first glimpse of the  (B) results reveals the general trend 

that the modulation ability of the magnetic field is weakened as the chemical potentials increase. For  =0–0.04 

eV, the heat transfer is greatly weakened due to the presence of a magnetic field.  (B) monotonically decreases as 

the magnetic field when   is 0 eV and 0.01 eV. Moreover, the modulation speed of the magnetic field decays as B 

increases.  (B) has a much lower magnitude at =0.1, 0.2, 0.3 eV than at lower chemical potentials. The 

magnetic field has almost no effect on RHTC when  =0.3 eV. This result is mainly attributed to the failure of the 

magnetic field to lead to the magneto-optical conductivity for graphene gratings, as observed in Fig. 2. The above 

results indicate that the modulation effect of magnetic field has different levels and trends corresponding to 

different . The heat transfer can be greatly influenced by the magnetic field when the chemical potentials of 

graphene are low, especially for B=0–5 T. For this reason, our research results are mainly focused on the low 

chemical potentials of graphene =0.01 eV. 

 

Fig. 4 

 

The contours of energy transmission coefficients for different B are given in Fig. 4(a) to explain the 

modulation effect of magnetic field. For zero-field in Fig. 4(a-1), the energy transmission coefficients occupy a 

whole - area, which is similar to that of two suspended graphene sheets. Then, they are converted to two 

separated parts when a magnetic field is applied. In fact, energy transmission coefficients split into multiband 

spectra in higher frequency. However, they are so weak that we do not demonstrate them here. As B increases, the 

low-frequency modes gradually decay to a narrow band, and they are given in separate panels in Figs. 4(a-4)-(a-6). 

To demonstrate the trend of high-frequency and low-frequency modes clearly, the spectral RHTCs for B=5, 10, 15 

T are given in Fig. 4(b). When B is higher than 5 T, the low-frequency modes become near-zero modes, as 

demonstrated in magnetic graphene sheets [65]. The near-zero modes gradually become stronger and the band 



 

 

becomes wider as B increases. Instead, the high-frequency modes gradually attenuate and show a blue shift at the 

same time. The two completely different trends of near-zero modes and high-frequency modes result in the 

slowdown of modulation speed for magnetic field, which is observed in Fig. 3(b) for strong magnetic field. Fig. 

4(c) shows a plot of the imaginary part of effective conductivities along the main axis
 
Im[∥] to explain the 

existence of near-zero modes and the blue shift of high-frequency modes. Im[⊥] remains negative in the whole 

frequency regime of interest for different B; thus, it is not given in the plot. Only when Im[∥] and Im[⊥] are 

positive and negative, respectively, can hyperbolic graphene SPPs work. As shown in Fig. 4(c), the zero points for 

B=5, 10, 15 T are marked with dashed lines together with arrows and are added to the energy transmission 

coefficient contour. The blue shift can be explained by the trend of Im[∥]
 
with respect to increasing B. The inset 

in Fig. 4(c) denotes the local enlarged drawing of Im[∥]
 
near-zero frequency. It demonstrates that Im[∥] is 

positive in a narrow band near zero-frequency for larger B. The unique trend of near-zero modes observed in Fig. 

4(b) can be well explained by the positive Im[∥] at low frequency. 

 

Fig. 5 

 

For two parallel gratings, the graphene filling factor greatly influences heat transfer. To study the effect of 

the graphene filling factor fg together with the magnetic field B, we provide the RHTCs corresponding to different 

sets of (B, fg) in Fig. 5(a). For different fg, the RHTC decreases with increasing B and the modulation speed of 

magnetic field is larger for the weak fields, which is observed in Fig. 3(b). In the presence of a weak magnetic 

field, the maximum RHTC is reached when fg=1, which means graphene sheets. To demonstrate the effect of fg 

clearly, we plot  (fg)=(h(B, fg)-h(B,1))/h(B,1), defined as the the modulation factor of graphene filling factor, as a 

function of fg for different B in Fig. 5(b). The results show clearly that the magnetic field can tune the effect of 

graphene filling factor on modulating NFRHT. For zero-field,  (fg) ranges from -0.7 to 0, but it has a wider range 

when a magnetic field is applied. The modulation range increases by nearly 30% when B increases from 0 to 5 T. 

