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On Existence, Uniqueness and Qualitative Properties of a
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Abstract

In the article Flourent et al, (Submitted), a Biomimetic Statistical Learning
tool was developed. This tool is based on a system of Partial Differential Equa-
tions.

Some applications showed that this tool provides accurate predictions and has
an extrapolation capability. Hence, the mathematical analysis of the integrated
PDE system becomes mandatory.

Yet, the two first equations of this system contain a diffusion operator depend-
ing on the sum of two unknown densities. This fact, coupled with the presence of
a convection term, makes impossible the direct application of the classical results
about parabolic equations. Therefore, the mathematical analysis of this model
constitutes a new challenge for PDE analysis.

Some properties typically verified in the framework of the parabolic PDEs are
not obtainable for the studied PDE system. Hence, we worked on two toy models
to put in evidence the lost properties and the ones which can be expected despite
the presence of an atypical diffusion term.
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1 Introduction

In Flourent et all (Submitted), an Artificial Intelligence (AI) tool was developed to
perform forecasting and Data Assimilation in the framework of Smart Farming issues.
Some applications of this tool, on fictitious and real data, showed that it provides
accurate predictions and has interesting capabilities such as the capability to be fitted
on a given range of data and then to be accurately applied on a wider range of data.

This AT tool, falling within the Data-Model Coupling approach, is based on a PDE
system. The two first equations of this system are:

a[ 6[@]0 + (Db]
0D 0® AT ]
St ) +w Sl (ta) - ()
a %Q(twf) — [E@)Qft,x) —r@[t,z), (1.1)
and,
5[<Df + (I)b]
0, 0, 6[0)( Oz ]
W(t’ ) — W%(t%) o (t,7)

_ %Q(t,x) — [R@)®ft,x) + 1Pt ). (1.2)

These equations are set for x € (0,1) and ¢ € (0, +0), 0, x), 0, z), ¥(0,x) and
=(0, x) are given for all z in (0, 1), and the following boundary conditions are imposed:

Vte (0,+00), PAt,0) = Dyt,0), (1.3)
and,
Vte (0,+00), Oft, 1) = DAL, 1). (1.4)

Moreover, x is a non-negative function depending exclusively on x and being continu-
ously differentiable and compactly supported in (0, 1):

X =0, x € C5((0,1)). (1.5)

Function F'is a «Location» function and () is an «Entry» function. They are non-
negative, square integrable on (0, 1) and have their support included in the support of

X:

Fel2((0,1)), Qe Lw((o, +0), L2((0, 1))). (1.6)

F>0,Q=>0. (1.7)



Supp(F) < Supp(x), Supp(Q) < Supp(x). (1.8)
We refer to Flourent et al{ (Submitted) for the detailed explanations of the different

terms of Equations ((1.1)) and ( .

In these equatlons w, ¢, f, r and u may be either constants or functions depending
on x and ¢ but also on ®; and ®;,. Hence, these equations enter the framework of linear
and non-linear PDEs.

Because of the accurate forecast capabilities of the Al tool embedding it, the math-
ematical analysis of this PDE system becomes mandatory. Yet, in the two above equa-
tions the «diffusion operator» depends on the sum of two unknown densities, ®; and ®.
This fact, coupled with the presence of a convection term, makes impossible the direct
application of the classical results about parabolic equations provided for instance by
LadyZenskaja et al| (1968). Therefore, the mathematical analysis of this model consti-
tutes a new challenge for PDE analysis.

In front of this situation, this paper provides preliminary results concerning some
properties of the PDE system made of Equations ([L.1)), and three others given in
the sequel.

Up to now, we consider w, ¢, f, r and u are positive constants.

Our first contribution is the pertinent Variational Formulation of (L.1)) and (1.2). It
consists in seeking ®¢ and ®; in Space H,

H = H'((0,4%) x (0,1)) n C°((0, +20), H'(0,1)) n C*((0, +0), H~'(0,1)), (1.9)

such that for any ¢ € H and ¢, € H, the following equality holds true for any 7" > 0,

qu)ftx ddt—fj@btx L(t,2)dx dt

L O(0,2)ps(0, z)dx — L O(T, ) s (T, x)dzx + L Dy, (0, ) (0, x)dx

T T

(,L)(I)f(t, 1)@1"(25, 1)dt + J w<I>f(t, O)QOf(t, O)dt
0

_Llcpb(T,a;)%(T, a:)da:—f

0

# [ Rt D) - | o 0)0.0)

J qu)ftx gOft:vd:z:dt J Jw@btxa%(,x)dxdt

(Df + y) A(en + 1)
_ QJ f < I (t,x)) <T(t,x)> d dt

+LL@@@Kw@@+%m@wmﬁ
_ LT JOI fF2) ((Df(t,x)tpf(t,x) + (I)b(t7[g)gpb(t7{l})> dx dt
_ JOT Ll r®(t, x)ps(t, z)dx dt + JOT Ll r®y(t, z)pp(t, z)dz dt. (1.10)



From this Variational Formulation, we established classical a priori estimates re-
maining valid even in our situation. Among them, there is the L? a priori estimate that
stands as follow:

Theorem 1.1. Under assumptions and , if ®y € H and ®, € H are solutions
to Variational Formulation , then, for any T > 0, there exist constants Lo, (T),
Low(T) and L3(T) such that for all t € (0,T),

|®¢[5 (£) < Laa(T), (1.11)
|®s]l5 () < Lan(T), (1.12)
and,
2
6(<I>f + @)
VX 5 < Ls(T), (1.13)
X
2
where,
1
13 (0) = [ @2(t.0)d0 (1.1
0
and,

1 72
H J J oo (t,z)dxdt (1.15)

The proof of this theorem is given in Section

The model developed in Flourent et al| (Submitted) contains three other equations
that are not real issues for the mathematical analysis. They involve function (¢, z),
solution to:

%_‘f(t, ) = fFz) [Cbb(t, z) + DAL, x)] — ul(t, ), (1.16)

function =(t, x), solution to:

aa—f(t,x) = uW(t, x) <L—TO(t)> : (1.17)

for x € (0,1) and t € (0,+o0) and for positive constants v and L. And finally the
Outcome ((t) of the model is given by:



O(t) - f =(t, z) dx, (1.18)
Q
where (2 is subset of (0,1).

In Flourent et al; (Submitted), an alternative equation to Equation ({1.17) whithout
limiter is also used. In this case, function (¢, x) is solution to:

0=
—(t,z) = w(t, ). (1.15.b)
ot
The mathematical model made of Equations (1.1)), (1.2), (1.16), (1.15.b) and (1.18)),

has a conservation property:

Property 1.2. Under assumptions and , if ®y € H and ®, € H are solutions
to Equation , then there exists W e C*((0,+00); L'((0,1))) solution to Equation
(0

, = e CT((0, +90); L'((0,1))) solution to Equation , and O € C*((0, +o0))

solution to . Moreover, for any T > 0, there exists Ko(T') > 0 such that for any
te(0,7T),

1 1 1 1
0 [J P r(t, x)dr + J Oy (t, v)dr + J U(t, z)dx + J
0 0 0 0
ot
Remark. FEstimate would give a L' estimate in cases when we can prove the
non-negativity of functions ®¢, O, ¥ and =.

Yet, as we shall see later on, this question of the non-negativity is a real issue for our

model. Moreover, obtaining Estimate with Equation in place of Equation
1.15.h) seems to be not obvious.

The proof of this property is given in Section

=(t, x)dx]

< Ko(T). (1.19)

Beyond the question of the non-negativity, other properties typically verified in
the framework of the parabolic PDEs are not obtainable for the studied PDE system.
Therefore, we worked on two toy models to put in evidence the lost properties and the
ones which can be expected despite the presence of a «diffusion term» depending on
the sum of two unknown densities.

The first studied toy model is made of two equations. It considers ®; and &, defined
for z € (0,1) and t € (0, +00), are respectively solutions to,

0? [be + q)b]

L () =0, (1.20)

and,



0%, D) + By

—_— — = 0. 1.21
0t ) — e P (1,2) =0 (121)
In this toy model we imposed for all z € (0, 1),
®(0,2) 20 and P,(0,z) > 0, (1.22)
and for all ¢ € (0, +00) and for non-negative functions C}T?c(t) 52(25), a}(t) and a;(t),
®s(t,0) = %(t) =0 and  ®y(t,0) = BY(t) =0 (1.23)
Op(t,1) = @L(t) =0 and Py(t,1) = D}(t) >0 ‘

The loss of the regularizing effect was put in evidence through this first toy model.
It is illustrated by the fact that if <I>°( ) =0, <I>1( ) =1, ®0(t) = 1 and ®L(t) = 0, then,
for any 7 € (0, 1), the couple of functlons

1, fz<?2
Di(t,x) =+ " 1.24
(b 2) {O, otherwise ( )
and,
0, ifx<2x
Oy(t,z) =< 1.25
() {1, otherwise ( )

is solution to Equations (1.20]), (1.21)), (1.22) and (1.23)), and is clearly not regular.

Nevertheless, for this first toy model we proved that:

Property 1.3. If (¢ ) <1>1( ) = ®Y(t) = BL(t) = 0, B;(0,.) € L2((0,1)), ®,(0,.) €
LQ((O 1 ) and <I>f ) e H! (0, 1), then, there exists a unique solution to
(1.24), (f] 21), (1. QZV cmd (-) This solution belongs to C*((0,+o0), H'(0,1)).

