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Abstract

A reformulation of the four-color theorem is to say that K, is the smallest graph to which every planar
(loop-free) graph admits a homomorphism. Extending this theorem, the second author has proved (using
the four-color theorem) that the Clebsch graph (a well known triangle-free graph on 16 vertices) is a
smallest graph to which every triangle-free planar graph admits a homomorphism. As a further gener-
alization he has proposed that the projective cube of dimension 2k, PC(2k), (that is the Cayley graph
(Z3k,{e1,ea,...,ex, ]}, where e;’s are the standard basis and J = e; 4+ e+ - - +eay,) is a smallest graph
of odd-girth 2k +1 to which every planar graph of odd-girth at least 2k +1 admits a homomorphism. This
conjecture is related to a conjecture of P. Seymour who claims that the fractional edge-chromatic number
of a planar multigraph determines its edge-chromatic number (more precisely, Seymour conjectured that
X'(G) = |—X/f (G)] for any planar multigraph G). Note that the restriction of Seymour’s conjecture on
cubic (planar) graphs is Tait’s reformulation of the four-color theorem.

Both these conjectures are believed to be true for the larger class of Kj-minor-free graphs (which
includes the class of planar graphs). Motivated by these conjectures and in extension of a recent work
of L. Beaudou, F. Foucaud and the second author, which studies homomorphism bounds for the class
of K, -minor-free graphs, in this work we first give a necessary and sufficient condition for a graph B of
odd-girth 2k 41 to admit a homomorphism from any partial ¢-tree of odd-girth at least 2k + 1. Applying
our results on the class of partial 3-trees, which is a rich subclass of K5-minor-free graphs, we prove that
PC(2k) is in fact a smallest graph of odd-girth 2k + 1 to which every partial 3-tree of odd-girth at least
2k 4+ 1 admits a homomorphism. We then apply this result to show that every planar (2k + 1)-regular
multigraph G whose dual is a partial 3-tree, and whose fractional edge-chromatic number is 2k + 1, is
(2k + 1)-edge-colorable. Both these results are the best known supports for the general cases of the above
mentioned conjectures in extension of the four-color theorem.

Key words: Planar graphs, treewidth, homomorphism, minor, edge-coloring.

1. Introduction

Given graphs G and H, a homomorphism of G to H is a mapping of the vertices of G to the vertices
of H which preserves adjacency, that is to say, a mapping h : V(G) — V(H) such that if z and y are
adjacent in G then h(x) and h(y) are adjacent in H. When there exists a homomorphism of G to H we
write G — H and we may say G maps to H. It is easily verified that mapping of G to K} corresponds
to a k-coloring of GG, thus homomorphism generalizes the theory of coloring of graphs. Given a class C
of graphs we say H bounds C if every member of C maps to H. Thus, in this terminology, the four-color
theorem is to say: K4 bounds the class of planar graphs.

Given a graph G, the odd-girth of G is the length of a shortest odd-cycle of G. It can be easily verified
that an odd-cycle of length 2/ + 1 maps to an odd-cycle of length 2k + 1 if and only if [ > k. Thus we
have the following no-homomorphism lemma;:

Lemma 1.1. If G — H, then odd-girth(G) > odd-girth(H).

In fact a slightly stronger statement can be stated:
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Lemma 1.2. Let G and B be graphs of odd-girth 2k + 1 and suppose that there is a homomorphism ¢ of
G to B. Let u and v be two vertices of G which belong to a common (2k + 1)-cycle of G. Then ¢(u) and
o(v) are on a common (2k + 1)-cycle of B and dg(u,v) = dp(p(u), ¢(v)).

Observe that the odd-girth of a given graph G can be computed in time polynomial in the order of G.
Given a vertex x of G compute, inductively, the set N;(x) consisting of vertices at distance ¢ from x. The
first ¢ for which N;(x) induces an edge implies the existence of a closed-walk of length 2i 4 1 starting at .
The smallest sa uch closed walk is a shortest odd-cycle of G. Thus this classic no-homomorphism lemma
is among the rare no-homomorphism lemmas which is based on a parameter computable in polynomial
time (in contrast to other well known no-homomorphism lemmas which are based on parameters such as
the clique number, the chromatic number, the fractional or circular chromatic numbers, all of which are
NP-hard to compute).

The simplest use of this lemma concerns loops, that are odd-cycles of length 1. It asserts that when H
is a simple graph and G — H, then G must have no loops. Hence, in this work we consider only graphs
with no loops. However multi-edges will be considered when dealing with application to edge-coloring.
When multi-edges are allowed, we will use the term multigraph, thus making sure the term graph refers
solely to a simple graph.

In view of this no-homomorphism lemma, the four-color theorem can be restated as follows:

Theorem 1.3 (4CT). The smallest graph with no loop which bounds the class of all planar graphs with
no loop is K.

The natural question then is to find a (or probably the unique) smallest graph of odd-girth 2k + 1
which bounds the class of all planar graphs of odd-girth at least 2k+1. A conjecture of the second author
which implies, in particular, the order of such a graph must be 2%* is discussed in Section @

Motivated by this question and the recent work of [2] we consider the question of bounding the class
of partial t-trees of odd-girth at least 2k + 1 by a graph of odd-girth 2k + 1. A necessary and sufficient
condition for a graph B of odd-girth 2k + 1 to admit a homomorphism from all K4-minor-free graphs
of odd-girth at least 2k 4+ 1 is provided in [2]. Extending this work, we give a necessary and sufficient
condition to test if a given graph B of odd-girth 2k + 1 bounds the class of partial ¢-trees of odd-girth
at least 2k + 1. We will then apply our work to the class of partial 3-trees to obtain results which are
the strongest known support for the general cases of some conjectures in generalization of the four-color
theorem.

The paper is organized as follows. In the next section we present our adaptation of various terminolo-
gies for the class of partial ¢-trees. In Section [2| extending the notion of odd-girth to weighted graphs,
we build up the required terminologies and provide some classifications. Then in Section [4] we prove a
necessary and sufficient condition for a graph B of odd-girth 2k+1 to bound all partial ¢-trees of odd-girth
at least 2k + 1. In Section [f] we discuss the algorithmic consequences of this necessary sufficient condition.
In Section [6] we discuss a conjecture in generalization of the four-color theorem, then we provide support
for this conjecture by finding an optimal bound of odd-girth 2k + 1 for partial 3-trees of odd-girth at least
2k+1. In Section [7f] we consider an edge-coloring conjecture of P. Seymour on the edge-chromatic number
of planar graphs which also extends the four-color theorem. We provide support for this conjecture by
proving it for a subclass of multigraphs which are planar and whose duals are partial 3-trees.

2. Partial t-trees
The class of t-trees is a class of graphs built according to the following rules:

o Ky, is a t-tree.

e Given a t-tree T and a t-clique C of T, the graph T’ built from T by adding a vertex which is
adjacent to all the vertices of C is also a t-tree.

After an arbitrary ordering of the vertices of the first K;;1, this construction induces an ordering
V1, V2, ..., Uy, of the vertices which has the following properties: 4. the subgraph induced by vy, vs, ..., v
is a clique, #i. in the subgraph H; induced by vertices vy, vs,...,v;, ¢ > t, the vertex v; is of degree ¢
and its neighbors induce a complete graph of order ¢. Such an ordering of the vertices of a t-tree T
is called a t-tree ordering of T. Given a t-tree T and a t-tree ordering vy, va,...,v,, n > t, let X;,



t+1 <4 <mn, be the (t+ 1)-clique induced by v; and all its neighbors in {v1, ve,...,v;—1}. The sequence
Xiv1, Xig2, ..., Xy, which is uniquely determined by the given t-tree ordering, is called a clique-sequence
of T.

Observe that isomorphic copies of a t-tree might be associated with different ¢-tree orderings and that
the class of 1-trees is exactly the class of trees, granting the name ¢-tree.

A partial t-tree is any subgraph of a t-tree. A partial t-tree G might be a subgraph of two or more
non-isomorphic ¢-trees on a same set V(G) of vertices. Given a partial t-tree G, any t-tree ordering of a
t-tree T', which is built on V(G) and contains G as a subgraph, is also a {-tree ordering of G. We will
denote the class of all partial ¢-trees by P7T; and the subclass of partial t-trees of odd-girth at least 2k +1
by PTt72k+1.

The class PT; is known under various equivalent definitions. It is most notably known as the class of
graphs of treewidth at most ¢. It is easily verified that PT; is a minor-closed class of graphs. For ¢t =1
we have the class of all forests which is identified as the class of graphs with no K3-minor. The class P7T
is the class of K -minor-free graphs, for a proof see for example [6]. The next class, P73, is the class
of all graphs having none of the four graphs of Figure [1| as a minor, this is proved in [I]. For ¢t > 4 the
full list of forbidden minors is not known, though this list is finite thanks to the Graph-Minor Theorem
of Rebertson-Seymour. One thing sure though: graphs in PT; are K; o-minor-free and that K;y; is a
member of this class. In particular P73 forms a special subclass of K5-minor-free graphs.

&% T A

Figure 1: Forbidden minors of the class of partial 3-trees

3. Weighted graphs and (2k 4 1)-wideness

While previous definitions and notation are standard, here we introduce some notions we have devel-
oped to address our work. Throughout this section and also in the rest of the work, when it is clear from
the context, k is a given positive integer such 2k + 1 is a lower bound on the odd-girth of graphs and
weighted graphs we are working with, notion of odd-girth for weighted graphs being defined below.

A weighted graph (G,w) is a graph together with an assignment w : F(G) — Z* which assigns a
positive integer w(e) to each edge e of G.

A homomorphism of a weighted graph (G, w;) to a weighted graph (H, ws) is a homomorphism of G
to H which preserves the weights, that is to say f : V(G) — V(H) is a homomorphism of (G,w) to

(H,ws) if wa(f(2)f(y)) = wi(zy).