The larger modulation range results from a higher modulation ability for heat transfer when the magnetic field and 

grating effects both work. As shown in Fig. 5(b-1), in the presence of a weak magnetic field, the modulation effect 

of fg is greater for larger B at low fg (0–0.9). Nevertheless, for large fg (0.9–1), the  (fg) curves for different B are 

nearly in coincidence. It means that the grating effect dominates the heat transfer and that the effect of magnetic 



 

 

field loses efficacy when graphene strips greatly occupy the grating configuration. In Fig. 5(b-2), for strong 

magnetic fields B=5–15 T, the  (fg) curves have different trends with growing B, when the effect of the magnetic 

field is greater than that of the weak magnetic field. As B increases, the modulation speed of fg increases at low fg 

(0.1–0.6) and is nearly unchanged at large fg (0.6–0.8). Interestingly,  (fg) non-monotonically increases with fg, 

especially in the presence of a strong magnetic field (10–15 T) at large fg (0.8–1). The unexpected enhancement 

caused by grating action is observed in the magnetic graphene system for the first time. The inset in Fig. 5(b-2) 

shows the detailed view of the unique phenomenon. The maximum enhancement exists at around fg=0.9 for B=15 

T and the enhancement gradually vanishes when B is lower than 10 T. The unique phenomenon is caused by the 

combined effect of magnetic field and grating, and the physical mechanism is discussed in the following part in 

detail. 

 

Fig. 6 

 

The spectral results for different fg with B =15 T are given in Fig. 6(a) to explore the physical mechanism of the 

grating effect. When graphene sheets are patterned into strips, the near-zero peak greatly increases and the band 

becomes wider as fg decreases. Moreover, the high-frequency peak is converted into two parts, and they have 

different trends with fg. To intuitively explain the two modes, we plot the imaginary parts of anisotropic optical 

conductivities for orthogonal directions in Fig. 6(b). Only when Im[∥] is positive can graphene SPPs work, 

which is denoted by the red vertical line. Hyperbolic and elliptic modes come into play when Im[⊥] is negative 

and positive, respectively. The bands of hyperbolic and elliptic modes are labeled with vertical lines in Fig. 6(b). 

On the right side of the red vertical line, the dividing point between hyperbolic and elliptic modes are denoted 

with the blue and violet vertical lines for fg=0.9 and 0.8, respectively. As fg decreases, the position of the dividing 

point shows a blue shift and Im[⊥] for the elliptic modes is very close to zero when fg=0.6. According to the 

above phenomenon, the two parts observed in Fig. 6(a) are hyperbolic and elliptic graphene SPPs modes. The 

contours of energy transmission coefficients for different fg are given in Fig. 6(c) to verify the two modes. The 

contours match with the change trend of spectral RHTCs. Using the relationships ( ) ( ), , , ,x y       = , 

cosx  = , and siny  = , we provide the anisotropic energy transmission coefficients for the specific 

frequencies in panels (i)–(iii). The dispersion relations are represented with red dashed lines, which are calculated 



 

 

by zeroing the denominator of Eq. (5). The frequencies of panels (i)–(iii) are indicated with dashed lines in Figs. 

6(c-1) and (c-2). For fg=1, which means graphene sheets (Im[⊥]
 
and

 
Im[∥] are in coincidence in Fig. 6(b)), the 

energy transmission coefficients are isotropic in panel (i). Panels (ii) and (iii) verify that the low-frequency and 

high-frequency modes are hyperbolic and elliptic graphene SPPs modes, respectively. Elliptic SPPs modes are 

observed in the graphene grating system for the first time, which is caused by magnetic field and grating 

simultaneously. Moreover, according to Figs. 6(a) and 6(c), as fg decreases, the hyperbolic modes gradually 

enlarge and the peak position is nearly unchanged, whereas the elliptic modes dramatically weaken and show a 

blue shift. When fg=0.6, the elliptic modes almost vanish. The attenuation and blue shift of the elliptic modes are 

attributed to the positive–negative transition and the zero point of Im[∥]
 
observed in Fig. 6(b), respectively. The 

unexpected enhancement observed in Fig. 5(b) can be well explained by the great enhancement of near-zero 

modes. When fg is lower than 0.6, the near-zero modes and high-frequency hyperbolic modes both decay as fg 

decreases, which results in the monotonic trend of  (fg) in Fig. 5(b). 

B. TWISTED GRATINGS WITHOUT MAGNETIC FIELD 

 

Fig. 7 

 

In this section, the effect of graphene filling factors and twisted angles between two graphene gratings on heat 

transfer is investigated in the absence of a magnetic field. The RHTCs corresponding to different sets of ( , fg) are 

given in Fig. 7(a). The results reveal a strictly monotonic decreasing of RHTCs as  is increased from 0° to 90°, 

which is mainly attributed to the symmetry breaking caused by the twisting effect of gratings. The similar 

attenuation of heat transfer caused by twist has been observed in other NFRHT systems [64-66, 68, 69], and they 

are all explained by the breaking of symmetry between two anisotropic surfaces. For larger fg, the modulation 

effect of   decreases and reduces to zero when the gratings convert into sheets ( fg=1). When fg is less than 1, the 

reflection characteristics of the two gratings are anisotropic. Hence, the heat transfer is greatly dependent on the 

matching degree of the two interfaces, which is dependent on the twisted angle . As a result, twist action can 

largely reduce the heat transfer between the two graphene gratings. For large graphene filling factors, which 

means the grating configuration is mostly occupied by graphene strips, the anisotropy of graphene conductivity is 

so weak that the matching degree of the two interfaces is weakly influenced by the twisted angle. In Fig. 7(b), 

