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ISAAC OHAVI
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ABSTRACT. The purpose of this article is to study a stochastic control problem on a
junction, with control at the junction point. The problem of control is formulated in the
weak sense, using a relaxed control, namely a control which takes values in the space of
probability measures on a compact set. We prove first the compactness of the admissible
rules and the dynamic programming principle (DPP). We complete this article by giving
a verification Theorem for the value function of the problem, using some recent results
on quasi linear non degenerate PDE posed on a junction, with non linear Neumann
boundary condition at the junction point. An example is given, where the optimal
control at the junction point is solution of a convex quadratic optimization problem with

linear constraints.

1. INTRODUCTION

Diffusions on graphs have attracted a lot of intention in the last 20 years. They were
introduced in the seminal works of Freidlin and Sheu in [7] and Freidlin and Wetzell in
I8]. More precisely, given a junction J = |Ji_, Ji, (04, b;) regular functions from R, to R,
and o ...a; positive constants such that ay +- - -+a; = 1, the authors in [8] have proved
that there exists a continuous Markov process X = (z,4) defined on J. Thereafter in [7],
it is shown that there exists a one dimensional Wiener process W defined on a probability
space (€, F,IP), adapted to the natural filtration of X = (z,14), such that the process x

satisfies the following stochastic differential equation for a finite time horizon 7" > 0,
dx(t) = o) (x(t))dW () + by (x(t))dt +dl(t) , 0<t <T, (1)
where [ starts from 0 ans satisfies:

t
[ is increasing and, IP((/ Lio(s)>01dl(s))o<i<r = O) = 1L (2)
0
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Moreover, [7] gives the following It6’s formula:

1

dfi(e) (z(t) = (bi(t) (x(t»&wfi(t) (z(t)) + 5‘71'2@) (x(t))azfi(t) (a:(t)))dt +

8gcfi(t) (I(t))o'i(t) (z(t))dW (t) + Z ;0 f3(0)dl(t), (3)

for f regular enough. The process [ can be interpreted as the local time of the process X

at the vertex, whose quadratic approximation is given by:

I
1 ' 2
" S [ o _ _
fm I [ ’ (25 j=1/0 7i (O)I{OSx(S)SE’](S):j}dS) ') ’(O,T) ] 0 (4)

Let us recall that initially introduced by J. Walsh in [26], the Walsh’s Brownian motion is
a diffusion process on a set of I rays in R? emanating from 0. To each ray .J; is associated
a weight «; corresponding heuristically to the probability for the process to go in this
ray, and on each ray, the process behaves like a Brownian motion. Obviously, due to the
irregularities of the trajectories of the Brownian motion, this description is a non-sense.

This process may be described by its excursions measure;

1
P = Z aiQiu
=1

where (); is the excursion measure of the reflected Brownian motion on the ray J;. Diffu-
sion on graphs generalizes the notion of Walsh’s Brownian motion. This object has given
rise to an abundant literature on Brownian filtrations, especially by giving a negative
answer to the following problem:

-"if a Brownian motion is adapted to some filtration, is this filtration generated by a
Brownian motion?” (See for instance [5] and [25], Sect. 17, p. 103)

Remark that, strong solutions have been established only for the case I = 2 on the line,
where the process is called the skew Brownian motion, and has been studied by several
researchers (see for instance [16], for a summary on the various ways for the construction
of the skew Brownian motion).

There are several constructions of Walsh’s Brownian motion in terms of resolvents, infin-

itesimal generators, semigroups, and excursion theory. Recently, in [12], the authors have
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given a system of stochastic equations for Walsh’s planar semimartingales, unique in dis-
tribution. Pathwise uniqueness fails, since that the Walsh’s Brownian motion is a process
whose filtration cannot be generated by any Brownian motion of any dimension. For this
result see the celebrated paper: [24]. Thereafter, a stochastic optimal control/stopping
problem of a Walsh’s planar semimartingale has been studied in [I4], but without control
at the junction point, since it is assumed that the process is “immediately dispatched
along some ray”, when it reaches the origin.

In this work, we study a stochastic control problem with control at the junction point.
Since the construction of a strong solution for diffusion of type () is still a fairly com-
plicated open problem, we use here a weak martingale formulation, and the method of
compactification of the controls, as it has been introduced in [I5].

Let us mention that the control theory on stratified domains of networks have already
been well-studied in the literature, for first order problems, and we refer for instance to
121, 3], [, [91,[1], and [21].