Definition 3.1. Given a weighted graph (G, w) satisfying w(e) < 2k, we define (G, w),,,, to be a graph
built from G as follows: for each edge uv of G delete the edge uv and add two u — v paths, one of length
w(e) and the other of length 2k + 1 — w(e), (all internal vertices of these paths being new and distinct).

We then say (G, w) is (2k + 1)-wide if the graph (G, w),,; is of odd-girth 2k + 1.

Thus whenever we claim (G, w) is (2k + 1)-wide we implicitly imply that w satisfies 1 < w(e) < 2k
for each edge e of G.
Given a weighted graphs (G, w) and (G, w’) with w(e), w’(e) < 2k for each edge of G, if for each edge

e we have w'(e) = w(e) or w'(e) = 2k + 1 — w(e), then (G,w’)y,, is isomorphic to (G, w)y;, . Thus
we may freely assume the weight of each edge is bounded from above by k. However, when dealing with

the parity of a cycle in (G, w),, 41 going through three or more original vertices of G, we may need to
consider some values of w which are greater than k.
From Lemma [1.2| we can drive the following lemmas:



Lemma 3.2. Given two weighted graphs (G, w1) and (H,ws) such that wy and we are both bounded from
above by 2k, if (G,w1) = (H,ws2) and (H,ws) is (2k + 1)-wide, then so is (G,w).

Lemma 3.3. Given two weighted graphs (G, w1) and (H,ws) which are both (2k + 1)-wide, if (G, w1) —

(H,w2) then (G, w1)2k:+1 — (H, w2)2k+1'

Proof. Since homomorphisms must preserve the weights, an edge of weight say p in (G, w;) is mapped to
an edge of weight p in (H,ws). Thus we just need, for each edge, to extend mapping of the end points of
a path of length p to a path of length p and of a path of length 2k+1—p to a path of length 2k+1—p. O

The converse of this lemma is true in the following sense:

Lemma 3.4. Given two weighted graphs (G,w:1) and (H,wsz) which are both (2k + 1)-wide, if ¢ is

a homomorphism of (G,w1)y,, to (H,wa)y, , which maps vertices of G to vertices of H, then the
restriction of ¢ to V(G) is a homomorphism of (G, w1) to (H,ws).

Proof. This is based on the fact that (G,w) and (H,ws) are both (2k + 1)-wide. This implies that both

(G,w1)gp4 1 and (H,wa)y,  , are of odd-girth 2k + 1. The claim then follows from the fact that every
mapping of Cor41 to another cycle of the same length must preserve distances. O

Next we would like to introduce procedures using which one can decide whether a given weighted
complete graph is (2k + 1)-wide. We first give two independent procedures for weighted triangles. We
then show that for weighted complete graphs of larger order it is enough to apply one of the procedures to
on all induced triangles. The first test, introduced in [2], applies when we assume all weights are bounded
from above by k.

Proposition 3.5. [2] Let (K3, w) be a weighted triangle with edge weights a,b, ¢ satisfying 1 < a <b <
¢ < k. Then is (2k + 1)-wide if and only if one of the following holds:

(i) a+b+cisodd and a+b+c> 2k +1,

(i) a+b+c is even and a+b > c.

The next procedure is when w is allowed to give also values between k and 2k. We prove this one
here.

Proposition 3.6. Let (K3, w) be a weighted triangle with edge weights a,b,c satisfying 1 < a,b,c < 2k
such that a + b+ c is odd. Let fopi1(a,b,c) = 2(a+b+c— (2k+1)). Then (K3, w) is (2k + 1)-wide if
and only if 0 < fopt1(a,b,c) < min{a,b, c}.

Proof. Suppose (K3,w) is (2k + 1)-wide. By definition, the graph (K3, w),,, is of odd-girth 2k + 1.

Then each odd-cycle of (K3,w)y,,, has length at least 2k + 1. Let z,y,2z be the three vertices of

K3. There are eight cycles in (K3, w),,,, containing all the three vertices x,y and z. Exactly four of
these eight cycles are of odd length and they are of length a +b+¢, 2k +1—a)+ (2k+1—-10) + ¢,
(2k+1—a)+b+(2k+1—c) and a+(2k+1—b)+ (2k+1—c). Since there is an odd-cycle of length a+b+c,
and since we have assumed that all odd-cycles are of length at least 2k + 1, we get a + b+ ¢ > 2k + 1,
and thus for41(a,b,c) > 0. The odd-cycle corresponding to the length 2k + 1 — a + 2k + 1 — b+ ¢ implies
that 2k+1—a+2k+1—b+c > 2k + 1, therefore for11(a,b,c) < c. Similarly, we have for41(a,b,c) <b
and fary1(a,b,¢) <a. So 0 < fary1(a,b,c¢) < min{a,b, c}.

Conversely, assume 0 < for+1(a,b,¢) < min{a, b, c}. We want to show that (K3, w) is (2k + 1)-wide.

By definition, we need to show that the graph (K3,w),,  is of odd-girth 2k + 1. The odd-cycles in

(K3, )4, which contain exactly two vertices of K3 are of length 2k + 1. There are four odd-cycles
which contain three vertices of K3. Since a + b+ ¢ is odd, these four odd-cycles are of length a + b + ¢,
2k+1—a+2k+1—-b+c,2k+1—a+b+2k+1—cand a+2k+1—b+2k+1—c. By the assumption that
for+1(a,b,¢) >0, we get a+b+c > 2k+1. Since fory1(a, b, ¢) < ¢, we have 2k+1—a+2k+1—b+c > 2k+1.
Similarly, we get that the other two odd-cycles have length at least 2k + 1. This completes the proof. [

Next we prove that, given a weighted complete graph (K;,w) in order to decide whether (K, w)
is (2k + 1)-wide, it is enough to apply either any of the two previous propositions on all the induced
triangles.



Theorem 3.7. A complete weighted graph (K, w) is (2k + 1)-wide if and only if each of its induced
triangles is (2k + 1)-wide.

Proof. First we show that the condition is necessary. Assume that (K, w) is (2k + 1)-wide. Then, by

definition, 1 < w(e) < 2k for any edge e € E(K;) and the graph (K, w),, ., is of odd-girth 2k + 1. Let

(K3,w") be an induced triangle where w* is induced by w over the edges of K3. Thus (K3, w*),, ., is a

subgraph of (K, w)y, ., and, therefore, is also of odd-girth 2k + 1.
To prove that the condition is also sufficient, we assume that (K, w) is not (2k + 1)-wide and we
show that there exists a set of three vertices whose induced weighted triangle is not (2k + 1)-wide. Since

(Kt,w) is not (2k + 1)-wide, there exists an odd-cycle in (K, w),,,, of length less than 2k + 1. Assume
C'is such an odd-cycle with minimum number of vertices from K;. By construction, C' must have at least
three vertices of K;. If it has three such vertices, then we have found our triangle. Thus we assume that
C has at least four vertices from K;. Let z,y, z,u be four of these vertices in clockwise direction of C.
Denote the two paths in C connecting = and z by P and ). We know that the lengths of P and @ have

different parity. There are two threads in (K, w),,,,; which connect z and 2, denote them by R; and
R5. The sum of the length of Ry and Rs is 2k + 1, so the lengths of Ry and Ry have also different parity.
Without loss of generality, assume that P U R; and Q U Ry are odd-cycles (if necessary, we relabel R;

and Ry). Thus each of PU Ry and Q U Ry induces a cycle of (K%, w)%+1 which uses less vertices of K;
than C. Furthermore, the total length of these two cycles is |C| 4+ 2k 4 1, hence one of them is of length
smaller than 2k + 1. This contradicts the choice of C|, thus proving our claim. O

In the next theorem we show how to use the previous results to test whether a given weighted t-tree
is (2k + 1)-wide.

Theorem 3.8. Let G be a t-tree with a clique-sequence Xyy1, Xty2,...,Xer1. Let w be a weighting of G
such that each X;, together with weights induced by w, is (2k + 1)-wide. Then (G,w) is (2k + 1)-wide.

Proof. We prove our claim by induction on . If [ = 1, then (G,w) = (Xiy1,w) and thus (G,w) is
(2k + 1)-wide. Suppose (G',w), which is obtained from the clique-sequence Xy11, X¢10,..., Xiq11-1, i8
(2k+1)-wide and let (G, w) be the graph obtained by adding a vertex v joined to t vertices u,us, . .., us.
Thus uq, us, . .., u; together with v induces the (¢ + 1)-clique X;4;. Furthermore, suppose vu; is of weight
a; (1=1,2,...,t). Since (G',w) is (2k 4 1)-wide, in order to prove that (G, w) is (2k 4+ 1)-wide, we only
need to consider cycles of (G,w)Q,H_1 which contain v and connect it to two vertices, say uy, u2, among
U1, Usg, ..., U, by paths of length a; or 2k +1 — a;, i = 1,2. Let C be such a cycle, and assume, by
contradiction, that C' is an odd-cycle of length smaller than 2k + 1. Let p be the length of the u;vus part
of C and let p’ be the length of the complementary part. Thus p and p’ are of different parity. Suppose

that the (2k + 1)-cycle connecting u; and ug in (G,w),,, is separated by u; and uy into two paths of
length @ and o', thus a + o’ = 2k + 1. By symmetry of a and a’, assume p + a is odd, then p’ + a’ is also

odd. Observe that each of p+a and p’ +a’ corresponds to the length of a cycle in (G, w),, ;. Since the
sum of the lengths of these two cycles, (which is |C| + 2k + 1), is less than 2(2k + 1), one of them is of
length smaller than 2k + 1. But p 4+ a being smaller than 2k 4+ 1 will contradict the assumption of the
theorem that each X; together with weights induced by w is (2k + 1)-wide, and p’ 4+ o’ being smaller than
2k + 1 contradicts our inductive assumption that (G',w) is (2k + 1)-wide. These contradictions complete
our proof. O

Combining these results we have the following criteria for a t-tree to be (2k + 1)-wide.

