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Problem solving is a binding process standard that is often neglected in school mathematics, and generally reserved for motivated and gifted students only. Researchers also call for the development of problem-solving competences, starting already in primary school to promote the habits of mind, that can be applicable in situations varying from challenges in school to those in life. Different questions emerge in this context. What tasks are suitable to reach all students? What might a differentiated problem-solving classroom look like that would attain to individual student needs? In this article, we present a problem-solving implementation research project. For this purpose, a problem-solving teaching concept with an accompanying type of task for primary education was developed based on both theory and projects on problem solving. The first results indicate positive outcomes with respect to meeting the requirements of practical suitability, and sustainability.

Introduction

New implementations in schools often involve different protagonists (e.g., teachers, students, researchers, policy makers), each contributing different expertise, but also having their own demands. Design-Based-Research (DBR) is a flexible methodology that aims to improve learning and teaching in naturalistic settings through iterative cycles of design, implementation, analysis and re-design, where both researchers and practitioners collaborate towards a common goal. Over time, this can lead to changes in the implementation, such as target group, material, teaching concept, which are then re-evaluated in the next cycle (e.g., [START_REF] Wang | Design-based research and technology-enhanced learning environments[END_REF]. DBR is the basis for two research projects, namely SymPa and DiPa1 , that focus on implementation of problem solving in school settings. In both projects, problem solving is regarded as an educational goal, namely development of students' problem-solving competences in a targeted manner by learning heuristics. In the context of the SymPa project, theory-based and practiceoriented materials were developed for motivated students in grades 4-6 [START_REF] Kuzle | Development of materials for problem solving instruction in the context of lessons for promoting and improving specific mathematical competences using design based research[END_REF]. Even though [START_REF] Kuzle | Development of materials for problem solving instruction in the context of lessons for promoting and improving specific mathematical competences using design based research[END_REF] reported on variables, and conditions that favored and hindered the implementation of the material on the basis of two DBR cycles using the feedback from the students and the teachers, several crucial inhibiting factors unraveled once researchers themselves observed the implementation, and planned the lessons with the preservice teachers [START_REF] Gebel | Problemlösen lernen und unterrichten im SymPa-Projekt: Darstellung einer Projektentwicklung im Rahmen eines Campusschulen-Netzwerkes [Learning and teaching problem solving in the SymPa project: Presentation of a project development within the campus school network[END_REF]. In particular, the teaching concept focused around systematical introduction of different problem-solving heuristics, which inhibited individual problem-solving processes of the students. Though the problem-solving tasks allowed students to choose different problem-solving paths, the teacher guided the students to use a particular heuristic in focus. Consequently, these factors impacted student motivation. In addition, the teaching concept was not aligned with the typical lesson structure, which resulted in preservice teachers needing support when planning their lessons. Even though one could expect that motivated students are a homogeneous group, we experienced that the tasks did not necessarily invoke problem-solving behaviors. Thus, the problem tasks need to offer more freedom with respect to a problem-solving approach (e.g., subtasks with different levels of difficulty), but on the other hand challenge students to use their knowledge in a complex way.

Based on the above listed inhibiting factors, the SymPa project was further developed into the DiPa project. The main goal of the project is to make implementation of problem solving in primary school mathematics suitable, and sustainable by developing a problem-solving teaching concept aligned with the typical lesson structure, and a type of tasks that would address the individual needs of each student [START_REF] Gebel | Problemlösen lernen und unterrichten im SymPa-Projekt: Darstellung einer Projektentwicklung im Rahmen eines Campusschulen-Netzwerkes [Learning and teaching problem solving in the SymPa project: Presentation of a project development within the campus school network[END_REF]. In the following sections, we outline relevant theoretical foundation used to develop criteria for differentiated problem-solving tasks, and the teaching concept for primary education, before showing how these got implemented, and report on the evaluation of the pilot study (initial DBR cycle). Leading questions for the evaluation are: To what extent does the teaching concept consider necessary differentiating approaches to problem solving? What are the differences depending on the level of performance comparing to fluency and flexibility?

What are the (dis-) advantages of the innovation in regular mathematics lessons? As a result of the evaluation, we discuss the findings with respect to possibilities, and limitations of the teaching concept and the nature of the problem-solving task in the context of grade 5 mathematics. With regard to implementation research, this article provides an overview of the development of our innovation (i.e., problem-solving teaching concept and task), and the identification of the first core elements of the innovation (e.g., [START_REF] Century | Implementation research: Finding common ground on what, how, why, where, and who[END_REF]. Detailed answers are not delivered at this time, but rather an insight into the first DBR cycle is given.

