N

N
N

HAL

open science

Basis for high order divergence-free finite element spaces

A. Alonso Rodriguez, Jessica Camano, E. de Los Santos, Francesca Rapetti

» To cite this version:

A. Alonso Rodriguez, Jessica Camano, E. de Los Santos, Francesca Rapetti.
der divergence-free finite element spaces. Results in Applied Mathematics, 2024, 23, pp.100469.

10.1016/j.rinam.2024.100469 . hal-02429500v2

HAL Id: hal-02429500
https://hal.science/hal-02429500v2
Submitted on 7 Feb 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Basis for high or-


https://hal.science/hal-02429500v2
https://hal.archives-ouvertes.fr

Basis for high order divergence-free finite element spaces

A. Alonso Rodriguez* J. Camano! E. De Los Santos! F. Rapetti®

Abstract

A method classically used in the lower polynomial degree for the construction of a finite
element basis of the space of divergence-free functions is here extended to any polynomial
degree fora bounded domain without topological restrictions. The method uses graphs
associated with two differential operators: the gradient and the divergence, and selects the
basis using a spanning tree of the first graph. It can be applied for the two main families of
degrees of freedom, weights and moments, used to express finite element differential forms.

1 Introduction

Graph techniques, and in particular the so-called tree-cotree decomposition, are widely used in
computational electromagnetics. It was first introduced in [3] (see also [4]) and since then many
works have adapted and extended this technique; see, for instance, Section 5.3 of the book of
Bossavit [19] and the references therein. These works are based on the graph induced by vertices
and edges of the mesh and for this reason it is not easy the extension to high order finite elements.
The use of the degrees of freedom introduced in [32] [33], the weights, leads to a natural extension
because they have a straightforward geometrical visualization as a graph. This fact suggests how
to proceed when using more classical degrees of freedom, the moments. For the latters the graph
structure is not geometrically evident.

In this work we focus on the construction of a basis of the space of divergence free Raviart-
Thomas finite elements of any polynomial degree using tree-cotree techniques.

The first results for finite elements of degree one are those of Hecht [26], Dubois [25] and
Scheichl [37], These authors assume that the computational domain is simply connected with
connected boundary. This approach has been extended in [34] and [13] to general computational
domains for finite elements of degree one and our aim is to do so for finite elements of any
polynomial degree. We will use the Finite Element Exterior Calculus (FEEC) formalism. It
unifies the notation for the different finite element spaces involved in the construction and clarifies
the important role that the de Rham complex and the homology of € play in the construction
of the basis.
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Let 7 be a tetrahedral mesh of a bounded polyhedral domain Q@ C R3. We will denote
P, 1 A*(T) the space of Whitney k-differential forms of degree r+ 1 (see e.g. [I5]). They can be
identified with L, i, the Lagrange finite elements of degree r + 1, if kK = 0, with N,;1, the first
family of Nédélec finite elements of degree r+1, if k = 1, with RT,.,, the Raviart—-Thomas finite
elements of degree r + 1, if k = 2, and with P,, the space of discontinuous piecewise polynomial
functions of degree r, if Kk = 3. When using the lowest order Whitney elements on a simplicial
complex, P; A¥(T), with k = 0,1, 2,3, the degrees of freedom are supported on the vertices (V),
edges (E), faces (F) and tetrahedra (T) of the mesh respectively. It is well known (see e.g. [20])
that given an orientation to edges, faces and tetrahedra of the mesh, the matrices describing the
differential operators d : P; A¥(T) — Py A*(T) in terms of the degrees of freedom are the
transposed of the matrices of the boundary operators 0 : Cr11(T,Z) — Cx(T,7Z) being Ci(T,7Z)
the group of k-chains in 7. Figure [l|represents the de Rham’s complex as in [18]. It summarizes
these facts in both the continuous and the discrete case, with #* denoting the cohomology groups
for k € {0,1,2}.
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Figure 1: The de Rham complex for the continuous spaces (left) and for Whitney differential
forms (right).

Since the boundary of an edge consists in two vertices, and any face belongs to the boundary
of one or two tetrahedra, from the point of view of graph theory we observe that: i) the matrix
associated with the gradient is the transposed of the all-nodes incidence matrix of a directed and
connected graph having a node for each vertex and an arc for each (oriented) edge of the mesh;
ii) the matrix associated with the divergence operator is an incidence matrix of a directed and
connected graph having a node for each tetrahedra plus an additional node associated with the
exterior of the domain, and an arc for each face. These facts have been used in different contexts
as tree-cotree gauge (see [], [5], [35], [30]), construction of bases of the space of divergence-free
Raviart-Thomas finite elements (see [14], [37], [I2]) or the construction of discrete potentials
(see [40], [13]).

These two properties hold true also for » > 0 when using weights as degrees of freedom for
u € P, A¥(T) and a particular realizations of the moments (see e.g. [15])

u = /TYS(U)/\U» 1N € Pr—(aims—r) AT F(S),
s



being S any subsimplex of the mesh and Trg the trace operator on S. The key point is to use
Bernstein polynomials to identify a basis of P,_(qim S,k)AdimS _k(S ), following the approach in
[1] (see also [2] where Bernstein polynomials are used to express a set of basis of P A*(T)).

In particular this result allows to extend to the high order case (r > 0) the two approaches
presented in [I2] for the construction of a basis of the space of divergence-free Raviart-Thomas
finite elements, RT° ' 1, in a general topological domain: to compute directly a basis of the kernel
of the matrix associated with the divergence operator, or to compute it starting from a basis
of the image of the matrix associated with the curl operator. In this second approach, if the
boundary of the domain has p 4+ 1 connected components with p > 0, it is necessary to complete
this set with p discrete representatives of a basis of the second de Rham cohomology group
(divergence free functions that are not curls). The extension of the first approach has been
analyzed in [10].

In this paper we analyze the second approach that, if the boundary of the domain is connected,
provides the moments of a basis of RT? ' 1 by selecting some elements of a cardinal basis of NV, 1
and computing their curls. More precisely the elements corresponding to the moments in a belted
tree (a spanning tree if the domain is simply connected) of the graph associated with the gradient
operator.

For the case r = 0 the use of a spanning tree of the graph associated with the gradient operator
to identify a maximal set of linearly independent columns for the curl has been first proposed
by Scheichl in a simply connected polyhedral domain © without cavities (see [37] and [36]) and
extended to domains with an arbitrary topology in [12]. In R?, where the kernel of the curl
operator reduces to constant functions, a basis of RT,,; for r > 0, can be obtained computing
the curl of a nodal basis of the space of continuous piecewise polynomial finite elements like in
[39].

Since PDEs have boundary condition we analyze how the construction has to be modified in
order to take it into account. In this case we limit the analysis to simply connected computational
domains.

This paper is organized as follows in Section 2 we introduce the notation concerning poly-
nomial differential forms and the basic definitions for graphs. In Section 3 we precise the two
families of degrees of freedom that will be considered in the sequel by relying on the notation
for finite element exterior calculus. In Section 4 we first recall the dimension of the space RT?,
taking into account the homology of the domain 2. Then we construct a basis of the range of
the curl operator, that is suitably completed to obtain the desired basis when the boundary of €2
is not simply connected. Section 5 contains the construction of a basis of the space of divergence
free finite element functions with zero trace on 952 in the case of simply connected domains and
some heuristics for the general case. Few conclusions are given in Section 6.

2 Notation and basic tools

We introduce the notation concerning polynomial differential forms and some basic definitions
for graphs. Note that, depending on the notion, we will be working on either the whole simplicial
mesh 7 or on the single element T of T.



2.1 Simplices and barycentric coordinates

Let j, I, m, n be integers such that 0 <1 —j <n —m. By X(j : [,m : n) we denote the set of
increasing maps from {j,...,l} to {m,...,n}, that is

SG:lmin)={c:{5..., 0} —{m,...,n} : c(j) <o(j+1) < - <a(l)}
We use multi-index notation and consider the sets
Z(d+1,7) = {a = (ag,...,aq) € N . |a] =7}

being |a| = Z?:o o;. The sum of multi-indexes of the same length is defined in the natural way.