Corollary 3.9. A weighted t-tree (T,w), t > 2, is (2k + 1)-wide if and only if all of its induced weighted
triangles are (2k + 1)-wide.

3.1. Partial and k-partial distance graphs

In this work we will only consider wighted graph for which the weight function is a specific metric
function defined below.

Let GG be a connected graph on n vertices. The complete distance graph of G is the weighted graph
(Ky,dg) where K, is the complete graph on V(G) and the weight dg(uv) of an edge wv is the distance
in G between u and v. Thus edges of weight 1 induce G. Any spanning (weighted) subgraph of (K,,,dg)



will then be referred to as a partial distance graph of G or a partial G-distance graph. Thus a partial

G-distance graph (H,dg) has V(G) as its vertex set and each edge uv of H is given the weight dg(u,v),

noting that H may not necessarily contain all edges of G. If, furthermore, we have dg(u,v) < k for each

edge uv of H, then we say that (H,d¢) is a k-partial distance graph of G or a k-partial G-distance graph.
A special family of k-partial G-distance graphs is built as follows:

Definition 3.10. Let G be a t-tree and w be an edge-weighting of G with weights from {1,2,...,k}

such that (G,w) is (2k + 1)-wide. Recall that we have associated with (G,w) a graph (G, w),;,,, whose

vertices contain vertices of G' and, furthermore, an edge of G is also an edge of (G,w),,_, if and only if

it is of weight 1. Let G{,, 5,y be the weighted graph obtained from (G,w)y4, by adding all missing

edges of G. Then edges of (G, w),,,, are assigned weight 1 and each other edge e is assigned the weight
w(e). As common edges are of weight 1 this works fine.

Observe that for t > 2, given a partial ¢-tree and an edge e of it, adding an edge parallel to e and
subdividing it the result is still a partial t-tree. Thus we may claim the following:

Observation 3.11. Given a weighted t-tree (G,w) which is (2k + 1)-wide, the underlying graph of
Glwok41) 18 @ partial t-tree.

An example is given in Figure[2] The figure on the right is a weighted graph built from the weighted
K, presented on the left. The weights of bold edges are the same as corresponding edges of (K4, w) in
the left, and all other edges are of weight 1.

(Ky,w) (Ky,w); (Ka)wm

Figure 2: Examples of (G,w),;,,; and G

*

(w,2k+1)

As claimed in the following proposition, the condition that (G, w) is (2k 4+ 1)-wide implies that the
extension of (G, w) into G’(‘“w 2k+1) transforms the general weight function w to a k-partial distance function

(of (G, w)g;,41). We leave the verification of this claim to the reader.

Proposition 3.12. Given a t-tree G and an edge weighting w with weights from {1,2,...,k} such that

G,w) is (2k + 1)-wide, the weighted graph G is a k-partial (G, w -distance graph.
(w,2k+1) 2k+1

8.2. Odd-girth and wideness

Here we will prove that for a complete distance graph of G to be (2k + 1)-wide is equivalent with G
being of odd-girth at least 2k + 1. One direction of this claim is followed from definitions. We prove the
other direction in the following general setting.

Lemma 3.13. If B is of odd-girth 2k + 1, then any partial B-distance graph B is (2k 4 1)-wide.

Proof. By the definition of a weighted graph to be (2k+ 1)-wide, we only need to prove that the complete
B-weighted graph B is (2k + 1)-wide. To do this we need to show that every odd-cycle C of (B, W)opt1




has length at least 2k + 1. If C has exactly two vertices from B, then the length of C' is exactly 2k + 1
by construction. Assume C has at least three vertices from B and denote them by x1,xo,...,2; in the

clockwise orientation of C. Denote the distance from x; to z;41 in C by ;. If there exist /; and [; such
t

that l;,l; > k, then le > 2k + 1. So the length of C' is at least 2k + 1. Suppose that [; < k for every
s=1
i=1,2,...,t. Then we know that l; = dg(z;, z;+1), so there is a closed-walk of odd 1ength going through

1, T3, ... oy in B whose length is Zl Since B is of odd-girth 2k + 1, we have Zl >2k+1. So

s=1 s=1
the length of C is at least 2k + 1. Finally consider the case where there is exactly one I; with [; > k.
By symmetry we may assume [y > k. Hence, I; = dp(z;,x;41) for i = 2,...,t. We consider into two

subcases. If I; = k, then we have l1 = w(ry,x2) = k < dp(x1,22). By the trlangular mequahty, we get

lo+ -+ 1 >dp(z1,22). So Zl >k +dg(z1,22) > 2k. Since le is odd we have Zl > 2k + 1.

s=1 s=1 s=1

Ifly > k41, then [y = 2k + 1 — w(z1,z2). Hence, le =2k +1—w(xy,x2) + 12 +--- 4+ ;. Since

s=1
t

w(xy,x2) < dp(x1,x2), by the triangular inequality, we have Z l, > 2k + 1. We conclude that C has

s=1
length at least 2k + 1 in each case. O

The following theorem is a key tool of our work. It claims, basically, that a homomorphism of a graph
G to a graph H where both G and H are of odd-girth 2k + 1 can be viewed as a mapping which preserves
more than just adjacency. It is only a restatement of Lemma using the terminology we have just
developed.

Theorem 3.14. Let G and H be two graphs of odd-girth 2k + 1. Let (G',w1) be the partial G-distance
graph consisting of all edges xy where x and y belong to a common (2k + 1)-cycle of G. Similarly, define
(H',ws) to be the partial H-distance graph consisting of all edges uv where v and v belong to a common
(2k+1)-cycle of H. Then each homomorphism of G to H is also a homomorphism of (G',w1) to (H',ws).

Proof. This is also an application of the fact that a mapping of Cyx41 to another cycles of the same
length is rather an isomorphism and distances are preserved. O

3.8. List of all (2k + 1)-wide complete graphs on t + 1 vertices

Given positive integers k and ¢, and toward working with graphs in P77 211, we will need the list of
all weightings w of the complete graphs on t + 1 vertices for which (K41, w) is (2k +1)-wide. As k and ¢
are fixed numbers, this list can be easily computed. The computation of this list is further simplified by
Theorem (3 . We denote the list of such weightings by L(t+1,2k+1). The total number of weightings on

a K41 whose vertices are labeled, with weight of each edge being an integer between 1 and k, is k(5.
This provides an upper bound on the number of elements of L(t 4+ 1,2k 4 1). This upper bound is not
too far from the exact number of elements by the following observation:

Proposition 3.15. Ifw is a weighting of Kyy1 satisfying 2—3’“ <w(e) <k, then (Kiy1,w) is (2k+1)-wide.

Proof. By Theorem [3.7] it is enough to check that for each triangle the induced weighted triangle is
(2k + 1)-wide. Let a,b,c be weights of a triangle in (K;11,w). We use Proposition [3.5] to test if this
triangle is (2k + 1)-wide. If a + b + ¢ is odd, then it is at least 2k + 1. If it is even, then a + b > 4k but
¢ < k, which implies a + b > c. O

Thus, given k and ¢, there are at least (Hl)'(g)(tél) non isomorphic elements in L(t + 1,2k +1). We

leave finding the exact number of elements of L(t + 1,2k 4 1) as an open question. To help with a better
understanding of the notion, in Figure |3| we have provided the full list of 7 non-isomorphic elements of
L(4,5).

In the next lemma we show that our list L(¢ + 1,2k + 1) maintains a weak notion of monotonicity.
That is to say, if in a given (2k + 1)-wide weighting all entries corresponding to a vertex w are raised to
the maximum possible value (which is k), then the result will still be a member of our list.
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Figure 3: The list L(4,5) of all 5-wide K4’s

Lemma 3.16. Let w be a weighting of Kii1 such that (K1, w) is (2k + 1)-wide. If we change the
weight of each of the t edges incident to a same vertex to k, then the resulting weighted graph (K11, w")
is still (2k + 1)-wide.

Proof. By the assumption, we have w'(e) < k for every e € E(K;41). In order to prove that (K1, w’)

is (2k + 1)-wide, by the definition of (K11, w’),; . ;, we only need to prove that every odd-cycle C' which
contains at least three vertices of K;y; has length at least 2k 4+ 1. Let vy be the vertex for which we
change the weights of its adjacent edges. If vg € V(C), then the length of C'is at least 2k + 1. Otherwise,

C is an odd-cycle of (K11, w)y;, . Hence, the length of C is at least 2k + 1. O

4. Necessary and sufficient conditions

Here we would like to give a necessary and sufficient condition for a graph B of odd-girth 2k + 1
to bound the class of partial ¢-trees of odd girth 2k + 1. Our condition is expressed in the form of the
existence of a family of cliques in a partially B-weighted graph. We start with a description of the main
property this set of cliques must satisfy. We point out that deciding if there is a weighting on B for
which such a set of cliques exists, and finding one such a set of cliques, when it exists, can be done in
polynomial time (in terms of the order of B, k and t). Such an algorithm will be given in Section

4.1. (t,2k 4+ 1)-closed sets of cliques

The following definition is a key property of a set of cliques in a partial B-weighted graph which we
need for B, which is of odd-girth 2k 4+ 1, to bound the class of all partial t-trees of odd-girth at least
2k + 1. We will provide an example to explain it better.

Definition 4.1. Let (G,w) be a weighted (2k 4 1)-wide graph. Let W be a collection of (weighted)
(t + 1)-cliques (G, w). Observe that each member of W, without labeling of its vertices, is a member of
L(t+1,2k+1). We say W is (t,2k + 1)-closed if the following is satisfied for each member W of W: Let
v be a vertex of W and let a1,aq,...,a; be the weights of the edges of W incident to v (a; = w(vv;)).
Suppose that switching the weights a1, ag, ..., a; to a}, db, ..., a} while keeping all other weights the same
results in another element of L(¢t+ 1,2k + 1). Then there must exist a clique W’ in W which is obtained
from W by removing the vertex v and adding a vertex v" where w(v'v;) = a} fori =1,2,...,¢.

