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Lipschitz Certificates for Layered Network Structures
Driven by Averaged Activation Operators*

Patrick L. Combettes’ and Jean-Christophe Pesquet?

Abstract. Obtaining sharp Lipschitz constants for feed-forward neural networks is essential to assess their robust-
ness in the face of perturbations of their inputs. We derive such constants in the context of a general
layered network model involving compositions of nonexpansive averaged operators and affine oper-
ators. By exploiting this architecture, our analysis finely captures the interactions between the layers,
yielding tighter Lipschitz constants than those resulting from the product of individual bounds for groups
of layers. The proposed framework is shown to cover in particular most practical instances encountered
in feed-forward neural networks. Our Lipschitz constant estimates are further improved in the case
of structures employing scalar nonlinear functions, which include standard convolutional networks as
special cases.

1. Introduction. Artificial neural networks are becoming increasingly central tools in tasks
such as learning, modeling, data processing, and decision making. As first noted in [54], neu-
ral networks are vulnerable to adversarial examples which, though close to other data inputs,
lead to very different outputs. This potential lack of stability makes the networks vulnera-
ble and unreliable in key application areas; see for instance [1, 32, 37] and the references
therein. To protect networks against such instabilities various techniques have been explored
[41, 45, 46, 56]. Although these defense strategies may be effective in certain scenarios,
they do not provide formal guarantees of robustness for general networks and they have been
shown to be breakable by new attacks; see for instance [3, 19].

It has been acknowledged for some time that the Lipschitz behavior of a network plays a
key role in the analysis of its robustness [54]. Simply put, if a layered network is modeled by
an operator 7' acting between normed spaces, with Lipschitz constant #, given an input x and
a perturbation z, we can majorize the perturbation on the output via the inequality

(1.1) T (x+ z) — Tx| < 0]z

Thus 0 can be used as a certificate of robustness of the network provided that it is tightly
estimated. Lipschitz regularity is also an important ingredient in the derivation of general-
ization bounds and approximation bounds [7, 12, 52], and of reachability conditions [49].
In [54] the estimation of € is performed by evaluating the Lipschitz constant of the layers
individually and then defining # as the product of these constants, which typically yields pes-
simistic bounds. Lipschitz constants have also been computed for specific situations, e.g.,
[6, 35, 51, 55]. Overall, however, deriving analytically accurate constants for general con-
texts remains an open problem. The objective of the present paper is to address this question
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Figure 1.1. In Model 1.1, the ith layer involves a linear weight operator W;, a bias vector b;, and an activation
operator R;, which is assumed to be a nonlinear averaged nonexpansive operator.

for a general class of layered networks. Mathematically, our network model is described as an
alternation of affine and nonlinear operators. This type of structure also arises in variational
and equilibrium problems, as well as in network science, e.g., [17, 25, 29, 58]. Adopting the
same terminology as in the neural network literature, where they model the activity of neu-
rons, the nonlinear operators will be called activation operators. Our stability analysis focuses
on the following m-layer model, in which the activation operators are averaged nonexpansive
operators (see Fig. 1.1). Recall that an operator R: H — H acting on a Hilbert space H is
a-averaged for some « € |0, 1] if there exists a nonexpansive (i.e., 1-Lipschitzian) operator
Q: H — H such that

(1.2) R=(1-a)ld+aQ.

In other words, R = Id +«a(Q —Id) is an under-relaxation of a nonexpansive operator (see [9]
for a detailed account). This class of operators was introduced in [5] and shown in [22] to
model various problems in nonlinear analysis as it includes common operators such as projec-
tion operators, proximity operators, resolvents of monotone operators, reflection operators,
gradient step operators, and various combinations thereof. Recent theoretical developments
and applications to data science include [4, 10, 11, 13, 14, 16, 23, 28, 36, 43, 53, 57, 58].

Model 1.1. Let m > 1 be an integer and let (H;)o<i<m be nonzero real Hilbert spaces. For
everyi € {1,...,m}, let W;: H;_1 — H; be a bounded linear operator, let b; € H;, let a; € [0, 1],
and let R;: H; — H; be an «;-averaged operator. Set

(1.3) T'=Tpo---0oTy, where (Vie{l,...,m}) T;: Hi-1 — Hi: x — R;(Wz +b;).

Since the operators (R;)1<i<m are nonexpansive, a Lipschitz constant for 7" in (1.3) is
m
(1.4) Om = [T IVl
i=1

However, as already mentioned, this constant is usually quite loose and of limited use to
assess the actual stability of the network. A novelty of our approach is to take into account
the averagedness properties of the individual activation operators to capture more sharply
the overall interactions between the layers, yielding tighter constants than those provided by
computing bounds for groups of layers. Our specific contributions are the following:
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e We show that the most common activation operators used in neural networks are
averaged operators. This not only provides an a posteriori justification for Model 1.1,
but also indicates that this highly structured framework should be of interest in the
analysis of other properties of layered networks beyond stability.

e We derive a general expression for a Lipschitz constant of 7" in terms of the averaged-
ness constants of the activation operators (R;)1<;<m and the norms of certain composi-
tions of the linear operators (W;)1<i<m- This Lipschitz constant is shown to lie between
the simple upper bound (1.4) and the lower bound ||I¥,,, o- - - o Wj|| corresponding to a
purely linear network. Our analysis applies to any type of linear operator, in particular
convolutive ones, and it does not require any additional assumptions on the activation
operator. In particular, differentiability is not assumed and our results therefore cover
in particular networks using ReLU and max-pooling operations.

e In the common situation when the activation operators are separable, we obtain
tighter Lipschitz constants for various norms.

e Under some positivity condition, we prove that the Lipschitz constant of the network
reduces to that of the associated purely linear network obtained by removing the non-
linear operators.

In [?], we investigated the special case of Model 1.1 in which the activation operators (R;)1<i<mll
are proximity operators, hence 1/2-averaged (see Section 2.1). The objective there was to
study the asymptotic behavior of deep network structures rather than their stability.

The remainder of the paper is organized as follows. In Section 2.1 we provide the nec-
essary nonlinear analysis background. In Section 2 we show that a wide array of activation
operators used in neural networks are indeed nonexpansive. In Section 3 we derive general
results concerning Lipschitz constants for Model 1.1. Section 4 refines this analysis in the case
of separable activation operators.

2. Nonexpansive averaged activation operators.

2.1. Nonlinear analysis tools and notation. We review some key facts and definitions which
will be used subsequently, see [9] for further information. Throughout # is a real Hilbert
space with scalar product (- | -) and associated norm || - ||.

Let R: H — H be an operator and let « € [0,1]. Then R is nonexpansive if it is 1-
Lipschitzian, a-averaged if there exists a nonexpansive operator (): H — H such that R =
(1 — @) Id +aQ), and firmly nonexpansive if it is 1/2-averaged or, equivalently, if

21 (VzeH)(VyeH) [|Rz—Ryl*+|[|(1d-R)z — (Id-R)yl* < = - y|*.
Let A: # — 2" be a set-valued operator. We denote by gra A = {(z,u) € H x H | u € Az} the

graph of A, by A~ the inverse of 4, i.e., the operator with graph {(u,z) € H x H | u € Az},
and by J4 = (Id +A)~! the resolvent of A. In addition, A is monotone if

(2.2) (V(z,u) € graA)(V(y,v) e grad) (x—y|u—wv) >0,

and maximally monotone if there exists no monotone operator B: # — 2% such that gra A C
gra B # gra A. We denote by I'g(H) the class of proper lower semicontinuous convex functions
3
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from H to |—o0, +00]. Let f € I'o(H). The conjugate of fis 'o(H) > f*: u +— sup,cy((z | u) —
f(z)) and the subdifferential of f is the maximally monotone operator

(2.3) of i H—=2"a{uet|(WWeH) (y—z|u)+ f(z) < fy)}

For every z € H, the unique minimizer of f + ||z — -||?/2 is denoted by prox,;z. We have
prox; = Jyy and prox; is therefore firmly nonexpansive.