Let T € R? be an 3-simplex with vertices xq, x1, T2, T3 in general position. We let A(T') denote
all the subsimplices, or faces, of T, while Ag(T) is the set of subsimplices of T' of dimension
k, for any selected value of k between 0 and 3. For each 0 € X(j : 1,0 : 3), we let f, be
the (oriented) closed convex hull of the vertices To(j)s - - - > Ty Which we henceforth denote by
fo = [%o(j)s -, To@y]. There is a one-to-one correspondence between Ax(7) and (0 : k,0: 3).

Let Li be the set of indices ¢ such that s, € Ag(T). By assigning an integer number ay
to each simplex sy, we can define the k-chain ¢ = Zéeﬁk ag sg, i.e. a formal weighted sum of
k-simplices sy in 7. We denote by

Cr(T) := { Z agse : s¢ € Ag(T) and ay € Z}

LeLy

The boundary operator 0, takes a k-simplex s and returns the sum of all its (k — 1)-faces f with
coefficient 1 or —1 depending of whether the orientation of the (k—1)-face f matches or not with
the orientation induced by that of the simplex s on f. The notion of boundary can be extended
to a k-chain ¢ by linearity, namely dyc = 3k(zée£k agsp) = Zéeﬁk ag Ok (s¢). Note that O is
linear mapping from Cp(7) to Cr—1(7T) and we have

o 01 02 05
0 «— Co(T) «— C(T) «— Co(T) <«— C3(7)

From the property dx0x+1 = 0, it follows that Im 9y C Ker 9. The homology spaces Hy(T;Z)
are defined as the quotient spaces
Hi(T;Z) = Ker Oy /Im 011, Br :=dimHg(T,Z), k=0,1,2.

Let P,.(T') denote the space of polynomials in n variables of degree at most r. In the following,
AT,0sAT,1, -, AT, are the barycentric coordinate functions with respect to 7'. Each function
Ar,i € P1(T) is determined by the equations Ar;(x;) = d;;, 0 < 4,5 < n, being ¢ the Kron-
ecker’s symbol. All together, the functions Ap; form a basis of P;(T"), are non-negative on T,
and sum to 1 identically on 7. To make for the higher order r > 1, we introduce the Bernstein
basis of the space P,(T): it consists of all monomials of degree 7 in the variables Ay ;. We have

P.(T) =span{\} : a € Z(n+1,7r)}, T = ATOAT - AT, -
Whenever a fixed simplex T' is understood, we may simplify the notation by writing

/\i = )\T,i> Y = )\%



2.2 Polynomial Differential Forms

We denote by A*(T) the space of differential k-forms over 7' with smooth bounded coefficients.
For k = 0, the set A°(T) = C°°(T) is the space of smooth functions over T with uniformly
bounded derivatives of all orders. Furthermore, A*(T) # {0} for 0 < k < n. We recall the
exterior product w A1 € A¥TYT) for w € A¥(T) and n € AYT). Let d : AR(T) — AFY(T)
denote the exterior derivative operator.

We write d\g,d\1,...,d\, € AL(T) for the exterior derivatives of the barycentric coordinate
functions. Clearly

dXo +dAy + - +dN, =0,

on T since Y1" (AN =1. If o € 5(j: [,m:n), we set dXy := dA,j) A= AdAsq).
For k > 0 any element w of A¥(T) can be written as
w= Z ascdAs,

oc€X(0:k—1,1:n)

where a, € C*°(T). Taking a, € P,(T) we obtain the space P,.A*(T) of polynomial differential
k-forms of polynomial degree at most r. Moreover P.A%(T) coincides with P,.(T).
For k£ > 0,
PoA*(T) = span{d), : c € 2(0: k—1,1:n)}.

Furthermore, if 0 < k < n, we can write

P A (T) = span{\®*d)\, : 0 € X(0:k—1,1:n) and e € Z(n +1,7)}.

The set
BPAM(T) := {A\*d)\, : 0 €2(0:k—1,1:n) and a € Z(n +1,7)} (1)
is a basis of P,.AF(T).
For k=0

BPAYT) = {\* : a€ZI(n+1,7)}
is a basis of P.A%(T) while for k =n
BP.A™M(T) :={A¥dM A---AdN, : a€I(n+1,7)}
is a basis of P, A™(T).

A particular set of polynomial differential k-forms of polynomial degree 1 are the Whitney’s
differential forms. They are associated with the k-simplices f of T'. If k = n then f = T and the
Whitney’s differential form wy is the volume form, of polynomial degree 0.

Definition 1. Let k > 0 and f € Ap(T). The Whitney’s differential form wy associated with
the subsimplex f is defined as follows:

e if k=0 then f is a vertex of T, namely, f = [x;] fori=0,...,n, and wy = wi;,) = A\i;

o ifk>0then f=f, foraceX(0:k,0:n) and

k
wr, = Y (=) A dwp )
i=0
being fo \ [2o3:)] € Ar—1(T) the oriented (k — 1)-face of T with the vertices of f, except

-Tcr(i)~



We can write fo \ [Z,(:)] = [Zo(0), - - - ,m, -y T ()], where the widehat means that the
underlying term is omitted from the list.
For each o € ¥(0: k,0 : n) it holds that

dwy, = (k+1D)!dX\, = (k+ 1)!d>\g(0) AR /\d)\g(k).

Then

k k

wy, = Z(il)iAU(i)dwfa\[Ia(i)] = k! 2(71)1/\0(1) dAU(O) VANEEIAY d/\a(i) VANEEIA d/\a(k)~
i=0 i=0

In finite element exterior calculus, the space of Whitney’s differential k-forms on 7" is denoted
by
PrAR(T) := span{w; : f € AL(T)}.

Since there is a one to one correspondence between A (7T) and 3(0 : k,0 : n) we can also write
Py AR(T) :=span{wy, : 0 € 2(0: k,0:n)}.

Definition 2. Whitney’s differential k-forms of polynomial degree r + 1 are the elements of the
space
P AF(T) == span{\*wy, : 0 € £(0:k,0:n) and a € Z(n+ 1,7)}.

For k > 0, the space P, A*(T) C Pr 1 AR(T).
For k=0
P A%T) = span{A*); : i €{0,...,n} and @ € Z(n + 1,7)}
=span{\® : @ € Z(n+ 1,7 + 1)} = P41 A°(T).
For k=n
P AN (T) = span{A\*dA\y A--- AdN, : a € I(n+1,7)} = P.A™(T).

Remark 3. It is worth noting that, in the n-simplex T with vertices xg,x1,..., Ty, the elements
belonging to the set
{A*wy, 1 0€X(0:k,0:n), aeZ(n+1,r)}

are not linearly independent. As an example, forn =2, if k =1, and r = 1, it can be veryfied
that

A0W[zy ,za] — M Wzg,ze] T A2W[zg,a,] = 0- (2)
Given o0 € 3(0: k,0: n) we set

Io(n+1,r):={acZ(n+1,r) : a; =0Vi<o(0)}.

When k = 0 then f, is a vertex of T, namely, f, = [x;] being 0(0) = j. In this case, to be
clearer, we will sometimes use the notation L, )(n + 1,7) instead of Zo(n +1,7).
A basis of Py AF(T) is

BP  AF(T) = {\*wy, : 0 € 2(0:k,0:n) and a € I, (n + 1,7)}.



Forn=2,k=1andr =1, the 8 elements of BPy A'(T), with T = [xg,z1, 2], are

)\i w[mmml] = )\z ()\0d>\1 - /\1d)\0 )7 1= 0, 17 27
)\i w[10’12] = )\z ()\od)\g — )\Qd)\o )7 7= O, 1, 2,
)\1’ w[ml)ajz] = )\z ()\1d)\2 — /\2d/\1 ), 1= 1, 2.

The condition o € (3, 1) prevents A\oWiy, 4, from being in the set BPy; AY(T).

2.3 Graphs

We now introduce some basic definitions and results of graph theory that will be used in the
sequel (they can be found, for instance, in [3§]).