The definition is inspired by the construction of ¢-trees. Given a (¢t + 1)-clique W’ of a weighted t-tree
G, if a new vertex is added which is joined to t vertices of W', and weighted in such a way that the new
graph G’ is also (2k + 1)-wide, we want to be able to extend any mapping of G to the weighted graph B



to a mapping of G’ to B. A (t,2k + 1)-closed set of (¢ + 1)-cliques will do exactly this. And as we will
prove, this is also a necessary condition.

For further clarification, we would like to point out a main difference between this definition and the
list L(t+ 1,2k +1): a (t,2k + 1)-closed set is a set of (weighted) cliques in a weighted version of a given
graph, thus in particular its vertices are labeled. In contrast, for the list L(t + 1,2k + 1) the labeling
of vertices is of no importance. The key here is the edge weights of graphs in the list which helps with
keeping us within the condition of odd-girth at least 2k + 1.

For a better understanding of this definition we use the list of Figure 3} Suppose (B, w) is a weighted
graph which is 5-wide (in a sense it is triangle-free), and let W be a collection of its 4-cliques which is
(3,5)-closed. Let W; be a member of W on vertices z,y, z,t and suppose that all edges are of weight 2,
i.e., Wi is isomorphic to the first weighted graph in the list of Figure [3] Consider the triangle induced
by zyz, all whose edges are of weight 2. There are three other weighted K4’s in the list L(4,5) which
contain triangles all whose edges are of weight 2. Those are the second, fifth and sixth graphs in Figure
Considering the first, the condition of is the existence of a vertex w1117 which is adjacent to x, y and
z (each edge having weight 1). The fifth element implies the existence of three other vertices: a vertex
u122 which is adjacent to x with an edge of weight 1 and to y and z both with edges of weight 2. Vertices
ug12 and wugo; are defined similarly. Note that, by our definition, each of the three cliques induced by
{z,y, z,u122}, {2, 9, 2, u212} and {x, y, z, ug21 } must be in W. Similarly, there must be three other vertices
U112, U121 and us1y giving cliques isomorphic to the sixth element of the list. We note that each of these
vertices might be used again to satisfy the condition for other triangles of Wj or for elements of W.
Altogether, as we will see later, the smallest 5-wide weighted graph with a nontrivial (3,5)-closed set of
4-cliques has 16 vertices.

A (t,2k+1)-closed set of cliques of a weighted graph must then have a large number of (¢ + 1)-cliques.
To find a smallest such set would probably address challenging questions. An easy lower bound on the
number of elements of such a set is the number of elements of L(t + 1,2k + 1). More precisely, given a
(t,2k + 1)-closed set of cliques, if it is nonempty, then it must have one (¢ + 1)-clique for each element of
L(t+ 1,2k + 1) as we prove in the following theorem.

Theorem 4.2. Given a (2k + 1)-wide weighted graph (G, w), if a nonempty collection W of its (t + 1)-
cliques is (t,2k + 1)-closed, then for any weighting w of K11 such that (Ky1,w) € L(t+1,2k+ 1) there
is an isomorphic copy of (K11, w) in W.

Proof. Since W is nonempty, there exists an element (K41, wp) in W. Let V(Kyy1) = {vo,v1,..., v If
we change the weights of the edges adjacent to vy to k, then by Lemmathe resulting (¢ + 1)-clique is
(2k—+1)-wide. As W is (t,2k+1)-closed, there exists a vertex ug which is adjacent to each of vy, v, ..., v
with an edge of weight k& and such that the (¢4 1)-clique induced by wug, v1,ve, .. .,v; is in W. By repeating
this process we may replace each v; with a vertex u; which is adjacent to the vertices of the current clique
we are working on with edges of weight k. Thus at final step we have a clique in W all whose edges are
of weight k.

In summary, starting with any (2k 4+ 1)-wide (¢ + 1)-clique in W we get that there is a clique in W
all whose edges are of weight k. However, this is a reversible construction, and starting with one such
clique (where all edges are of weight k) and using the property of being (¢, 2k + 1)-closed, we can get an
isomorphic copy of any other member of L(t + 1,2k + 1) in W. O

4.2. A necessary and sufficient condition

Recall that P77 is the class of partial t-trees, and P7T 2541 is the subclass of partial ¢t-trees of odd-
girth at least 2k + 1. We are now ready to state and prove the following theorem, which provides a
necessary and sufficient condition for a graph B of odd-girth 2k + 1 to bound P7T; 2x+1. We will give an
algorithm to check this in Section

Theorem 4.3. A graph B of odd-girth 2k + 1 admits a homomorphism from every partial t-tree of odd-
girth at least 2k + 1 if and only if there exists a partial B-distance graph (B, w) with a nonempty set W
of (t + 1)-cliques of (B, w) which is (t,2k + 1)-closed.

Proof. First, we prove the sufficient part. Assume such a weighted graph B and a nonempty set W of
(t+1)-cliques exist. Suppose G is a partial t-tree of odd-girth at least 2k +1. Let G be a t-tree containing
G as a subgraph. We form a weighted graph on G by defining the weight function ¢ : E(G) — {1,2,...,k}



by p(zy) = min{dg(z,y), k} for every zy € E(G). By Lemmal|3.13| we know that (G, ¢) is a (2k+1)-wide
weighted graph. Let X1, Xa,..., X be a (¢ + 1)-clique-sequence from Which G is built. Since X; is a
subgraph of G, we know that (X1,¢) is (2k + 1)-wide. By Theorem [4.2] there is an isomorphic copy
of X7 in W, let C7 be this copy. Let h be an isomorphism of X7 to C’l. Observe that, in particular,
h is a homomorphism of X; to C;. Our goal is to extend h to a homomorphism of G to B. Let
V(X2) ={z1,22,..., 2, xe+1}. By the definition of partial t-trees, and without loss of generality, assume
Z1,T2,...,x¢ € V(X1). Since W is (t,2k + 1)-closed and X5 is (2k 4 1)-wide, there exists y € V(B)
such that {y, h(z1), h(z2),...,h(z)} induces a member of W and the weight of yh(x;) is the same as
the weight of @(zy12;) for each i € {1,2,...,t}. Let h(xty1) = y, hence, this extended mapping h
is a homomorphism of (X; U | Xo, ®) to B. By continuing this process, we eventually extend h to a
homomorphism of (G, @) to (B,w). Thus for each edge zy of G of weight 1, h(z)h(y) is an edge of B of
weight 1. That is to say, h(z)h(y) is an edge of B. Therefore, h is also a homomorphism of G to B.

Next, we want to prove that the condition is necessary.

We first define B as follows: vertices of B are the same as vertices of B. A pair z,y of vertices is an
edge of B if z and y belong to a common (2k + 1)-cycle of B. Thus B does not necessarily contain all
edges of B, but it does contain each pair that belongs to a common (2k + 1)-cycle and thus we may apply
Theorem We then define the weight ¢ of an edge zy of B to be the distance between z and y in B.
That is the same as their distance in any (2k 4 1)-cycle containing them since B is of odd-girth 2k + 1.
Our aim is to show that (B, ¢) admits a nonempty set W of (¢ + 1)-cliques which is (¢, 2k + 1)-closed.

Recall that given a t-tree G and a weighting w (1 < w(e) < k) of its edges we have associated with

(G, w) a weighted graph G?w,2k+1) which, by Proposition [3.12] is a partial distance graph of (G, w)y, ;-

By Observation 3.11} for ¢ > 2, the underlying graph of G7,, ,; ) is a partial ¢-tree. Since (G, w)gp 41
is a partial ¢-tree ol odd-girth 2k + 1, by our assumption, it admits a homomorphism to B. Thus, by

Theorem 3.14|7 Gl 2k1) maps to (B, ¢).

Intuitively speaking, the set W of (¢ + 1)-cliques we are looking for is a minimal set of (2k 4 1)-cliques
in a weighted version of B which are the images of cliques when mapping (2k + 1)-wide weighted graphs
to the weighted version of B. More details are as follows.

Let PT;% 41 be the set of weighted graphs G’(*w,% 41y where G is a t-tree such that, together with

edge-weighting w, (G,w) is (2k + 1)-wide. As mentioned above, each member of P77 ;. ; admits a

(w,2k+1) U to (B, ¢), the image
is a weighted (t 4 1)-clique in (B, ¢). Let W be a minimal possible set

homomorphism to (B ©). Observe that, in a mapping of any such member G

of any (t + 1)-clique of G(w k1)

of (t + 1)-cliques 1nA(B, ) as the homomorphic images of such a mapping. More precisely, W is a set of
(t + 1)-cliques in (B, ) such that (¢) for every G} in P77 941 there exists a homomorphism of

(w,2k+1)
Gluoriny 1O (B, ¢) such each (t+ 1)-clique of Gy 2k+1) is mapped to an element of WV, and (i9) for each
clique W € W, W — W is not such a set. We will denote the existence of a homomorphism mentioned

in i. by G{, gp11) = (B, ,W). A restatement of (ii) is that for each clique W € W, there exists a
weighted graph G’{kaH) in PT7 95,1 such that, in any mapping of G?w,%ﬂ), to (B, », W) at least one
of its (t + 1)-cliques is mapped to W.

We claim that W satisfies the condition of our theorem, i.e., W is not empty and (¢, 2k + 1)-closed.

To see that W is not empty it is enough to take any (2k + 1)-wide K11 as (G, w) and consider the
corresponding G, o q)-

To prove that W is (¢, 2k+1)-closed, we take a (t+1)-clique, say Cy, we take ¢ vertices vy, va, . .., v from
(4 and assume that adding a vertex = with ¢(2v;) = a; produces a (t + 1)-clique which is (2k + 1)-wide.
Then we need to show that there exists a vertex v € V(B) such that vy, ..., v, v induce a (¢ + 1)-clique
in W and such that ¢(vv;) = a; for ¢ = 1,...,t. Recall that, by the minimality of W, there exists an
element écl which admits a (B ,©, W)-mapping, but in any such a mapping at least one (¢ + 1)-clique is
mapped to C.