This property, demonstrated in Section [3.2] set a framework to ensure regularity.

Through this toy model we also showed that the non-negativity of ®; and ®; is not
insured, even in the framework set by Property This is illustrated by an example
given in Section [3.3

Then, reformulating (1.6, (L.7), (1.20), (1.21), (1.22) and (1.23) and using Fourier
Transform, we demonstrated some properties of a second toy model, closer to the initial
model developed in Flourent et al! (Submitted). This second toy model corresponds
to the initial model without the convection term and with boundary conditions
replaced by periodicity conditions for ®; and ®;, with respect to variable z. To do so
we introduced Space Hy defined as:

H, = {® e H,Vte (0,+0), &(t,0) = B(t, 1)} (1.26)



Space Hy can be seen as the functions of H that are periodic consistently with the
topology of H.

Hence, in this model ®; € Hy is a periodic function of period 1 with respect to z,
solution to,

0P 62[q>f+<1>b]
= b)) e

and, ®, € Hy is a periodic function of period 1 with respect to z, solution to,

to) = %Q(t,x) _ (Ot x) — rdfta), (1.27)

0P, [Py + Py

1
E(t,x) — CT(t,a:) = §Q(t,x) — fOt,x) + r®At,z). (1.28)

The three other equations of this model remain Equations (1.16)), (1.18) and (1.17) or
(T.15.5).

In the framework of this second toy model we assumed that,

Qe LOO(((), +o0), L2((0, 1))), Q=0, (1.29)
$,(0,.) = 0 and ,(0,.) >0 (1.30)
®4(0,.) + ®(0,.) < %xigﬁ) (Q(0,z)), (1.31)
®,(0,.) € L*((0,1)), ®,(0,.) € LZ((0,1)), (1.32)
®4(0,.) — ,(0,.) € H'((0,1)), (1.33)
®4(0,0) — By(0,0) = D7(0,1) — P4(0, 1), (1.34)
v(0,.) € L*((0,1)), ¥(0,.) = 0, (1.35)
2(0,.) € L*((0,1)), 2(0,.) = 0, (1.36)
0<0(0) < L, (1.37)

and,
3Ty > 0,5t > Tr,Vz € (0,1),Q(t,x) = 0. (1.38)

Through this second toy model we demonstrated that:

7



Theorem 1.4. Under Assumptions to , there exists unique ®y € Hy, Oy €
Hy, U e C'((0,+0); L'((0,1))), = € C*((0,+0); L*((0,1))) and O € C*((0,+)),
solutions to the PDE system made of (1.27), (1.28), (1.16), (1.18) and Equation
or . Moreover, this PDE system has a conservation property. Hence, for any
T > 0, there exists Kq,(T) > 0 such that for any t € (0,7T),

1

i UO (L, z)dx + L <I>b(t,a:)d:t+ L WU(t, z)dx + L E(t,w)dl“] < Ko(T). (L39)

The demonstration of Theorem is presented in Section [4]

In section [2| we will present the demonstration of the conservation of the model
developed in Flourent et al/ (Submitted). In this section, the Variational Formulation
principle applied to the studied model will be also explained. After giving sense to
the equations of the PDE system by defining the suitable mathematical space in which
the solution is sought, the results of a priori estimates will be presented. Those a
priori estimates permitted to put in evidence some peculiarities of the initial studied
mathematical model, preventing from the direct application of the classical results about
parabolic equations to prove the wellposedness of the PDE system.

In Section [3] we will present the properties lost due to the structure of the «diffusion
termy» by analyzing a first simplified model.

In Section {4 we will present the analysis of a second toy model that does not contain
convection term and by using Variable Substitutions and Fourier Transforms. The goal
of this analysis is to put in evidence the properties preserved despite the structure of
the «diffusion term». In this section we will present the demonstration of the existence
and the uniqueness of the solution of this second toy model. We will also demonstrate
the conservation of this second toy model and the non-negativity of some components
of the solution.

2 Structure and analysis of the initial developed math-
ematical model

The mathematical model developed in Flourent et al| (Submitted), made of Equations

(1.1), (1.2), (1.16)), (1.15.b) and (1.18)), is biomimetic and describes the evolution and

the action over time t € (0, +o0), of an information circulating and diffusing in a ge-
ometrical space that is interval (0,1). For further details we refer readers to Flourent
et al| (Submitted)!

2.1 Conservation property of the initial developed mathemati-
cal model

Proof of Property [I.2 To demonstrate this property we assumed the existence of

s, Oy, ¥, = and O respectively solutions to (L.1]), (1.2]), (1.16), (1.15.b) and (1.18).



We summed and integrated those four equations over space. We obtained the following
equality:

8[(I>f + (I)b]
1a(q>f+q>b+q/+5) R 2 1
f (t2)dz — f ) (t, )dz +f Q(t, z)dz.
0 ot 0 ox 0

(2.1)

According to (1.5)), Function x is null at = 0 and = 1. Hence, integrating the first
term of the right-hand side, we obtained:

1

2 Ulcpf(t, 2)dx + fcpb(t,x)dx + fxp(t, 2)dx + f

=(t, x)dx]
0 0 0 0
ot

= LIQ(t,x)dx < sup (LlQ(t,x)dx) . (2.2)

teR+

Therefore, with or without the limiter coefficient, for all = belonging to (0, 1) and
for all ¢ belonging to (0,7"), T" belonging to (0, +00), there exists a constant Kq(71") > 0
satisfying Inequality (1.19). Therefore, we demonstrated Property [1.2] |

2.2 Principle of the Variational Formulation

To prove the existence and the uniqueness of the solution of the PDE system presented
in Introduction, it is essential to give a sense to the equations. To do so, it is necessary
to define the mathematical space in which the solution is sought.

Given the structure of Equations and (1.2)), the two first components of the
solution of the PDE system could be intuitively sought in spaces such as C*((0, +o0),
C?(0,1)). Yet, as it can be read in Menza (2009) and David and Gosselet (2015), it
is well known that Sobolev spaces are more suitable to study and prove the existence
and the regularity of the solutions of PDEs. For this reason, the notion of «solution»
needs to be weakened by searching the two first components of the solution associated
to Equations and in a larger Banach space presenting a lower regularity. To
do that it is necessary to write a weak formulation of the equations.

The objective of the Variational Formulation is to weaken the notion of solution by
applying Test Functions to the PDE system and performing integrations in the sense of
distributions. The goal is to search the solution in a mathematical space presenting a
lower regularity but providing a suitable framework to establish the existence and the
uniqueness of the solution.

There are several ways to get this formulation. Yet, we chose to use the distributions
framework. Therefore, we considered Equations and as distribution equalities

and we applied to p; € D((0,40)x(0,1)) and (1.2) to ¢, € D((0, +90)x (0,1)),

9



where space D((0, +00) x (0, 1)) is the topological space of the functions, infinitely con-
tinualy differentiable and compactly supported in ((O, +0) x (0, 1)) Then by using
the definition of equality and derivation in the distributions framework, we obtained
respectively:

V¢p € D((0,+0) x (0,1)),
(P, 0rp5) — w{ Py, Ouipy) + C <X (@:‘Pf + (%(Pb) : é“z90f>

1

= 5{Qupp) = [ s 0p) =1y 0p), (2.3)

V¢, € D((0,+0) x (0,1)),

(P, Opr) + w{ P, Ouipr) + c{X(0: Py + 02 Ps), Duipr)
1

=3 (@, 06) = f{ @b, o) +1{Ps, 00). (2.4)
In the light of the Variational Formulatlons (2.3) and (2.4)), it seems reasonnable to
suppose that weak solutions of and ( -) are functions belonging to LQ((O, +00) X
(0,1)), such as their first derlvatlves also belong to L*((0, +o0) x (0,1)). Therefore, we
sought the two first components of the solution in Sobolev space H* ((O, +00) x (0, 1)),

such as Equalities (1.3)) and ((1.4) are respected in the sense of traces in Soboloev spaces.
In this framework, Equations (2.3) and (2.4) can be rewritten such as:

Vo € H&((O, +00) X (0,1)),

+00 +00 agpf
<I>f (t,x) t (t,x)dx dt — w(ID (t x))%(t,x)dx dt

+w 1 (I)f + (I)b 0
Pr
—i—L ch—é‘x (t,x)— . (t,x)dz dt

- L+wL1%Q(t,x)gpf(t, x)dx dt — LML fHx)PAt, x)y(t, x)dx dt

_L+OOL1rq>f(t,x)g0f(t,x)dx dt, (2.5)

and V ¢, € H&((O,-FOO) x (0, 1))»

+owo 1 +
—J J Dy (t, x) 8690 (t,x)dx dt +J J w®y(t, x) 850 (t,x)dx dt
o Jo

+oo pl1 CI)f—i-CI)b 0
¥b

— = (t,x)—=—(t, z)dx dt

+L focx (1) 2t 2)de

| +o0 1
— J J —Q(t, x)pp(t, x)dx dt — J J FHx)Pyt, x)pp(t, z)dx dt
0 Jo2 o Jo

(
+ L OOL r®[t, x)pp(t, x)dx dt, (2.6)

10



Yet, to take the boundary and the initial conditions into account, we enriched for-
mulations (2.5) and (2.6) to get formulations for test functions having non-vanishing
traces on {(0,z),z € (0,1)}, {(£,0),t € (0,+0)} and {(¢,1),t € (0, +0o0)}.