Now let C' be a nonempty convex subset of . Then . is the indicator function of C' (it
takes values 0 on C' and +oo on its complement) and d¢: « — minycc ||z — y|| is its distance
function. If C is closed, its projection operator is proj. = prox,_..

2.2. Activators as averaged operators. We show via various illustrations that the assumption
made in Model 1.1 on the activation operators covers most existing instances of feed-forward
neural networks. Let us start with some key properties.

Proposition 2.1. Let H be a real Hilbert space, let o € [0,1], and let R: H — H be a-
averaged. Then the following hold:
There exist a maximally monotone operator A: H — 2 and a constant A € [0,2] such that
R =1d+A(Ja — Id). Furthermore, if A < 1, then R is firmly nonexpansive.
Suppose that H = R. Then there exist a function ¢ € I'y(R) and a constant X\ € [0, 2] such that
R =1d +A(prox, — Id). Furthermore, R is increasing if A < 1 and R is odd if ¢ is even.
Suppose that H = R and that R is increasing. Then there exists ¢ € T'o(R) such that R = prox,.

Next, we illustrate the pervasiveness of nonexpansive averaged activation operators in
practice, starting with activation operators on the real line.

Example 2.2. Proposition 2.1(ii) states that activation functions on the real line can be
expressed in the generic form

2.4 R =1d+A(prox, —Id), where ¢ eTz(R) and X€[0,2].

Here are a few explicit instantiations of this proximal representation.

If A\ = 1, we obtain the class of proximal activation functions discussed in [?] and which was
seen there to include standard instances such as the unimodal sigmoid activation function
[?, Example 2.13], the saturated linear activation function [?, Example 2.5], the rectified
linear unit (ReLU) activation function [?, Example 2.6], the inverse square root unit activation
function [?, Example 2.9], the hyperbolic tangent activation function [?, Example 2.12], and
the Elliot activation function [?, Example 2.15]. Additional examples in this category are the
following. Given g € ]0, +o0], the capped ReLU activation function [38] is

(2.5) (Vx € R) R(x) =prox, _(z)= min{max{z,0},S},

t[0,8)
and, for 8 < 1, the exponential linear unit (ELU) function [21] is

T if x> 0;

(2.6) (Vo eR) R(z) = { 5’(4€Xp(w) —1), if z<0.
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Figure 2.1. Averaged activation functions: Illustration of Example 2.2(ii). Top: The function ¢ of (2.10). Bottom:
In blue, the activation operator R of (2.8) is the proximity operator of ¢, which corresponds to A = 1 in (2.4). The
green curve corresponds to the case when A = 0.5 in (2.4), and the red one to the case when A\ = 1.5. As stated in
Proposition 2.1(i), relaxations parameters \ € [0, 1] yield increasing activation functions. Non-monotonic averaged
activation functions in (2.4) must be generated with relaxations parameters A € |1, 2]. As seen in Proposition 2.1 (ii),
since ¢ is even, R is odd.

It follows from [9, Cor. 24.5, Prop. 24.32, and Exa. 13.2(v)] that R = prox,, where

0 if z>0;
2
(x+ﬁ)ln<x+ﬁ>—m—x—, if —B8<x<0;
2.7) (Vz €R) ¢(x) = ) p 2
,8—7, ifw:—ﬁ;

The softplus activation function [31] R: = — In((1 + e%)/2) is also a proximity operator since
it is nonexpansive and increasing (see Proposition 2.1 (iii)).
The Geman-McClure function [30]

psign(z)z? 8
2.8 Vr€R) R(z)=22800T 0 where p= —,
2.8) (Vo eR)  R(z) 12 =37
will be employed in Example 2.3. Set¢) = |- | — arctan | - | € T'o(R). Then R is nonexpansive
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and R = p1)'. The conjugate of u1 is 1-strongly convex and given by uy*(-/u), where

arctan“ — /x|l —|z]), if |z| <1,
(2.9 (Vz e R) ¢*(z) =

if |2 =1

+oo, otherwise.

It follows from [9, Cor. 24.5] that R = prox, with (see Fig. 2.1)

, ,uarctan“ |z| (1 — |z|) % if |z <
-

2.10) ¢ = — ) — _
( ) o= <M> FT = ,u7r if o = i

+oo, otherwise.

(iii) Take ¢ = L[0,4-00[- Then we obtain the leaky ReLU activation function [40] for 0 < A < 1, the
Rel.U activation function for A = 1, and the absolute value activation function [18] for A\ = 2.
(iv) The use of non-monotonic activation functions has been advocated in various papers. They
turn out to be a-averaged (alternatively, in view of Proposition 2.1(ii), they are of the form
(2.4) with A € ]1,2]). To compute the averagedness constant of a nonexpansive operator
R: R — R, one can proceed as follows. According to (1.2), we must find the smallest « € |0, 1]
such that Q = Id +a~!(R — Id) remains nonexpansive. This means that the supremum of the
modulus of the one-sided derivatives (the derivatives if they exist) over R should be one. Thus,
we obtain o = 1 for the sine activation function R = sin [44], as well as for the absolute value

function R = | - | [18] and the the mirrored ReLU activation function [60]
) x|, if |z| <1
(2.11) (Vz € R) R(x) = projy yj|z| = 2 1 .
’ 1, otherwise,

o ~ 0.546 for the swish activation function [47]

10x

2.12) (Vo eR) R@) = 40 expca))’

a =~ 0.536 for the exponential linear squashing (ELiSH) function [8]

x

10 | 1+exp(—2)’

[T exp(z) — 1
1+ exp(—x)’

if >0;

(2.13) (Vz €R) R(z)=
if <0,

and o = (1 + /2/e)/2 for the Gaussian activation function R: = + exp(—2?) [42].

Next, is a technique for lifting a proximal activation operator from R to a Hilbert space #.
6



Example 2.3. Let H be a real Hilbert space, let A € [0,2], let C be a nonempty closed
convex subset of H, let ¢ € I'o(R) be an even function such that ¢* is differentiable on R~ {0}
with 0 as its unique minimizer. Set

Aprox,dc ()

de(x)
(1 —= Nz, if zeC.

(1—XNz+ (x —projoz), if = ¢ C;

(214)  (Vze€H) Rax=

Then R is \/2-averaged. In particular, if we set A = 1, C = {0}, u = 8/(3+/3), and define ¢ as
in (2.10), we infer that the squashing function used in capsule networks [50], that is,

||
2.15 VeeH) Rr=-—7——>u,
@19 S
is a proximal activation operator.

Another construction that builds on activation functions on the real line is the following,
which is reminiscent of the original multilayer perceptrons [48].

Example 2.4. Let H be a separable real Hilbert space, let @ # K C N, let (ex)rex be an
orthonormal basis of 7, and let « € [0, 1]. For every k € K, let g.: R — R be a-averaged and
such that ¢, (0) = 0. Define R: H — H: x — Y, .k ox({z | ex))ex. Then R is a-averaged.

Example 2.5. Let N be a strictly positive integer, let w € [0, 1], and let C' be a nonempty
closed convex subset of RY. Set

(216) R: RN — RN: (é'k)lgké]\f — w(gg)lékéN + (1 — W)prOjC(é'k)lgng,

where (£Z)Kk< ~ denotes the vector obtained by sorting the components of (£x);<r<n in as-
cending order. Then R is (1 + w)/2-averaged.