Theoretical foundation guiding the design process

A plethora of research on problem solving undergoing since the 1970s identified several pivotal areas for a problem-solving curriculum. Here, we outline only a small portion of this research that was crucial for the project based on German standards' conception of problem solving [START_REF] Kmk | Bildungsstandards im Fach Mathematik für den mittleren Schulabschluss[END_REF].

Learning problem solving

Problem-solving competence relates to cognitive (here heuristic), motivational and volitional knowledge, skills and actions of an individual required to overcome a personal barrier in unfamiliar situations (e.g., [START_REF] Bruder | Problemlösen lernen im Mathematikunterricht [Learning problem solving in mathematics[END_REF][START_REF] Schoenfeld | Mathematical problem solving[END_REF]. Thus, routine procedures are not sufficient to solve a problem, but rather heuristics may be helpful. Heuristics can be defined as kinds of information, available to students in making decisions during problem solving, that are aids to the generation of a solution, plausible in nature rather than prescriptive, seldom providing infallible guidance, and variable in results. (Wilson, Hernandez, & Hadaway, 1993, p. 63) In the field of problem solving there are two different approaches to learning heuristics. In an implicit heuristic training, it is assumed that the students internalize and unconsciously apply strategies they have learned through imitating practices of the teacher, and through sufficient practice. On the other hand, explicit heuristic training refers to making a given heuristic a learning goal, which is practiced step by step (e.g., [START_REF] Schoenfeld | Mathematical problem solving[END_REF]. For instance, [START_REF] Bruder | Problemlösen lernen im Mathematikunterricht [Learning problem solving in mathematics[END_REF] pursued an explicit problem-solving training focusing around Lompscher's (1975) idea of "flexibility of thought". Flexibility of thought is expressed by manifestations of mental agility, namely reduction, reversibility, minding of aspects, change of aspects, and transferring. Untrained problem solvers are often unable to consciously access the above outlined flexibility qualities. In their research at lower secondary level, [START_REF] Bruder | Problemlösen lernen im Mathematikunterricht [Learning problem solving in mathematics[END_REF] were able to show that less flexible students (e.g., students with difficulties in reversing thought processes or transferring an acquired procedure into another context) profit from explicit problem-solving training. Concretely, they were able to solve the problems just as well as more flexible students, who solved the problems intuitively. Thus, problem solving can be trained by learning heuristics corresponding to these aspects of intellectual flexibility in combination with self-regulation (e.g., [START_REF] Bruder | Problemlösen lernen im Mathematikunterricht [Learning problem solving in mathematics[END_REF][START_REF] Schoenfeld | Mathematical problem solving[END_REF].

Criteria for differentiated problem solving tasks

In addition to the choice of the teaching approach, the problem selection is also a key factor for a successful development in problem-solving competences (e.g., [START_REF] Pehkonen | Open problems as means for promoting mathematical thinking and understanding[END_REF]. In the SymPa project we used different types of problems (i.e., open-ended, closed, subtasks with different levels of difficulty) [START_REF] Kuzle | Development of materials for problem solving instruction in the context of lessons for promoting and improving specific mathematical competences using design based research[END_REF], but always oriented on the specific mathematical content as outlined by the mathematics curriculum [START_REF] Kmk | Bildungsstandards im Fach Mathematik für den mittleren Schulabschluss[END_REF]. During the implementation, it became apparent that the subjective barriers of the students were very different: some tasks represented a challenge for some students, and for others there were routine tasks [START_REF] Gebel | Problemlösen lernen und unterrichten im SymPa-Projekt: Darstellung einer Projektentwicklung im Rahmen eines Campusschulen-Netzwerkes [Learning and teaching problem solving in the SymPa project: Presentation of a project development within the campus school network[END_REF].

Since differentiation is the core idea of the DiPa project, we developed specific criteria for our type of a problem-solving task, namely Problem-based Learning Environments (PLE), that address the previously mentioned drawbacks2 and fit the framework of the DiPa project. In addition to the criteria of general learning environments [START_REF] Wälti | Lernumgebungen im Mathematikunterricht [Learning environments in mathematics teaching[END_REF], a heuristic core is the key aspect of the PLE, whereas the mathematical content is present, but not in the foreground. With a PLE, we refer to a collection of related problems, that are linked by certain guiding principles based on an intra-mathematical and heuristic structure, and fulfill the following criteria: accessible to all learners, variety of possible solutions and ways of thinking (use of different heuristics), high cognitive activation potential, independent activity by means of enactive or iconic representations, implicit mathematical content, and social exchange. In itself they offer more freedom; each student can decide independently in what depth he or she works on the PLE. With each subtask the students are compelled to use their knowledge in a more complex way. During this process they may use enactive or iconic material to support their problem-solving process.