RHTC modulation factors of graphene filling factor  (fg)=(h(fg, )-h(1,))/h(1,) are given for different twisted 



 

 

angles. When the two graphene gratings are parallel (=0°),  (fg) ranges from -0.75 to 0. When the graphene 

gratings are twisted (≠0°), the modulation range of  (fg) increases as the twisted angle   increases. At different 

fg, the modulation ability of fg is always greater for larger , which means the twist action can contribute to the 

modulation ability of fg. However, the modulation speed of fg is lower at low fg (0.1–0.8) and higher at high fg 

(0.8–1) with increasing . In the absence of a magnetic field, the modulation ability of fg is very weak, the  (fg) is 

nearly unchanged, especially at low fg (0.1–0.6). 

 

Fig. 8 

 

According to the conductivity for B=0 T in Fig. 4(c), the graphene SPPs modes are hyperbolic in the absence 

of a magnetic field when graphene is patterned into gratings. Spectral RHTC and anisotropic energy transmission 

coefficients for different  with fg=0.5 are given in Fig. 8 to reveal the underlying mechanism of the attenuation 

caused by twist. The spectral RHTC obviously reveals that the radiative heat transfer becomes weaker as the 

twisted angle increases. Although the peak of spectral RHTC slightly increases for large  (75°, 90°), it is 

decreasing in most part of the spectrum and the total heat transfer is reducing. In Fig. 8(b), the red and green 

dashed lines denote the dispersion relations of the two graphene gratings. Clearly, they are in coincidence for =0°, 

which means the reflection characteristics of the two gratings are in good agreement. The contours show that the 

anisotropic energy transmission coefficients reach the maximum where the two dispersion relation curves 

intersect. The mismatch between the two dispersion relation curves of the two gratings increases as the twisted 

angle increases. Hence, the anisotropic energy transmission coefficients gradually decay and then the heat transfer 

is undoubtedly weakened. 

C. COMBINED EFFECT OF MAGNETIC FIELD AND GRATING 

 

Fig. 9 

 

In this section, the effects of magnetic field and grating are investigated simultaneously to reveal their 

combined effect. Fig. 9 has the same form as Fig. 7, whereas the magnetic field is applied to the graphene gratings 

this time and B=15 T. Comparing the results of RHTCs in Figs. 7(a) and 9(a), magnetic field endows the grating 

action ( and fg) with a higher modulation ability to modulate the NFRHT. Moreover, a unique enhancement 



 

 

region caused by grating is observed and denoted with dashed-yellow line in the figure. The region indicates that 

the NFRHT between graphene gratings can be larger than that of graphene sheets (fg=1) at different twisted angles 

as a result of magnetic field. Moreover, the enhancement region of fg shrinks with increasing twisted angle. To 

demonstrate the modulation effect of grating in detail, we plot the  (fg) curves in Fig. 9(b) for different twisted 

angles. Similar to the results in the absence of magnetic field, the twist action results in a higher modulation range 

of graphene filling factors. Compared with the results in Fig. 7(b), the twisted angle has a greater influence on fg 

to modulate the NFRHT when a magnetic field is applied. The modulation speed of fg is much larger than that in 

zero field, especially at low fg (0.1–0.6). The unique enhancement region in Fig. 9(a) is illustrated with the inset in 

Fig. 9(b) and the shrinking effect caused by twist can be clearly observed. As explained in Fig. 6, the unique 

enhancement is mainly attributed to the great increasing of the near-zero modes, which are caused by the 

combined effect of magnetic field and grating. When the two gratings are twisted, the mismatch between the 

reflection characteristics weakens the effect of the near-zero modes. However, the enhancement region exists for 

different twisted angles. It is worth mentioning that for two parallel graphene gratings, when the graphene strips 

occupy more than 60% of the grating configuration, the NFRHT is basically equal to or larger than that of two 

graphene sheets. 

 

Fig. 10 

 

In Fig. 10, the detailed results considering magnetic field and twist are given. For fg=0.9, the RHTCs 

corresponding to different sets of (B,  ) are given in Fig. 10(a-1). The magnetic field has great effect on NFRHT 

when the gratings are twisted and the RHTCs decay with increasing B. To demonstrate the effect of twist clearly, 

we plot the modulation factors of twisted angle  ( )=(h(B,  )-h(B,  ))/h(B, ) for different magnetic fields in 

Fig. 10(a-2). The results reveal an obvious difference in  ( ) curves between zero-field and non-zero-field, 

which is caused by their different modes. When graphene strips greatly occupy the grating configuration, fg=0.9, 

the near-zero modes, high-frequency hyperbolic and elliptic modes all exist, which are well demonstrated in Fig. 6. 