A graph M = (N, A) consists of two sets: a finite set N/ = {n;}™_; of nodes and a finite set
A = {a;}7; of arcs. Each arc is identified with a pair of nodes. The two end nodes defining an
arc need not be distinct. If the arc a; has the two end points equal to the same node n; then it is
called a self-loop at node n;. If the arcs of M are identified with ordered pairs of nodes, then M
is called a directed or an oriented graph. Otherwise M is called an undirected or a non-oriented
graph. The following definitions concern both directed and undirected graphs.

A walk is a finite alternating sequence of nodes and arcs n;,, a;,, W, Gy, Wiy, oo M 4, G,
n,;,, such that, for £ € {1,..., K}, the arc a;, is identifieed with the pair of nodes n;, ,, n;,.
This walk is usually called a n;, —n;,, walk with n;, and n;, referred to as the end or terminal
nodes of this walk. A walk is open if its end nodes, n;,, n;,, are distinct; otherwise it is closed.
A walk is a trail if all its arcs are distinct. An open trail is a path if all its nodes are distinct. A
closed trail is a circuit if all its nodes except the end nodes are distinct. A graph is said to be
acyclic if it has no circuits.

Two nodes n;, n; are said to be connected in a graph M if there exists a n; —n;; path in M.
A graph M is connected if there exists a path between every pair of nodes in M.

Finally we recall the definition of a spanning tree in a graph M = (N, A).

Definition 4. A tree in a graph M = (N, A) is a connected acyclic subgraph of M. A spanning
tree S is a tree in M containing all its nodes.

It is worth noting that if S is a spanning tree of M = (N, A), then § = (N, B) with B C A.
Moreover B has exactly n — 1 arcs. If M is not connected, then it has not spanning trees. We
recall also the definition of the all-nodes incidence matrix of a directed graph.

Definition 5. The all-nodes incidence matriz M¢ € Z™™ of a directed graph M = (N, A),
with n nodes N' = {n;}1_,, m arcs A= {a;}7L, and with no self-loop, is the matriz with entries

1 if a; is incident on nw; and oriented away from it,
[M€);; =9 —1 ifa; is incident on n; and oriented toward it,
0 if a; is not incident on n;.

3 Weights and moments

We recall the two families of degrees of freedom that will be considered in the sequel by relying
on the FEEC form.



3.1 Small simplices and weights

The concepts of small simplices and weights for polynomial differential forms in P, +1Ak (T), were
born in [32] 33], for any order k£ and any polynomial degree r > 0, to solve the difficulty raised in
[21]): “The main problem with such forms is the interpretation of DoFs” in geometrical terms.
We recall these concepts here below with a notation adapted to the isomorphism we want to state
between these new DoF's, the weights, and the classical ones, moments, introduced in [31] [I5].

In the n-simplex T with vertices xg, x1, ..., x, the principal lattice of order » + 1 (r > 0) in
T is the set of points defined by their barycentric coordinates with respect to the vertices of T’
as follows

1 T

ST‘+1(T) = {JE el : )\Z(SC) S {077"4—17.'.’7«4_1’

1} for each i € {O,...,n}}.

To each multi-index o € Z(n + 1,r) we associate an affine function, 7o : T — T, such that
Ta(Ni(z)) = 284 ¢ £ g a face of T then

r+1
Ta(fo) = {Ta(z) : 2 € fo}.

Definition 6. The small k-simplexes of order r in T are the elements of the set

SKT) = {1a(fs) : fr € A(T) and a € T(n +1,7)}
= {1a(fs) :0€X2(0:k,0:n) anda € Z(n+1,7)}.

For k > 0, they are 1/(r + 1)-homothetic to k-faces of T, with vertices in S,41(T). For k =0,
we have SY(T) = S,41(T).

For k > 0 there is a one-to-one correspondence between the elements of S*(T') and the couples
(0,a) with 0 € (0 : k,0 : n) and @ € Z(n + 1,7). In fact, if &, @’ € Z(n + 1,7) and o # &’
then 74 (T) N 7o/ (T) is either empty or an element of S2(T).

L2

Lo I

Figure 2: Points of the principal lattice for P; A°(T), where T is a 2-simplex. The node with

barycentric coordinates (1, 1,2) in T is shared by the three gray small triangles.

The weight of w € AF(T) on a k-simplex s contained in T is denoted by fs w. If k=0, for
we C®(T) and s € T we have [ w = w(s).
In particular we are interested in the following set of weights.

Definition 7. Letw € A¥(T), 0 € 2(0: k,0:n) and o € Z(n + 1,7).

Wy o) = / L )



The weights of Definition [7| are determinant in P, A*(T), namely, if w € P, ;A*(T) and
Jf,w=0for all s € S¥(T) then w = 0 (see [22] for a proof). However, for 0 < k < n, the
cardinality of the set of weights {W, o(w) : 0 € £(0: k,0:n), a € Z(n+1,r)} is greater than
the dimension of P, HA’“(T). Hence in the sequel we often consider the following set of weights:

Wk = {(W,aw) :0€X(0:%,0:n), a € Ly(n+1,7)}. (4)

It is worth noting that W* is determinant (see [8]) and its cardinality coincides with the
dimension of P, AF(T).

Remark 8. Only one of the three representations for the small node shared by the three gray
small triangles in Figure @ verifies the condition a; = 0 for all i < o(0) required to support a
weight of the set defined in . The first representation fails the condition (in the up-left gray
small triangle, ag # 0 with 0 < o(0) = 1), the second satisfies it (in the up-right gray small
triangle, oy # 0 with 1 > o(0) = 0), the third fails too (in the bottom-center gray small triangle,
ag # 0 with 0 < 0(0) = 2).

3.2 Moments associated with a basis of polynomial differential forms

Let w be a differential k-form defined on T' C R™. For each d-face f¢ of T, with ( € £(0:d,0: n)
and k < d < n, the moments of w in f: of degree r — (d — k) are

M (W) ;:/f Tryw A, V0 € Pr_a—nyAF(fe), (5)
<

where Try, is the trace operator on f.

It is well known that these moments are determinant in P, ; A*(T). Taking 7 in a basis of
each space P,_(4— k)Ad*k( f¢), one obtains a determinant set of moments with cardinality equal
to the dimension of P, ; A¥(T) (see [I5] and [22], for two different proofs).

The goal of the present work is to point out an isomorphism between moments and weights
which is consistent in a sense specified in the next sections with the exterior derivative operator.
To do that, we will consider a particular basis of the space P,._(d_k)Ad*k(fC) in .

e If d = k we adopt the Bernstein’s basis of the space P,(f¢), namely
BPA(f) ={N} : BeZ(d+1,r)},

B _ \Bo Ba  _ yBo Ba
where Afc - )\fc,O cee Afc,d - AT,C(O) T ATvC(d)'

e If d > k we rely on the basis indicated in , namely,
BP,—(a-m A" (f0) = (N (dAs)p s pe£(0:d = (k+1),1:d),
BeI(d+1,r—(d—k))}

Here
(dAg)p =dAsp0) A AdAf p(a—(k+1))

= dArc(o(0)) A A AT (p(d—(k+1)))-



With these choices of basis we obtain the following moments for w € A*(T):
for each ¢ € ¥(0: k,0:n),and B € Z(k+1,r)

Mg g(w) ::/f Try.w A /\?c; (6)
¢

foreachd >k, (€3(0:d,0:n), peX(0:d—(k+1),1:d)and B€Z(d+1,r — (d—k))

Me ) p(w) = /f Tryew AN (). (1)
¢
We use the notation “p = ()" when d = k since (0 : d — (k + 1),1 : d) has not been defined
for d = k. We thus have the following set of moments for w € P, ; A*(T):
MF:={M¢,5w): (€X(0:d,0:n), pe (O0:d—(k+1),1:d), @®
and Be€Z(d+1,r—(d—k)) with k <d < n}.