Remark 2.6. Set C' = {(&)1<ken € RY | & =+ = &y} in Example 2.5. Then
1—w e
(2.17) R: RN — RN: (fk)lékél\f — (wfg + T Z@)
Jj=1 1<k<N

Now set W: RY — R: (&)1<x<n + &n. Then W o R corresponds to the max-average pooling
performed on a block of size N [39]. When w = 0, the standard average-pooling operation
is obtained, which is associated with the activation operator proj.-. When w = 1, we recover
the standard max-pooling operation [15], which is the main building block of maxout layers
[33]. The max-pooling operator is nonexpansive.

Example 2.7. Let2 < N € N, let {7 }1<k<n—1 C ]—1,1[, and let 6 € R. Set
(2.18) R: RN 5 RV=L (6)1cpen—1 US([Tlﬁl, e ,TN715N71,9]T),

where U € RW-DXN s the matrix obtained by retaining the first (N — 1) rows of the
identity matrix of size N x N, and S: RV — RV: (&)1<pen = (€))1<k<n. Then R is
(1 4+ max{|r|,...,|7n-1|})/2-averaged.

7
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Remark 2.8. Let N > 3 be an odd integer, let (1;)1<p<n—1 € |-1,1[Y !, let 0 € R, let R be

the activation operator defined in Example 2.7, and set W: RN~1 — R: (€k)1<kaN—1 > Engr.

2
Then, for every = = (&)1<hen—1 € RVY7L, (W o R)x = median{r&;,...,7nv_16n_1,0}. This
corresponds to the median neuron model introduced in [2].

Remark 2.9. Multi-component averaged activation operators can be derived from the
above examples. Indeed, let (#;)1<i<as be real Hilbert spaces and let H = #H; & - - - & Has be
their Hilbert direct sum. For everyi € {1,..., M}, let o; € [0,1] and let R;: H; — H; be a;-
averaged. Then R: H — H: (x;)i1<i<im — (Rixi)i1<i<m 1S a-averaged with o = maxi<i<pr ;.

3. Lipschitz constants for layered networks. The objective of this section is to derive Lips-
chitz constants for networks conforming to Model 1.1. Note that, if m = 1, a Lipschitz constant
of T is clearly §; = ||W;|| since R; is nonexpansive. We shall therefore focus henceforth on
the case m > 2. Throughout, the following notation is employed.

Notation 3.1. Let2<m e Nand k € {1,...,m — 1}. Then

(3.1)

)

oo HOn g eNF LS < - < sm= 1) i k> L
" L...,m—1 if k=1
{7 Y }7 f

and, for every (ji,...,jk) € Ik
B2 oy = Wmo o Wi [ Wy 0o Wyl -+ [Wj, 0~ 0 WA,

Theorem 3.2. Consider the setting of Model 1.1 with m > 2. Set

(3.3) VIc{l,...,m—=1}) Bmg= (Haj> I a-«a
jel Ge{1,...m—1}~J
and
m—1
(34) Hm = /Bm;ZHWm ©---0 Wl” + Z Z /Bm;{jl,...,jk}am;{jl,...,jk}-

k=1 (j1, k) E€lm,k
Then 6,, is a Lipschitz constant of T.
The following proposition features some important special cases.

Proposition 3.3. Consider the setting of Model 1.1 with m > 2, and let 0,, be defined as in
(3.4). Then the following hold:
Wi o0 Wil < 0 < T2, Wil
Suppose that, for every i € {1,...,m — 1}, R; =1d. Then 6,,, = ||[W,, 0--- o Wq||.
Suppose that, for every i € {1,...,m — 1}, R; is purely nonexpansive in the sense that o; = 1 is
its smallest averaging constant. Then 6,, = [/, ||[Wi]|.
Suppose that, for every i € {1,...,m — 1}, R; is firmly nonexpansive. Then

m—1
1
(3.5) Om = om—1 <HWm 00 Wl” + Z Z Um§{j17~~~7jk}> :

k=1 (j1,-Jk)EJm,k
8




(v) Set ag = 0y = 1. Then

m—1 m—1
(36) Hm = a192< H (1 —Oéq)>||WmO'-'o i+1||.

i=0 q=i+1

Remark 3.4. Proposition 3.3(i)-3.3(iii) show that the tightest bound in terms of stability
corresponds to a linear network, while the loosest corresponds to a network with nonlineari-
ties having no stronger property than nonexpansiveness.

Example 3.5. To illustrate the improvement of the proposed bound over the classical prod-
uct norm estimate, we consider a fully connected network using proximal activation opera-
tors with m = 3, Ho = R, H; = R19, #, = RS, and #3 = R3. The entries of the matrices
(W;)1<i<s are generated randomly and independently according to a normal distribution. We
evaluate the Lipschitz constant estimate #3 provided by (3.5) and its lower bound in Proposi-
tion 3.3(i). The average (resp. minimal) value of 65 /(||W1]| ||Wz2|| ||W3||) computed over 1000
realizations is approximately equal to 0.6699 (resp. 0.5112), while the average (resp. minimal)
value of ||WsWoWq||/(||W1|l||W2] |[W3]|) is approximately equal to 0.3747 (resp. 0.1208).

We close this section by observing that the Lipschitz constant exhibited in Theorem 3.2 is a
componentwise increasing function of the averagedness constants of the activation operators.

Proposition 3.6. Consider the setting of Model 1.1 with m > 2. Make the Lipschitz constant

Oy, in Theorem 3.2 a function of (aq,...,m—1) € [0,1]™" L Let (a;)1<icm—1 € [0,1]™"1 and
(a;)lgigm_l € [O, 1]m71 be such that (VZ S {1, e, m — 1}) o < Oé;. Then Qm(al, ... ,am_l) <
Om (. oyl 1)

Remark 3.7. Proposition 3.6 suggests that, in terms of stability, it is better to use proximal
activation operators, such as those listed in Example 2.2(i)-(ii), than «-averaged activation
operators for which o > 1/2, such as those mentioned in Example 2.2(iv).

4. Networks using separable activation operators. We show that sharper Lipschitz constants
can be derived in the case of networks featuring the type of separable structure described in
Example 2.4. Note that this class of networks is the most commonly used, standard convnets
being special cases. The following notation will be used.

Notation 4.1. Let H be a separable real Hilbert space, let @ # K C N, let E = (e )rex be an
orthonormal basis of ‘H, and let I be a nonempty bounded subset of R. Then

4.1) .@[(E) = {A H—>H:xz— Z}\k<$ | €k>€k {)‘k}keK C I} .
keK

4.1. General results.

Theorem 4.2. Consider the setting of Model 1.1 with m > 2. Forevery i € {1,...,m — 1},
suppose that H,; is separable, let & # K; C N, let E; = (e; 1 )kek, be an orthonormal basis of H;,
and, for every k € K,, let g; .- R — R be «j-averaged and such that p; ;,(0) = 0. Assume that

(4.2) (Vie{l,....m—1}) R;j: H; = H;i: x> Z oik((z | €ik))eik
9 keK;
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(i)

and define

4.3) Y = sup Wi oAp—10---0A; o Wy
M ED(1-20q,1}(E1)

Am—1€201 20, 1,13 (Em-1)

Then the following hold:
Yy, 1s a Lipschitz constant of the operator T of (1.3).
Define 0,, as in (3.4). Then |[Wy, 0--- o Wi|| < ¥y, < Oy

Example 4.3. Consider the same setting as in Example 3.5 and assume now that the acti-
vation operators Ry and Rs are separable (for example, a ReLU layer, followed by a sigmoid
layer, and finally a softmax operation). The average (resp. minimal) value of
I3/([|[W1] [|[Wa|l||W3]|) computed over 1000 realizations is approximately equal to 0.4528
(resp. 0.2424). In agreement with Theorem 4.2(ii), this estimation of the Lipschitz constant is
better than 65 and significantly sharper than ||W5|| |[Wa]| ||Ws]|.