In this problem, the method differs a little from what it has been already done in the
literature: we add a more general relaxation at the junction point, due to the process [
introduced in equation () and its paths properties. This new method of relaxation is
introduced in Section 2.I] where we formulate the stochastic control martingale problem,
with control at the junction point. We prove the compactness of the admissible rules in
Section [3] and the dynamic programming principle is established in Section @l

The second main target of this work, is to address a characterization of the value
function of this problem of control, in term of non linear parabolic partial differential
equations posed on a junction. Due to the process [ and the quadratic approximation
(@), we will get that the parabolic equation that characterized the value function, has non
degenerate viscosity at the junction point x = 0, and satisfies a non linear Neumann and
non dynamical boundary condition at x = 0, for example (without cost at the junction
point):

F(u(t,0), duu(t,0)) = inf { > awdu(t,0) } _— (5)

a; €[0,1]1,3, a;=1

Until now, the only result of existence and uniqueness of these type of equation has been

given in [19], where the author has shown well-posedness of classical solutions for the
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following problem:

Opui(t, x) — o5(x, Opus(t, 1)) 0%u,(t, ) + Hy(x, Opui(t, ) = 0,
for all z > 0, and for all i€ {1...1}, (6)
F(u(t,0),0,u(t,0)) = 0,

in suitable Holder spaces: see Theorem 2.2 for the existence and Theorem 2.4 for the
comparison in [I9], and thus the uniqueness. The main assumptions are that the equation
is uniformly parabolic with smooth coefficients, and the term F' = F'(u,p) is increasing
with respect to p, which is a natural assumption regarding to the set where the controls
(a1 ...ay) are valued.

Therefore, in section [, we will able to state a verification theorem. A simple example of
illustration is also given, where we consider Hamiltonians with quadratic growth on each
edge. At the junction point, remark first that the solution of the convex optimization

problem:
inf { i0:u;(1,0 } = 0,
aie[O,l}III,IZi a;=1 zi:a Y ( )

is equal to mineqy. 1y O,u;(t,0). It means that, heuristically, if no cost appears at the
junction point, the optimal strategy is therefore to play at the junction the maximum
weight «; on the edge where the gradient 0,u;(¢,0) reaches its minimum, at each time
we reach the junction point. We will give at the end of Section Bl an example with
quadratic Hamiltonians on each edge, and at the junction point we will consider the

following quadratic Hamiltonian:

. 1 ) , B
aiE[O,l]lfr,lgi a;=1 { ZZ: aiaxui(t’ 0) + 5 le a; UZ(O) } = 0

The optimal control at the junction point is then solution of a quadratic convex optimiza-
tion problem, under linear constraints. Obvioulsy, this is just a simple example, which can
be improved in a more applied sense with another more general cost, since as explained in
[17], this type of non linear PDE are involved in many applications in physics, chemistry,
biology ...

Along this work, we work under the ellipticity assumption, which allows to state the

uniqueness of non linear PDE involved for the value function. Moreover, the ellipticity
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condition is used to prove that the "non-stickiness" assumption satisfied by the process:

T
EP[/ 1{x(8):0}d8] = O,
0

is closed under the weak convergence of probability measure (see Proposition B7)). The
dynamic programming principle (DPP) can be generated in the degenerate case, as it has
been stated in [15], but here we do not focus on this technical point.

The paper is organized as follows. We introduce in Section [2] the stochastic control
problem, with control at the junction point and we state our main results. Thereafter, in
Section [ we give a criterium of compactness for the controls at the junction point, and
some path estimates to prove at the end of the section the compactness of the admissible
rules. Section Ml is dedicated to the proof of the dynamic programming principle (DPP),
where both stability properties of the set of rules by conditioning and concatenation at
stopping times are shown. Finally, the last Section [ is dedicated to the proof of the

verification Theorem, with an example of illustration.

2. FORMULATION OF THE STOCHASTIC CONTROL PROBLEM AND MAIN RESULTS

In this section, we define our stochastic control problem and we state our main results:

the dynamic programming principle (DPP), and the verification Theorem.

2.1. The stochastic control problem at the junction. In this sub section we define
the stochastic control problem at the junction, using a weak martingale formulation. We
use a classical relaxation on each edge.