Moreover, the near-zero modes and high-frequency elliptic modes dominate the NFRHT. However, only 

hyperbolic modes exist for graphene gratings in the absence of magnetic fields, hence the twist action has little 

modulation effect on NFRHT, which can be clearly found in Fig. 7(a) for large fg. In the presence of magnetic 

fields, the  ( ) curves differ from each other at different  , and the modulation ability at different  is greater 



 

 

for larger B, which means that the modulation ability of twist can be tuned by the magnetic field at different 

twisted angles. The modulation ability of twist to tune the NFRHT can be greatly enhanced by the magnetic field, 

and the modulation range of twist angle nearly doubles when the magnetic field B=15 T is applied. To explain the 

attenuation trend caused by twist in the presence of a magnetic field, we provide the anisotropic energy 

transmission coefficients in Figs. 10(b) and 10(c) for different  with  fg=0.9 and B=15 T. The frequencies of the 

first and second columns are respectively 0.005 eV /  and 0.18 eV / , which are the frequencies of the two 

peaks for the near-zero modes and high-frequency elliptic modes. The red and green dashed curves denote the 

dispersion relations for the upper and bottom graphene gratings, respectively. The energy transmission 

coefficients achieve the maximum near the intersections of the two curves. As a result, for =0°, energy 

transmission coefficients are the largest because the dispersion relations are a perfect match. When  is larger than 

0°, the mismatch between the two dispersion relations increases and the energy transmission coefficients decrease 

accordingly. In comparison with the results of zero-field, the greater modulation abilities of twist in the presence 

of magnetic field are mainly caused by the simultaneous attenuation of the near-zero modes, high-frequency 

hyperbolic modes, and elliptic modes. The above results clearly confirm that the twist action and magnetic fields 

can jointly contribute to tune the NFRHT in graphene grating system. 

IV. CONCLUSION 

We have systematically studied the NFRHT between two twisted graphene gratings based on the quantum 

Hall regime of magneto-optical graphene. For large chemical potentials, the pattern transformation from sheets to 

gratings weakens the magneto-optical characteristics of graphene. As a result, the NFRHT between graphene 

gratings can be greatly influenced by magnetic field only with low electronic density, which reveals the quantum 

Hall regime. Three graphene SPPs modes are observed in the system: near-zero modes, high-frequency hyperbolic 

modes, and elliptic modes. However, only hyperbolic modes work in the graphene grating system without a 

magnetic field. It is worth mentioning that elliptic SPPs modes are observed in the graphene grating system for the 

first time, which is caused by the combined effect of magnetic field and grating.  

Analysis of the effects of magnetic field, twisted angle, and graphene filling factor on the NFRHT reveals 

some unique phenomena. The following conclusions are obtained. (i) The magnetic field has great modulation 

effect on the NFRHT, no matter for parallel or twisted graphene gratings. By changing the strength of magnetic 

field, the positions and intensities of the modes can be modulated, and hence the NFRHT can be tuned 

accordingly. (ii) The near-zero modes can be greatly enhanced by the combined effect of grating and magnetic 



 

 

field, rendering magnetic graphene a promising candidate for the thermal communication at ultra-low frequency. 

Interestingly, the existence of the near-zero modes results in a unique enhancement of heat transfer for strong 

magnetic field and large graphene filling factors, no matter for any twisted angle. It is worth mentioning that the 

unique enhancement caused by modes at such ultra-low frequency has never been observed in graphene system 

before. (iii) The magnetic field endows the grating action (graphene filling factors and twisted angles) with a 

higher modulation ability to modulate the NFRHT compared with zero-field. Moreover, the modulation ability of 

twist can be tuned by the magnetic field at different twisted angles. The combined effect of magnetic field and 

grating provides graphene devices with a tunable way to realize energy modulation and multi-frequency thermal 

communications. 

Conflict of Interest 

The authors declare no competing financial interest. 

Acknowledgements 

The supports of this work by the National Natural Science Foundation of China (No. 51976044, 51806047) 

are gratefully acknowledged. The authors thank Oleg Kotov and L.X. Ge for fruitful discussions. M. A. 

acknowledges support from the Institute Universitaire de France, Paris, France (UE). 

 



 

 

References 

[1] S. M. Rytov, Theory of Electric Fluctuations and Thermal Radiation, (Air Force Cambridge 

Research Center, Bedford, MA, 1953). 

[2] D. Polder, M. Van Hove, Theory of Radiative Heat Transfer between Closely Spaced Bodies, 

Physical Review B, 4(10) (1971) 3303-3314. 

[3] R. Messina, M. Antezza, Scattering-matrix approach to Casimir-Lifshitz force and heat transfer out 

of thermal equilibrium between arbitrary bodies, Physical Review A, 84(4) (2011). 

[4] R. Messina, A. Noto, B. Guizal, M. Antezza, Radiative heat transfer between metallic gratings using 

Fourier modal method with adaptive spatial resolution, Physical Review B, 95(12) (2017). 