Problem-solving teaching concepts

A few teaching concepts exist that focus on a longitudinal development of problem-solving competences. Here, we report on the teaching concepts of [START_REF] Bruder | Problemlösen lernen im Mathematikunterricht [Learning problem solving in mathematics[END_REF], [START_REF] Rasch | Zur Arbeit mit problemhaltigen Textaufgaben im Mathematikunterricht der Grundschule [On working with problem-based word problems in primary school mathematics[END_REF], and [START_REF] Sturm | Problemhaltige Textaufgaben lösen. Einfluss eines Repräsentationstrainings auf den Lösungsprozess von Drittklässlern [Solving problem-based word problems[END_REF], and their limitations for everyday implementation in primary school mathematics. The five-phase teaching concept of [START_REF] Bruder | Problemlösen lernen im Mathematikunterricht [Learning problem solving in mathematics[END_REF] has been successfully implemented in the context of lower secondary school. The core idea of the teaching concept lies upon a long term systematical, and explicit training of heuristics through the phases of familiarization, explicit strategy acquisition, productive practice phases, context expansion, and awareness of the own problem-solving model. Even though this teaching concept has been empirically evaluated, its implementation in primary grades showed some limitations [START_REF] Gebel | Problemlösen lernen und unterrichten im SymPa-Projekt: Darstellung einer Projektentwicklung im Rahmen eines Campusschulen-Netzwerkes [Learning and teaching problem solving in the SymPa project: Presentation of a project development within the campus school network[END_REF], as was noted earlier. For that reason, we follow [START_REF] Rasch | Zur Arbeit mit problemhaltigen Textaufgaben im Mathematikunterricht der Grundschule [On working with problem-based word problems in primary school mathematics[END_REF] and argue for a less specific step-to-step teaching concept. Hence, we need a teaching concept, that would first allow all students (in primary school) access to problem solving in an intuitive manner, before explication of particular heuristics is initiated. [START_REF] Sturm | Problemhaltige Textaufgaben lösen. Einfluss eines Repräsentationstrainings auf den Lösungsprozess von Drittklässlern [Solving problem-based word problems[END_REF] conducted a problem-solving training in primary school focusing on external representations. The teaching concept included three phases that spread over two mathematics lessons. During the first lesson the students solved a given problem intuitively, whereas the students' solutions with respect to used heuristics were made explicit during the second lesson, after the teacher gained insight into students' solutions between the two lessons [START_REF] Rasch | Zur Arbeit mit problemhaltigen Textaufgaben im Mathematikunterricht der Grundschule [On working with problem-based word problems in primary school mathematics[END_REF][START_REF] Sturm | Problemhaltige Textaufgaben lösen. Einfluss eines Repräsentationstrainings auf den Lösungsprozess von Drittklässlern [Solving problem-based word problems[END_REF]. Taken the extensive analysis of students' solution, we find this structure difficult to implement in practice. Although the implicit (intuitive procedures) and explicit ideas (reflection of the solution path) of heuristic trainings were taken into account, we assume that due to implementation once per month, the students have difficulties recalling their problem-solving processes and therefore, the reflection process may be too abstract. Here, a 90-minute lesson, focusing on several different heuristicsand not just on external representationsmay be more plausible.

Based on this limitations, and the results from the SymPa project [START_REF] Gebel | Problemlösen lernen und unterrichten im SymPa-Projekt: Darstellung einer Projektentwicklung im Rahmen eines Campusschulen-Netzwerkes [Learning and teaching problem solving in the SymPa project: Presentation of a project development within the campus school network[END_REF], the DiPa project pursues an alternative teaching concept (see Table 1), in which both implicit and explicit heuristic training are combined. Furthermore, its structure corresponds with a typical lesson structure, which may unburden teachers when planning their lessons. In addition, the second exploration phase represents a novelty. Other problem-solving teaching models (e.g., [START_REF] Rasch | Zur Arbeit mit problemhaltigen Textaufgaben im Mathematikunterricht der Grundschule [On working with problem-based word problems in primary school mathematics[END_REF][START_REF] Sturm | Problemhaltige Textaufgaben lösen. Einfluss eines Repräsentationstrainings auf den Lösungsprozess von Drittklässlern [Solving problem-based word problems[END_REF] terminate after the third phase (explicit strategy acquisition), so that heuristic strategies are only transferred in the case of structurally similar tasks, which could represent an additional hurdle. Alternatively, in our proposed problem-solving teaching concept (see Table 1), the students have the opportunity to apply the heuristics even to the same subtask.