Consider all isomorphic copies of C in Gcl (these are the (¢ + 1)-cliques that could potentially map
to Cy). For each such t-clique W do as follows: let vy, va,...,v; be vertices of W. Suppose that adding
a vertex v to W and joining v to each v; with an edge of weight a; results in a (¢ + 1)-clique which is
(2k 4+ 1)-wide, i.e., the weighted clique is in L(¢+1,2k+1). Then, for each isomorphic copy of C in GCN
add a new vertex which is joined to vertices in the isomorphic copy with edges of corresponding weight
from aq, a9, ...,a;. Furthermore, for each newly added edge of weight a;, add two paths of respective
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length a; and 2k + 1 — a; connecting the two ends of this edge. Each edge of these two paths is of weight
1. Let G* be the new weighted graph. By construction and by Proposition the weighted graph G*
is a member of P77 o5, 1, and, therefore, there exists a homomorphism p of G* to (B, p,W).

Recall that to complete our proof, given a clique C; in W, we need to show that, if for a vertex v of
(4, the weights of the edges incident to v are changed from aq,as,...,a: to af,dj, ..., a}, then there is
a clique C] € W realizing this new set of weights.

Observe that G, C G*, thus p induces a homomorphism of G¢, to (B, @, W). By the choice of G,
some (t + 1)-clique of Gcl, say K, is mapped to C;. However, in G* we have built a clique K’ such that
t of its vertices are from K and a new vertex x is added which is adjacent to common vertices of K and
K’ with weights a},a},...,a}. The image of z is then the vertex we are looking for and this completes
our proof. O

5. Algorithmic implications

Here we discuss how to apply the necessary and sufficient condition of Theorem to decide whether
a given graph B of odd-girth 2k + 1 bounds P7T 2x41. Since t and k are fixed integers, we can assume
that the set L(t + 1,2k 4 1) is already computed. This is a list of order at most k(tgl) and, therefore,
of a constant size when ¢ and k are fixed integers. We first form a weighted graph B whose vertices are
vertices of B and edges are pairs uv such that v and v belong to a common (2k 4+ 1)-cycle of B, the weight
of each such edge being the distance v and v in the graph B. By the condition on the odd-girth of B,
this distance is determined by the distance between u and v in one of the odd-cycles they both belong
to.

Observe that determining if vertices v and v are in a common (2k + 1)-cycle of B is simple: starting
at u, and iteratively, we compute the set N;(u) which consists of all vertices at distance ¢ from u and,
at each step, we check if v is in N;(u). If v ¢ N;(u) for ¢ < k, then we conclude that the pair is in no
common (2k+1)-cycle. Otherwise, we may assume [ is the first ¢ such that v € N;(u) (thus | = dp(u,v)).
We then compute the set Nogy1—oi(v). If this set has no intersection with N;(u), then u and v do not
belong to a (2k + 1)-cycle. Otherwise we have found such a cycle.

I‘;_(ﬁ)l), the set of all weighted

(t + 1)-cliques of B. As t is a fixed number, with respect to the order of B, this list is provided in
polynomial time. Let VW be this ordered set of cliques whose elements are labeled W1, W5, ..., W,.. Next
we would like to figure out if any subset of this list is (¢, 2k 4 1)-closed, and if so to output such a subset.
To this end, given an element W; of W, we first check whether W passes the test of being (¢, 2k + 1)-closed
with respect to W;. This is done in the following loop:

Let v1,va, ..., ve41 be the vertices of W;, and let W/ be a t-clique induced by W; after deleting a vertex
v;. For simplicity we assume j =t + 1, but we must do this next inner loop for all v;, j =1,2,...,t + 1.
In this inner loop we look for all elements of L(¢+ 1,2k + 1) which can be regarded as an extension of the
weights of W/ by adding one more vertex and, for each such element of L(t 4 1,2k + 1), we consider all
possible extensions. The number of such possibilities is a function of ¢ and k, so it is constant with respect
to our parameter which is the order of B. Consider one such extension ¢. Thus ¢ is regarded as an edge
weighting of a (¢ + 1)-clique, ¢ of whose vertices are labeled vy, vs, ..., v; and the last vertex is labeled v’
(which is not a vertex of B). Moreover, for each edge v;v;, i, < t, we have p(v;v;) = dg(v;,v;). Assume
pvv') = a;, i =1,2,...,t. What we need to find now is a vertex v of B such that dg(v;,v) = a; for
all t = 1,2,...,t. The existence of such a vertex v then can be checked easily by trying each vertex of
B that is not also a vertex of W;. If for some vertex v € V(B) \ V(W;) we have dp(v;,v) = a;, and the
(t + 1)-clique obtained for W/ by adding the vertex v is in W, then we consider this step of the inner loop
verified and check the next embedding of W, among the members of L(t + 1,2k + 1). If we cannot find
any such vertex, then we conclude that W; cannot be in a set of (¢,2k + 1)-closed cliques. In that case,
we remove W, from our list W and we start over. If at some point, for any choice of an element W of
W, any choice of an induced t-clique W’ of W, and any embedding of W' in elements of L(¢t + 1,2k + 1),
we find our required vertex v, then this list W of (¢ + 1)-cliques is (t,2k + 1)-closed by definition and,
therefore, it provides a certificate that B (or rather a subgraph of B induced by the edges of weights 1
of cliques in W) bounds the class PT;2xr41. If, by repeating our loops and inner loops, we eventually
delete all considered (¢ + 1)-cliques, i.e., when we arrive at the case W = (), we claim that our weighted
graph B has no nonempty (t,2k + 1)-closed set of (t+ 1)-cliques. That is because if there were such a set

Once we have our weighted graph B , we may list, in time at most (
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Wi, since at the start we considered all (¢ 4+ 1)-cliques, we would have Wy C W. But then each element
of Wi passes all our loops and thus no element of W; will ever be deleted.
Overall, in the discussion above, we have proved the following facts:

Theorem 5.1. Let t and k be given (fized) positive integers and let B be a graph of odd-girth 2k + 1.
Then

o we can decide in a finite number of steps if B bounds PT ¢ 2k+1,

e this number of steps is bounded by a polynomial function of |V (B)| whose degree and coefficients
are dependent on t and k,

o if the above steps certifies B as a bound for PTiart+1, then it also outputs a (t,2k + 1)-closed list
of (t + 1)-cliques that we can use to find a mapping of any member of PTak41 to B.

There are a few important remarks to make here. First, in order not to underestimate the power of
Theorem and its algorithmic application, we would like to mention that, for the same general graph
B of odd-girth 2k + 1, we do not know of any finite algorithm to decide whether B bounds the class of
all planar graphs of odd-girth 2k + 1. While for certain cases, such as when B contains a Ky, we have
the trivial YES answer, for a general choice of B, finding such an algorithm may help to deal with some
of the difficult conjectures which we have mentioned in this work. Another note is that, in the discussion
before Theorem [5.1] we only cared to show that the algorithm we provide runs in a time polynomial
in the order of B when t and k are fixed. To actually implement the algorithm, one may also apply
further optimization. For example, having in hand a lower bound for the order of a (¢, 2k 4 1)-closed set
of (t + 1)-cliques, if the order of W goes below such a threshold, we may stop with a negative answer.
An example of such a lower bound is the number of elements of L(t + 1,2k + 1). Recall that we must
already have a list of them for our algorithm. The last note worthy comment here is about a weakness
of our algorithm: when B is a bound, our algorithm provides a (¢, 2k + 1)-closed set W of (¢ + 1)-cliques
that we can use to map each member of PT or+1 to B. However, the set created here is the largest of
all such sets while, in practice, and toward optimization, we are interested in a smallest of such sets.

6. Projective cubes and bounding partial 3-trees

Theorem is an extension of a necessary and sufficient condition provided in [2] to test whether a
given graph of odd-girth 2k + 1 bounds the class of K4-minor-free graphs of odd-girth at least 2k+1. The
question of finding a smallest such graph is discussed in that paper, where it is shown that the order of
a smallest such graph must be ©(k?). One naturally expects that the analogous question would become
more difficult for P7T ¢ 2x4+1 with ¢ > 3. While generally this might be the case, in this section we show
that the case t = 3 is rather special by providing the optimal answer. Here we give a graph of odd-girth
2k + 1 on 22* vertices which bounds the class PT3,2k+1, and we point out that there can be no such
graph with smaller order. Our results here can be viewed as the strongest support provided so far for
the general case of a conjecture in extension of the four-color theorem. This conjecture will be restated
after we introduce the necessary definitions.

We first recall the definition of a Cayley graph: let I' be an additive group and let S be a symmetric
subset of I' (i.e., for each € S we have —z € S), furthermore, suppose that 0 is not a member of S.
Then the Cayley graph (T, S) is the graph whose vertices are elements of T', and where two vertices
and y are adjacent if and only if x —y € S. The fact that S is symmetric implies that G is a graph and
not a digraph. As we will consider only binary groups here, we have —z = z for each x, and thus all
sets are symmetric here. The important advantage of considering Cayley graphs on binary groups is the
naturally associated edge-coloring. Given a Cayley graph on a binary group, to each edge uv we assign
utv=u—v=v—ucSs.

The main targets of this section are the following Cayley graphs on the binary group Z5.

Definition 6.1. The projective cube of dimension k is the Cayley graph (Z’f, {e1,€2,...,ex, J}) where
the e;’s are the vectors of the standard basis and J is the all-1 vector.

Recall that the Cayley graph (Z&, {e;,ea,...,ex}) is the well known hypercube H(k), where graph
distances are the same as Hamming distances. Therefore PC(k) is built from H (k) by adding an edge
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between antipodal pairs. It is not hard to see that this graph is also built from H(k + 1) by identifying
antipodal pairs. This projection has given the choice of name “projective cube” for these graphs. However,
they are more often referred to as “folded cube”. It can be easily checked that PC(2k — 1) is bipartite.
On the other hand, PC(2k) is a 4-chromatic graph of odd-girth 2k 4+ 1. Tt is easily verified that PC/(2)
is isomorphic to Ky, thus the following conjecture of the second author from [I4] is an extension of the
four-color theorem:

Conjecture 6.2. Every planar graph of odd-girth at least 2k + 1 admits a homomorphism to PC(2k).