Remark 4.4. An expression similar to (4.3) was proposed empirically in [51] for a multi-
layer perceptron operating on finite-dimensional spaces under the additional assumption that
the activation operators are continuously differentiable and firmly nonexpansive.

Remark 4.5. In Theorem 4.2, make the additional assumption that, for some
i € {1,...,m — 1}, the functions (g; »)rck, are increasing. Then it follows from Proposi-
tion 2.1(iii) that there exist functions (¢; x)xek, in I'o(R) such that (Vk € K;) ¢, = prox, .
In addition, for every k € K;, since g; (0) = 0 and since the set of minimizers of ¢, ;, coincides
with the set of fixed points of prox,, , [9, Proposition 12.29], we deduce that ¢; ;. is minimized
at 0. Furthermore, ; = 1/2 and R; = prox,,, where (Vo € H;) pi(z) = D ek, ¢ik((T | €ik))-
Such a construction is used in [24, 26, 27].

As in Proposition 3.6, the Lipschitz constant exhibited in Theorem 4.2 turns out to be a
componentwise increasing function of the averagedness constants of the activation operators.

Proposition 4.6. Consider the setting of Model 1.1 with m > 2. For everyi € {1,...,m — 1},
suppose that H; is separable, let & # K; C N, and let E; = (e; 1, )kexk, be an orthonormal basis of
H;. Define 9,,: [0,1]™! — [0, 4+-o0[ by

4.4) O (0, ooy Qp—1) — sup W0 App—10-+-0A1 0 W[
M €D _2aq,1)(E1)

Am71€@{1,2a.m71 13 (Bm—1)

Let (ai)lgigm—l € [O, 1]m71 and (Oé;)lgigm_l € [0, 1]m71 be such that (VZ € {1, oo, m o — 1})

a; < of. Then O (v, ..., cm—1) < Op(ad, ... al, 1)

4.2. Extension to non-Hilbertian norms. In certain applications, Hilbertian norms may not
be the most relevant measures to quantify errors. We now state a variant of Theorem 4.2
which holds for alternative norms. It involves embeddings of Hilbert spaces; standard ex-
amples can be found in [59]. Let us also point out that these embedding conditions are
automatically satisfied if the spaces are finite-dimensional.
10



Proposition 4.7. Consider the setting of Model 1.1 with m > 2. For every i € {1,...,m},
suppose that H,; is separable, let & # K; C N, let E; = (e; 1)kek, be an orthonormal basis of H,,
and, for every k € K;, let g; ,: R — R be «j-averaged and such that g; ,(0) = 0. Let Gy be the
normed space obtained by equipping the vector space underlying Hy with a norm for which Gy is
continuously embedded in H,, and let G,, be the normed space obtained by equipping the vector
space underlying H,, with a norm for which H,, is continuously embedded in G,,. Assume that

(4.5) Vie{l,...,m}) Ri:H;— Hi: z— Z 0i((z | €i)) ek
keK;

Then

(4.6) Oy = sup |Am, © Wi 0+~ 0 Ay o WilGo.6m

Ay 69{172041 1} (E1)

Am€9{172.am,1} (Em)

is a Lipschitz constant of T': Gy — G-

Corollary 4.8. Consider the setting of Model 1.1 with m > 2. Define Gy and (R;)1<i<m as in

Proposition 4.7, let p € [1,4o00], and let {wy }rek,, C ]0,+00[ be such that one of the following
holds:

@ pel,2[and ¥pep, w7 < oo,
(ii) p € [2,400] and supyeg,, Wi < +00.
Let G,,, be the normed space obtained by equipping the vector space underlying H,, with the norm

1/p
> wllw | emm)lP| i p < +oo;
sup wrl(« | em.k)l, if p=+oo.
k€K
Then
(4.8) I = sup HWm oAy q0---0Mjo0 W1||g07gm

MED1 20y 13 (E1)

Am716@{172a'm,1,1}(Em71)
is a Lipschitz constant of T: Gg — Gm.

4.3. Networks with positive weights. Under certain positivity assumptions, the constant ,,
of (4.3) and (4.8) can be simplified.

Assumption 4.9. Consider the setting of Model 1.1 with m > 2. For every i € {0,...,m},
suppose that H; is separable, let @ # K; C N, and let E; = (e; 1, )ik, be an orthonormal basis of
H;. For every (ko, ..., kmn) € Ko x -+ x K, set

(4.9) koseom = (Wi€o ko | €1k1)  Win€m—1em_y1 | €mjim )-
11



We suppose that

(4.10) (V(k)o, cey km) €Ky x - X Km)(V(lo, c.. 7lm—1) €Ky x -+ x Km—l)
Hko,... km—1km Moyeslm—1,km = 0

Example 4.10. Consider the particular case of Model 1.1 in which, for everyi € {0,...,m},
N; € N~ {0}, #; = RY:, E; is the canonical basis of R": and, for every k € {1,...,N;},
Xik € {—1,1} with the additional condition that, for every I € {1,...,No}, Xor = Xo,-

Further, for every i € {1,...,m}, the matrix W; = [w; . 1]1<k<n, 1<1<n,_, € RY*Ni-1 satisfies
(411) (Vk S {1, ... ,NZ})(VZ < {1, . 7Nz‘—1}) Wi k1 = Xi,kXifl,l‘wi,k,l‘-
Then Assumption 4.9 holds. This is true in particular if, for every i € {1,...,m},

{wi ki hi<k<nii<i<n, , C [0,4o00[, which corresponds to positively weighted networks. See
[20] for the design of such networks.

In the following result, the Lipschitz constant of the network (1.3) coincides with that of
the linear network W,, o - - - o Wj for standard choices of norms.

Proposition 4.11. Suppose that the assumptions of Corollary 4.8 are satisfied, that

> keok > [Ekleok

keKo keKo

(4.12) (V(&r)reko € £*(Ko))

)

Go

Go

and that Assumption 4.9 holds. Then the Lipschitz constant 9, of T: Go — G,, in (4.8) reduces
to 19m = HWm 0---0 W1||g07gm'

We show below that the Lipschitz constant of a positively weighted network associated
with weight operators (W;)1<;<m and nonseparable activation operators is not necessarily
Wi o- -0 Whl|.

Example 4.12. Consider the toy version of Model 1.1 in which m = 2, Hy = Hi = Hs =
R2. Set p: x = (£1,&) = (1) + ¢(&), where

1+HmA+H+A -1 —¢) — &

5 if ¢l <1;
(413)  ¢:R —]—00,+00 : £ T 1(2) —1/2 if ¢ =1;
+00, if |¢] > 1.

Let { € |-1,1][ = dom¢' = dom (Id+¢') = ranprox,. Then ¢ + ¢'({) = arctanh({) and
therefore o = (Id+¢')~! = tanh. Consequently, we derive from [?, Example 2.13] that
(V& = (£1,&2) € R?) prox = = (tanh(¢;), tanh(&,)). Now set

1[v3 1 1 3 10 2
(4.14) bl—bz—O, U§|:1 _\/§:|, W1|:3 3:|’ W2|:7 4:|7

Ry = prox,,.y = U oprox, o U [27, Lemma 2.8], and Ry = Id. Then |[[WyW1|| ~ 54.72. If the
input x = (—3.4,2) is perturbed by z = 10~* x (1,/3), we get ||T(x + z) — Tx||/||z|| ~ 58.18,
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which shows that, although W; and W5 have strictly positive entries, the Lipschitz constant
is larger than ||W,W7||. Note that, in this scenario, the constant of (3.4) is 6, = (||WoW1|| +
|[Wa|||lW1])/2 =~ 60.50. A sharper Lipschitz constant can be obtained by noticing that this
network is equivalent to a network in which Wy, W5, and R; are replaced by W[ = UW,
W3 = WU, and R} = prox,,. Since R is separable, the constant of (4.4) is U2 ~ 59.54. In
contrast, the naive bound of (1.4) is about 66.29.