Introduction

The basic problem is presented. Comprehension questions are discussed in plenum.

Exploration I

The students work independently, and intuitively on a given PLE. They document their work on their worksheets. Teaching material on an enactive or iconic level creates differentiation opportunities.

Explicit strategy acquisition

The students gain an insight into the procedures of their fellow students. Relevant heuristics are discussed in plenum, and documented on a strategy poster.

Exploration II

The students continue working on the PLE, and apply the heuristics that were discussed in the phase 3.

Reflection

Students reflect on their problem-solving process by analyzing the heuristics they used, and changes in their approach. If necessary, new heuristics mathematical ideas are discussed in plenum.

Table 1: Teaching concept for problem-solving lessons in the DiPa project Evaluation: Data sample, instruments and procedure

The evaluation of the pilot study had several objectives: (1) to evaluate the teaching concept with respect to differentiation during problem solving, (2) to analyze students' problem-solving solutions with respect to their fluency (creating a large number of ideas) and flexibility (changing perspective and using different strategies) and in contrast to their level of performance, and (3) to present the (dis-)advantages of the innovation in regular mathematics lessons.

For this study, an exploratory qualitative research design was chosen. The study participants were two fifth grade classes (n = 40) from one urban school in the federal state of Brandenburg (Germany) [START_REF] Gebel | Problem solving for all: Evaluation of a problem solving teaching concept for primary education[END_REF]. Main sources of data were student worksheets, and a semistructured interview with the teacher. The research data were collected in a school setting during a 90-minutes lesson. The first author of the paper taught the lesson structured around the teaching concept, whilst the class teacher observed the lesson. The students were first introduced to the PLE "Paper squares" (see Figure 1). The students read introduction to the problem, and misunderstandings were discussed (phase 1). Afterwards, they worked individually on its different subtasks. Each student received its own working sheet with grids, and enactive material (e.g., matches and paper squares) (phase 2). In phase 3 a museum exposition took place; the students laid their worksheets on the table and got insight into the solutions of their classmates. Afterwards, we discussed clever strategies and noted them on a strategy poster. Before working on further subtasks or working again on the same subtasks using the newly noted strategies on the strategy poster (phase 4), they drew a red line to denote their work in the second exploration phase. At the end of the lesson, students' solutions were

PLE: Paper squares

Tina has 12 matches and some paper squares. The side length of one square is as long as one match:

Here you can see a figure with 12 matches and 9 paper squares.

The squares must meet at the sides. Therefore, the following does not apply: discussed in plenum. In addition, new strategies were noted on the strategy poster, and their mathematical discoveries were discussed (phase 5). The same procedure was used with the second fifth grade class. A semi-structured interview with the class teacher took place, and lasted about 45 minutes. It was used to assess the teaching concept, and the individual problem-solving behaviors of the students compared to regular mathematics lesson.

The student work on subtasks a) and b) was analyzed after all the data had been collected. As suggested by [START_REF] Patton | Qualitative research and evaluation methods[END_REF], multiple stages of the analysis were performed. For the within analysis each student was treated as a comprehensive case. The analysis procedure for both classes consisted of counting the number of basic figures (see Figure 2), and their duplicates 3 on the basis of each student's worksheet, which provided an insight into their fluency. For the cross analysis the students were clustered into three groups based on their mathematical performance: high (grade 1), average (grade 2) and low (grade 3/4) achieving students, in order to compare the particular performance groups against each other. Both researchers coded the student data independently. were subsequently made after which the interrater reliability was 100%.

Results

Table 2 gives an overview of students' results during the first and the second exploration phase when working on the first two subtasks of the PLE. What is particularly striking here, is that the students from the group of low achievers (n 3/4 = 6), who again worked on subtasks a) and b), had a particular increase in the number of solutions in the second exploration phase (from 2,83 solutions to 9,5 solutions). Even though the sample size, and the orientation towards the mathematics grade represent limitations of the pilot phase, it can be assumed that especially low achievers profited from the explicit strategy acquisition phase. Those, who were less able to develop strategies on their own in the first exploration phase, were able to produce many different solutions in the second exploration phase due to insight into their classmates' solution, and discussion in plenum [START_REF] Gebel | Problem solving for all: Evaluation of a problem solving teaching concept for primary education[END_REF]. 3 It was left to the student if reflected/rotated figures were to be documented, as this was not explicitly given in the PLE.