Let J be an unbounded junction defined for I € N* edges by:

I
J=\J i with: Vie {1...I} J;=[0,+0c0), and V(i,j) € {1...I}*, i#j JinJ;={0}

i=1
The intersection of the (J;)1<i<s is called the junction point and is denoted by 0. We
identify all the points of J by the couples (x,7) (with i € {1...1},z € |0,+00)), such
that we have: (z,7) € J if and only if z € J;.
For T' > 0, the time-space domain Jr is defined by:

jT = [O,T] Xj.
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In the sequel, C,*(J7) is the class of function defined on Jp with regularity C,([0, T x

[0,4+00)) on each edge, namely:
C2([0,T] x [0,4+00)) = { f:Tr =R, (t,(x,9)~ filt,z), Y(i,j)e{l...1}% Yte(0,T),
F(8.0) = f5(1,0), Vie {1...I}, (t,2) filt,z) € C2([0,T] x [0, +00)) }
We define in the sequel the controls (generalized actions) on the junction J.

We use the notations introduced in Appendix [A], and for the convenience of the reader

we recall that, for a giving compact K of R" (n € N*):

L= ([0,T] x K) := {f € L®([0,T] x K), k> f(t,k) € C(K),Vt € [o,T]}.

C

We denote by M,,.([0, 7] x K) the set consisting of non negative finite measures on
([O, T) x K,B([0,T]) ® B(K )), endowed with the finest topology making continuous the

following family of linear forms (0)rere (j0,77x k)5

Mpe([0,T] x K) - R
Of :
! V»—>1/(f):/ fdv

[0,T)|xK

Let us introduce:
L0, 7] = { [:]0,T] = R, continuous nondecreasing such that : [(0) =0 },

which is the space where the process [(.) introduced in () takes its value. Fixing a € (0, 1),

we define furthermore the following compact set Ay of R! by

Ay = { () € [a, 1], iaizl },

which is the set where the controls «; at the junction point appearing in the Ito’s formula
@) are valued.
The set of generalized actions at the junction point 0, denoted V' ([0,77] x Ap) is defined
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V([0,T] x Ag) = { v € Me([0,T] x Ag), 30, € L[0,T), v1T(dt) =1, (dt) }
where v07l(dt) = / v(dt,day, ..., day).
Ag
As a consequence of the disintegration Theorem of a measure, (see for instance [13]), we

will use the following notation for v € V ([0, 7] x Ay):
v(dt,day . ..day) =L, (dt)v(day ... day),

where v is a measurable kernel of mass 1 on (Ag, B(Ap)).

As explained in the Introduction[I], we will establish a criterion of compactness of V ([0, 77| x
Ay), for the weak topology *o (Lﬁc([o, T x Ag)’, L2,(]0, T x AO)), in Theorem B1] of sec-
tion M which will be useful in the proof of the compactness of the admissible rules in
Section
We turn now to define the set of controls, (generalized actions) in each edge J;. Let
(Ki)1<i<1, I compact sets of R.
The set of generalized actions U([0,7] x K;) on each edge J; is defined by:

Uo,7] x K;) = { v € Mpue([0,T] x K;), 10T (dt) = /

K;

v(dt, dk;) = dt }

It is easy to show for each ¢ € {1...i}, that U(]0,7] x K;) are compact for the weak
topology *U(L%C([O,T] x K;)', L.([0,T] x KZ-)>, and we will use the notation: for v €
v(dt,dk;) = dtv(dk;),
where v is a measurable kernel of mass 1 on (K;,B(K;)). Next we will formulate the

stochastic problem of control, with control at the junction point. For this we introduce

the following data:
o; € L*([0,4+00) x K;)
Vie{l...I}: <b e L®([0,400) X K;)

h; € Cy([0, +00) x K;)
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ho € Cb(AO)
/S Cb(ja R)

satisfying the following assumptions:

Assumption (H)

(i) 3e>0, Vie{l...I}, V(z k) €[0,T]x[0,400) x Ki, os(x, ki) >

(i) 3B, |o]) € (0,400)2, Vie {1...I},
|bi(, ki) — bi(y, ki)

sup |b;(x, k)| + sup < |9,
(z,ki)€[0,400) X K; (z,y)€[0,400),x7#y,ki € K; |Zl§' - ?/|
7 ) kl — Ug ) kl
sup loi(z, ki) | + sup loi(2, ki) — 0ily, ki) < ol
(2,K:) [0, +00) X K (2,9) [0, +00) 2y ki €K |z =y

The canonical space involved in the martingale formulation is the following one:

& = CI0.7T] (HU([O,T] X K,-)) % V([0,T] x Ay),

endowed with its Borel o algebra B(®). Here C7([0,T]) is the Polish set of continuous

maps defined in [0, 7], valued in the junction .J, endowed the metric d‘[gﬂ defined by

7(((),80), (0.3 ) € ¢7([0. 702 :
@y (200,800, )5 () = supreory a7 ((2(0),7(6), (w(6),5(2)) ).

where:

r+y if i#£7.

v((@0). .)€ % @ ((.1). (0.)) = {

The canonical process is then defined on the measurable space (®, B(®)) by:

T x @ X U0, 7] x K; V([0,T] x A
L Jenxesg (H (10,T] % K3)) x V([0.T] x Ay)

(s70) = (XY = (906:5())s11(s) . mals)wa(s) ).

where for each i € {1,...1}, v;(s)(dt, dK;) = 1y (t)v;(dt, dK;), and vy(s)(dt, day, . . .

1[0’3](15)V0(dt, dOél, e ,dOé[).

,dOé[) =
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It is easy to check that the process (X (s)) has continuous paths.
0<s<T
We denote in the sequel by (¥;)o<t<r the right continuous filtration generated by this

process.
Let (t, (:E,i)) e[0,7] x J.
We define the set of admissible rules A(t, (z, Z)), as the set of all the probability mea-

sures Pt(m’i) defined on the filtered probability space <<I>, (‘I’t)ogth> satisfying the following

conditions:

Conditions (&)

-(i) For each u < t, X (u) = < (x,0),11(t) ... vr(t), 0(t) ), P as.
-(ii) For each s > t,

/ / Lipwy>oyvo(s)(du, dovy, . .. day) = / Liauy>0lug(s)(du) = 0, Pt(x,i) s

-(ili) For any f € Cp*(Jr), the following process (M7 (s))o<s<r defined on the filtered
probability space (@, B(®P), (Vy)o<i<T, P ) by:

Vs e [t,T], M/(s)—M/(t) = f(s,X(s))— f(t,X(t)) —

Z / / (con0) EJ;}( 00, () + 5o (wlw), KO, () +

bi(w(w), k)0 fi (u, (u)) ) )(du, dk;) Z/ /A @0y fi (u, 0)o(s) (du, davr, . . ., davy),

is a (Vy)i<s<r continuous martingale under the probability measure Pt(m’i), after time ¢.

Remark 2.1. The fact that A(t, (x, Z)) 1s non empty, s a consequence of Lemma 2.3 in

[7]. More precisely, it is shown that there exists P € A(t, (x, z)) , with a constant control

at the junction point: namely for (ay ...ay) € Ay,

Vs € [0, T], \V/l/() € V([O, T] X AQ), I/()(S)(dt, dOél e dOé]) = 1[075} (t)d(al ..... aI)(Oél, e ,Oé[),
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/5@1 ,,,,, (ansa) =1, and Z/ / i, f (u, 0)vo(s) (du, davy, ..., dauy) =
Ao

3 / 0i0, f3(1t, )l oy (dt), P as.
i=1 7t

Finally, we define the following reward function A of the stochastic control problem,

where hy is the cost at the junction point, and the h; are the costs on each edge J; by:

(

A<t (z, ')) —SR
A P 1) EP(JC i) Z / / x(u « eJ*}hi(x(u>’ k) vi(T)(du, dk;) (7)
/t /A ho(as, ... ,Oq)l/o(T)(du, day, ..., day) + g(X7) ]

The corresponding value function v is defined by:

0,7T]xJ —-R
() (8)
(t, (z, z)) — inf APEY)
PV e At (2,1))
2.2. Main results. In this section, we state the two main results of this work, which are

the dynammic programming principle (DPP) Theorem and the verification Theorem

2.4 related to the stochastic control problem with control at the junction point.

Theorem 2.2. Dynamic Programming Principle equation : Assume (H), and let T be a

(V)<s<r stopping time, we have:

vi(t,x) =

I

. P z)

mfPt(”'“eA(t,(m { E:/ / xu Z(u EJ*}hi(z(u)aki)Vi(T)(duadki)
=1 i

/ /A Oho vo(T)(du, dau . .. day)  + viT(T,xT)] } 9)

In the sequel, we state a verification theorem. We use some recent results on uniqueness
and solvability, for a class of quasi linear PDE posed on a junction, with non linear
Neumann boundary (see Theorem 4.5 in [I9]). Our main assumptions are that each

hamiltonian on each edge have quadratic growth with respect to the gradient, and the
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control do not appear in the diffusion terms.