In view of the Variational Formulation 1) and 1) Op, Oy, aq>f and ‘?b have to
belong to L?((0, +00) x (0, 1)). Hence, ®; and &, have to belong to H1 ((0,+00) x (0,1)).

Yet, some boundary conditions are imposed for x = 0 and = = 1. Therefore, the
continuity of the functions ®; and ®; and their existence at = 0 and = = 1 have to be
ensured at each instant ¢ belonging to (0, +o0). Hence, ®; and ®; have also to belong
to C°((0, +o0), H'(0,1)).

The initial formulations and involve the Laplacian of ®; and ®;,. Those
terms is then multiplied by Test Functions which can be ® or ®,. Yet, the Laplacian
of a function belonging to H'(0,1), belongs to H~*(0,1). Hence, ®;(¢,.) and P(t,.)
have to be continuous and differentiable functions belonging to H~'(0,1), for each

€ (0,+o0). Hence, ® and @, have to belong to C*((0, +o0), H (0,1)).

Therefore, it seems correct to think that ®; and ®; belong to H.

To sum up, Space H is the space of functions belonging to LQ((O, +0) x (0, 1)),
such as their first derivatives also belong to LQ((O, +00) x (0, 1)), and at each instant

€ (0, +00), continuous, differentiable and belonging to H'(0,1) and H~*(0,1).

If Test Functions ¢ and ¢, also belong to H, the weak formulations would be close
0 and except that the expressions of @, &, ¢ and ¢, at the edges of the
domain, appear in the equations. Hence, we considered that we sought ®, ®;, ¢ and
@p in H such that:

V(,Df S H7
1 1
J J P s(t, ) 2Lt 2)da dt —i—f D (0,2)0(0, z)dx —f O (T, z)ps(T,x)dx
0

T

J chpf (t,2) 2L (1, 2} dt—Jqu)f(t Do, 1)dt+f W (1, 0 (t, 0)dt

J J cX——— CDf ’ CDb ( )%Pf (t,x)dx dt

_ LTL1§Q(t,x)¢f(t,x)dx dt—fo LfF(x)éf(t,x)gpf(t,a:)da: dt
—LTLIT(I)](t,x)gof(t,x)d:p dt, (2.7)

11



and Vo, € H,

J J Oy (t, 2) 22 (t, z)dw dt + quDb(O,x)gpb(O,x)dI — fl@b(T, x)op(T, x)dx

J J w@btx)aa%(t v)dz dt + J oyt n(t. 1) — f Wyt 0) (. 0)

0

chx QI)fMI)b( )‘if”(t )dx dt

_ L ' L 1§Q(t,x)<pb(t,a:)da: it — L L FR@) Dt 2)on(t, 2)da dt
+ L ' L (1 2ot o) db. (2.9)

Finally, by summing (2.7) and ([2.8) we obtained the global Variational Formulation
(T.70).

2.3 The first a priori estimates

In this section, the first a priori estimates will be presented. They permitted to demon-
strate Theorem

Proof of Theorem We noticed that, if ®; and @, solutions to and
(1.2), exist and belong to H, they can be used as test functions in formulations
and (2.8). Hence, in a first time, we chose ¢; = ®; and ¢, = ®. Equations and
became respectively:

1

1

f f Qs(t, ) “L(t,x)dx dt—i—f ®%(0,2)dx — | ®*(T,x)dx
0 0

T

J f wd(t, ) (t x)dx dt — fqu) (t,1)dt +J w®%(t,0)dt

0 0

JJ (I)fM)b R )a;’f(t )dx di

_ LTLIEQ(t,x)be(t,x)dx dt—L LfF(w)CDf(t,x)CDf(t,x)dx dt
_ JO ' L (1 1) (1 ) dE, (2.9)

and,

12



1 1
f J Dy (t, x) 66_ (t,x)dx dt —i—f ®,2(0, ) dx —f &2 (T, x)da
0

T T
J J w®y(t, 2) = (t, z)dx dt —i—f w®7(t, 1)dt —J w®; (t,0)dt
0 0

S CIDf—i—CI)b Ob
n f f Xt 0) (1 2)d dt
T 11 T r1
_ f f L Ot 2) Py (t, 2)da di — f f FF) Bt 2)0y (1, 2)dz dt
0 02 0 JO
T 1

O (t, 2)Dy(t, x)dx dt. (2.10
+LLT A, 2)Dy(t, 2)d dt. (2.10)

Then, the objective was to verify from (2.9) and (2.10) that ®; and &, belong to

L*oo((O,T), L3((0, 1))), for any T € (0, +0), which would be consistent with the fact
that ®; and ®;, belong to H.

Equations (2.9) and (2.10)) depend of each other. Hence, it is necessary to study the
solutions of these two equations at the same time. Therefore, by summing (2.9) and

(2.10) we obtained the following equality:

qu)ft:v txdxdt—ff@btx 2 (¢, x)dx dt

1
+ J <I>f2(0, x)dr — J CI>f2(T, x)dr + J (I>b2(0, x)dr — J CIDbQ(T, x)dx
oT oT 0 0
—J w3 (t, 1)dt+f w®2(t,0)dt+J
0
0D,

0
J j wd(t, ) (t x)dr dt — f wy(t, r)— p b(t,x)dx dt
T

- QL fo X <w(tx)>2du@ dt
+ LT LIQ(t,x))(q)f(t,x) + q)b(t,$)>dx gt
_ LT Ll fF(z) (éfc(t,x) + ‘Pg(t,x))dg; gt

T

T
wd(t, 1)dt—f w®Z(t,0)dt

T 1 T rl

From Equation (2.11), we calculated the integrals and we obtained the following
equality:
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o)y 9 | Psll3
L(T“"” - (t,.))dt—

1
J 2(@#(0, z)dx — @ (T, x)dx + ®,%(0, x)dx — ®,*(T, x)) da
0

T
+ j 2w< — D} (t, 1) + By(t,0) — F(t, 1) + PH(¢, 0)> dt
0

2

T rl 6(<I>f + (I)b>
= 2J J cx a—(t,x) dx dt
0o Jo xr

+ QLT Ll Q) (®5(t.2) + @y(t.2) )
_ QLT Ll FHz) (@}(t, z) + DAL, a:))dx dt
_ QLT Ll r (1, x)da di + 2 L ' L 1Dt ) Bo(t, ), (212)

where ||.[, is the usual norm on L?((0, 1)).

Considering the imposed boundary conditions and since the function x is non-
negative, we obtained from Equation (2.12)) the following inequality:

LT<a||g>tf§(tP)+a;b||2 ) ff @fw)(t?x) o

+ 2LT Ll Q(t.2)) (®5(t.2) + @y(t.2) )

T 1
+2J f r [, 2)) Dyt 2)de dt + K1, (2.13)
0 0

where K is a positive constant.
However, using Schwarz inequality, we obtained for any ¢t € (0,7"), T € (0, +0):

L Qt, )@y (¢, v)dr| < |Q, ), [®s ()], (2.14)

JO Q(t, 2)®o(t, w)dz| < [QUE, Iy [®s(t; ), (2.15)

14



and,

| sttt < o501, 104e ) (2.16)

Therefore, from Inequality (2.13) and by using Inequalities (2.14)), (2.15) and (2.16)),

we get:

J (5”;’;2@7_) n a%’”Z(t,.))dt < QL (7’ 1Dy (t, )y 1o ()5

0

F1QEE N (1258 )l + s, .>2)>dt + Ky (217)

From Inequality (2.17)) and by using the binomial theorem we obtained:

LT (%ﬁ(t,) -k .))dt < 2LT (T( (¢ )3 + | @s(t. ->“3)

Flac. ), (W (152 )12 + (. .>||§))>dt P K (218)

According to the Gronwall lemma, for any T € (0, +00), there exist a constant L;(T),
which can be seen as an increasing function of T, such that:

| 4(T, )5 + 1@6(T, )5 < La(T). (2.19)
Hence, for any T € (0,40o0) and for any ¢ € (0,7, we obtained:
1252, )5 + 1 (t, )3 < Lo(T). (2.20)

Therefore, for any T € (0, +0), there exist constants Lo, (T") and Loy(7T) such that In-
equalities (L.11)) and (1.12)) are verified. Hence, we deduced from these two inequalities

that ®; and @, belong to LOO((O ,T),LQ(R)), T € (0, +00). Which is consistent with
the fact that ®; and ®;, belong to H.

In the aim of demonstrating that ®; and ®, belong to L ((O, T), H'((0, 1))), T e

(0, +00), we took up Equation (2.13) and we used Inequalities (2.14), (2.15) and (2.16)
to obtain the following inequality:

15



oo, ol v (oo @)
T(t,.)JrT(t,.)JrQch D) | dr

< 20Q( )y (1246l + 1Bu(t, )l ) + 27 108, ) |98, ), + Ky (221)

To control the two first terms of Inequality (2.21) we integrated it over time. Then,
by using (1.11)) and (1.12)) we obtained for any T belonging to (0, +0c0):

Jmew;t%ﬁ+Jmewatyﬁ

. ot . ot

+ ZJ J CDf ’ CI)) (t,z) | de dt < Ly(T), (2.22)

where Lo.(T') is a positive constant.
In Inequality (2.22)) the two first terms are bounded. Hence we obtained Inequality
(E)}

Therefore, we proved Theorem (|1.1)) and Inequality (1.13]) shows that,

5(@]0 + (I)b)
ox
Hence, according to (2.20), (®;+ ®,) belongs to H'((0,7T)) x (0,1)), for any T € R.N

VT € (0, +0), e L2((0,7) x (0,1)). (2.23)

To conclude this section, the obtained inequalities do not permit to deduce that
®; and @, both belong to LOO T), H'(0, 1)) T € (0,+00). Indeed, the dependence

between Equatlons and ) requires to study the sum (q)f + <I>b) and we only
bounded the average of X (ID f (I>b over time. Furthermore, Function y, vanishing near
0f2, masks the regularity or the irregularity of ®; and ®;, at the edges of the domain.
Yet, some boundary conditions are imposed to those functions. Hence, Function y
hinders the demonstration of the regularity of ®; and ®, at 0S2.