For separable activators in finite-dimensional spaces, we have the following result, which
does not require Assumption 4.9.

Proposition 4.13. Consider the setting of Model 1.1 with m > 2. Suppose that the assump-
tions of Corollary 4.8 hold and that || - ||g, satisfies (4.12). In addition, assume that, for every
i €{0,...,m}, H; = RYi and E; is the canonical basis of RY:. For every i € {1,...,m}, let A;
denote the matrix obtained by taking the absolute values of the entries of the matrix W;. Then
the Lipschitz constant 9,,, of T': Gy — Gy, in (4.8) satisfies VU, < || Am -+ AillGo,Gom-

5. Conclusion. Using advanced tools from nonlinear analysis, we have derived sharp Lip-
schitz constants for layered network structures involving compositions of nonexpansive aver-
aged operators and affine operators. This framework has been shown to model feed-forward
neural networks. Among the many avenues of future research that this work suggests, it would
be interesting to exploit it to devise training strategies to achieve better robustness. The pro-
posed nonexpansive operator machinery could also be used to design network architectures
with smaller Lipschitz constants.

Appendix A. Technical lemmas.
Lemma A.1. [24, Proposition 2.4] Let R be a function defined from R to R. Then R is the
proximity operator of a function in I'o(R) if and only if it is nonexpansive and increasing.

Lemma A.2. Let ¢ € N\ {0} and, for every i € {1,...,q}, let S; be a nonempty subset of
a real vector space X;. Let ¢: X1 x --- x X; — R be a function which is convex with respect to
each of its q coordinates. Set S = S; x --- x S, and let conv S be its convex envelope. Then
sup ¢ (S) = supy(conv S).

Proof. Set pn = sup#(S). Clearly, © < supy(convS). Now take # € convS. Then
T = ) icra;xj, where (a;)jer is a finite family in ]0,1] such that >, ,a; = 1 and, for
every j € 1, T; = (xj,i)léigq) with (V’L S {1,. .. ,q}) Tji € S;. Note that (\V/(jl, .. ,jq) S Iq)
(%j,1,--.,7j,4) €S. Therefore,

Y(z) = w( Z YIRS I ERRR Z O‘jq$jq7fI>

J1€l Jjq€l

< § aj1¢<xj171’ E QjoLj,25- -+ E :ajq$jq7Q>

J1€l jo€l Jjq€l

: q
(A.1) < Z <Haji>w($j1,17""quﬂI) S pe

J1€L...jg€T Ni=1

13



Hence, sup T/J(CODV S) = SUPgeconv S ¢(m) < Mo u

Lemma A.3. Let ‘H be a separable real Hilbert space, let & # K C N, let E = (ey)rek be an
orthonormal basis of H, and let « € [0,1]. For every k € K, let gr.: R — R be a-averaged and
such that o;(0) = 0. Define R: H — H: x — Y g ok((x | ex))ex, and fix x and y in H. Then
there exists A € J1_s4,1)(E) such that Rz — Ry = A(z — y).

Proof. We saw in Example 2.4 that R is well defined. We have
(A.2) Rz —Ry="> (ox((z | ex)) — ox((y | ex)))ex-

kek
For every k € K, there exists a nonexpansive 6;: R — R such that g, = (1 — a)Id +abj, and,
therefore,

(A3) or((z]er) —an((yler) = (1—a)({z|er) = (y | er) +a(Ox((z | er)) — Ok((y | ex)))-
Consequently, for every k € K, there exists Ay € [1 — 2a, 1] such that

A4 (1 —a)((z]er) = (ylen) +a(@u((z|er) =0y | er)) = Ml(z | er) — (v | ex)):
We deduce from (A.2) that Rz — Ry = Y, cx \e({x | ex) — (y | ex))ex, as claimed. [ |
Appendix B. Proofs of main results.

B.1. Proof of Proposition 2.1. (i): As seen in (1.2), there exists a nonexpansive operator
Q: H — H such that R = (1 — ) Id +aQ. However, by [9, Prop. 4.4 and Cor. 23.9], there
exists a maximally monotone operator A: H — 2" such that Q = 2J4 — Id. Hence, R =
Id+A(J4 — Id), where A = 2a € [0,2]. For the last claim, notice that, since Jy4 is firmly
nonexpansive [9, Cor. 23.9],sois R = (1 — \) Id +\J4 as a convex combination of two firmly
nonexpansive operators [9, Exa. 4.7].

(ii)=(i): It follows from [9, Cor. 22.23] that there exists ¢ € I'o(R) such that A = 9¢,
which provides the expression for R. The increasingness claim follows from Lemma A.1.
Finally, if ¢ is even, then prox, is odd [9, Prop. 24.10] and so is R.

(iii): This follows from Lemma A.1.

B.2. Proof of Example 2.3. Let o¢ be the support function of C' and set f = o¢ + ¢ o
|- |l € To(#H). Then it follows from [9, Prop. 24.30] and (2.14) that R = Id +A(prox; —
Id), However, since prox; is firmly nonexpansive, it is 1/2-averaged, which makes R a \/2-
averaged operator. Now consider the function ¢ of (2.10). Then it is an even function in I'y(R)
with 0 as its unique minimizer. Next, set ¢ = | - | — arctan| - |. As seen in Example 2.2(ii),
¢ = p*(-/u) — | - |?/2 and dom ¢* is bounded. Therefore dom ¢ = udom* is bounded. In
turn, ¢ is supercoercive and we derive from [9, Prop. 14.15] that dom ¢* = R. Hence, since
¢ = ¢** is strictly convex, it follows derive from [9, Prop. 18.9] that ¢* is differentiable on R.

In addition, d¢ = || - ||. Altogether, (2.14) reduces to
proxyz||

(B.1) VeeH) Re={ o] & T270
0, if x=0

and hence, in view of Example 2.2(ii), to (2.15).
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B.3. Proof of Example 2.4. Let x € H and y € H. It follows from the nonexpansiveness of
the functions (o )rex that

(B.2) S lon(z len)|” = [on(@ | ex)) — ex O] < D7 [ | ex) — 0" = ||

keK keK keK

Hence, R is well defined. For every k£ € K, (1.2) there exists a nonexpansive function
0r: R — R such that g = (1 — «)Id+af;. Hence, Rz = (1 — o)z + aQz, where Qz =
> rer Ox((z | ex))ex. Therefore,

B.3) Qz —Qull* =" [0c((x | ex)) = Oy | ex))|* <3 [ | ex) = (w | ex)|* = = = wll*.

kekK keK
This shows that () is nonexpansive and hence that R is a-averaged.

B.4. Proof of Example 2.5. Let S be the sorting operator of Example 2.7. Then
(Vo € RV)(vy € RY) ||Sz — Syl* = ||Sz[|* — 2(Sz | Sy) + |[SylI*
= [l«]* - 2(Sz | Sy) + ||yl

(B.4) < lll® = 2(z [ y) + [yl
(B.5) = [l —yl%,

where (B.4) follows from [34, Thm. 368]. This shows that S is nonexpansive. Furthermore,
@ = 2proj — Id is nonexpansive [9, Cor. 4.18]. Note that

_ 1+w l+w (l-w 2w
(B.6) (1—w)prOJC+wS—<1——2 >1d+ 5 <1+WQ+1+WS>-

Since ((1 —w)@ + 2wS)/(1 4+ w) is nonexpansive as a convex combination of nonexpansive
operators, the operator (1 — w)proj~ + wS'is (1 + w)/2-averaged.