Remark 9. Ifw € A%(T), then

o when d =k =0, then ¢ € 3(0:0,0: n), so fc = [z;] for some j € {0,...,n}; moreover
Z(1,7) has a unique element, hence B = (r) and we have

M p(w) = w(z;)

e whend >0, then ( € X(0:d,0:n), peX(0:d—1,1:d) and B € Z(d+1,r —d). Itis
worth noting that (0 : d—1,1 : d) has a unique element and (d\, ), = dA¢() A+ - AdA¢(ay,
namely

M pp(w) = /f Trsew AN (e A A ddea)-
<

4 A basis of the space of divergence-free finite elements

4.1 The dimension

The de Rham diagram in terms of functional spaces and corresponding conforming finite element
spaces reads

0— HY(Q) — H(cw;;Q) — H(div;Q) — L%(Q)
grad curl div
0= Lr1(T) —  Nepi(T) — RL(T) — P(T)

where < is the inclusion. Our aim is to construct a basis in RT,41(7T) of Ker(div).
In terms of forms, the de Rham diagram reads

0 < A°(Q) — AL(Q) — A%(Q) — A3()
do dq do
0 = P A(T) — P LANT) — P AXT) — P A(T)

The differential operators grad, curl, and div correspond to dg, di, and ds respectively. The
spaces P, A*(T) for k € {0,1,2,3} are spaces of “trimmed” polynomial differentilal k-forms.
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The cohomology spaces H* () are defined as

HE(Q) = Kerdy/Imdy_1, Br:=dimH*(Q), k=1,2; By=dim(Kerdy).
If Q is connected then 5y = 1. In ’Pr__HAk (T) one obtains
dim (Kerdy) = B + dim (Im dg—1) .
By the rank theorem, we have
dim (Imdy_;) = dim (P ;A" (7)) — dim (Ker dy_1) .
By relying on recursivity,

dim (Kerd;) = f1 + dim (Imdy)
= 1 +dim (P, ;A%(T)) — dim (Kerdo)
= B + dim (P, A%(T)) — Bo.

It thus holds
dim (Ker ds) = dim (PfHAl(T)) — dim (7?7T+1A0(T)) + B2 — B1 + Bo-
We are interested in the case k = 2 that in terms of functional spaces reads

dim (Kerdiv) = f3 + dim (Im curl)
= dim (NT_H(T)) — dim (Lr+1(7-)) + 52 - ﬂl + 50-

We will start by constructing a basis of Im(curl).

4.2 Construction of a basis of RT,,1(7) N Im(curl)

A classical approach for the low order finite element spaces (r = 0) uses the graph defined by
vertices and edges of the mesh. It is based in the construction of a spanning tree, if 31 = 0 (see,
[37]) or a belted tree, if 51 # 0, of this graph (see, [34], [I3]). In the sequel we will study how to
extend this approach to high order finite element spaces (r > 0).

If 51 = 0 the extension is natural once one has a set {DoFf}jez,, k € {0,1} of unisolvent
degrees of freedom in P, ; A¥(T) with the following property:

Property 1. For each j € Jy there exist exactly two elements ini(j), end(j) € Jo such that

Let {wf}je 7. be the cardinal basis of P, ;A*(T) for a set of degrees of freedom verifying
Property 1. For the construction of such a basis see, e. ¢., [17].
If ¢ € Py A%T) then ¢ = Y-, ;. DoF(¢)wy and do¢ € P, A*(T). We thus have

dot = Y DoF} (dod)w} = 3 (DoFba(5)(6) = DoFl(9)) ).

JET JET

This means that the matrix of the operator dg : P, A%(T) — P, ;AY(T), when using
these bases, is the transpose of the all nodes incidence matrix of an oriented graph M, ; =
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(NMrg1, Arg1) where each degree of freedom DoF) of (P, ;A°(T))* corresponds with a node
of the graph and each degree of freedom Don1 of (P4 A*(T))* corresponds with an arc of
the graph. We thus have, card(N,11) = dim(P,A°(T)) and card(A,4+1) = dim(P, ;A (T)).
The arc Don1 goes from the node DOan(j) to the node Doand(j) if and only if Don1 (dw) =
DoFy, ;i(w) = DoFy ;s (w) for any w € P, A%(T).

We are interested in two different families of degrees of freedom that satisfy Property 1:
weights, {ij}jejk, and moments, {Mj’-“}jejk.

In the low order case (r = 0) weights and moments coincide and it is natural to identify the
graph M; with the graph defined by vertices and edges of the mesh. Indeed, natural degrees of
freedom for P, A*(T) are the values on the vertices of the mesh for k& = 0 and the circulation
along the (oriented) edges of the mesh for k = 1.

In the high order case (r > 0) the situation is similar when using weights. In fact, it is natural
to identify the graph M, 1 with the graph defined by the small vertices and those small edges
chosen to obtain a unisolvent set of degrees of freedom. Also in this case there is a one to one
correspondence between weights and geometrical (small) objects.

In the case of moments the geometrical realization of the graph M, ;1 is more abstract because
the degrees of freedom can be associated with geometrical objects of any dimension. For this
reason it is useful to rely on the canonical isomorphism between weights and moments described
in [I1] that preserves the matrix of the dy operator. In other words, with this isomorphism it
turns out that the graphs of weights and moments coincide.

We recall that the graph M allows to organize the set of indices in such a way that it is
easy to identify the degrees of freedom that correspond with the kernel of the operator d;. In
the following we will show that the graph M,.;; can be used similarly for » > 0.

Let us consider a spanning tree S,41 = (N;41,5, Ar11,5) of this graph M, 1. Then we have
that card(A,4+1,5) = card(N;41,5)—1 = dim (PT_HAO(T)) —1; thearcsin A, 11 ¢ = Ary1\Art1,s
belong to the cotree and card(A,41,c) = card(A41) — card(Ay41,5) = dim (P, AY(T)) —
dim (PfHAO (T)) + 1. A spanning tree of the graph M,.;; can be constructed as explained in
[24] for weights. Then, its construction can be done also for moments, by relying on the canonical
isomorphism defined in [11].

Proposition 1. Let {DoF} }je 7, be a set of unisolvent dofs in Ny11(T) and {DoF}}jc 7, a set of
unisolvent dofs in L.1(T) verifying Property 1. If the associated graph M, 1 = (Nyi1, Ari1)
is connected, let S,11 = (Nrg1,Ar11.5) be a spanning tree of M,y1. Let J={je T :
DoF} € Ary1,5} and I = W\ TP . Let {w;}jeq, be the cardinal basis for the set {DoF} }je 7,
of degrees of freedom of Ny11(T). If B1 = 0 then the set {curlw;};c sc is linearly independent.
If, in addition, 32 = 0 then it is a basis of RT,41(T) N H®(div; ).

Proof. First we will prove that if ge ¢jeurlw; = 0 and By = 0 then the coefficient ¢; = 0 for
all j € jlc. ‘We have

0= Z cjcurlw; = curl Z cjwj =y Z cjw; = grad ¢ 9)
jeIEL jeIEL jeEITEL

for some ¢ € L,11(T). To conclude the proof, we will show that in fact grad¢$ = 0; since
{w;}jer is a basis of N,41(7) this imply that ¢; =0 for all j € JC.
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Since {w;}je, is the cardinal basis of N;.;1(7T) for the set of degrees of freedom {DoF}}jc 7, ,
then DoF},(w;) = 8; 5 for all j, j' € J1. Moreover, 7" N J = 0, hence we have

DoF},(grad ¢) = DoF}, | > cjw; | = > ¢;DoF}i(w;) = Y ¢;8;; =0 for cachj’ € J7.
jeIEL jeTL JjeEIEL

Using Property 1 it follows that

0 = DoF}i(grad ¢) = DoFy,;(6) — DoFp,;;(¢) for eachj’ € J7°.

Since S is a spanning tree of M which is connected, it follows that there exists ¢ € R such that
DoF?(¢) = c for all i € Jy. Then in fact Don1 (grad ¢) = DoFeOnd(])((b) DoFgw(J)(qﬁ) =0 for
all j € 7y and grad ¢ = 0 because {DoF} }je 7, is a set of unisolvent dofs in N, 41 (7).

Therefore DoF jl (d¢) =0 for all j € J; and then d¢ = 0 because this set of degrees of freedom

is unisolvent. Recalling that d¢ = Zjejlc cjw; it follows that ¢; = 0 for all j € J because
{w;}jeq is a basis of P A(T). O

If 51 # 0, namely, if  is not simply connected, there exist curl free functions that are not
gradients and the implication in @ is not true.