The a priori estimates showed us that the different hypotheses and boundary con-
ditions associated to the mathematical model developed in Flourent et al| (Submit-
ted)| complicate from demonstrating that ®; and ®, belong to LOO<(O , 1), H(0, 1)),
T € (0,+00).

We made some explorations and we concluded that the studied equations do not
fall within the framework studied by Ladyzenskaja et al) (1968). Therefore, we put in
evidence the lost and the maintained properties on simplified models. The objective is
to try to find some directions to achieve the demonstration of the existence and unique-
ness of the solution of the initial model developed in Flourent et al| (Submitted)L

16



3 Identification of the properties lost due to the «dif-
fusion term» structure, through the use of a first

toy model

In this section we will present the lost properties through the use of a first toy model
made of Equations ([1.20) and (1.21)). The imposed initial conditions associated to this

model are given by (1.22) and (1.23).

3.1 Uniqueness of the solution

We demonstrated that:

Property 3.1. If the solution of Equations and exists, then it is unique.

Proof of Property : We assumed that ®;, € H and @, € H are solutions to (1.20)),
and @, € H and &, € H are solutions to (1.21). The objective of this demonstration

is to prove that

Dy = Py, (3.1)
and,
by, = Py, (3.2)
By substraction we obtained,
a(I)fl - (I)f2
—=(t
at ( 7'1:)
8[(I>fl — D + Dy, — (I)bQ]
71X ox
— t,z) =0 (3.3
‘ — () =0 (33
and,
0Py, — Dy,
—(t
2 (1,2)

a[xa[cbﬁ — By, + By, — @bg]

ox

17

ox

] (ta) =0 (3.4)



We multiplied Equation (3.10) by Test Function &, — ®,:
0by — O
%(iv 37) ((I)fl - (I)fz) (tv 33)

8[<I>f1 - (I)f2 + (I)bl - q)b2:|
X ox

—c . (t, ) (s, — Pp,)(t,2) =0 (3.5)

Then, we multiplied Equation (3.4) by Test Function ®,, — ®,:

0Py, — Dy,

ot (t,l‘) (Cbbl - q)b2)(t,l‘)

6[Xa[<1>fl By f;-; By, — %}

—c . ] (t, ) (®p, — Pp,)(t,z) =0 (3.6)

By integrating over space the first terms and by integrating by part the diffusion
term in Equations (3.5)) and (3.6)) we obtained,

1212y — 2pla,
2 ot .

2

cx (t,x) dv =0 (3.7)

1 6[<I>f1 —q)fQ—i-(I)bl —CDbQ]
+L ox
and,

qu)bl - (I)b2H§
—=(t,.
at ( Y )

+f a[q>fl—q>f2+q>bl—q>b2]

0 ox

We summed Equations (3.7)) and (3.8]):

2 2
la ||(I)f1 - quzH2 + Hq)bl - (I)b2H2
2 ot

(t,)

2

1 6[<I>f1 —(I)fQ—i—(I)bl _(bbz]
_ _J 9ex - (t,2) de <0 (3.9)
0 X

18



Therefore, according to the Gronwall lemma we obtained:

|5, = @plly (1) + [ @, = Py, 5 (1) <O (3.10)
We deduced that,
|®f, = @ply(t,) =0 (3.11)
and,
[ @3, — Puyl5 (2,) = 0 (3.12)

Hence, we obtained Equalities (3.1) and (3.2). Therefore we proved Property 3.1 W

3.2 The regularizing effect of the «diffusion operator»

In this subsection we will present the framework ensuring regularity, by demonstrating

Property [1.3]

Proof of Property We started by summing Equations (1.20) and (1.21)) and we
obtained,

8[Q>f+®b] 62[@f+q)b]
Then, we deducted Equation (1.21) from Equation (1.20) and we obtained,

ooy =]
= (L) =0, (3.14)

Equation is the heat equation where the diffusion term provides a regularizing
effect. Hence, if (®y + ©)(0,.) € L*((0,1)) and (®; + ®,)(., 1) =(®; + §})(.,0) = 0,
then (<I>f + <I>b) exists, is unique and belongs to H.

However, in Equation there is no regularizing effect. Nevertheless this equa-
tion shows that (®;(t,2)—®,(t, z)) is constant over time. Hence, as (®;—®,)(., 1) =(®;—
) (.,0) =0 and ®4(0,z) — P,(0,z) is in H(0, 1), there is no irregularity generated by
(3.14). Then (®; — @) belongs to C*((0, +0); H'(0,1)). Hence, we proved the exis-
tence of ®; and ®;, and that they belong to C*((0, +90); H(0,1)). Therefore, involving
Property ends the proof of Property [I.3] |

This result showed us that the structure of the built model and especially the struc-
ture of the «diffusion operator» implied into it, seems to require to imposed some
regularity on initial conditions.
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3.3 The question of the non-negativity of ®; and @,
We studied the question of the non-negativity of ®; and ®;, solutions of Equations

(1.20) and (1.21)) by using this first toy model. We started by setting:
Ut,z) = Os(t, x) + Op(t, ), (3.15)
and,

V(t,x) = @s(t,z) — Dy(t, x). (3.16)

Therefore, from Equations (3.15) and (3.16), Equation (3.13) became:

oU o*U
ﬁ(t )—2ca ~(t,x) =0, (3.17)

and, Equation (3.14) became:

oV
= (1) =0, (3.18)
Hence,
V(t,x) = ©4(0,2) — 0p(0,2) = Vo(x). (3.19)

We searched the elementary solutions of Equation (3.17)) by resolving the heat equation
and by using the method of the separation of variables. We obtained an elementary
solution of the form,

U (t, ) = Cy exp (2¢(nm)*t) sin(nmz). (3.20)

According to the supperposition principle, all the linear combinaitions based on Equa-
tion (3.20)), are also solutions to Equation (3.15)). Therefore, the general solution of
(13.15)) is :

i ((J exp (2c(nm)*t )Sin(mm)) (3.21)

n=1

where,

C, = 2J0 U(0,y) sin(nmy)dy (3.22)

If there exists a time T% such that, for all ¢ > T, and for all z € (0,1), Q(t,z) = 0,
as soon as t > Tr, when t increase, Function U exponentially decreases to 0. Hence, if
we fixed Vp(x) > 0 for all x € (0,1), there exists a constant Ty, > 0 such that for all
t > ZTU17

Ut,z) < V(t,x). (3.23)
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It implies that,
Oy(t,z) < 0. (3.24)

We also noticed that if we fixed Vy(z) < 0 for all = € (0,1), there exists a constant
Ty, > 0 such that for all ¢ > Ty,

Ult,z) < =V (t,z). (3.25)
It implies that,

Ot ) < 0. (3.26)

Therefore, we deduced from this very simple toy model that the non-negativity of @
and &, can be not verified.

By using this very simplified toy model we put in evidence that the involvement of
a diffusion term depending on the sum of two unknown densities, induces the lost of
properties as the regularizing effect relative to the diffusion term and the non-negativity
of each component of the solution.

In the next section we will use a second toy model, closer to the model developed
in Flourent et al) (Submitted), to put in evidence the properties which can be expected
despite the structure of the «diffusion terms.

4 Proof of the wellposedness of the second toy model:
A mathematical model without convection

In this section we will present the a priori estimates performed on the second toy model.

This simplified model corresponds to the initial model presented in Introduction but
whithout the convection terms. Moreover, we decided to work in a periodic framework.
Therefore, in this framework, there are no edges and the function y is not necessary
anymore.

Hence, the two first equations of this second toy model are and (1.28). The
three other equations remain Equations ([L.16)), and (L.17) or (1.15.D). In this
model ®; and &, are periodic functions with respect to x belonging to Hy and we made
Assumptions (1.29) to (1.38)).