B.5. Proof of Example 2.7. Set A = Diag(7,...,7n_1). Let z and y be in RV ~!, and define
T=1[(Az)",0]" and j = [(Ay)",0] . As seen in (B.5), S is nonexpansive. Consequently,

[Re — Ry = |UST — USY|| < [U[|[|S7 — Syl| = |57 — Sy

(B.7) <z =yl = lAz — Ayl < max{|ri,.... [v-a[}Hlz = y].
This shows that R is Lipschitzian with constant max{|r|,...,|7nv-1|} < 1. It is thus a-
averaged with a = (1 4+ max{|n|,...,|T~-1]})/2 [9, Prop. 4.38].

B.6. Proof of Theorem 3.2. Note that, for every i € {1,...,m}, P, = R;(- + b;) is ay-
averaged and, therefore, there exists a nonexpansive operator Q);: H; — H; such that P, =
(1 — ;) Id4+;Q;. Since T' = P, o W,,, 0 --- o P, o W; and P,, is nonexpansive, it suffices to
show that

(B.8) 0., is a Lipschitz constant of W,, o --- o P; o 7.
15



Let us prove this result by induction. Let x € Hp and y € Hy. If m = 2, we derive from the
nonexpansiveness of (), that

[(Wa 0 ProWh)z — (Wao ProWs)y|

=[[(W2 o ((1 —a1)ld+a1Q1) o Wi)z — (Wao (1 — a1) Id+a1Q1) o Wh)y||
< (1= a1) (W2 o W) (z — y)|| + ar[|[(W2 0 Q1o Wi)z — (W2 0 Q10 Wh)y||
< (1= o) [[Wa o Wil [lz — yl| + e [Wa]| [[@1(Whz) — Q1(Why)||

< (1 —aq)[Wa o Wil lz — yl| + ea [ Wl [Wi(z — )|l
< (

(B.9) (1 —an) || Wy o Wi + an[|[Wa |l [|WA ) |z — yl|-

Hence, T is Lipschitzian with constant
(B.10) (1 —on)[[Wa o Wil + an[Wa| [Whl = Bazl|[W2 0 Wil + Ba, 1y [[Wol| Wi = 0s.
Now assume that m > 2 and that (B.8) holds at order m — 1. Then

|(WpoPp_10---0oProWy)x — (Wy0Pp_10---0P oWyl
= ||(Wmo (1 = am-1)ld+am-1Qm-_1)0---o Py oW)x
= (Wio (1 —am—1)Id+am-1Qm—1) 0o Py o W)y
<A =am-1)|(WnoWp_10--0oProWy)z — (Wy oWy _10---0ProW)yl|
+ am-1[|(Wip 0 Qu-10Wp_10---0PLoWi)x ( m © Qm-10Wy_10---0P oWy
< (1= am-1)|(WpnoWp_10--- 0P oWy)z— (W, m—10-0ProWi)yl
+ a1 [ Wil [(Qm—1 0 Wiy 0---0 P o W) —(Qm 10Wp_10---0P oWyl

Hence, the nonexpansiveness of (), yields

[(Win o Pp10--0oProWi)z — (Wy 0Py 10---0P oWyl
< (1= am-)||(WpoWy_q10Py90--oWy)x— (WpoW,_10P,_g0---0 W)yl
+ 1 Wil |(Wi—1 0 Ppy—g 0 -+- 0 Po Wy)x — (Wy—1 0 Ppy_g 0+ 0 P o Wy)yl|.
(B.11)

On the other hand, the induction hypothesis yields

|(Wp—10Pp_g0---0oPioWy)x — (Wy_10P,_g0---0P o W)yl
< Op1llz =yl

m—2
= </8m—1;ZHWm—1 ©--+0 Wl” + Z Z Bm—l;{jl,...,jk}am—l;{jl,...,jk}> ”.Z' - yH

k=1 (jly"wjk)ejm*lyk
(B.12)
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Similarly, replacing W,,,_1 by W,,, o W,,,_1 above, we get

”((WmOWm—l)o m—20---0PLoW)x — ((WmOWm—l)o m—ZO”’OploWl)yH

m—2
< <ﬁm1;®”Wm OSWm—-10---0 WIH + Z Z ﬁm1;{j1,...,jk}am;{jl,...,jk}> H$ - y”

k=1 (j1,- k) EIm—1,k
(B.13)
Using (B.11), and then inserting (B.13) and (B.12), we obtain

[(Win o Pp10---0ProWi)z — (Wy0Pp_i0---0P oWyl
<(1—O&m,1)‘|(WmO mflopmf2o"'OW1)$_(Wmo m71OPm720"'0W1)y||
+ 1 [[Win || [(Wi—1 0 Pp—g 0o ProWi)z — (Wp—10 P9 0--- 0 P o Wh)y|

< (1 — Oémfl)X

m—2
<5m—1;@HWm oWp—10---oWi| + Z Z /Bm—l;{jl,...,jk}am;{jl,...,jk}> |z =yl

k=1 (jlw"yjk)e“]]m*l,k
+ m—1 ||Wm|| X

m—2
<Bm—1;®”Wm—1 ©---0 WlH + Z Z Bm1;{j1,...,jk}am1;{j1,...,jk}> HI’ - y”7

k=1 (j1,Jk)EIm—1.k
(B.14)

Furthermore, we deduce from (3.3) that

1- m— m—1;J> if -1 )
(B.15) VIl om—1}) B — (1 — am—1)Bm-1,7 1 m—1¢7J
amflﬁmfl;,ﬂ\{mfl}y if m—-1el.

Therefore

Bm;@ = (1 - am—l)ﬁm—l;@
(B16) Bm;{jh...,jk} = (1 - am—l)ﬁm—l;{j17...7jk} if m—1 gé {j17 v 7]k}
Bm;{jl,...,jk} = amflﬁmfl;{ﬁ,...,jk}\{mfl} if m—-1e¢ {jla v ’jk}’

which implies that, if m —1 & {j1,...,jx}, then B, v m—1} = @m—18m—1,j1,...j,}- Hence,
17



(B.14) yields

”(Wmo m_lo---OP10W1)$—(WmO m—lO"'oplowl)y”/”x_yu
g/Bm;ZHWmOWm—lo"’Owl”

m—2

CD DN DI AR AL AT
k=1 (jlwnvjk)ejmfl,k

+ 1 B W [Wir 0 - 0 WA |
m—2

t Z am—lﬁmfl;{jl,...,jk}”Wm”amfl;{jl,...,jk}
1

k= (jl,...,jk)ejm,l’k

= /Bm;ZHWm cWm—-10---0 Wl” + Bm;m—lo'm;{mfl}

m—2

+ Z Bms{n,endi} Tmi e}
k=1 (j17~~~7jk)ejm,k\{m71}
m—2

+ Z Bmv{]177.7k7m71}0’m7{]177.7k7m71}
k=1 (§1,2Jk)E€Im—1,k

= B |[Wn 0 o Wil + > B30}

j=1
m—2
+ Z Brns1eemii } Tt i}
k=2 (j17~~~7jk)ejm,k\{m71}
m—1
+ Z Brns{1,eeniin }Tmi it i}
k=2 (j1,.,08) ETm i

Je=m—1

m—1
= Bnzl|Wm oo Wil + Z Z Brnitin et} Omidn e}

k=1 (j1,,Jk) E€Tm,k
(B.17) = Om.

Thus, we obtain
(B.18) [(WmoPp-10---0oProWi)x— (WyoPy_10--0ProW )yl <Onllz—yl,

which establishes (B.8).