A polynomial differential form w € P, +11&1(7') is exact, namely, w = dgp for some ¢ €
P A%(T), if and only if f,y w = 0 for any 1-chain v =} _, ace with a. € Z of oriented edges
of the mesh T such that 01y =Y _pac.01e =0.

In terms of weights, we get

fo= X afo= ¥ oa ¥ [ o w c Y Wea®

e€supp(7) e€supp(7) aez(m) a(e) eesuppm) aemn

eckE

being supp(y) = {e € E : a. # 0}. In terms of moments, we first recall that

(iA) > %Aa al i=ag! !

1=0 acZ(n+1,r)

Then

r!
j{w = 2 eesupp(7) ac f[,w= Z Z /”AEAQ

eGsupp('y) a€I(2 r)

=7l Z Qe Z /w A E)\a =7l Z Qe Z Me,@,a(w)

e€supp(vy) acZ(2,r)”® e€supp(vy) acZ(2,r)

where the last term is the sum of moments (B)) for w € P, ;A (T) in f¢ = e, with d =k =1 and
n= é)\‘".

Our aim is to extend to the high order case the notion of belted tree (see e.g. [28], [35], [34]).

We start by recalling the definition of belted tree for the graph M; given by vertices and
edges of the mesh T.

To this end we assume to know a set of 5; polygonal loops in T, {al}f:ll, mutually disjoint
and without self-intersection, representing a basis of H;(7;Z). Each loop o; can be written as
01 =) e Ole€ With 07, € {=1,0,1}. For each [ = {1,..., 3}, select one edge e; belonging to
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o;. The set Uf:ll (supp(o7) \ {e;}) is therefore a tree and it is possible to construct a spanning
tree & = (N1, Ay g) of the graph My = (N7,A;) such that all the edges of each o; \ {e]}
belong to this spanning tree, while the edges {e; 2/3:11 belong to the cotree. The subgraph B; =
(N1, Ay s U{ef }f:ll) is called belted tree of the graph M.

We are doing an abuse of notation since the arcs in the graph M are in fact degrees of
freedom. So, instead of e we should write We(w) or M (w), being We(w) = M(w) = [, w and
the loop in M should be in reality o; = > 01, We(:) = D cpor,e Me(+).

When we are in the graph M, the corresponding loops read GV =3 . p ou.c Pacz@r) Weal®)
or GM =3 cpoie >aez@2r) Me,a() (we use G when it is not necessary to specify the
type of degrees of freedom). The coefficients ;. are those of the geometrical loop o; while
the multi-indices a take care of the higher polynomial degree. Moreover when using weights
one has GV (w) = X cpoie Ywcz(er) Wealw) = §, w and when using moments GM(w) =
Deer Ole Xacz(2.r) Mepa(w) = o $, @

The definition of a belted tree of the graph M,.;; for any r > 0 is a straightforward extension
of that done in the geometrical graph (the one defined by the vertices and edges of the mesh).

The arcs of G, are identified by a couple € = (e,«) with e € E and a € Z(2,r) and the
support of G; is supp(G;) := {e = (e,a) : ge; # 0}. Foreach I = {1,..., 31}, select one arc (for
weights, one small edge) €; € supp(G;). The set Ulﬁ:l1 (supp(Gi) \ {€;}) is therefore a tree and it is
possible to construct a spanning tree Sy4+1 = (Npt1, Art1,5) of the graph M, 11 = (Myg1, Ary1)
such that all the arcs of each supp(G;) \ {€/ } belong to this spanning tree, while the arcs {ef}f:ll
belong to the cotree. The subgraph B,11 = (My41, 4,415 U {e?‘}f:ll) is called belted tree of the
graph M,. It is worth noting that supp(G;) C A,41.5 U {€; 53:11 forall i € {1,...,1}.

Let 7% :={j € J1 : DoF} € A.y1,5U{€f}} and TJEB = JI\TE. If {w,}jes is the cardinal
basis for the set {DOFjl}jejl then DoF}}(w;) =0ifi € JP and j € JB. Hence, G;(w;) = 0 for
all j € JCB.

Moreover we recall that A,+1 5c = Apy1 \ (Arg1,6 U {e;‘}f:ll) and thus card(A,41,5c) =
card(A,41) — card(A,41,5) — f1 = dim(P_ A(T)) — dim(P,,A%(T)) + 1 — f1.

Proposition 2. Let {w;}jey, be the cardinal basis of N,y1(T) for either weights {W}}je s, or
moments {M}jez,. The set {curl w; }iegenr is linearly independent and its cardinality coincides
with the dimension of RT.+1(T) NIm(curl), thus it is a basis for the latter space. If Ba = 0 then
it is a basis of RT,+1(T) N HO(div; Q).

Proof. We will proceed as in the proof of Proposition 1.
If Zjejlcs cjeurlw; = 0 then clearly curl (ZjeJFB ¢ w]-) = 0 and, by Poincaré duality,
ﬁ{ (Zjejlcs c;j wj) = 0 for all v that is the boundary of a 2-chain of 7.

Moreover from the definition of JC? and taking again into account that wj; is the cardinal
basis for the degrees of freedom, {DoF} }jc 71, it is clear that for I € {1,...,81}. For weights we

have
]{ YooGwi= Y Cj%wj: Y G (W) =0

jeJLE JjeEIJLE JjEIJLE

and similarly for moments we obtain

§ Y cw=X of

' jegcr jegger  7e

w; =rl Z c;GM(w;) = 0.
l

jeTer
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In conclusion ffy Zje geB CjWj = 0 for any 1-chain v of 7 with 0y = 0. Then Poincaré
duality yields Zjejlcs ¢jw; = grad ¢ for some ¢ € L,11(T). Then, the proof ends by the same
mathematical steps done to prove Proposition [T} O

If B2 = 0, then card(Acp) is the dimension of RT,1(7) N HY(div;Q) and the “recipe” to
construct a basis of RT,.,1(7T) N H(div; ) is given in Algorithm 1.

Algorithm 1 (case 82 = 0)
1. Select a basis {v;}eg, of Noy1(T).

2. Select a set {DoF} }je g, of unisolvent dofs in N,11(7) and a set {DoF}} ez, of
unisolvent dofs in L, (7T) verifying Property 1.

3. Construct the cardinal basis {w;}je, for the set {DoF]}cz, in terms of the
basis {v;}je, -

4. Construct the associated graph M, 1 = (Npi1, Arp1).
5. Construct a belted spanning tree B,11 = (Nyp11, Art1,8)-

6. Compute curlw;, for each index j associated with an arc not in A, p.

Note that if 57 = 0 then B, is in fact a spanning tree of the graph M,.;1.

4.3 Making for a basis of RT, (7)) N H(div;2) when 35 # 0

If B2 # 0 then the space of divergence-free Raviart-Thomas finite elements that are not the curl
of Nédélec finite elements is non trivial and has dimension (5. So we have to add, for each
n=1,..., 08, one solution zy,_,, € RT,1(T) of

{ divzp, =0 in (10)

Jioay, Zhm Mo =0np L=1....5,

where (0Q), for £ € {0,1,..., 52} are the connected components of 9 being (9€2)y the external
one. Each one of these problems has solution and it is unique up to a curl.

For any choice of zj, ,, the set {Zh,n}ﬁil is linearly independent. In fact, if Egil enZpn =0
then for any £ € {1,..., 2} one has 0 = f(aﬂ)z (252:1 cnzh_’n) ‘ng = 252:1 Cn f(aQ)Z Zhp, DO =

Bs
Y1 Cnlne = o

Proposition 3. Let {w;}jes, be the cardinal basis of Nyy1(T) for either weights {W}}je 7,
or moments {M}}jcz,. For each n € {1,...,Bs}, let zp,, be a solution of (I0). The set
{curl w;} ;e gom U {210}, is a basis of RT,,1(T) N HO(div; Q).