4.1 The exact expressions of ®; and @,

In this section we will present the different steps permitting to find the exact expression
of ®; and ®;,. For this we will call upon Fourier Transform and we wrote:

Q(t,z) = > Q"(t) exp(2imna), (4.1)

neZ
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Z (IDf ) exp(2iTnz), (4.2)

neZ

and,

Z ®, (t) exp(2imnz), (4.3)

neZ

we defined,
K" = 8m*n’c + f, (4.4)
and we obtained the following property:

Property 4.1. Under Assumptions (1.59), and , Equations and

1.28) admit respectively a solution ®r € Hy and ®, € Hy, such that for all x € (0,1
f # #
and all t € (0,4+00):

Qr(t,x) = (J Q" (1 exp( K”(t—T))dT

neZ

+ L fo rQ (e (= Ki(r = v))exp (= (r+ )t = 7)) dv dr
" Lt (0 +8°0) exp (= Kir) e (= 0+ e =7)dr
+ (0) + 6(0)) exp (- Kt)
+(80) = &) exp (- 0+ f)t)> exp(2inna), (4.5)

and,

Oy (t,z) = <J Q" (1) exp ( K (t — T)) dr

J J vyexp (= Ki(r—v))exp (= (r+ )t —7)) dv dr
~ [ (570 + 8°0) e (~ Kr) e (= 0+ 1)) )ar
+ (qu”(O) + <I3bn(0)) exp ( - th)
- (qu"(O) - qu”(O)) exp ( o+ f)t)) exp(2imna). (4.6)

Proof of Property As a first step, we summed Equations (1.27) and (L1.28):

5(1)]04-(1)5 52[(I)f+q)b]
T(t, ill') — 2CT(t, l’)

= Q(t,z) — f(q)f(t, ) + Byt x)). (4.7)
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Then, we deducted Equation (1.28) from Equations (1.27):
0, — P
St = - f(c1> {t,z) — Byt x)) — 2 (t, z). (4.8)

We made appear in Equations (4.7)) and (4.8]) several terms involving the difference and
the sum of ®; and ®;. Therefore, we fixed:

Ult,z) = Os(t, x) + Dp(t, x), (4.9)
and,

V(t,z) = Ot x) — Byt, ). (4.10)

U and V respect periodicity boundary conditions with respect to x and U(0,.) and
V(0,.) are periodic and belong to L*((0,1)).

Equation (4.7) became:

oU *U
g(t,x) — QCW(L x) =Q(t,x) — fU(t, z), (4.11)
and Equation became:
aa—‘t/(t,a:) = —fV(t,x) = 2roAt, x), (4.12)
or,
aa—‘t/(t,x) =—(r+ /)V(t,z) —rU(t, z). (4.13)

4.1.1 The exact expression of U

We applied the Fourier Transform to Equation (4.11]) by setting:

U(t,x) = > U(t) exp(2imna), (4.14)

neZ

and then, from Equations (4.11)) and (4.14)), we obtained:

Z [U”’(t) exp(2imnz) + 2cUT(t)dn>7 exp(?iwnx)]

neZ

= Z [Q"(t) exp(2imnz) — fU" exp(?iwnx)]. (4.15)

neZ
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Then, by gathering some terms, we get:

Z [U"'(t) exp(2imnz) + (8en?n? + £)U(L) exp(2i7mx)]

neZ

- Z [Q"(t) exp(2i7mx)]. (4.16)

The terms (exp(2irnz)) _ form a Hilbert basis. Therefore, for all n € Z, we
obtained:

U™t) exp(2imnz) + (8cnn? + f)U(t) exp(2imnz) = Q™ (t) exp(2imnz). (4.17)

Hence,

U™(t) + (8en*n? + UML) = Q" (). (4.18)

For all n € Z this ODE is provided with an initial condition U™(0) related with the
Fourier coefficients of ®¢(0,z) and ®,(0, z).
We resolved Equation (4.18]) and we obtained:

A~ A

0(t) = U(0) exp(—K"t) + L t O"™(r) exp ( Kt - T))df, (4.19)

where K" is given by Equality (4.4).

4.1.2 The exact expression of V/

We also applied the Fourier Transform to Equation (4.13)) by fixing:

V(t,x) = ) V'(t) exp(2imna) (4.20)

neZ

Therefore Equation (4.13) became:

Z [V”'(t) exp(2imna)+(r+f)V"(t)4n>r> exp(2i7m:1:)] = Z [—rUn(t)(x) exp(2i7m:17)}

nez neZ

(4.21)

As previously, the terms (exp(2i7rnx))neZ form a Hilbert basis. Therefore, for all
ne 4z,
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VM) + (r+ [V(H)4An*n? = —rU'(t) (4.22)

For all n € Z this ODE is provided with an initial condition V"(0) related with the
Fourier coefficients of ®;(0,z) and ®,(0, z).
We resolved Equation (4.22]) and we obtained:

t

V) = 70 e (= 0 1)) + [

0

rU™(r) exp ( —(r+ f)(t— T))dT (4.23)

From Equation (4.19)), we get:

Vi(t) = V™(0) exp ( —(r + f)t)
+ Lt L rQwyesp (= Ko=) exp (= G+ )t 7)) dv dr
+ f r0(O)exp (= Kir) exp (= (r+ )t —7))dr. (4.24)

0

4.1.3 The exact expression of ®; and ®,
By summing Equations (4.9) and (4.10)), we obtained:

U(t) + V7(t) = 28, (1), (4.25)
and by deducting Equation (4.10) to Equation (4.9)), we obtained,
Ur(t) = V(1) = 28, (1), (4.26)

where CIan and @, are given by Equalities 1) and 1)

Therefore, from Equations (4.25]), (4.26]), (4.19)) and (4.24), we obtained:

8(t) = %( | Qe (- K- ) dr
+ Lt LT rQ"™(v) exp ( - K} (1 — 1/)) exp ( —(r+ f)(t— 7')) dv dr
+ Jtrﬁ"(O) exp ( — K37'> exp ( —(r+ f)t— T)) dr

0

A

+ U™0)exp (— KJ't) + V™(0) exp (= (r+ f)t)), (4.27)
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Jt Q" (1) exp ( — K (t— T)> dr

_ Jt JT rQ" (v) exp ( — K (7 — l/)) exp ( —(r+ f)(t— 7)) dv dr
_ JtrU"(O) exp ( — KLLT) exp ( —(r+ f)(t— 7.)) dr

0

+U"(0)exp (— KI't) = V"(0)exp ( — (r + f)t)). (4.28)

By using Equations (4.2) and (4.27)), and then Equations (4.3]) and (4.28)), we finally
obtained the exact expressions of ®; and ®,.
4.1.4 Belonging of ®; and ¢, to Hy

The expressions of ®; and ®;, are given by Equations and . Now, we have to
prove that these two densities belong to Hy. To do so we will proved that Functions U
and V, defined by Equations and ([£.10)), belong to Hy and we will deduce that
®; and P, belong to Hy.

In a periodic context, Space Hy can be defined such that,

H, = H'((0,+90) x (0,1)) n C°((0, +0), Hy(0,1)) n C'((0, +0), H,'(0,1)).

(4.29)
Therefore, by definition, a function ® defined such as,
O(t,x) = Z d(t) exp(2iTna), (4.30)
nez
belongs to Hy. if for all t € (0,7), T € (0, 400):
. 2
3 (n@”(t)) <L, (4.31)
neZ
and,
S L (4.32)
1+ n?| ’

where L; and Ly are two positive constants.

Therefore, in this section we will prove that U and V' verify Equations (4.31]) and (4.32)).

26



According to Equalities (4.14)) and (4.19)) and the binomial squares we obtained:

(nU”(t)>2 <0 (n?Un(o)2 exp(—2K"t) + n? J t Q" (r)2exp (— 2K™(t — T))dT),
' (4.33)

where K is given by Equality (4.4) and C} is a positive constant.

We noticed that:
n? Jt Q" (7)% exp (= 2K} (t—7))dr
0
- f n2Q"™(7)% exp (= 8m%cqn®(t — 7')) exp (—2f4(t — 7))dr
0

< Oy Jt n*Q"(1)% exp (= Csn*(t —71))dr, (4.34)
0

where Cy and Cj are two positive constants. Yet, according to assumption (1.29),
(Q™)nez, belongs to L*((0,T),12), for all t € (0,T), T € (0, +0). Therefore, there exists
Q" such that for all t € (0,T), T € (0, +-o0):

~

Q"(t)? < Q" (4.35)

Moreover,

fot n? exp ( — Csn?(t — T))dT - [Ci:s P ( — Con’(t - T))L

_ Cig (1 —exp (- cgn%)) (4.36)

Therefore, from Equations (4.34)), (4.35)) and (4.36]), we obtained:

t

¢
nQJ Q" (1)% exp (= 2K} (t—7))dr < 04@2 (1 —exp (- an2t)). (4.37)
0
Since 0 < exp (— Csn’t) < 1, for all t € (0,7), T € (0, +0):

t
nzf Q"(r)? exp (— 2K (t —7))dr < C5Q" . (4.38)
0
From Equations (4.33) and (4.38) we obtained

3 (nU”(t))2 < Co S n0(0) exp(—2K70) + 3. Q7). (4.39)

neZ nezZ nez
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where Cjy is a positive constant. X
According to assumption 1} (Q”(t))neZ belongs to [%, for all t € (0,7T), T € (0, +c0).
Therefore, there exists K > 0 such that for all ¢ € (0,7), T € (0, 4+00):

Z Q"(1)* < K, and 2@2 < K. (4.40)

neZ neZ

According to assumption (1.32), U(0,.) belongs to L®((0,1)). It means that there
exists Ky > 0 such that:

D IU0)’ < K, (4.41)

neZ

Therefore, since the sum Z n® exp(—2K"t) converges, there exists K3 > 0 such that:

nezZ

> n2Um(0)? exp(—2Kt) < K3 (4.42)

Finally, from Equations (4.39)), (4.40) and (4.42) we proved that Function U verifies
(@31).