[5] R. Messina, M. Antezza, Three-body radiative heat transfer and Casimir-Lifshitz force out of 

thermal equilibrium for arbitrary bodies, Physical Review A, 89(5) (2014). 

[6] P. Ben-Abdallah, S. A. Biehs, Near-field thermal transistor, Physical review letters, 112(4) (2014) 

044301. 

[7] P. Ben-Abdallah, S.-A. Biehs, Phase-change radiative thermal diode, Applied Physics Letters, 

103(19) (2013) 191907. 

[8] R. Messina, M. Antezza, Casimir-Lifshitz force out of thermal equilibrium and heat transfer 

between arbitrary bodies, EPL (Europhysics Letters), 95(6) (2011) 61002. 

[9] P. Ben-Abdallah, S. A. Biehs, K. Joulain, Many-body radiative heat transfer theory, Physical review 

letters, 107(11) (2011) 114301. 

[10] M. Francoeur, M. P. Mengüç, R. Vaillon, Coexistence of multiple regimes for near-field thermal 

radiation between two layers supporting surface phonon polaritons in the infrared, Physical Review B 

Condensed Matter, 84(7) (2011) 2250-2262. 

[11] S. A. Biehs, E. Rousseau, J. J. Greffet, Mesoscopic Description of Radiative Heat Transfer at the 

Nanoscale, Physical review letters, 105(23) (2010). 

[12] B. X. Wang, C. Y. Zhao, Topological phonon polaritons in one-dimensional non-Hermitian silicon 

carbide nanoparticle chains, Physical Review B, 98(16) (2018). 

[13] B. X. Wang, C. Y. Zhao, Topological photonic states in one-dimensional dimerized ultracold 

atomic chains, 98(2) (2018) 023808-. 

[14] Y. Ren, Hot spot effect of optical nanoantenna to enhance localized photothermal conversion, ES 

Energy & Environment,  (2019). 

[15] T. Low, P. Avouris, Graphene plasmonics for terahertz to mid-infrared applications, Acs Nano, 8(2) 

(2014) 1086. 

[16] F. Rana, Graphene optoelectronics: Plasmons get tuned up, Nature nanotechnology, 6(10) (2011) 

611-612. 

[17] P. Avouris, Graphene: electronic and photonic properties and devices, Nano letters, 10(11) (2010) 

4285-4294. 

[18] X. Liu, R. Z. Zhang, Z. Zhang, Near-Perfect Photon Tunneling by Hybridizing Graphene Plasmons 

and Hyperbolic Modes, ACS Photonics, 1(9) (2014) 785-789. 

[19] O. Ilic, M. Jablan, J. D. Joannopoulos, I. Celanovic, H. Buljan, M. Soljačić, Near-field thermal 

radiation transfer controlled by plasmons in graphene, Physical Review B, 85(15) (2012). 

[20] J.-H. Jiang, J.-S. Wang, Caroli formalism in near-field heat transfer between parallel graphene 

sheets, Physical Review B, 96(15) (2017). 

[21] X. L. Liu, Z. M. Zhang, Giant enhancement of nanoscale thermal radiation based on hyperbolic 

graphene plasmons, Applied Physics Letters, 107(14) (2015) 143114. 



 

 

[22] P. Ben-Abdallah, A. Belarouci, L. Frechette, S. A. Biehs, Heat flux splitter for near-field thermal 

radiation, Applied Physics Letters, 107(5) (2015) 053109. 

[23] F. V. Ramirez, S. Shen, A. J. H. McGaughey, Near-field radiative heat transfer in graphene 

plasmonic nanodisk dimers, Physical Review B, 96(16) (2017). 

[24] F. V. Ramirez, A. J. H. McGaughey, Plasmonic thermal transport in graphene nanodisk 

waveguides, Physical Review B, 96(16) (2017). 

[25] O. Ilic, N. H. Thomas, T. Christensen, M. C. Sherrott, M. Soljacic, A. J. Minnich, O. D. Miller, H. 

A. Atwater, Active Radiative Thermal Switching with Graphene Plasmon Resonators, ACS Nano, 12(3) 

(2018) 2474-2481. 

[26] B. Zhao, B. Guizal, Z. M. Zhang, S. Fan, M. Antezza, Near-field heat transfer between 

graphene/hBN multilayers, Physical Review B, 95(24) (2017). 

[27] M. Lim, S. S. Lee, B. J. Lee, Effects of multilayered graphene on the performance of near-field 

thermophotovoltaic system at longer vacuum gap distances, Journal of Quantitative Spectroscopy and 

Radiative Transfer, 197 (2017) 84-94. 

[28] Y. Zhang, C.-H. Wang, H.-L. Yi, H.-P. Tan, Multiple surface plasmon polaritons mediated 

near-field radiative heat transfer between graphene/vacuum multilayers, Journal of Quantitative 

Spectroscopy and Radiative Transfer, 221 (2018) 138-146. 