Proof. First we notice that the cardinality of the set {curl w;};c oz U {zhm}g"’:1 is equal to
dim(P, A (T)) — dim(P, ,A°(T)) +1 = B1 + Ba.
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B2

oy is linearly independent. If

It remains to prove that the set {curl w;};c o8 U {zpn}

Zjejch ¢;curl wj + Zﬁil CnZh,n = 0 then, by Stokes’ theorem

B2 B2
0= / ¢;curl w; + CnZhpn | -No = / CnZhn | Mo = cg
o, | 2 Gaeurten + 2 ooy, \ 2=

JjeJLE n=1

for all £ € {1,...,02}. Thus Zjejch ¢; curl w; = 0. In Proposition 2 we have proved that the
set {curl w;} jeges 1s linearly independent so, also the coefficients ¢; are equal to zero. O

It is possible to consider solutions of Problem in RT1(T) C RT,1+1(T). This case has
been studied in [I3] Section 5 where it is proposed a very efficient algorithm for the computation
of the solution. The algorithm uses the dual mesh of 7. It is an elimination procedure that
follows the arcs of a spanning tree of the graph defined by the dual vertices (the barycenters of
the elements) and the dual edges (one associated to each face of the mesh). This algorithm has
been extended to the case r > 0 in [I0] relying on the use of the weights as degrees of freedom
for both RT,1(T) and P,(T). It follows the arcs of a spanning tree of the graph with nodes
the barycenters of the small elements and arcs associated to the small faces chosen to obtain a
unisolvent set of degrees of freedom for RT,11(7) (see Figure |3).

Figure 3: (Taken from [7]) Example of spanning tree in the (dual) graph, namely a selection of
acyclic paths made of arcs, visiting all the nodes of the (dual) graph (r = 1, left and r = 2,
right).

In Figure [4 we summarizes the situation. Due to the property that d;dyg = 0, we cannot
construct a divergence-free basis of RT)?, ; starting from the curl of a basis of N, because they
are not linear independent. However, the spanning (eventually belted) tree for the gradient of
function L,y allows to identify the set (associated with the corresponding co-tree) of indices

[e]
K* = Jicp of columns in G that will provide a part of this basis, once we apply on them
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the curl operator (see Proposition 4). If 55(€2) # 0, the basis has to be completed by hands, by
adding the generators of H? (see Proposition 6), namely the solution of problem (10]), for each
l=1,..,5() 4+ 1.

Li+r Vs
G GT
BN K"
Niyr —————— Eg
SN K
C CT
2
RT ¢ bk Fs
D D'
l)0 +r Ts

Figure 4: A graphical summary of the structure of the basis of RT? .1 and its construction (in

the case 52(2) = 0). Here, K* = 31703 and K = J1 ¢p, with or without g depending on 51 (€2).

5 On the construction of a basis of RT},; N Hy(div’; Q)

If z € RT,, N H(div’; Q) and Trpgz = 0 then z = curlu for some u € H,(curl; Q) = {u €
H(curl; Q) : curlu-ng =0in 0Q} = {u € H(curl; Q) : curl;(ng x uxng) =0 on 9N}. So our
aim is to construct a basis of curl(N,; N H,(curl; ). Clearly Hy(curl; Q) C H,(curl; Q). First
we will construct a basis of curl(N,;1 N Hy(curl; ©2)) and then we will complete it to obtain the
desired basis.

In the following, for both Lagrange and Nédélec elements we distinguish boundary and in-
ternal degrees of freedom. The boundary degrees of freedom are “supported” by subsimplices
completely contained on 0€2. The internal degrees of freedom are those that are not boundary
degree of freedom. We set ‘; 1= T\ J? where J? denotes the set of indices corresponding
to Nédélec internal degrees of freedom. Similarly 5 o= Jo \ Joa with joa the set of indices
corresponding to Lagrange internal degrees of freedom.

By the rank theorem

dim (curl(N,4+1 N Hy(curl; Q))) = dim (N1 N Hy(curl; 2)) — dim (N1 N Ho(curlo; 2)).
We recall that N, N Hoy(curl’; Q) = grad(L,, N H!(Q)) being
H(Q) = {¢ € H'(Q) : ¢|aq),is constant Vn € {1,...,B(2)}}.

The dimension of L,.; N HL(Q) is equal to the dimension of L,y; N H(Q) plus the num-
ber of connected components of 02 namely, 82(2) + 1. Moreover dim (grad(L,1 N H}(Q)) =
dim(L,41 N HL(Q)) — 1 (with the —1 since constants have zero gradient), hence

dim (curl(N,;1 N Ho(curl; Q))) = dim(N, 1 N Hy(curl; Q) — (dim(L,41 N HE(Q)) + B2(Q)).

17



We obtain
dim (curl(N,41 N Ho(curl; 2))) = card 51 —card ﬁo —B2(9).

To construct a basis of RT,;1 N curl(Hp(curl; ) = curl(N,41 N Ho(curl; 2)) the idea is to
contract to a single node the nodes of the graph M, ;1 that correspond to Lagrange degrees of
freedom supported in the same connected component of the 92. The incidence matrix of the

new graph My4+1= (Nr+1, Art1) is computed by replacing all the rows of the incidence matrix
of M, related to Lagrange degrees of freedom supported on a connected component of 92
with a single row equal to their sum, and removing the columns with all the entries equal to

(o)
zero that are those of the contracted arcs. The number of arcs in M, is equal to the number

of internal Nédélec degrees of freedom, namely card(7;) while the number of nodes in /\0/er
is equal to the number of internal Lagrange degrees of freedom plus the number of connected

components of 9, namely card(&o) + B2(02) + 1.
Let §r+1: (/f/’TH’S, JZT+1’S> be a spanning tree of -/{)/17“+1' We denote

[e] [e] (o)
Jis={j€J: DOF]'l € Ary1.5}
(o) [e] [e] [e] o
and J1,.c=J1 \ J1,s- We recall that, being S,11 a spanning tree of M4, it holds that

card(‘;l’s) = card(_/\O[TH,S) —1= Card(ﬁo) + B2().

Proposition 4. Let {w;}jeg, be the cardinal basis of N,y1(T) for either weights {W} };ez, or
moments {M} }jc7,. The set {curlw;} o5 is a basis of curl(N,41 N Hy(curl; Q)).
J 1,C

Proof. First we notice that

card(}l,c) = card 31 —card(‘;lys)
card 31 —(card }0 +52(92))
= dim (curl(Ny41 N Ho(curl; Q2))) .

Then we prove that the set {curlw;} o islinearly independent, namely,if>> o c¢jcurlw; =
J€ET1,c Jj€J1,c

0 then the coefficient ¢; = 0 for all j 6‘}170. The arcs of the graph /\o/lr+1 are the internal degrees
of freedom of N, ; hence we have that Trpq <Z . Cj(Uj) = 0. Then, if
J 1,C

0= Z cjeurlw; = curl Z cjw;

ied.c jedo
it holds that
Z cjw; = grad ¢
j€dic
for some ¢ € L,+1(T). Now the proof follows as that for Proposition O

If 81(Q) = 0 then H,(curl; Q) = Hy(curl; Q). We thus have the following.
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Corollary 10. If 51(Q) =0, the set {curlw;} o5 is a basis of RTy,1 N Ho(div’; Q)).
J 1,C

If 81(Q) # 0 this basis has to be completed with 51 (2) elements that are the curl of functions
that are in N,y1 N (Hi(curl; Q) \ Ho(curl; ©2)). We don’t know an efficient algorithm based on
graphs to construct these functions. Methods using other strategies can be found in [I6], [29],
[9) or [6]. For the sake of completeness in the sequel we provide some insights on these functions.
It is worth noting that these finite element functions could be chosen of polynomial degree lower
than r + 1, in particular of polynomial degree one.

The first step to understand the nature of these functions is to characterize the subspace of
functions in H,(curl; Q) that are not in Hy(curl; Q) (see Figure|5). It is clear that H (curl’; Q) C
H,(curl; Q) but the functions of H(curl’; Q) do not contribute to the construction of a basis
of curl(N,41 N H,(curl;Q)). So we are interested in functions of H,(curl; Q) \ [Ho(curl; Q) U
H (curl’; Q)].