B.7. Proof of Proposition 3.3. Define (8.1)5c1,....m—1} @s in (3.3).
(i): For every k € {1,...,m — 1} and every (ji,...,jk) € Jmx, (3.2) yields

(B.19) Wi oo Wil € O,y < [T IWil-
18 i=1



Consequently, it follows from (3.4) that

(B.20) ||Wmo"'OW1H Z ﬁm;J <Oy < (HHWZH) Z Bm;J-
i=1

Jc{1,....m—1} Jc{1,...,m—1}

In view of (3.3), (Bm1)1cq1,....,m—1y is the discrete probability distribution of a vector of m — 1
independent Bernoulli random variables. Hence, > 11y ,,—13 Bmy = 1 in (B.20).
(ii): For every i € {1,...,m — 1}, a; = 0. Therefore, in view of (3.3),

1, if J=g;

(B.21) VMIc{l,....m—=1}) Bny= {0’ if I £

Hence, the result follows from (3.4).
(iii): Forevery i € {1,...,m — 1}, a; = 1. Therefore, in view of (3.3),

1, if J={1,...,m—1}

(B.22) (VIc{l,....m—1}) ﬁm%ﬂ_{o if J#{1,...,m—1}.

Invoking (3.4) allows us to conclude.

(iv): For every i € {1,...,m — 1} o; = 1/2. Hence, (3.3) yields (VJ C {1,...,m — 1})
B,y = 217™. Invoking once again (3.4) yields the result.

(v): It follows from (3.2) that

Z > Bin it} Omisln et}

= 1<31< <jr<m—1

Z > Bt Wim © -0 Wi 1 [[ W, 0+ 0 Wi |

1 1< <jpgs<m—1
(B.23) ---Hleo---oW1||.

Next, we decompose this expression in a sum of terms depending on the value ¢ taken by j,
namely

m—1

Z B e} Tms (1.}

k=1 1<j1<...<jp<m—1

m—1
= 3 B Won o0 Waaall (Wi o--- W)

7/
+Z > Bl eeninr it Wm0 - 0 Wiga [ [Wio - o Wi

k=21<1<...<Jrp_1<i—1
(B.24) o [Wh oo WA
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In addition, for every (ji,...,jk—1) € J; x—1, we derive from (3.3) that

ﬁm;{jl,...,jk,l,z‘} = < H 04j> H (1—ay)

Je{in,in—1,i} Je{lom=13\{j1,....dk—1,1}

:ai< I aj><"ﬁ1 (1_%)) I (1-ay)

I Th—1} q=i+1 JE{L, o i=13N{J1,sdk—1}

m—1
(B.25) = az( ITa- aq)> Bi{gn i}

q=i+1

Using the above equality in (B.24), factorizing common factors, and using (3.4) yields

ﬁm?{jl7---7jk}0m§{j17---7jk}
k=1 1<j1<...<jp<m

-1
m—1 m—1
- az< I1a —aq>>uwmo---o call (BuolWio -

=1 q=i+1
7
+ > Buthge Wi o Wil Wy 00 W)
k=2 1<j1<...<jp—1<i—1
m—1 m—1
(B.26) = ai9i< 11 (1—aq)>lleo'~o il
=1 q=i+1

and we obtain (3.6).

B.8. Proof of Proposition 3.6. Let! € {1,...,m — 1} and set

(B.27) VIC{l,...om—=1}~{1}) By = (Ha]) 11 (1—ay).

jel Je{l,..m—1}~(JU{l})
For every k € {1,...,m — 1} and every (j1,...,Jx) € Jm i, (3.2) yields

(B'28) O’m;{jlv"wjk} g Umv{levjk}U{l}
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We infer from (3.4) that

Hm(al, e ,Oémfl)

= (1= a)Bnie|Wmno-oWill+ 3 D @Buifj b i Tmiliie)
k=1 (jl,...,jk)euﬂm,k

le{ji,jr}t
m—2
+ (1- O‘l)ﬁml i{g15e 06 Omi{1, .k}
k=1 (j1,-rji) EDm i
1€{j1,,Jk}
1o (1= a)[[Wi oo Wil + aq|[ Wi 0 Wiga|[ [Wy o - - 0 Wh]])
2
(B29) + Z /Bm,l,{]l7 Ik} (( )Um {J1,-dk} + alam;{jly---yjk}u{l})'
k=1 (j1,-Jk)EIm,k
1€{j1,-Jk}
It follows from (B.28) that
00,,
Aoy — (a1, Q1) ﬁm,z,@(HWm o Wil [Wio - oWi|| = [[Wpo--- 0 Wi|)
)
(B.30) £3 Btitjn,eiit (Tmstin 000 = Tmin,nis}) = 0,
k=1 (j1,rj5)Em i
1Z{j1,..Ju}

which concludes the proof.

B.9. Proof of Theorem 4.2. (i): Foreveryi € {1,...,m}, set P, = R;(-+ b;) and (Vk € K;)
mik = 0ik(- + (bi | e;x)). Note that, for every i € {1,...,m} and every k € K;, m; is a-
averaged. Furthermore,

(B.31) Vie{l,...,m—1})(Voz €M) Px=Y_ mur((x|eir)eir.
keK;

Now fix x and y in ;. It follows from (1.3) and the nonexpansiveness of P, that
(B.32) ||[Tz—Tyl| < ||(WpoPy—10Wy,_10---0PyoW;)x— (Wy0Ppy—10Wy,—q0- - -0 Py oWy )yl|.
In view of Lemma A.3, for every i € {1,...,m — 1}, there exists A; € Z|1_y,,,1)(E:) such that
(B.33) (PioW;o--roPioWy)z— (PioW;o---0P oWy

= Ai((WioPiyo- -0 PloWi)z— (Wio Py oo PLoWi)y).
Recursive application of this identity yields

(B.34) (Ph—1oWp_10---oPioWi)x — (Pp_1oWy_10---0P oWy
= (Am-10 W10 0 Ay o Wi)(z —y).
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This implies that | Tz — Ty|| < ||[WmoApm—10---0A1 o Wi|| ||z — yl||. Thus, a Lipschitz constant
of T'is

(B.35) Oy = sup Wi oAp—10---0A; o Wy
MED 20, 1)(E1)

Am-1€%1-2a,, ;1) (Em-1)

Set S = {1 — 20,1} x -+ x {1 — 20,1, 1} 1 and C = [1 — 20y, 1] x - x [1 —
200, 1, 1]€m-1. For every i € {1,...,m — 1}, A;: H; — H; is generated from a sequence
(Mik)kek, in [1 — 2ay, 1] via the construction described in (4.1). The function

P C — R
(AMrdrekss - Am-1h)kekmy) = Wm0 Ap_10---0 Ao Wi

is convex with respect to each of its coordinates. Hence, we deduce from Lemma A.2 that
sup ¢ (C') = sup ¢ (conv S) = sup(S), as claimed.

(ii): For everyi € {1,...,m — 1}, the identity operator Id; of H; lies in Zy;_s,, 11(E;)-
Hence, ¥,, > ||[W,, 0o Id;,—10---old; oW|| = ||[W,, 0+ - o Wq||. Foreveryi € {1,...,m — 1},
let A; € Z{1_2q4,,1}(E;) and note that the linear operator

(B.36)

Ai — (1 — Oéi) Idl
(B.37) 0; = a; ’
0, otherwise

if (e7] #0;

is nonexpansive. Performing the same kind of decomposition as in the proof of Theorem 3.2
yields

HWmoAm_l o---0lM OWlH
= HWm o ((1 — am_l) Id,,—1 +am_1®m_1) 0--+0 ((1 — 041) 1d, +a1®1) o W1H
(B.38) < O,
and allows us to conclude that 9,,, < 0,,.