The analysis of the strategies used during the problem-solving process has shown to be a big challenge. The majority of the students were not able to describe their solution behavior in writing.

Here, alternative research instruments are needed to discern student thinking when problem solving. Nevertheless, we recognized huge differences in the solutions between the sample groups. For example, figure "staircase" was found by average and high-achieving students only (see yellow figure in Figure 2). In addition, the students had lively discussions about the permission of reflected and rotated figures. The worksheets of the high-and average-achieving students showed tendencies towards systematical rotations, and reflections of basic figures. In the semi-structured interview, the teacher particularly emphasized that all pupils had access to problem solving. Moreover, they were able to work on the PLE at different levels: she observed different forms of representation, such as enactive material, iconic representations, written descriptions. Students' pervasiveness and perseverance during the lesson were also positively evaluated. In addition, she mentioned thatin contrast to SymPa teaching concept -the strategies emerged from the students' solutions and were not given by the teacher. Thus, the students started solving the problem intuitively followed by explicit strategy naming based on students' solutions. Her assessment of the second exploration phase is consistent with the analysis of the students' solutions. She saw a great benefit of it for the low-achieving students by getting insight into their classmates' solutions. Nevertheless, she stated that the students had difficulties describing their problem-solving processes in writing. Last but not least, the teacher asserted that all students had fun doing mathematics when solving the given PLE.

Conclusion

Despite different endorsements for making problem solving a vital part of school mathematics (e.g., [START_REF] Kmk | Bildungsstandards im Fach Mathematik für den mittleren Schulabschluss[END_REF], problem solving has not yet been fully implemented in school mathematics. In order to reach this goal, we need to understand what variables and conditions, such as tasks, teaching concepts support and/or inhibit a sustainable implementation in school settings. In the DiPa project we have consciously decided to establish problem solving in regular mathematics lessons in order to simultaneously (1) develop suitable practice-oriented materials, (2) to develop a sustainable problem-solving teaching concept for all students, and (3) to gain realistic insights into individual students' learning processes. The results have shown that a synergy of the teaching concept, and the PLE allows all students access to problem solving. Low-achieving students benefited the most, especially through the use of concrete material, the nature of the task, and the insight into classmates' solutions. With respect to fluency, difference between the high and average/lowachieving students was minimal. However, student flexibility was rather difficult to measure. So far, we used one PLE with two fifth grade classes from one school. Hence, the evaluation of our innovation is limited to these conditions. Nevertheless, they suggest the next step in our research, namely to conduct a study with a larger data sample using several PLEs over a longer period of time in a wider variety of settings. Our goal is to examine the development of the students' problemsolving competences as well as factors affecting this development. Here, we plan to videotape students during problem solving in order to obtain a holistic view of their problem-solving learning. This process will then guide our focus with respect to teaching and learning problem solving from both theoretical and practical points of view.
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 1 Figure 1: Problem-based Learning Environment "Paper squares"

  figures can you find, which are laid out of 12 matches and include 5 paper squares? Task c) Can Tina also lay figures with 12 matches that include 6/7/8 paper squares? Which figures can you find? Task d) Which figure includes the most and which figure includes the least paper squares? (Use 12 matches.) Task e) What is the minimum number of matches to enclose 10/11/12/… paper squares? Task f) What is the highest number of matches to enclose 10/11/12/… paper squares? Task g) Can you find a relation between the count of paper squares and the highest number of matches? What is the minimal number of matches to enclose 100 squares? Task h) Invent further tasks.

Figure 2 :

 2 Figure 2: Basic solution figures of the PLE "Paper squares"

SymPa stands for Systematic and material-based development of problem-solving competences; DiPa stands for Differentiated development of problem-solving competences. In German: Systematischer und materialgestützter Problemlösekompetenzaufbau and Differenzierter Problemlösekompetenzaufbau, respectively.

For the sake of completeness, it should be said that there are already problem-solving task formats in the literature that also consider individual approaches. For example,[START_REF] Pehkonen | Open problems as means for promoting mathematical thinking and understanding[END_REF] showed the potential of using problem fields to engage all students in problem solving.