H,(curl; Q) = url0; Q)

VHYQ)

Figure 5: A visualization of the subspaces we consider in H,(curl;€2). All the functions in
the rectangle are in H(curl”;Q)) = VHY(Q) ® H'(Q). Here, VH}(Q) C V H'(Q2), moreover
V HY(Q) C Hy(curl; Q)NH (curl’; Q) since the elements of V H}(Q) are gradients, with a constant
value on each connected component of 9€.

For the sake of simplicity in the following we assume [2(€2) = 0.

Let D be a parallelepiped in R? such that €2 is strongly contained in D. Let us denote
' = D\ Q (the domain Q' is connected when £2(2) = 0). If 51(2) # 0 there exist 1-chains
lying on 02 such that they are the boundary of 2-chains of 7 but they are not the boundary
of any surface contained in ’. The maximum number of 1-chains with this property, that
are homologically independent on 992, is equal to 51(€2). For the construction see [27] and
[6]. For each I-chain ~ of this type, there exist functions p € H(curl’;€’) such that fv p=1
and Troga(p) € Troq (Nr41(T)) (see e.g. [6]). It is worth noting that the trace on 9Q of
p € H(curl’; Q') is not zero since 9% p =1 and ~ lies on 5.

Tt is possible to construct a finite element extension of this trace in N,.41(7), namely a function
p € N,y1(T) such that Troa(p) = Traq(p). Clearly p € H,(curl; Q) because curl p - ngg =
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curl, (Troa(p)) = curl.(Troa(p)) = curl p-ngg = 0. However p & Hy(curl; ) since Troa(p) # 0,
and curl p # 0 because otherwise the function

[ p inQ
R_{ p in&

would belong to H (curlo, D) hence it would be a gradient. This is not possible because fv p #0.
Hence p € N,41(7) N [Ha(curl; Q) \ (Ho(curl; Q) U H(curl’; Q) ].

This construction has to be done for each element of a set {’yl}f:l(lﬂ)
independent on 92 and homologically trivial in 2. We will denote p,, the function on H (curl®; Q)

with f% Py = 10y .
The following heuristic resume this construction:

of 1-cycles homologically

Heuristic reasoning to build a basis of the space curl(N,1(7T) N H.(curl; 2)).
1. Construct a basis {curlw;} s of curl(N,41(T") N Hy(curl; 2)) using a cotree of the
J 1,C

graph Moy1.

261(52) of 1-cycles homologically independent on 9f) and

2. Compute a set {7y}~
homologically trivial in Q. These cycles generate H;(Q').
3. Foreach I € {1,---,6:1()}

(i) compute the traces Traq p.,;

(ii) compute an extension p, := ext(Tr p,,) to Ny41(T) of the traces in (i).

4. The set {curlw;} s U {curl ﬁ;l}lﬁ:l(lﬂ) is a basis of curl(N,41(T) N H,(curl; Q)).
J 1,C

6 Conclusions

We have constructed a basis of the finite element space RT,,1 N H(div’; Q) using the tree-cotree
technique that is well-known when » = 0. We have extended the technique to the case r > 0
without any restriction on the homology of the computational domain. The algorithm can be
applied to the two families of degrees of freedom used in this framework: weights and moments.

The key point in the extension of the graph techniques to high order finite elements is the
visualization of the graph associated with the degrees of freedom that the use of weights provides.

We have also considered the case of functions with zero trace, namely the space RT,.1 N
Ho(divo; Q). Also in this case we propose an algorithm based on the tree-cotree decomposition of
a suitable graph to construct a basis when 51 (2) = 0. When 5; # 0 to have a basis it is necessary
to complete the set obtained using the tree-cotree decomposition with 8y functions associated to
1-cycles on 0f) that do not bound any surface contained in R? \ €, the complementary of €.

In the future we will work to design an efficient algorithm to compute a basis of RT, 1 N
Hy(div®; Q) without any restriction on the homology of the computational domain.
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Appendix

For the sake of completeness, we report here, in terms of the new notation, the proof of Proposi-
tion 2.1, presented in [23], that the graph M, is connected. Thiis a fundamental property for
all the propositions stated in the previous sections.

Proposition 5. Let us set dy = dim N,y and dj, = dim L, 1. If we denote G € RINXIL the
matriz that computes, from the moments of oy, the moments of grad vy, then G is the all-nodes

incidence matriz of a directed graph MS with a node for each Lagrange moment and an arc for
each Nédélec moment: MY = (MY, MN). This graph is connected.

Proof. We have proven in [I1] that the matrix G € RI¥¥*9L has two elements different from
zero, one equal 1 and one equal —1, on each row hence G ' is the all-nodes incidence matrix of a
directed graph MY = (ML, M™). To prove that it is connected we decompose it in edge, face
and tetrahedra subgraphs (see Figure []).

For all e € E, G, = (M., A.) denotes the subgraph of MY = (M’ M) with nodes N, =
{MeLﬂﬁ, : B €Z(2,r — 1)} and arcs A, = {Me%a o€ Z(2,7) with ag # 0 # a3 }. It is easy
to check that all the nodes of N, are connected with the node MeL,Q),(r—l,o)' In fact if 3" = (8f, ;)
with 8] # 0 then the arc Mgw,a with @ = (B + 1, 81) belongs to A, and connects the node
Mel:@(ﬂéﬁ{) with the node Mé@v(ﬂéﬂvﬂi—l)' Hence it is possible to construct a path with 8] arcs
connecting MeL,@,(ﬁg,Bg) with MeL,(i),(ﬁ(,Jrﬁ;,o) = MeL,(/),(r—l,O)'

Analogously, for all f; = f € F, Gy = (N}, Ay) denotes the subgraph of M% = (ML, M),
with nodes Ny = {MCL,pry’ Y €Z(3,r—2),(€X(0:d,0:n), pe X(0:d—2,1:d)} and arcs
Ap = U (MY, 5 - BeZB3,r—1) with 8, #0ifl #4, (€ X(0:d,0:n), peB0:d—2,1:
d)}. If v # 0, taking 3 such that 4/ = 3 — e, the arc Mgpﬁ € Ay, with 1 # 0 connects the

node Mép,(%’%ﬁé) with the node MCL’p)(%H’%%fl). On the other hand if v # 0, taking 3 such
with the

that v/ = B — eg, the arc ng\,[p,g € Ay with 8y # 0, connects the node MCL’M%%%)
node MF Hence, if 74 + 4 # 0, it is possible to construct a path with v + 4
) with MF

Gp(o iy —1a)”
arcs connecting MgL.,p,('yg],»y;,'yg oo (A, 4.0,0) "

Finally for all f =t € T, G; = (N;, A;) denotes the subgraph of M = (ME, M¥), with
nodes N; = {MCL%J/ : 8 €Z(4,r—3),¢€(0:n0:n),peXB0:n—21:n)} and arcs
A = U1§¢<j§3{Mgpﬁ iy € Z(4,r —2) with v, #0if I & {i,5}}. Procceding as for edges and
faces it is easy to check that G; is connected.
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Moy M(Ig,u.g M3, M(I;’.z),e M(I(\{A).g
Vin,(0) Vin,(1)
o

L L L L L L
My Maoe Mz, MG 2.0 M5 s).e Miy,..

Ving (0)

Ving(1) Ving(2)

Figure 6: On the top an example of edge subgraph G*. On the bottom, in blue, an example of
face subgraph G¢; in red and green the three subgraphs of the edges on the boundary of f, in
black, other arcs of the graph that are not on any face or edge sugraph.

We consider also the subgraph G = (N7, A7) with nodes N = N, UL ML

me(i)s
A, = {Mg&a :a €ZI(2,r)}. We can connect M\%me(op@,a’ with a node of G. while the second
one ML

Vine(1),0,0
connecting the Lagrange moments associated with the vertices of the mesh in Ag(e). Hence if

0ol and arcs

connects with a node of G, hence G} is connected. For each e € E, G is a path

is connected the graph U.cgGZ is connected.
To conclude the proof we notice that we have an arc of MY = (ML, M) that connects

a node of Gy with a node of Gy_(, ,j and an arc that connects a node of G; with a node of

(2
gt—[vmt(s)]‘ Since each node of MY belongs to a subgraph of the type G or G; or G; this prove
that M is connected. O
References

[1] M. Ainsworth, G. Andriamaro, and O. Davydov. Bernstein-Bézier finite elements of ar-
bitrary order and optimal assembly procedures. SIAM J. Sci. Comput., 33(6):3087-3109,
2011.