The conjecture is believed to be true for the larger class of Kz-minor-free graphs (see [16]). Even
a further extension using the notion of signed graphs is considered, we refer to [16] for more details.
The conjecture is about finding an optimal bound in the following sense: it is proved in [I8] that if the
conjecture is true, then PC(2k) is a smallest graph (both in terms of the number of edges and of the
number of vertices) of odd-girth 2k + 1 which bounds the class of all planar graphs of odd-girth at least
2k +1. That is to say, if B is a graph of odd-girth 2k + 1 to which every planar graph of odd-girth at least
2k + 1 admits a homomorphism, then B has at least as many vertices and as many edges as PC(2k).

The case k = 1 of the conjecture is just the four-color theorem, and its extension to the Ks-minor-free
graphs is obtained by Wagner’s theorem on decomposition of Ks-minor-free graphs. The case k = 2 is
proved in [I4] (using the four-color theorem) and its extension to Ks-minor-free graphs is given in [19].
The case k = 3 follows from recent results on edge-coloring of planar multigraphs which are also based
on the four-color theorem (see [16]).

For larger values of k the conjecture remains open, and the best known support was a verification
for the class of K4-minor-free graphs proved in [2]. Here, as an application of our work, we show that
the conjecture holds for the larger class of partial 3-trees of odd-girth at least 2k + 1. We note that
this is a subclass of Ks-minor-free graphs, but it does contain some non-planar graphs. Thus our result
here provides the strongest evidence so far in support of the conjecture. To proceed we need to establish
some notation and prove some properties of PC(2k). To this end we will have to provide proofs for some
already known facts about projective cubes and then strengthen such results.

We start by recalling a general fact about Cayley graphs on binary groups. Let G be a Cayley graph
on a binary group and let ¢ be the associated edge-coloring. Suppose vy, va, ..., v, v1 is a closed-walk of
G (with this order of vertices). Then ¢(viv2) + ¢(vavs) + -+ + @(vv1) = 2(vy +va + -+ ) = 0. In
particular this is the case for all cycles.

Consider the set Sop, = {e1, €9, ..., €2, J}. The only linear relations among elements of So, are 2z = 0

for every = and Z x = 0. This fact, together with the previous observation, partitions the set of cycles
€ Ssy
of PC(2k) into two types: (i) cycles C' where ¢(viva) 4+ ¢(vavs) + - - - + @(vv1) = 0 because every element
of Sy, appears an even number of times as a color on the edges of C' (0 as an even number is also allowed),
and (it) cycles C' where ¢(v1v2) + d(vavz) + -+ + p(viv1) = Z x = 0, that is to say every element of
TESay
Sor, appears as color on edges of C' an odd number of times. As Sy has an odd number of elements, this

second type of cycles then correspond to the class of odd-cycles of PC(2k) while the first type correspond
exactly the class of even-cycles. As a consequence, we get that PC(2k) has odd-girth 2k + 1. But in fact
a stronger statement follows, based on the following notation:

Let v and v be two vertices of PC(2k), P be a shortest u — v path and S, be the set of the colors
of edges of P (thus S, C Sax).

Theorem 6.3. Given PC(2k) and any two vertices u and v, the set Sy, corresponding to the colors of
the edges of a shortest u—v path P is independent of the choice of P and thus well defined. Furthermore,
given a u — v path P' of length 2k + 1 — d(u,v), the set of colors of the edges of P’ is Syy = Sox \ Suv
and 1s thus independent of the choice of P’.

Proof. Let P be a u—v path of length d(u,v) and let Sy, be the set of colors of the edges of P. Our first
claim is that |Sy,| = d(u,v). Let $1,82,...,s; be the elements of S,,,, that appear an odd number of times
on the edges of P. If [ = d(u,v), then each s; must appear exactly once and we are done. Otherwise,
consider the path uz xs...x;, with 21 =u+ sy and x; = x;_1 + s; for i = 2,...1. It follows that ; = v
and that this is a shorter v — v path.

Next we claim that for S, = Sar \ Sy there is a u — v path P’ of length 2k + 1 — d(u,v) whose
set of colors is S7,. Labeling elements of S, as s, s5,...,s), one such a path P’ is uyiyz...y,, with

) Oy
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y1 =u+s) and y; = y;—1 + 8, for i = 2,...,r, noting that y, must be v.

Observe that the color sets corresponding to the two paths P and P’ form a partition of Sag into Sy,
(of size d(u,v)) and its complement S/, (of size 2k + 1 — d(u,v)). Now, as every u — v path @ of length
d together with P’ forms a closed walk of length 2k + 1, and since PC(2k) has odd-girth 2k + 1, the set
of colors corresponding to the edges of @ must be the complement of S, that is S,,. Similarly, every

u — v path @’ of length 2k + 1 — d must have the complement of Sy, as its color set. O
This leads to the following labeling of the edges of the complete graph on 22* vertices using PC(2k).

Definition 6.4. The PC(2k)-edge-labeled complete graph is the complete graph on vertices of PC(2k)
where each edge uv is labeled by the partition {Suy, Sus}-

Observe that by replacing each such label with the order of S,, (that is the smallest of the two
orders), we obtain the complete PC/(2k)-distance graph which is (2k + 1)-wide since PC(2k) is of odd-
girth 2k + 1. Before we use this labeling to apply Theorem on the complete PC/(2k)-distance graph,
we use it to prove a high level of symmetry in PC(2k). To this end, we will need the following property
of the complete PC(2k)-distance graph.

Proposition 6.5. Let x, y and z be three vertices of the PC(2k)-edge-labeled complete graph. Let
A € {84y, Say}t, B € {Suz, S22} and C € {S,.,Sy.}. Depending on the parity of |A| + |B| + |C|, one of
the following holds:

e Fach element of Saor appears in an even number of the sets A, B or C, that is to say, either it
appears in none of them, or in exactly two of them (this is the case when |A| + |B| + |C| is even).

e Fach element of Sap, appears in an odd number of the sets A, B or C, that is to say, it appears
either in exactly one of them, or in all three of them (this is the case when |A| + |B|+ |C| is odd).

Proof. Observe that the choice of A corresponds to the colors of the edges of an © —y path P4. Similarly,
the choice of B and C' corresponds to z — z path P and y — z path Pg, respectively. Thus |A|+ |B|+ |C]|
corresponds to the length of the closed-walk starting at  and traversing Py4, then Po and then returning
to « through Pg. Thus the sum of the elements of A and B and C is 0. This means that if a color comes
an odd-number of times in the closed-walk, then so do all other colors, and thus |A|+ |B|+|C| is an odd
number. Otherwise all colors appear an even number of times, which means |A| 4+ |B| + |C] is also even
number. O

Corollary 6.6. Given subsets A, B and C of the previous proposition such that |A| + |B| + |C| is odd,
the number of elements that appears in all three of them is 1(|[A| +|B| + |C| — (2k + 1)).

This corollary is of importance for two main reasons: The first reason is that |A|, |B| and |C| are the
edge weights of a weighted triangle in the complete PC(2k)-distance graph induced by x, y and z. Thus
this triangle is (2k + 1)-wide and the value 1 (|A| + |B| + |C| — (2k + 1)) of this corollary corresponds
to the value fort+1(]Al,|B],|C|) of Proposition The second reason is that the number of elements
appearing in all three sets A, B and C' is a function of the order of A, B and C' and does not depend on
the choice of A, B, C. This implies a very high level of symmetry as we will discuss below.

A graph G is said to be distance transitive if for every two pairs (u,v) and (z,y) of vertices, if
dg(u,v) = dg(z,y), then there is an automorphism of G which maps u to z and v to y. Furthermore,
G is said to be triple transitive if for every two triples (u,v,w) and (z,y, z), if dg(u,v) = dg(z,y),
de(u,w) = dg(z, 2), dg(v,w) = dg(y, z), then there is an automorphism ¢ of G such that {(u) = =,
¢(v) =y and ((w) = z. In the next theorem we give a proof of a result of [I3] (see also [3]) using the
terminology we have developed here which claims that PC(2k) is triple transitive. The ideas developed
in this proof are essential for the proof of Theorem

Theorem 6.7. The graph PC(2k) is triple-transitive.

Proof. In order to prove this we need to introduce automorphisms of this graph. To this end, similar to
the labeling of the edges of the complete PC/(2k)-labeled graph on 22 vertices, and using this labeling
of edges, we label the vertices of PC(2k) also by partitions of Sai. To start with, we label the vertex 0
by the trivial partition {{), So;}. Then the vertex u receives the label of the edge Ou, that is {Sp., S }-
Using this labeling, one easily observes that every permutation of Soy is an automorphism of the complete
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PC(2k)-labeled graph and, therefore, also an automorphism of PC(2k). In fact this is the full list of
automorphisms that has 0 as its fixed point, but we do not need to prove this fact here. Given a set
A C{ey,ea,..., e}, one may get an automorphism of the complete PC(2k)-labeled graph (and thus of
PC(2k)) by mapping the vertex labeled {X, X} to the vertex labeled {X @ A, X @ A} (if a is the vector
in Z2F whose support is A, then this automorphism corresponds to the mapping u — u + a). Unless A
is the empty set, this automorphism never fixes the vertex 0. By composing two of the automorphisms
described above one clearly gets an automorphism of the complete PC(2k)-labeled graph and thus of
PC(2k). This is indeed the full list of automorphisms of this graph, but we do not need to prove this
stronger statement here either.