Function U verifies Inequality (4.31]). Hence, for all ¢ € (0,7), T € (0, 400):

DU < K, (4.43)
neZ
1
Moreover, 0 < m < 1, for all n € Z. Hence, Function U verifies (4.32]).
n

We finally proved that U belongs to Hy.

According to Equalities (4.20)) and (4.24]) and the binomial squares we obtained:

~ 2 ~
(nV”(t)) < (n?vn(O)2 exp (= 2(r + f)t)
t T
+ nzf J r2Q"(v)? exp (—2K}(r—v))exp(—2(r+ f)(t—7)) dv dr
0 Jo
t
+ nzf r*U™(0)* exp ( — 2K]'7) exp ( — 2(r + f)(t — T))dT), (4.44)
0
where K7 is given by Equality (4.4) and C7 is a positive constant.
Forall t € (0,7), T € (0, +00), 0 < exp (—2(r+ f)(t—7)) < 1. Hence, from Inequality
(4.44) and for all t € (0,T"), T € (0, +o0) we obtained:
. 2 - N
(nV"(t)) < Oy <n2V”(O)2 + nzf J r’Q"(v)?exp (= 2K/ (T —v)) dv dr
0 Jo

¢
+n? J r207"(0)? exp (- ZKZZT)dT). (4.45)

0
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We noticed that:

t
n? f r?U™(0)* exp (— 2K]7)dr
0

t
— J n*r2U"(0)% exp (- 87T2(:dn27') exp (— 2fyr)dr
0

t

< CsUM0)? f n®exp ( — Con7)dr, (4.46)
0

where Cy and Cy are two positive constants.
Moreover, for all t € (0,T), T € (0, +0),

Jt n? exp ( — anzT)dT = l_— exp ( — C’gn2r)]t = C’i (1 — exp ( — OgﬂZt)) (4.47)

0 C(9 0 9

Therefore, from Inequalities (4.46) and (4.47), for all t € (0,7"), T € (0, +00) we have:

¢
n’ J r207(0)? exp (—2K}7)dr
0

< Cloﬁn(0)2 (1 — exXp ( - CgﬂQt)) < Cloﬁn(0)2, (448)

where (' is a positive constant.

Using Inequality (4.35) we have:
t rT
nZJ- f r?Q"(v)?exp (= 2K} (T — v)) dv dr
0 Jo

t T
< 011@2J J n? exp ( — Chan?*(1 — 1/)) dv dr (4.49)
0 Jo

where C7; and (5 are two positive constants.
We noticed that:

LT n®exp (— Cron*(T — v)) dv
1 9 Tl 2
= [0—12 exp (— Cian®(1 — V))]O = 0—12(1 —exp (— Cian 7')) (4.50)

Therefore, from Inequalities (4.49) and (4.50) we obtained:

2 ' 7—2An 2 ox . n(._
nLLrQ(u)ep( 2K} (1 —v)) dv dr

< 013@21 (1 — exXp ( - 012n27')) dr < 014@2 (451)

0

where (13 and C14 are two positive constants.
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From Inequalities , and we obtained:
. 2 . _ .
3 (nV”(t)) < 014(2 V07 + Y7 + Y U”(O)Z). (4.52)

neZ neZ neZ neZ

According to assumptions (|1.32)) and (1.33)) there exists K, > 0 such that:

D InPVr0)? + Y UM0)” < K, (4.53)

neZ ne”

Therefore, from Inequalities (4.52)), (4.53) and (4.40) we demonstrated that for all
t€(0,T), T € (0, +00) Function V verifies (4.31)).

Function V' verifies (4.31]). Hence, for all ¢t € (0,7"), T' € (0, +00) there exists K5 > 0
such that:

DIV’ < K (4.54)
neZ
1
Moreover, 0 < e < 1, for all n € Z. Hence, Function V verifies (4.32).
n

We finally proved that V' belongs to H.

In this section we proved that ®; + ®, and ®; — ¢, belong to Hy. Hence, ®; and ®,
belong to Hy.
Finally we proved Property |

4.2 Non-negativity of some components of the solution of the
PDE system

In this section we will demonstrate the non-negativity of some components of the PDE
system solution.

4.2.1 Non-negativity of (®; + @)

In this section we will demonstrate that,

Property 4.2. Under Assumption 4129[) to 41.5’4) there exists a solution (Q>f,<1)b) to
and (1.28). It satisfies y € Hy and O, € Hy and for all x € (0,1) and for all
t € (0, +00),

(Bf+ D) (t,z) =20 (4.55)

Proof of Property

In a first place, the existence of the solution (CD £ (IJb) to 1) and 1) claimed in
Property [4.2] is a direct consequence of Property
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Concerning the proof of Inequality (4.55]), we started by fixing,
me(t, r) = min (0, (®f + @) (¢, x)),
and then we multiplied Equation (4.7) by mg. We get:

6[(1>f + (I)b]
ot

0 [(I)f + (I)b]

-2
(t,x)me(t, z) — 2¢c e

(t,x)me(t, )

= Q(t, 2)ma(t, ) — f(@;(t,m) + Byt :U))m(p(t, 7).

Integrating by part Equation (4.57) with respect to x, we obtained,

16[<I>f+<1>b] ! 6(1)f+(1>b ome

0

We have,
5[(1)f + Cbb] ome 1 8m<21>
o (t,x)me(t, z) = W(t,x)rmp(t,x) =5 2 (t,x),
and,
6[<I>f + (I)b] 6m¢ . aﬂ’?@ aTTI,(p . ém@ 2
R ) T ) = TR ) T () = (S (k)

Therefore, we obtained from Equations (4.58]), (4.59) and (4.60)),

'10(m3) ' (0mg 2
L 57(25,35)6[35 + fo 20(%(@%)) dx

- Ll (Q(’f> r)ma(t,z) — f(ma(t, x))2)dx.

_ J 1 (Qt.2)malt.2) = f(@LL,2) + @y(t,2) ) ma(t, 2) ) do.

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

according to Assumption (1.29) @ is non-negative and by definition Function mg is
negative for all t € (0,400) and for all € (0,1). Hence, from Equation (4.61) we

obtained the following inequality:

2
10]mel;
2 ot

(t,.) < LlQ(t,x)mq>(t,x)dx <0
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Therefore, Function |melf3 is decreasing and according to assumption ([1.30) m2(0,.) =
0. Hence,

|ma(t, )5 < (4.63)
Therefore,

Ima(t, )2 =0 (4.64)
Hence, Property and Equality prove Property |

4.2.2 Non-negativity of ¥

Property 4.3. Under Assumptions assumptions assumptions (1.29), (1.30) and (1.35)

and if ®; and ®, belonging to Hy are solutions to and , then Equation
(1.16) admits a unique solution belonging to C*((0, +0), L((0,1))). Moreover, this
solution s non-negative.

Proof of Property [4.3}

Functions ®; € Hy and ®, € Hy are solutions to Equations (1.27) and ( and
U e CH((0,+00), L'((0,1))) is solution to Equation (1.16) Wthh is a hnear Ordmary
Differential Equation (ODE). Hence, we have,

U(t, z) = W0, z) exp(—ut) (4.65)

[ e (—ute = 9) s (hs.2) + s 2)) s (4:66)

0

According to Property 4.2 (®yt, z) + ®(t, )) is non-negative for all  in (0, 1) and for
all t in (0,7), T belongmg to (0, +o0). Therefore, ¥(t, ) is non-negative, for all x in
(0,1) and for all ¢ in (0,7"), T belonging to (0, +00). |
4.2.3 Non-negativity and majoration of Function O

The objective of this subsection is to prove that:

Property 4.4. Under assumptions (1.29), (1.30), (1.35]) and if Function = €
C'((0, +00), L'((0,1))) is solution to Equation (1.17) and O € C*((0,+00)) is solution
to Equation (1.18), then for all t in (0,T), T belonging to (0, +0),

0<O0() <L, (4.67)

and

Property 4.5. Under assumptions (1.29), (1.30), (1.35]) and if Function = €
CH((0, +00), L'((0,1))) is non-negative_and solution to Equation (1.15.1) and if O €
C1((o, +oo)) is solution to Equation , then for all t in (0,T), T belonging to

(0, +00), Function O is non-negative.
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Proof of Property [4.4} To prove the non-negativity of Function O in case when Func-
tion = € C'((0, +0), L'((0,1))) is solution to Equation (1.17) and O € C*((0, +0)) is
solution to Equation ([1.18]) we posed,

mo(t) = min (o, O(t)). (4.68)
From Equations ((1.17) and (1.18) we obtained,
20 Loz f (L—O(t))
—(t)=| =t x)der=| w¥t,z)| ———= ) dx 4.69
0= [ St = [ wnen) (2 (1.69)

As a first step, we multiplied Equation (4.69) by mo:

1

00
S ®mo(t) - |

0

wl(t, ) (L_TO“)) mo(t)dz

—u <L_TO(”> mo(t) L 1 Wt x)dx

—umo) [

0

Wt, )da — u (@) mo(t) f Wt,x)dr  (4.70)

0

By definition Function mo is negative and according to Property (¢, x) is non-
negative, for all z in (0, 1) and for all ¢ in (0,7"), T belonging to (0, +o0). Therefore,

% mott) < —u (A2 Y mott) [ wt2)is (4.7)
We have,
50 5mo 1 5(mo)2
E(t)mo(t) = W(t)mO(t) =5 4 (t) (4.72)
and,
O(tymo(t) = mp(t) (4.73)

Hence, by using (4.72)) and (4.73), we obtained from Equation (4.71)):

%a(n;f)z (t) < —%mg(t) L 1 Y(t,x)dz < 0 (4.74)

Therefore, Function m is decreasing and according to Assumption (1.37) m%(0) = 0.
Hence, for all ¢ in (0,7"), T belonging to (0, +o0),

ma(t) <0 (4.75)

33



Therefore, Function m2 is null for all ¢ in (0,7T), T belonging to (0,+o0). It means
that Function O is non-negative.