[29] C. Abbas, B. Guizal, M. Antezza, Strong Thermal and Electrostatic Manipulation of the Casimir 

Force in Graphene Multilayers, Phys.rev.lett, 118(12) (2017) 126101. 

[30] M.-J. He, H. Qi, Y.-F. Wang, Y.-T. Ren, W.-H. Cai, L.-M. Ruan, Near-field radiative heat transfer 

in multilayered graphene system considering equilibrium temperature distribution, Optics express, 27(16) 

(2019) A953. 

[31] L. Ge, L. Liu, M. Xiao, G. Du, L. Shi, D. Han, C. T. Chan, J. Zi, Topological phase transition and 

interface states in hybrid plasmonic-photonic systems, Journal of Optics, 19(6) (2017) 06LT02. 

[32] L. Ge, L. Wang, M. Xiao, W. Wen, C. T. Chan, D. Han, Topological edge modes in multilayer 

graphene systems, Optics express, 23(17) (2015) 21585-21595. 

[33] A. Kumar, T. Low, K. H. Fung, P. Avouris, N. X. Fang, Tunable Light-Matter Interaction and the 

Role of Hyperbolicity in Graphene-hBN System, Nano letters, 15(5) (2015) 3172-3180. 

[34] R. Messina, J. P. Hugonin, J. J. Greffet, F. o. Marquier, Y. D. Wilde, A. Belarouci, L. Frechette, Y. 

Cordier, P. Benabdallah, Tuning the electromagnetic local density of states in graphene-covered systems via 

strong coupling with graphene plasmons, Physical Review B Condensed Matter, 87(87) (2013) 173-177. 

[35] M.-J. He, H. Qi, Y. Li, Y.-T. Ren, W.-H. Cai, L.-M. Ruan, Graphene-mediated near field 

thermostat based on three-body photon tunneling, International Journal of Heat and Mass Transfer, 137 

(2019) 12-19. 

[36] R. Messina, P. Ben-Abdallah, Graphene-based photovoltaic cells for near-field thermal energy 

conversion, Scientific reports, 3 (2013) 1383. 

[37] V. B. Svetovoy, P. J. van Zwol, J. Chevrier, Plasmon enhanced near-field radiative heat transfer for 

graphene covered dielectrics, Physical Review B, 85(15) (2012). 

[38] Z. Zheng, X. Liu, A. Wang, Y. Xuan, Graphene-assisted near-field radiative thermal rectifier based 

on phase transition of vanadium dioxide (VO 2 ), International Journal of Heat and Mass Transfer, 109 (2017) 

63-72. 

[39] A. I. Volokitin, B. N. J. Persson, Near-field radiative heat transfer between closely spaced 

graphene and amorphous SiO2, Physical Review B, 83(24) (2011). 

[40] M. Lim, S. S. Lee, B. J. Lee, Near-field thermal radiation between graphene-covered doped silicon 

plates, Optics express, 21(19) (2013) 22173. 



 

 

[41] J. Song, Q. Cheng, Near-field radiative heat transfer between graphene and anisotropic 

magneto-dielectric hyperbolic metamaterials, Physical Review B, 94(12) (2016) 125419. 

[42] X. L. Liu, B. Zhao, Z. M. Zhang, Blocking-assisted infrared transmission of subwavelength 

metallic gratings by graphene, Journal of Optics, 17(3) (2015) 035004. 

[43] B. Zhao, J. M. Zhao, Z. M. Zhang, Enhancement of near-infrared absorption in graphene with 

metal gratings, Applied Physics Letters, 105(3) (2014) 031905. 

[44] B. Zhao, Z. M. Zhang, Strong Plasmonic Coupling between Graphene Ribbon Array and Metal 

Gratings, ACS Photonics, 2(11) (2015) 1611-1618. 

[45] X. L. Liu, Z. M. Zhang, Graphene-assisted near-field radiative heat transfer between corrugated 

polar materials, Applied Physics Letters, 104(25) (2014) 251911. 

[46] J. Shen, X. Liu, Y. Xuan, Near-Field Thermal Radiation between Nanostructures of Natural 

Anisotropic Material, Physical Review Applied, 10(3) (2018). 

[47] Y. Zhang, M. Antezza, H. L. Yi, H. P. Tan, Metasurface-mediated anisotropic radiative heat 

transfer between nanoparticles, Phys. Rev. B 100 (2019) 085426. 

[48] J. Song, M. Si, Q. Cheng, Z. Luo, Two-dimensional trilayer grating with a metal/insulator/metal 

structure as a thermophotovoltaic emitter, Appl Opt, 55(6) (2016) 1284-1290. 