To prove the claim of the theorem, let {z,y, z} and {u,v,w} be two triples of vertices of PC(2k) such
that dpcar) (,y) = dpo(ar (4, v), dpor (T, 2) = dpcar) (u, w) and dpo(ar) (Y, 2) = dpo(ar) (v, w). Note
that by taking a symmetric difference, one may easily map the vertex u to the vertex xz. If v and w are
mapped to v’ and w’ by this automorphism, then it is enough to prove that the triple {z,v’,w’} can be
mapped to {x,y, z} by an automorphism of PC(2k), so we may assume u = x in the rest of this proof.

The assumption of dpc(ar)(z,y) = dpcr) (T, v), dpe@r) (T, 2) = dpcer (z, w) and dpcr) (y,2) =
dpc(2k) (v, w) implies that [Syy| = [Szol, [Szz| = [Szw| and [Syz| = [Syw|. Consider the triangle induced
by the vertices z,y, z in the complete PC(2k)-labeled graph. The edges of this triangle are labeled by
{Szys Szy}s {Suz,Szz} and {Sy., Syz}. Let A € {Suy, Suyt, B € {Szz, S22}, and C € {S,.,S,.} be such
that |A| + |B| + |C| is odd. Noting that |S,y| < k < Sy, let A’ be the element of {Sy,,S,,} which
is of the same order as A and define similarly B’ and C’. To complete the proof it is enough to find a
permutation of S which maps A to A’, B to B’ and C to C’.

Thanks to Corollary we know that A, B, C have 1(|A|+ |B| + |C| — (2k + 1)) common elements
(each appearing in all three of them) and every other element of So) appears exactly in one of them. The
same holds for A’, B’ and C’. As |A| = |A|, |B| = |B’| and |C| = |C’|, the three sets A, B and C have
as many common elements as A’, B’ and C’. Thus it is enough (and necessary) to choose a permutation
of Sy;, which maps the common elements of A, B, C' to the common elements of A’, B’, C". O

We are now ready to prove that the projective cube of dimension 2k satisfies the conditions of Theo-
rem [43] for ¢t = 3 and odd-girth 2k + 1.

Theorem 6.8. The set W of all the 4-cliques of the complete PC(2k)-distance graph is (3,2k+1)-closed.

Proof. Our proof is based on Theorem [6.7, and on the terminology developed in this section and in the
proof of Theorem Since the projective cube PC(2k) is triple-transitive, we only need to prove that,
for each (2k + 1)-wide weighted graph (K4, w), there is an isomorphic copy of (K4, w) in W.

Let (K4, w) be a (2k 4+ 1)-wide graph with vertices z,y, z,t. Suppose that w(xy) = o, w(xz) =
b, w(xt) = ,w(zt) = a,w(yt) = b and w(yz) = c¢. To show that there exists at least one isomorphic
copy of this graph in the PC/(2k)-distance graph, using the development in the proof of the previous
theorem, it is be enough to find subsets S, Sy, S, and Sy of Sap such that the symmetric difference of
any two of them, or the complement of this set, has the same order as the weight on the corresponding
edge. For example, we want the symmetric difference S, @ S, to be of order either a’ or 2k +1 —a'.

We recall that, by Proposition with such a choice of the three subsets S;, S, and S, the three
symmetric differences corresponding to the edges of the zyz-triangle, i.e., S; ® .5y, S, ® S, and S, ® S,
have the property that each element of S is in an odd number of them, that is to say, each element is
either exactly in one or in all three of them. Thus to prove our theorem, in what follows, we show how
to make this property hold for each triangle of the Kjy.

If necessary, we change the weight of an edge to its complementary weight 2k + 1 — w to make sure
that the elements of each pair {a,a’}, {b,b'},{c, '} are of the same parity and the sum a + b + ¢ is odd.
Therefore, the weight sum of the four triangles of (K4, w) are a +b+c, a +b + ¢, @' + b+ ¢ and
a’ + bV + ¢, each being an odd number. Let f, = %(a +b+c—2k—-1), f, = %(a +b +d —2k—1),
fo=2%(@+b+d —2k—1),and f; = 3(a/+b +c—2k—1). Since (K4, w) is (2k+1)-wide, by Theorem
each of its four triangles is (2k + 1)-wide. Then by Proposition we conclude that each of the four
values f,,v € {z,y,z,t}, is a nonnegative integer not larger than the minimum of the three elements
defining it.

Next, we will assign a subset A, of Sor, = {e1,ea,..., e, J} to each edge vv’ of Ky such that |A,, |
(the order of A,,) is either w(vv’) or 2k + 1 — w(vv’) and such that, for each triangle uvw of Ky, each
element of {ej,es,..., e, J} appears either in exactly one of Ay, Ayw, Apw or in all of them, in order
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to satisfy Proposition (here, u, v and w can be any triple among x,y, z, t; similarly v,v’ can be any
pair of vertices chosen from these four vertices).

Without loss of generality, assume that f, = min{fs, fy, f., ft}. Our idea is to choose the six subsets
Ay of Sop (v and v’ being two distinct vertices of (K4, w)) in such a way that an f, number of the
elements of Soi, belong to all six of them (unlike the other conditions, this is not the only way, depending
on the weight function w of (K4, w), there could be other types of solutions). Then, for the three edges
not incident to x (i.e., the edges of the triangle yzt), we will partition the remaining elements of So
according to the weight of the corresponding edges. Next, for each of the three triangles, namely zyz,
xyt and zzt, we need to pick, respectively, f; — fz, f. — f» and f, — f, more common elements. The
details of the whole process is as follows.

Let S, be a subset of Sop, = {e1,ea,...,ear, J} of order f,. We partition the set Soi \ S, into three
disjoint subsets Sy, , Sy: and Sy, of order |S,.| = ¢— f, |Syt| = b— fz, and | S;¢| = a— f5. Observe that one
of these sets might be empty, but we cannot have two of them empty. For example, if c— f, = b— f, =0,
then ¢ = %(a +b+c—(2k+1)) and b = %(a +b+c¢— (2k+1)). Adding up these two identities we
conclude that a = 2k + 1, but we are restricted to the weights from 1 to 2k. Define 4,, = S,, U S,,
Ayt = Syt U SI and Azt = Szt U S»,-

Let S, S, and S} be subsets of Sy, such that S; C S, and |S;| = fy — fu, S, C Syt and |SL| = f.— fa,
S, C Sy, and |S}| = fi— fz. Theset Sy = S;USI is of order f,, S, = SLUS, is of order f, and S; = S{US,
is of order f;. Let Ay = (Sy. —S;)US,US., Ay = (Sye —SL)US, US; and Ayp = (Sz — S?’!) Uus,uUs,.

In summary, we have built subsets A,;, Ay, Ayz, Az, Asp and Ay, such that: (1) [A,.] = ¢,
Ay = b, |Awz| = a, |Aw| = ¢, |[A| =V, |Aye] = o, (2) for each triangle induced by three vertices
among {x,y, z,t}, in the three sets corresponding to the three edges, each element of Syi appears either
once or three times.

With these choices of A, we may choose the following set of four vertices in PC(2k)-distance graph.

The first vertex, say x, can be any vertex. The vertices y, z and t are defined as follows: y = x + Z Si,
i€ ALy
z=x+ Z Si, t = x + Z s;, where the addition is done in Z2*. The fact that every element of
$i€A= ;€ ALt

Say is in either all three of Ay, A,. and A, or just in one of them, implies that z = y + Z s;. For
Si€Ay

the same reason, similar relations hold between any two of the four vertices, that is to say, theyir binary
difference is equal to the sum of the elements of the set associated with the corresponding edge.

Recall that the size of A, is either d(u,v) or 2k + 1 — d(u,v). Thus the four vertices x,y, z,t we have

defined above will have distances in PC(2k) equal to the corresponding weights in (K4, w) that we have

started with. This completes the proof. O

Remark In the proof of this theorem we chose S, to be a subset of all the sets A,,. Depending on
the weight function w, other solutions may exist. This shows that PC(2k) being triple transitive is the
limit of the symmetries of this graph and that PC(2k) is not 4-tuple transitive.

In support of Conjecture we have the following theorem which is an immediate corollary of
Theorem [£.3] and Theorem [6.8

Theorem 6.9. The projective cube of dimension 2k, PC(2k), is a graph of odd-girth 2k—+1 which bounds
the class of partial 3-trees of odd-girth at least 2k + 1.

Next we claim that PC(2k) is a smallest graph of odd-girth 2k 4+ 1 which may satisfy the statement
of the previous theorem. This claim is implicitly proved in [I8] based on the following notation.

Definition 6.10. Given a graph G of odd-girth 2k 4+ 1 and an integer [, | < k, the walk power G*!+1)
of G is defined to be the graph on V(G) where vertices w and v are adjacent if and only if there is a
(u — v)-walk of length 27 4 1.

Given an odd number 2/ + 1, traversing an edge uv an odd number of times is a (u— v)-walk of length
20 + 1. Thus G is a subgraph of G*Y for any choice of I. This is one of the main reasons because of
which we only considered walks of odd-length in this definition. The other reason is that the choice of an
odd number 21 + 1 together with the condition of G being of odd-girth at least 21 + 3 insure that G(*!+1)
has no loop. The following easy lemma is the main interest of this definition for us:
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Lemma 6.11. Let G and H be two graphs of odd-girth at least 2k + 1 and let ¢ : V(G) — V(H) be a
homomorphism of G to H. Then ¢ is also a homomorphism of GPF=1) to HEZk=1)

Thus, if a graph B of odd-girth 2k + 1 bounds a class C of graphs, then |V(B)| is an upper bound
on the order of clique number of graphs in {G*~V|G € C}. To prove that PC(2k) has the smallest
order among graphs of odd-girth 2k + 1 bounding P73 2141, We prove that this class of graphs has some
weak sense of perfectness. That is to say, there is a graph G € P73 9511 for which the clique number
of G**=1) is 22k This approach was introduced in [I8], where a planar graph G of odd-girth 2k + 1
satisfying w(G(%’l)) = 22% was built. Our observation here is that the construction given there is also
a partial 3-tree. Thus we only describe the construction to verify that the result is a partial 3-tree, and
refer the reader to [I8] for the verification of w(G*~1)) = 22k,

Theorem 6.12. There exists a partial 3-tree G of odd-girth 2k+1 for which the graph G*=Y has clique
number 22F.