To prove the majoration of Function O by the positive constant L we posed,

Mo (t) = max (o, (0@t) - L)), (4.76)

We multiplied Equation (4.69)) by Mo:

1 R
9 Mot J wU(t, 7) (L—O(t)> Mo (t)dz (4.77)
o . 2
We have,
(L= 0W)Mo(t) = ~M(), (4.78)
and,
20 oMo 1oM2
il = S 4.
900100 = 220001 (0) = 20 ) (479
Hence, according to Property and from Equations (4.77), (£.78) and (4.79) we
obtained:
LOMG 4y Mz f W(t, x)dz < 0 (4.80)
2 ot T oW ) TS ‘

Therefore, Function M3 is decreasing and according to Assumption (1.37) M3(0) = 0.
Hence,

| Mol3 <0 (4.81)

Therefore, Function M3 is null for all ¢ in (0,7), T belonging to (0,+00). It means
that Function O is not upper than L.

We finally proved Property [
Proof of Property

In case when = € C'((0,+00), L'((0,1))) is solution to Equation (1.15.b) and O €
C'l(((), +oo)) is solution to Equation 1) Function O only depends on =. Hence, if
Function = is non-negative, O is also non-negative. |
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4.2.4 Non-negativity of =

In the second toy model, Function Z can be solution to Equations (1.17)) or (1.15.b]).
Therfore we proved that:

Property 4.6. Under Assumptions (1.36) and FunctionZ € C((0, +0), L'((0,1)))
18 solution to Equation (f].]’?l) or 41.15. b[) and if O € C! ((0, +oo)) 1s solution to Equation
(1.18), then for all t in (0,T), T belonging to (0,+00), Function = is non-negative.

Proof of Property

In case when Function = € C*((0, +o0), L*((0,1))) is solution to Equation and
O e C’l((O, +oo)) is solution to Equation , Equation ({1.17) is a nonlinear ODE.
Hence, for all ¢ in (0,7") and for all z in (0,1) we have,

¢ L-0
=Ht,x) = F0,z) + J w(T, ) <T(T)> dr. (4.82)
0
According to Properties [4.3] and Functions (¢, z) and O(t) are non-negative and
O(t) is not upper than L, for all z in (0,1) and for ¢ in (0,7), T belonging to (0, +o0).
Therefore, in this case Z(t, z) is non-negative, for all  in (0,1) and for all ¢ in (0,7,
T belonging to (0, +00).

In case when Function = € C*((0, +00), L'((0,1))) is solution to Equation (1 )

and Function O € Cl((O, +oo)) is solution to Equation (|1.18]), Equation -) is
linear ODE. Hence, for all ¢ in (0,7"), T belonging to (0, +o0) and for all z in (0,1) we
have,

t

Ht,x) ==H0,2) + f uW(r, x)dT. (4.83)

0

According to Property U(t, z) is non-negative, for all z in (0,1) and for all ¢ in
(0,T), T belonging to (0,400). Therefore, in this case Z(t, ) is also non-negative, for
all z in (0,1) and for all ¢ in (0,T), T belonging to (0, 4+c0).

We finally proved Property |

4.3 conservation of the second toy model

In this section we will prove that,

Property 4.7. Under Assumptions (1.29) to (1.38) and according to Properties
and [{.6, for ®; € Hy and ®, € Hy solutions to Equations and
, W e CH(0, +00); L1((0,1))) solution to Equation ,2e CH((0,+0); L1((0,1)))
solution to Equation 41.171) or 41.15.()[), and O € C* ((O7 +00)) solution to , then,
for any T > 0, there exists Kg,(T') > 0 such that for all x in (0,1) and for all t in

(0,T), Inequality is satisfied.
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Proof of Property : In case when Functions ®f, ®;, ¥, = and O are respectively
solutions to (1.27), (1.28)), (1.16)), (1.15.b)) and ([1.18)). According to Assumption (|1.29)),
Function @ is also non-negative. Hence, summing Equations (1.27)), (1.28]), (1.16]),

(1.15.b) and (1.18)), and according to Properties (1.3 and [4.6] we obtained,

1

0 Ulcpf(t, 2)dx + fcpb(t,x)dx + fxp(t, 2)dx + f

0 0 0 0
ot

=(t, x)dx]

Lo [@; + @ !

Y J il K P J Ot )z (4.84)
0 Oz? 0

Since Functions ®; and @, belong to Hy, the integration of the first term of the right-

hand side makes it vanish. Hence,

1 1

U(t, z)dx +f

=(t, x)dx]
0

2 Uolcpf(t, v)dz + fcb,,(t,x)dx + f

0 0
ot

_ L QU 2)ds < sup ( L 1@(t,m)dm> (4.85)

teR+

In the case when Functions ®¢, ®,, ¥, = and O are respectively solutions to (1.27)),
1.28), (1.16), (1.17) and (1.18). Hence, summing Equations (1.27), (1.28), (1.16),

1.17) and (1.18), and according to Properties [1.2] and [4.6] we obtained,

1 1 1 1
0 [J Qs(t,x)dx + J Oy (t, z)dr + J U(t, z)dx + J
0 0 0 0
ot
Lo? @y + @
— QCJ M(t,x)dw

0 ox?

+ LIQ(t, x)dr — flu#‘y(t, x)dr (4.86)

0

=(t, x)dx]

As previously, since Functions ®; and ®;, belong to Hy, the integration of the first term
of the right-hand side makes it vanish. Moreover, according to Assumption (1.29)) and
Property Functions O and ¥ are postive. Hence,

1

0 Ulcpf(t, 2)dx + fcpb(t,x)dx + fq/(t, 2)dx + f

0 0 0 0
ot

=(t, x)dx]

1
< sup (J Q(t,x)d:c) (4.87)
teR+ 0

Therefore, with or without a limiter coefficient, the model made of Equations (1.27)),
(1.28), (1.16), (1.18) and (1.17) or (1.15.b)), has a conservation property.

We finally proved Property |
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4.4 Majoration of the infinity norm of ®;, ®, and ¥

The objective of this section is to prove that:

Property 4.8. Under Assumplions (1.29) to (1.58), if ¥(0,.) € L*((0,1)), then there
exists a unique solution to Equation (1.16). Moreover, if there exists a time Tp such
that, for all t > Tr, and for all x € (0,1), Q(t,z) = 0, then there exists a positive
constant Ky > 0 such that,

sup ¥ = |V, < Ky. (4.88)

teR*
2€(0,1)

Before that, we have to demonstrate that,

Property 4.9. Under Assumptions to 7 if there exists a time Tr such that,
for allt > Tr, and for all x € (0,1), Q(t,z) = 0, then there exists a constant Ko > 0
such that @ € H and ®, € H, solutions to and and given by Property

satisfy,

teRT
z€(0,1)

Proof of Property We posed,

Ma(t, ) = max (o, F(@4(t 2) + By(t, 7)) —K), (4.90)
where,
K = sz)pl) (Q(t,2)). (4.91)

As a first step, we summed Equations (1.27) and (1.28]), we multiplied the obtained
equality by Mg and we integrated it over space:

1 1 82 P P

f M(t,x)]\&b(t,x)dx— f 2L )y oty (1,2
0 t 0 ox

1

_ Jol Q(t, ) Ma(t, 2)dz — J

0 f(Q)f(t,x)+<I>b(t,x))M<p(t,x)dx. (4.92)

By integrating by part we obtained,

Lod; + @, L 0[®) + @ oMy
_— M. 2
L En (t,x)Mg(t, x)dx —i—L c— (t,x) Em (t,x)dx

1

_ JO IQ(t,:L‘)Mq>(t,:v)d:p —L f(cbf(t,m) + @b(t,x))Mq)(t,x)dx. (4.93)
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We have,

o[®; + @ 1M, 1 o(M.
| f&: b] (t,2) My (t, ) = ?W@(t,x)Mq)(t,x) - g%(t,x% (4.94)
and,
0[®r+@ oM 10M, oM 1 (oM, 2
[ fa;‘ b] (t,ai)a—;)(t,x) = ? a;) (t,x) 6;) (t,z) = ?< a;) (t,x)) ‘ (4.95)

Hence, by using (4.94) and (4.95), we obtained from Equation (4.93):

%L a(ﬂgf) (t,x)d:)s—irL 270 <6(é\;[¢>)> (t,z)dx

1

_ L IQ(t,x)Mq>(t,x)dx —L f(cbf(t,x) + @b(t,x))Mq)(t,x)dx. (4.96)

By definition, Function Mg is non-negative. Hence, from Assumption (1.29) and Equal-

ity (4.91) we have,

%Ll 5(]‘é¢)2(t,x)dx < Ll K Ma(t, 2)de
_Llf(q)f(t,x)+©b(t,m))M¢(t,x)d:€. (4.97)

Hence, we have,

1 0| Ml ! 2
et < - L (Ma(t, 2))dz < 0. (4.98)

Therefore, Function | Mg is decreasing and according to Assumption (1.31) |Ms|3 (0) =
0. Hence,

|Mal3(t,.) <O (4.99)

Therefore, for all ¢ in (0, +00) and for all z € (0, 1), function Mg (¢, z) is null. It means
that, for all ¢ in (0, +c0) and for all z € (0,1), (®; + ®,) is bounded by a positive
constant Kg. Therefore, Property is well verified. |

Proof of Property The exact expression of W is given by Equation (4.65)).
From this equation and according to Assumption (1.35) and Property [4.9] there exists
a positive constant Ky such as Property [4.§]is verified. |
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4.5 The existence of the solution of Equations (1.17) and (1.15.Db)

In this section we will prove that:

Property 4.10. Under Assumptions (1.29) to (1.38), Equations (1.15.8)) and (1.17),
associated with Equation , admit a unique solution belonging to C* ((O, T), L*((0, 1))),
T e (0,+00).