[2] M. Ainsworth and G. Fu. Bernstein—Bézier bases for tetrahedral finite elements. Comput.
Methods Appl. Mech. Engrg., 340:178-201, 2018.

[3] R. Albanese and G. Rubinacci. Integral formulation for 3d eddy-current computation using
edge elements. IEE Proceedings A: Physical Science. Measurement and Instrumentation.
Management and Education. Reviews, 135(A(7)):457-462, 1988.

22



[4]

[13]

[14]

[15]

[17]

[18]

R. Albanese and G. Rubinacci. Magnetostatic field computations in terms of two-component
vector potentials. Int. J. Numer. Meth. Engnrg., 29:515-532, 1990.

R. Albanese and G. Rubinacci. Finite element methods for the solution of 3D eddy current
problems. Adv. Imag. Electron. Phys., 102:1-86, 1998.

A. Alonso Rodriguez, E. Bertolazzi, R. Ghiloni, and A. Valli. Construction of a finite element
basis of the first de Rham cohomology group and numerical solution of 3D magnetostatic
problems. SIAM J. Numer. Anal., 51(4):2380-2402, 2013.

A. Alonso Rodriguez, L. Bruni Bruno, and F. Rapetti. Small trees for high order Whitney
elements. In Spectral and High Order Methods for PDEs, volume 134 of LNCSE, Springer-
Verlag, pages 587-597, 2020.

A. Alonso Rodriguez, L. Bruni Bruno, and F. Rapetti. Towards nonuniform distributions
of unisolvent weights for high-order Whitney edge elements. Calcolo, 59, 2022.

A. Alonso Rodriguez and J. Camafio. A graph-based algorithm for the approximation of
the spectrum of the curl operator. SIAM J. Sci. Comput., 45(1):A147-A169, 2023.

A. Alonso Rodriguez, J. Camarnio, E. De Los Santos, and F. Rapetti. A graph approach for
the construction of high order divergence-free raviart-thomas finite elements. Calcolo, 55,
2018.

A. Alonso Rodriguez, J. Camano, E. De Los Santos, and F. Rapetti. Weights for moments’
geometrical localization: a canonical isomorphism. preprint, 2023.

A. Alonso Rodriguez, J. Camano, R. Ghiloni, and A. Valli. Graphs, spanning trees and
divergence-free finite elements in domains of general topology. IMA J. Numer. Anal.,
37(4):1986-2003, 2017.

A. Alonso Rodriguez and A. Valli. Finite element potentials. Appl. Numer. Math., 95:2-14,
2015.

P. Alotto and I. Perugia. Mixed finite element methods and tree-cotree implicit condensation.
Calcolo, 36(4):233-248, 1999.

D. N. Arnold, R. S. Falk, and R. Winther. Finite element exterior calculus, homological
techniques, and applications. Acta Numer., 15:1-155, 2006.

A. Bermudez, R. Rodriguez, and P. Salgado. A finite element method with Lagrange multi-
pliers for low-frequency harmonic Maxwell equations. STAM J. Numer. Anal., 40(5):1823—
1849, 2002.

M. Bonazzoli and F. Rapetti. High-order finite elements in numerical electromagnetism:
degrees of freedom and generators in duality. Numer. Algorithms, 74(1):111-136, 2017.

A. Bossavit. Magnetostatic problems in multiply connected regions: some properties of
the curl operator. Physical Science, Measurement and Instrumentation, Management and
Education - Reviews, IEE Proceedings A, 135:179 — 187, 04 1988.

23



[19]

[20]

[21]

A. Bossavit. Computational electromagnetism. FElectromagnetism. Academic Press, Inc.,
San Diego, CA, 1998. Variational formulations, complementarity, edge elements.

A. Bossavit. Computational Electromagnetism. Academic Press Inc., San Diego, 1998.

A Bossavit. Generating whitney forms of polynomial degree one and higher. IEEE Trans.
on Magn., 38:341-344, 2002.

S. Christiansen and F. Rapetti. On high order finite element spaces of differential forms.
Math. Comp., 85(298):517-548, 2016.

E. De Los Santos. Divergence-Free Finite Elements in General Topological Domains and
Applications. Center for Research in Mathematical Engineering, 2019. Thesis (Ph.D.)-
University of Concepcién (Chile).

E. De Los Santos, A. Alonso Rodriguez, and F. Rapetti. Construction of a spanning tree for
high-order edge elements. Int. J. Numer. Model.: Electronic Networks, Devices and Fields,
36(3), 2022.

F. Dubois. Discrete vector potential representation of a divergence-free vector field in three-
dimensional domains: numerical analysis of a model problem. SIAM J. Numer. Anal.,
27(5):1103-1141, 1990.

F. Hecht. Construction d’une base de fonctions P; non conforme a divergence nulle dans
R3. RAIRO Anal. Numér., 15(2):119-150, 1981.

R. Hiptmair and J. Ostrowski. Generators of H;(I'y,Z) for triangulated surfaces: construc-
tion and classification. STAM J. Comput., 31(5):1405-1423, 2002.

L. Kettunen, K. Forsman, and A. Bossavit. Formulation of the eddy current problem in
multiply connected regions in terms of h. Internat. J. Numer. Methods Engrg., 41:935-954,
1998.

E. Lara, R. Rodriguez, and P. Venegas. Spectral approximation of the curl operator in
multiply connected domains. Discrete Contin. Dyn. Syst. Ser. S, 9(1):235-253, 2016.

J. B. Manges and Z. J. Cendes. Tree-cotree decompositions for first-order complete tangen-
tial vector finite elements. Int. J. Numer. Methods Eng, 40:1667—-1685, 1997.

J.-C. Nédélec. Mixed finite elements in R®. Numer. Math., 35:315-341, 1980.

F Rapetti and A Bossavit. Geometrical localisation of the degrees of freedom for whitney
elements of higher order. IET Sci. Meas. Technol., 1:63-66, 2007.

F. Rapetti and A. Bossavit. Whitney forms of higher degree. SIAM J. Numer. Anal.,
47(3):2369-2386, 2009.

F. Rapetti, F. Dubois, and A. Bossavit. Discrete vector potentials for nonsimply connected
three-dimensional domains. SIAM J. Numer. Anal., 41(4):1505-1527, 2003.

24



[35]

[36]

Z. Ren and A. Razek. Boundary edge elements and spanning tree technique in three-
dimensional electromagnetic field computation. Internat. J. Numer. Methods Engrg.,
36:2877-2893, 1993.

R. Scheichl. Iterative solution of saddle point problems using divergence-free finite elements
with applications to groundwater flow. ProQuest LLC, Ann Arbor, MI, 2000. Thesis (Ph.D.)-
University of Bath (United Kingdom).

R. Scheichl. Decoupling three-dimensional mixed problems using divergence-free finite ele-
ments. SIAM J. Sci. Comput., 23(5):1752-1776, 2002.

K. Thulasiraman and M.N.S. Swamy. Graphs: theory and algorithms. A Wiley-Interscience
Publication. John Wiley & Sons, Inc., New York, 1992.

J. Wang, Y. Wang, and X. Ye. A robust numerical method for Stokes equations based on
divergence-free H(div) finite element methods. SIAM J. Sci. Comput., 31(4):2784-2802,
2009.

J.P. Webb and B. Forghani. A single scalar potential method for 3D magnetostatics using
edge elements. IEEE Transactions on Magnetics, 25(5):4126-4128, 1989.

25



	Introduction
	Notation and basic tools
	Simplices and barycentric coordinates
	Polynomial Differential Forms
	Graphs

	Weights and moments
	Small simplices and weights
	Moments associated with a basis of polynomial differential forms

	A basis of the space of divergence-free finite elements
	The dimension
	Construction of a basis of  RTr+1(T) Im (curl)
	Making for a basis of RTr+1(T) H0(div; ) when 2 =0

	 On the construction of a basis of RTr+1 H0(div0; )
	Conclusions