[49] P. J. van Zwol, S. Thiele, C. Berger, W. A. de Heer, J. Chevrier, Nanoscale radiative heat flow due 

to surface plasmons in graphene and doped silicon, Physical review letters, 109(26) (2012) 264301. 

[50] M. Lim, S. Jin, S. S. Lee, B. J. Lee, Graphene-assisted Si-InSb thermophotovoltaic system for low 

temperature applications, Optics express, 23(7) (2015) A240-253. 

[51] I. Celanovic, J. D. Joannopoulos, M. Soljačić, M. Jablan, O. Ilic, Overcoming the black body limit 

in plasmonic and graphene near-field thermophotovoltaic systems, Optics express, 20(10) (2012) A366. 

[52] V. B. Svetovoy, G. Palasantzas, Graphene-on-Silicon Near-Field Thermophotovoltaic Cell, 

Physical Review Applied, 2(3) (2014). 

[53] A. Ott, P. Ben-Abdallah, S. A. Biehs, Circular heat and momentum flux radiated by 

magneto-optical nanoparticles, Physical Review B, 97(20) (2018). 

[54] P. Benabdallah, Photon Thermal Hall Effect, Physical review letters, 116(8) (2016) 084301. 

[55] I. Latella, P. Ben-Abdallah, Giant Thermal Magnetoresistance in Plasmonic Structures, Physical 

review letters, 118(17) (2017) 173902. 

[56] R. M. Abraham Ekeroth, P. Ben-Abdallah, J. C. Cuevas, A. García-Martín, Anisotropic Thermal 

Magnetoresistance for an Active Control of Radiative Heat Transfer, ACS Photonics, 5(3) (2018) 705-710. 

[57] E. Moncada-Villa, V. Fernández-Hurtado, F. J. García-Vidal, A. García-Martín, J. C. Cuevas, 

Magnetic field control of near-field radiative heat transfer and the realization of highly tunable hyperbolic 

thermal emitters, Physical Review B, 92(12) (2015). 

[58] A. Ott, R. Messina, P. Ben-Abdallah, S.-A. Biehs, Radiative thermal diode driven by nonreciprocal 

surface waves, Applied Physics Letters, 114(16) (2019). 

[59] W.-K. Tse, A. H. MacDonald, Magneto-optical Faraday and Kerr effects in topological insulator 

films and in other layered quantized Hall systems, Physical Review B, 84(20) (2011). 

[60] R. Shimano, G. Yumoto, J. Y. Yoo, R. Matsunaga, S. Tanabe, H. Hibino, T. Morimoto, H. Aoki, 

Quantum Faraday and Kerr rotations in graphene, Nature communications, 4 (2013) 1841. 

[61] V. P. Gusynin, S. G. Sharapov, Transport of Dirac quasiparticles in graphene: Hall and optical 

conductivities, Physical Review B, 73(24) (2006). 

[62] A. Pound, J. P. Carbotte, E. J. Nicol, Magneto-optical conductivity in graphene including 

electron-phonon coupling, Physical Review B, 85(12) (2012). 

[63] B. Scharf, V. Perebeinos, J. Fabian, I. Žutić, Magneto-optical conductivity of graphene on polar 



 

 

substrates, Physical Review B, 88(12) (2013). 

[64] H. Wu, Y. Huang, L. Cui, K. Zhu, Active Magneto-Optical Control of Near-Field Radiative Heat 

Transfer between Graphene Sheets, Physical Review Applied, 11(5) (2019). 

[65] L. Ge, K. Gong, Y. Cang, Y. Luo, X. Shi, Y. Wu, Magnetically tunable multiband near-field 

radiative heat transfer between two graphene sheets, Physical Review B, 100(3) (2019). 

[66] Z. Zhang, C. Fu, X. Wu, Influence of hBN orientation on the near-field radiative heat transfer 

between graphene/hBN heterostructures, Journal of Photonics for Energy, 9(03) (2018) 1. 

[67] S. A. Biehs, F. S. S. Rosa, P. Ben-Abdallah, Modulation of near-field heat transfer between two 

gratings, Applied Physics Letters, 98(24) (2011) 243102. 

[68] X. Liu, J. Shen, Y. Xuan, Pattern-free thermal modulator via thermal radiation between Van der 

Waals materials, Journal of Quantitative Spectroscopy and Radiative Transfer, 200 (2017) 100-107. 

[69] X. Liu, Y. Xuan, Super-Planckian thermal radiation enabled by hyperbolic surface phonon 

polaritons, Science China Technological Sciences, 59(11) (2016) 1680-1686. 

[70] L. Ge, Y. Cang, K. Gong, L. Zhou, D. Yu, Y. Luo, Control of near-field radiative heat transfer 

based on anisotropic 2D materials, AIP Advances, 8(8) (2018) 085321. 

[71] P. Benabdallah, A. Belarouci, L. Frechette, S. A. Biehs, Heat flux splitter for near-field thermal 

radiation, Applied Physics Letters, 107(5) (2015) 143501. 