Proof of Property

Equation ((1.15.b)) is a linear ODE. Hence, this equation admits a unique solution.
The objective of this section is to prove that Equation admits a unique solution.
To do so we posed:

t L o
Gf1 (t,l‘) = Gfl (0,$) + L 9(7-7 l‘) (%(T)) dr, 851 - 851 J 51 t :L‘ d:E
(4.100)

and,

t

G, (£, 2) = G, (0,7) + f o(r. 2) (L%f(”) dr, e, (t) = s6,(0) + L 6ot 2)de,

0

(4.101)
where,
g(t,x) = u¥(t,x), (4.102)
G€1 (07 m) = G£2 (O, JJ), (4.103)
and,
56 (O) = 5S¢ (0) (4.104)

Functions & and & are positive functions belonging to C*((0,7), L*((0,1))) and
Functions s¢, and sg, are positive functions belonging to C*((0,T)), T € (0, +0).

We deducted Equation (4.101]) from Equation (4.100)):

|G, — Ge,| (¢, 1) = P g(t,z) <8£Q(T) Z %G (T)) dr

J0

(4.105)

0 jlg(ﬂx) (ﬁl(ﬂ ) 252(7’ O‘)) drda

JO JO
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and YVt < T, Ty € (0,T), we obtained:

T
Ge, — Ge,| (1 g H . da,
e~ Gel ) < 2 [ 3@ ferto) - &), do
(4.106)
<l -¢l
A ] ((0.11),L1((0,1)))
where,
g(z) =u|V(x and g—um\ll‘ 4.107
9(z) H (%) L=((0.11)) L#((0,T1),L}((0.1)) (4.107)
U(z = sup |V(t,x 4.108
] ooy = o, 162 (108
and,
— sup |wit, H 4.109
0 Tl (0’1)) t€(07T1) ( ) ( )
z€(0,1)

Since, according to Property f] is bounded, we chose T} <
for all t < T7:

@il bt~

Hence, we obtained

Gy, - Gel (t,2) < H|&1 - & . where k < 1 4110
| £ ¢ | (T, @) &1—& L*©((0,T1),L1((0,1))) ( )
Therefore, we have:
a G ‘H ‘ 4.111
H‘ & & L*((0,71),L((0,1))) -8 L7 ((0,11),L1((0,1))) ( )

Equation demonstrates that operator G : £ — G, is k-contractive from C°((0, T}),
L*((0,1))) in C°((0,T1),L*((0,1))). Yet, G is equivalent to Z which is solution to Equa-
tion (L.17). Hence, for all ¢ € (0,77) and for all = € (0,1), the solution of Equation
corresponds to the fixed-point of G. According to the Banach fixed-point theo-
rem, this fixed-point exists and is unique. Therefore, Equation (1.17) admits a unique
solution for all ¢ € (0,77) and for all x € (0,1).

The value of Function = at ¢t = T} is given. Then, for all £ such as T} < t < Ty,
Ty € (0,7T), we have:

Ty — T
e - Gel () < 220 [ g - )

dao,

Le((T1,T2))
(4.112)

SCRSOE]

L*((Ty,T2),L((0, 1)))
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We chose T5 such that T5 — 17 <
obtained:

@it~

. Hence, for all ¢t € (T1,7T3) and for all x € (0, 1), we

Ge, = Gal (1,2) < ks | €1(0) = &o(0)

, where ky < 1 (4.113)
LTy, Ty),L1((0,1)))

Therefore, we have:

¢ ~ce

< szl 52” (4.114)

L*((T1,T2),L1((0,1))) L ((T3,T2),L1(0,1)))

Equation demonstrates that Operator G is k-contractive from C°((T1, Ty), L*((0,1)))
in C°((T1,Tz), L'((0,1))). As G is equivalent to Z which is solution to Equation (1.17),
forallt € (T3, T5) and for all z € (0, 1), the solution of Equation corresponds to the
fixed-point of G. According to the Banach fixed-point theorem, this fixed-point exists
and is unique. Therefore, Equation admits a unique solution for all ¢ € (17, T3)
and for all z € (0,1).

By iteration and by proceeding in the same way we can range time-interval (0,7),
T € (0,+0). Indeed, by iteration we can demonstrate that G is k-contractive over a
series of intervals (7,,,T,,+1) covering the interval (0,7") and verifying T;, — T),11 < %.
According to the Banach fixed-point theorem, since G is equivalent to = solution to
Equation (L.17), this equation admits a unique solution on all those intervals of time
and for all z € (0,1).
We finally proved Property [

Since Equation (|1.18)) is an ODE the wellposedness of this equation is obvious.

Finally, we proved in this section the existence of a solution of the second toy model
made of Equations (1.27)), (1.28), (1.16]), (1.18) and Equation (L.17) or (1.15.b).

4.6 Uniqueness of the solution of the PDE system

In this section we will prove the uniqueness of the solution of the PDE system.

We assumed that @, and @, solutions of (1.27)), and ®,, and Py, solutions of (|1.28).
The objective of this demonstration is to prove that,

O = Dy, (4.115)
and,
Oy, = Dy, (4.116)

By substraction we obtained,
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6[®f1 - ®f2 + ¢b1 - ®b2:|

X ox
o, — _
%(tax) +w%(tx) —C or (tw%')
= _fF(x) ((I)fl - (I)fz)(t>x) -Tr ((I)fl - (be)(t,ZL’). (4'117)
and,
6[(I)f1 - (I)fz + (I)bl - (I)bz]

6@171 — (I)bg (t ) _ 8<I>b1 — (I)b2 (t ) _ alX ox :| (t )

ot T ey W T oz -

= _fF(x> (q)b1 - Cbe)(t,l‘) +r ((I)fl - (bfz)(tax)' (4'118)

We applied the same method used in Section [3| until the obtainment of an equation
close to (3.10). Hence, from Equations (4.117) and (4.118) we obtained the following
inequality:

4 a”q)ﬁ - (I)fzug a”q)bl — (I)bzng
L (T(t) 4 T(t)) dt

<2f <r(<1>f1 S E(0) + @, —%HS@)). (1.119)

According to the Gronwall lemma, for any 7' € (0,+0c0) and for any ¢t € (0,7, we
obtained:

[ s, — @, |5 (£) + [ Po, — Dy, 5 (2)
<[ Bp — Dy, |2 (0) + [ By, — By, |3 (0) =0 (4.120)

We deduced from Equation (4.120) that:
|5, — @, 5 () + [Po, — Do, 5 () = 0 (4.121)
We deduced that,

|@f = @pl5 () =0 (4.122)
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and,

|, — @uu5 (£,.) = 0 (4.123)
Therefore,

(I)fl (ta x) = (I)fQ (t, ZU) (4'124)
and,

Oy, (L, ) = Py, (¢, x) (4.125)

Therefore we proved the uniqueness of the solution of Equations (1.27)) and (1.28).

Equation is a linear ODE. Hence, the uniqueness of its solution of this
equation is obvious. We demonstrated in Section that in case when Function
Z e C'((0,400); L'((0,1))) is solution to Equation this function is k-contractive
from C°((0,T) x (0,1)) in C°((0,T) x (0,1)). Therefore, according to the Banach fixed-
point theorem, Equation admits a unique solution.

Equation ((1.15.b)) is an ODE. Hence this equation admits a unique solution.

Function O € Cl((O, +oo)) solution to Equation @I) only depends on =. Hence,
Equation also admits a unique solution. Finally, we proved the uniqueness of the
solution of the PDE system.

In the section we proved the existence and the uniqueness of the solution of the PDE
system. Moreover, we proved the conservation property of this PDE system and the
non-negativity of some components of the solution. Hence, we finally prove Theorem

L4 [

5 Conclusion

The two first equations of the mathematical model developed in the article Flourent
et al| (Submitted), contain a diffusion operator depending on the sum of two unknown
densities. This fact, coupled with the presence of a convection term, makes impossible
the direct application of the classical results about parabolic equations. Hence, we
worked on two toy models The loss of the regularizing effect and the positivity of each
component of the solution due to the structure of the diffusion term was put in evidence
through the first toy model.

The analysis of the second toy model which does not contain convection term and
by using Variable Substitutions and Fourier Transforms put in evidence the properties
preserved despite the structure of the diffusion term. We proved the existence and
the uniqueness of the solution of the PDE system. Moreover, we also proved the
conservation property of this PDE system and the non-negativity of some components
of the solution.
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