B.10. Proof of Proposition 4.6. It follows from (B.35) that

Im(ag, ..y pme1) = sup W oAp_10---0Ay o Wi
A1E€D1 20y 11(E1)
Am7169[172a.m,1,1](Em*1)
< sup Wi o A1 0+ 0Ay 0 Wi
A1€.@[172a/1’1](E1)
Am71€9[1,2a;n71’1](Em,1)

(B39) :ﬁM(a/b"'aalmfl%

as claimed.
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B.11. Proof of Proposition 4.7. Let us first note that, because of the embeddings, W7 : Gy —
H is continuous and, likewise, every A, € Z}1_24,,,1](Em) is continuous from H,, to Gy,.
Hence, for every (A;)ici<m € Zji—2a,,1)(F1) X -+ X Dpi—oa,,1](Em—1), AmoWpo---0Mjo0
Wi: Gy — G, is continuous. We now follow the same argument as in the proof of Theo-
rem 4.2. Let z and y be in Gy. For every i € {1,...,m}, there exists A; € Z;_sq, 1)(E;) such
that

(B.40) T — Ty = (ApoWpoAp_10--0AoWi)(z—y).

Thus, [Tz — Tyllg,, < ||Am oW oApm—10---0A1 0o Willg, .. l|* — yllg,» which leads to (4.6).

B.12. Proof of Corollary 4.8. Since, for every x € o, ((z | emi))kek,, € £2(Kp), it follows
from Holder’s inequality that || - ||g,, in (4.7) is well defined and does provide a continuous
embedding of H,, in G,,. As in the proof of Theorem 4.2, it is enough to take the supremum
in (4.8) over D = Zj1_2q,,1)(E1) X - X Dj—2a,,_1,1)(Em—1). For every i € {1,...,m}, let
A; € 9[1,20{2.71} (Ez) Then

(B.41) ||[AmoWpoAp_10---0A1oWillgy.Gm < 1AmlIGm,Gm IWmoAm—10---0A1oWillgy.G,m-

Let us designate by (A, x)kek,, the sequence in [1 — 2y, 1] involved in the construction of
A, in (4.1). If p < 400, then

1/p
V2 € Hm) [Amllg, = || D M@ [ empdempl| =1 D @l | en)l?
keKy, Gm k€K,
1/p
(B.42) <D0 wil@lemi)P| = [zl
keKy,

which shows that ||A,,||g,..6,, < 1. This inequality holds analogously if p = +o00. We then
deduce from (B.41) that

(B.43) U < sup  [[WioAp_g o 0AoWillgyg,.-
(A1,...;Am—1)ED

On the other hand, it follows from (4.6) that

(B.44) U 2 sup [ Idy oW 0 A1 0 -+ 0 Ay o Wilg, .G,
(A1yeAm—1)ED

which concludes the proof.

B.13. Proof of Proposition 4.11. For every i € {1,...,m — 1}, let A; € Z(1_9,, 11 (E;) and
let (\; 1)kek, be the associated sequence in (4.1). Define

(vk G K ) )\ — { | i ( (kO’ Y km ) e 0 Xoeee X Km—l) )U/k?( 7...7km717k < 07
m m 17

otherwise, ”3



and set

(B.46) At Hon = Mt 2 Y A (@ | emp)emp,  and  Vip = Ay W,
keKm

Then, because of (4.10),
(B.47)  (V(ko, ..., km) € Ko x -+ x Kp,)
(Wieoko | €1)  Wimn—1€m—2km s | €m—14m1 ) Vimem—1km_1 | €mpm) = 0.

In addition, it follows from (4.7) and (B.45) that

Wi oAp—10---0A1 0 Willgy,Gm = [[Am o VimoAp—1 0 Wp_q10---0A; o WillGy.6,m
(B.48) = [[Vin © At © Win_1 0+ 0 Ay 0 Wi||go.on-
Therefore, without loss of generality, we assume that
(B.49) (V(kos -, k) € Ko X -+ x Kpp,) Pko.... ko = 0.
Let us now show that
(B.50) [Wio A1 00 A1 o Willgy.Gm < [|Wm o0 Willgy,Gm-
Let € € ]0, +oo[. Then there exists z € H, such that ||z|g, = 1 and
(B.51)  |[WmoAm_10--0AoWilgegn < |(WmoAp_yo---0hyoWi)z|g,, +e.
If p < +00 in (4.7), this yields
(B.52) |[Wy0Ap_10---0A;oWilg,G.n

1/p

<Y @ W0 Amro oAt oW [ emp, )| +e.
km €Ky

On the other hand,

(B.53) (WpoAp_10---0AjoWq)x

= Z ((Am—10 W10 0 Ao W)Z | em—1km1 )Wm€m—1,km_+
kmfleKmfl

which, in view of (4.1), implies that
(Vkm € Kp) (WmoAp—10---0AioWh)x | emi,.)

= Z (A1 oWpqo--0 Ao W)z | ety ) Wimlm—1km1 | €mpm)
kmfleKmfl

= Z A1k 1 (Win€m—1km 1 | €mgem ){(Wm—1 0+ 0 A1 o Wi)x | €1k, )-
km71€Km71
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Using (4.9) recursively yields

(Vkm € Kp) (WmoAp—10---0AjoWy)z | e i)

(B.54) = > Hkocoskon Am—1 k1 * ALk (T | €0,k0)-
(kos--iskm—1)EKo X+ XK1

We then deduce from (B.49) that

(Vkm € Kpp) !((Wm oAp_10---0AjoWy)x | em7km>‘

= Z Pk, km Am—Lkm—1 " " Ak (T | €0 ko)
(ko,...,km,1)€K0X---XKm,1
< > Fg o | Am— 11 |+ [ Ak | (@ | €0,0) |
(K0yeeskm—1)€Kg X X Kip—1
(B.55) < > Fko,eln | | €0,10)] -

(k()v---ykmfl)eK()X"'XKm,1

Sety =D 1ock, (T | €0.ko)| €0k~ In view of (4.12), |lyllg, = [|z|lg, = 1. Thus, (B.55) yields

(Wi o Am—r0- 0 Ao W)z | e, )| < > Hko,..dom (Y | €0,10)
(Ko, km—1)€Ko X+ X Kp—1
(B.56) = (Wi oo W)y | emp,)-

It then follows from (B.51) and the fact that ||y||g, = 1 that

1/p
[Win o Ay 0-+-0 Aro Willgo g,y <| D whnl{(Win o0 Wiy | emp, 1P| +e
km€Km
< Wi o---oW)yllg,, +€
(B.57) < |[[Wino--- o Willgy g, + ¢
The same inequality is obtained similarly for p = +oc. This establishes (B.50), which leads to

(B.58) sup Wi 0o A1 0---0A1 o Willgy g, < Wi o0 Willgy G-
MED(1 20y 13 (E1)

Am*169{172a.m71 11 (Bm—1)

Since the converse inequality holds straightforwardly (see (B.44)), the proof is complete.

B.14. Proof of Proposition 4.13. We use arguments similar to those of the proof of Propo-
sition 4.11. For every i € {1,...,m — 1}, let A; € Z1_9q,,1}(E;). There exists x € Ho such
that ||z||g, = 1 and

(B.59) [WinAm—1 - MiWillgo.g = [(WinAm—1 - AiW1)z|g,,-
25



On the other hand, for every k,, € K,,,

(B.60) |<WmAm—1 MW ’ em,km>‘ < Z ‘:uko,...,km’ ’(‘T ’ 60,k0>‘ :
(ko,...,kmfl)GKoX---XKm,1

Setting Y = ZkoeKo ‘(1‘ ’ eo,koﬂ €0,k yields ‘(WmAm—l <MW ’ em,kmﬂ
< ((Ap -~ A1)y | empk,,), and  (B.59) implies that ||[WpAn—1--- AMiWillGo.6.m
<N Am - Ayl < |Am - - AillGo,6..» Which concludes the proof.
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