[72] R. Yu, A. Manjavacas, F. J. Garcia de Abajo, Ultrafast radiative heat transfer, Nature 

communications, 8(1) (2017) 2. 

[73] X. L. Liu, R. Z. Zhang, Z. M. Zhang, Near-field radiative heat transfer with doped-silicon 

nanostructured metamaterials, International Journal of Heat and Mass Transfer, 73 (2014) 389-398. 

[74] G. Xu, J. Sun, H. Mao, T. Pan, Near-field radiative thermal modulation enabled by static magnetic 

fields, Journal of Quantitative Spectroscopy and Radiative Transfer, 232 (2019) 20-26. 

[75] V. P. Gusynin, S. G. Sharapov, J. P. Carbotte, Magneto-optical conductivity in graphene, Journal 

of Physics: Condensed Matter, 19(2) (2007) 026222. 

[76] A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov, A. K. Geim, The electronic 

properties of graphene, Reviews of Modern Physics, 81(1) (2009) 109-162. 

[77] A. Ferreira, J. Viana-Gomes, Y. V. Bludov, V. Pereira, N. M. R. Peres, A. H. Castro Neto, Faraday 

effect in graphene enclosed in an optical cavity and the equation of motion method for the study of 

magneto-optical transport in solids, Physical Review B, 84(23) (2011). 

[78] A. Ferreira, N. M. R. Peres, A. H. Castro Neto, Confined magneto-optical waves in graphene, 

Physical Review B, 85(20) (2012). 

[79] O. V. Kotov, Y. E. Lozovik, Enhanced optical activity in hyperbolic metasurfaces, Physical 

Review B, 96(23) (2017). 

[80] J. S. Gomez-Diaz, A. Alù, Flatland Optics with Hyperbolic Metasurfaces, ACS Photonics, 3(12) 

(2016) 2211-2224. 

 

 

  



 

 

 

Fig. 1.  Schematic of NFRHT between two twisted gaphene gratings composed of arrays of strips, whose 

periodicity and width are L and Lg, respectively. The vacuum distance between them is denoted as d. The two 

sheets are kept at temperature T1 and T2. The main axes of the two gratings are labeled with the blue and 

red-dashed lines with twisted angle . A magnetic field B is applied perpendicularly to the gratings.  

 

  



 

 

 

Fig. 2.  Schematic of Dirac cones and different LLs in a magnetic field B=10T (E1≈0.11 eV) for (a) =0 eV, (b) 

0.2 eV and (c) 0.3 eV: The energies of the LLs are shown for different indices n as red disks for both positive and 

negative Dirac cones, with the allowed interband transitions (vertical arrows in blue) and intraband transitions 

(crooked arrows in red). (d)-(f): The longitudinal conductivity of graphene L as a function of E/E1, with E =
 

and 
1 2 /F BE v l=  for (d) =0 eV, (e) 0.2 eV and (f) 0.3 eV; (g)-(i): Im[∥] and Im[⊥] with strip periodicity 

L=20 nm, filling factor fg=0.5 for (g) =0 eV, (h) 0.2 eV and (i) 0.3 eV. 

 

 

 

  



 

 

 

Fig. 3.  (a) RHTCs corresponding to different sets of (B,) with fg=0.5; (b) RHTC modulation factor of magnetic 

fields  (B)=(h(B,)-h(0,))/h(0,) for different . 

 

 

  



 

 

 

Fig. 4.  (a) Energy transmission coefficients, (b) spectral RHTCs and (c) Im[∥] for different B with fg=0.5  

 

 

  



 

 

 

Fig. 5.  (a): RHTCs corresponding to different sets of (B, fg); (b): RHTC modulation factor of graphene filling 

factor  (fg)=(h(B, fg)-h(B,1))/h(B,1) for different B 

 

 

  



 

 

 

Fig. 6.  (a) Spectral RHTCs, (b) Im[]
 
and (c) energy transmission coefficients for different fg with B=15 T 

 

 

 

  



 

 

 

Fig. 7.  In the absence of magnetic fields, (a) RHTCs corresponding to different sets of ( , fg) and (b) RHTC 

modulation factor of graphene filling factor for different  

 

 

 

  



 

 

 

Fig. 8.  (a) Spectral RHTCs and (b) anisotropic energy transmission coefficients for different twisted angles with 

fg=0.5 

 

 

  



 

 

 

Fig. 9.  In the presence of a magnetic field B=15 T, (a) RHTCs corresponding to different sets of ( , fg) and (b) 

RHTC modulation factor of graphene filling factor for different    

 

  



 

 

 

Fig. 10.  For fg=0.9, (a-1) RHTCs corresponding to different sets of (B,  ) and (a-2) RHTC modulation factor of 

twisted angle  for different B. (b)-(c) Anisotropic energy transmission coefficients for different  with B=15 T. 

 