Sketch of proof: We consider the following construction of a planar graph G of odd-girth 2k 4 1 whose
walk power 2k — 1 has a clique of order 22*. The graph G is built iteratively, starting with a particular
subdivision Gy of K4 such, in a planar embedding, all four faces are odd-cycles of order 2k + 1. It is
shown that for any such subdivision, the walk power 2k — 1 is a complete graph on 4k + 2 vertices. Given
an already constructed graph G, if there is a u — v path P all of whose internal vertices are of degree 2,
then first add a new u — v path P’ of the same length as P, and parallel to P so P and P’ make a new
face of the plane graph, and then an internal vertex of P’ is connected to a particular internal vertex
of P in such a way that the PP’ face is split into two faces, each being a (2k 4 1)-cycle, the result is
the graph G;41. If Gg%_l) has a clique that uses [ internal vertices of P, then we will find an extension

of it in Ggf_kl_l) which uses [ more vertices. With a specific choice of a subdivision of K, and a specific

rule on connecting P and P’, at the end of this process we will have a graph G for which G®*~1 has a
2%k _clique.

What we observe furthermore are a few easy facts whose proofs we leave to the reader:

* K, is the first 3-tree.
* If G is a partial 3-tree and e is an edge of G, the any subdivision of e results in a partial 3-tree.

* If G is a partial 3-tree and P is a path whose internal vertices are of degree 2, then adding a vertex
which is joined to (only) three internal vertices of P is also a partial 3-tree.

One can view the construction of [I8], sketched above, as repeated applications of these three steps.
Thus the resulting graph at each step, and in particular at the final step, beside being a planar graph is
also a partial 3-tree. We have thus constructed a partial 3-tree G of odd-girth 2k + 1 for which G(2¢—1
has clique number at least 22*. That the clique number of G(?*~1) is indeed 22* and not bigger follows
from the fact that G maps to PC(2k) by Theorem (this fact was not verified in [I8]).

In summary we have proved:

Theorem 6.13. The projective cube of dimension 2k, PC(2k), is a smallest graph, in terms of the
number of vertices, of odd-girth 2k + 1 which bounds the class PT 3 ok+1-

7. Application to edge-coloring

The edge-chromatic number of a multigraph G, denoted x'(G), is the smallest number of matchings
into which E(G) can be partitioned. The fractional edge-chromatic number of G, denoted x';(G), is the
smallest total sum of nonnegative weights assigned to the matchings of G such that total weight of the

matchings containing each given edge is at least one. Given a subset S of an odd number of vertices, it
2|E(G[S 2| E(G[S
||S(|—[1])| is a lower bound for x;(G). Let A(G) = |I§T3c)l(d{|s(|—[1])l}' We refer to

the text book [2I] for more on fractional coloring and for a proof and references to the following theorem:

can be verified that

Theorem 7.1. Given a multigraph G we have X;(G) = max{A(G), A(G)}.
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Using this theorem, it can be easily verified that a cubic multigraph has fractional edge-chromatic
number exactly 3 if and only if it is bridgeless. Thus Tait’s classic reformulation of the four-color theorem
([25], then a conjecture) is to say that the edge-chromatic number of a cubic bridgeless planar multigraph
is equal to its fractional edge-chromatic number. With such a view, P. Seymour proposed the following
strong generalization:

Conjecture 7.2. [22] For every planar multigraph we have x'(G) = [x}(G)].

The conjecture is proved for Ky-minor-free graphs in [24] (a different proof is provided in [9]), and
using this result it is proved in [I2] for the larger class of K -minor-free graphs, where K is the graph
obtained from K5 by removing one edge. As a direct generalization of Tait’s statement, the case of
k-regular planar multigraphs satisfying X/f (G) = k has got more attention. After verifying a condition
under which a k-regular multigraph satisfies X’JC(G) = k, this special case of the conjecture can be restated
as:

Conjecture 7.3. If G is a planar k-reqular multigraph in which any set X of an odd number of vertices
is connected to V(G) \ X by at least k edges, then G is k-edge-colorable.

The cases k = 4,5 of this conjecture are proved in [I0], the case k = 6 in [7], the case k = 7 in [§]
(see also [4]) and the case k = 8 in [B]. Proofs are based on induction on k, thus dependent on the case
of k = 3 which is equivalent to the four-color theorem. The case k = 4 is known to imply the four-color
theorem and one cannot expect an independent proof, however, it is not known whether the cases k > 5
are stronger than the four-color theorem, though we expect them to be.

In this section, providing support for the general case of Conjecture [7.3] and as an application of our
work, we prove that Conjecture holds on the subclass of (2k + 1)-regular planar multigraphs whose
duals are partial 3-trees. This subclass of planar graphs can be characterized as a minor closed family of
graphs with four forbidden minors given in Figure |4l Observe that two of these forbidden minors are K5
and K33 3, whose absence as a minor implies planarity, and that the other two are duals of the two planar
graphs of Figure

AR S

Figure 4: Forbidden minors of the class of planar graphs whose duals are partial 3-trees

Theorem 7.4. Let G be a planar (2k+1)-regular multigraph whose dual is a partial 3-tree. Furthermore,
assume that for each subset X of an odd number of vertices, the number of edges connecting X to V(G)\ X
is at least 2k + 1. Then x'(G) = 2k + 1.

Proof. Let G be a planar (2k + 1)-regular multigraph, together with a planar embedding, and G be its
duals together with the corresponding planar drawing. Let X be a set of vertices of G and let §(X) be
the set of edges with one end in X and another end in V(G) \ X. Each vertex of G corresponds to a
facial cycle of GP, which is a cycle of length 2k + 1. More generally, given a set X of vertices of G, §(X)
corresponds to a cycle Cx of length |§(X)| which bounds | X| faces of GP. As all of the facial cycles are
of odd-length, the parity of C'x is determined by the parity of | X|. In other words, C'x is an odd-cycle if
and only if X contains an odd number of the vertices of G. Thus the condition on G that for every set
X of an odd number of vertices §(X) has at least 2k + 1 edges is equivalent to the statement that G
has odd-girth 2k + 1.

Since GP has odd-girth 2k + 1, and since we have assumed it is a partial 3-tree, by Theorem
it admits a homomorphism to PC(2k). Under any such mapping, the image of each (2k + 1)-cycle of
GP is a (2k + 1)-cycle of PC(2k). Recall that the edges of PC(2k) are colored by the elements of the
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(2k + 1)-set Sor = {e1,ea,..., ek, J}, where each (2k + 1)-cycle receives each color exactly once. Let ¢
be a mapping of G to PC(2k); we color the edges of GP using Soy, as the color set, assigning to each
edge e the color of ¢(e) in PC(2k). Consider a facial cycle C,, corresponding to a vertex v of G. As v
is of degree 2k + 1, C, is a (2k + 1)-cycle which maps to a (2k + 1)-cycle of PC(2k). By Theorem
the set of colors assigned to C, is the whole set So; having each color used exactly once. We may now
color the edges of G by assigning to each edge the color of its corresponding edge in GP. As the edges
incident to a vertex v correspond to the edges of a (2k + 1)-cycle of GP, they receive distinct colors. [

We restate the theorem also using the set of four forbidden minors:

Theorem 7.5. Let G be a (2k + 1)-regular multigraph which does not contain any of the four graphs
of Figure |4] as a minor. Furthermore, assume that for each subset X of an odd number of vertices, the
number of edges connecting X to V(G)\ X is at least 2k + 1. Then x'(G) = 2k + 1.

8. Remarks and discussion

At the end we have a few remarks:

1. We gave an independent proof that PC(2k) is triple-transitive. The proof was based on the fact
that given triples z,y, 2 and subsets A, B and C' of Sy corresponding to three edges of the triangle
induced by zyz in PC(2k)-distance complete graph, if |A| + |B| + |C] is odd, then each element of So
is either in all three of them or exactly in one of them. Furthermore, the number of elements in all
three of them is only a function of the distances between z, y and z. But if a set of four vertices is
selected, then the common elements among six sets corresponding to the six edges of K, is no longer
determined uniquely by the distances between the six pairs. Thus we can easily show that PC(2k) is not
4-tuple-transitive. When viewed as signed graphs, these properties extend to PC(2k — 1) as well. This
will be addressed in forthcoming work.

2. We find it rather surprising that a sort of perfectness holds for the class of partial 3-trees in
the following sense. The order of a smallest graph of odd-girth 2k + 1 to which every partial 3-tree of
odd-girth at least 2k + 1 admits a homomorphism, the largest chromatic number of G*~1) when G is a
partial 3-tree of odd-girth at least 2k + 1 and the largest clique number of G(**=1) when G is a partial
3-tree of odd-girth at least 2k + 1 are all 22%. This is not necessarily the case for the class of partial
t-trees, t # 3. For example, for the class of partial 2-trees, which is the same as the class of K4-minor-free
graphs, the smallest triangle-free graph to which every triangle-free graph with no Ky-minor admits a
homomorphism is of order 8, but the largest clique one can find in a G®) where G is a triangle-free graph
with no K,-minor is 6 (ongoing work of W. He, second author and Q. Sun, [I1]).

3. We showed that PC(2k) has the smallest number of vertices among all graphs of odd-girth 2k + 1
which bounds all partial 3-trees of odd-girth at least 2k + 1. It follows from a simple construction in [I5]
that any such minimal bound must be of minimum degree at least 2k 4+ 1. Thus PC(2k) is also optimal
in term of the number of edges.

4. Using terminology and discussions of [I6] and [17], the question of bounding signed bipartite partial
t-trees will be addressed in a forthcoming work. Using such results, we will be able to present a 2k-regular
analogue of Theorem [7.4]
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