Using the compactness of the sets (K;)ieqi...ry and Ay, we get that there exist:

_ R, xR — K, R — Ay,
\V/ZE{:[I}, kz: _ 5 o = 5
(xvp)Hkl(xap) (p17"'7p1>Hai(plv"'upl)

such that:
V(z,p) e Ry xR, Vie{l... I},

infy, e, {bi (2, ki)p + hi(z, ki) } = bi(@, ki(w, p))p + hi(z, ki(z, p)),

v(pla-">p1) € RI?

1 I
inf > aipi+holao,...,a0)} =D @lpr,. - pr)pi + ho@i(pr, - p1)s - A (pr,
=1

(ai)ieq1...1y€Ao p

We call in the sequel the following functions:
( Hi(-,) =R xR =R, (z,p)— bz‘(xﬁi(xap))p‘i‘ hi(SL”Ei(Iap)) ) .
1€1...
the Hamiltonians at each edge i € {1...1}, and

I
Hy():=R'" >R, (pr,....p1) = Y _@(pr,- ., p)pitho(@(pr, .. .p1), - @r(pr, .- p1))

i=1
the Hamiltonian at the junction point.
In the sequel, we will make the following assumptions, which are weaker then assump-

tion (H).

Assumption (P)

(i) The diffusions terms (0;);cq1..1y do not depend on the controls (k;)icq1..1y:

Vie{l...I}, Y(z, k) € Ry x K;, o04(x, ki) = 0i(x),

7P1))-



12 ISAAC OHAVI

and the coefficents have the following regularity:

(

0, €CLR,R), i€ {l... T},

b € CL(R. x K;,R), ie{l...1},
h; € C}H(Ry x K;,R), ie{l...T},
ho € Cy(Ao, R),

(9 €C(T)

(ii) The Hamiltonians satisfy:
Vie{l,...,I}, H;€C'(R. xR,R).

Remark that using the ellipticty condition on the (o;)1<i<y : Vi € {1...1}, 1> a; >
a > 0, it is easy to check first Hy € C(R!,R). We get easily too, using the boundness of
ho, and the continuity of H,, that Hy is increasing, and there exists p € R’, such that
Hy(p) = 0, namely assumption (i) b) and c) of Theorem 4.5 in [19] holds true.

(iii) The diffusions terms (0;);cq1...1y are uniformly elliptic: there exists a constant ¢ > 0,

strictly positive such that:
de>0, Vie{l...I}, YVxeR;, c<o(z).

(iv) The growth of the Hamiltonians (H;);c1..; on each edge with respect to p is quadratic,

namely there exists M; > 0 a constant strictly positive such that
Vie{1...1}, Y(z,p) € Ry xR, |bi(w, ki(z,p))p + hi(z, ki(z,p))| < My(1+ |p|)>.

(v) We impose the following restrictions on the growth with respect to p of the derivatives
for the Hamiltonians (H;);c1..; on each edge, which are for all i € {1...1}, V(x,p) €
R+ X R:

a) |8,(bi(x, ki(x, p))p + hi(z, ki(z,p))| < Ma(1+p)),

b) 10:(bi(x, ki(x,p))p + hi(w, ki(w, )| < Ms(1+[p])?,
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where Ms > 0 and M3 > 0 are strictly positive constants.

(vi) The terminal condition ¢ satisifies the following compatibility condition:
I
Z@i(gl(0)> -++91(0))gi(0) + ho(@1(g1(0), .. ., 91(0)), ..., @1(g1(0), ..., 9:(0))) = 0.
i=1

In the sequel, C%'(J7r) N Cl’z(jogp) is the class of function with regularity C%!([0,77] x
0, +00)) N CH2((0,T) x (0,+00)) on each edge, continuous at the junction point. As a

consequence Theorem 4.5 in [19] we have:

Theorem 2.3. Assume (P). The following quasi linear backward parabolic problem with

Neumann boundary condition at the junction point:

Oyu;i(t, ) + %Ui(z)zﬁiui(t,:ﬂ) + Hi(z,0u;(t,x)) = 0, if(t,x) € (0,7) x (0,+00),
Ho(0,u(t,0)) = 0, ifte (0,7, (10)
Vie{l...I}, w,(T,z) = gi(z), ifzxel0,+00),

o

is uniquely solvable in the class CO'(Jr) N CY*(Jr). Recall that:

0uu(t,0) = (Dpur(£,0), ..., Dyus(£,0)), V(i j) € {1...1}2, wilt,0) = u;(t,0),
Hi(x, 0pui(t, z)) = bi(w, Fo(, Opus(t, 2)))Opus(t, @) + hi(z, T, pus(t, 7)) =
infy, (b (2, ki) Ootis (t, ) + ha(w, ki)Y, if (8, 2) € (0,T) x (0, +00),
Hy(9,ul(t,0)) = iai(amul(t, 0),...,0pus(t, 0)d,u;(t,0) +

ho(@(Bys (£,0). - Dutis (£,0))) . .. &y (Botn (£.0). .. Doty (£.0))

I
= inf(ai)ie{l.nl}eAO{Z oz,-@xui(t, 0) -+ h()(OéQ, R ,Oq)}, th € (0, T]

i=1
In the sequel we denote by w the unique solution of (I0). We have the following

verification Theorem.
Theorem 2.4. For any (t, (z,i)) € [0,T] x J, we have:

wi(t, x) < vt z).
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Moreover, if there exists P e A(t, (x.3)) such that (iii) of Condition (Sy) is satisfied
with the controls (where 0 is the dirac measure):

on each edge J;:
e 0,7, wilt)(dz, dks) = O, o) v ety (@R A2 P s,
and at the junction point:
vVt € [0,T], v(t)(dz,day ..., day) = O(@s(0) (Bt (£.0).....Datir (E0)))1 <10y <1 (day ... dor)l,w(dz), Fix’i) a.s,

which means that we have:
V€ CE T, fus (s 2(s)) — filt,z) - / Oufi (22 2(2))
b5 (2, 2(2)) + by (2(2), Ty (1(2), Dot (2, 2())) ) a2, (2)) )=

/ Z i) (Bpur (2,0) ... Dyur(,0))s fiz) (2, 0) oy s (d2),
i(z)=
is a (Vs)i<s<r continuous martingale under the probability measure ?ix’i), after time t,

then ?Ex’i) is optimal and we have for any (t, (x,i)) € [0,T] x J:

vilt, x) = wi(t,z) = P [ /t ' hicz) <x(z), Fit (2(2), Opttiz) (2, x(z)))) dz +

/tTh(]((ai(z)(&Eul(z,O),...,8mu1(z,0))) Lo (dz) + g(X7) ]

{1§z’(z>s1})
3. COMPACTNESS OF THE ADMISSIBLE RULE

In this section, we will prove the compactness of the set of admissible rules A(t, (z, z)) ,

for the weak topology.

3.1. A criterium of compactness of the admissible rules at the junction point.
We first start by giving a criterium of compactness of the set of generalized actions

V([0,T] x Ap) at the junction point, that will be useful in the sequel.
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Theorem 3.1. Let V be a subset of V([0,T] x Ag). Assume that there exists a constant
C >0, and a modulus of continuity w € C(R4,R), with w(0) = 0, such that

Ywev, L(T) < C,

eV, Vit e[0T 1) L) < wll— s,
then V is compact for the weak topology xo (Lfn"c([O, T] x Ag)', L([0,T] x AO)).

Proof. Since the o Borel algebra B([0,77]) of [0,7] is countably generated, we get from
Proposition [A3] that M,,..([0,T] x Ag) is metrizable, therefore V is metrizable and the
compactness can be proved sequentially.

Let v, be a sequence of V, we know that there exists a sequence [, of L[0,77], such that

I/LO’T}(dt) = / I/n(dt, doy .. -dCYI) = an (dt)
Ao

Using the assumptions satisfied by the sequence [, , applying Ascoli’s Theorem, we get
that [,, converges uniformly up to a sub sequence to [ € C[0, T, and since L[0, T is closed
in C[0, T for the uniform convergence, we deduce that [ € L[0, T7.

Let us now show that V is relatively compact for xo (Lfnoc([O, T] x Ag)', L,([0, T x A0)>,
and for this we are going to apply Theorem [A.4]

[0,T

We now show that v and (resp. vio =

/ Un(dt,doy .. .day)) are relatively compact
[0,7]

in M. ([0,T]) (resp. M.(Ap)), for the weak topologies *o—(ml([o,T])’,Lwl([o,T])),
(resp. kO (C(AO)/, C(Ao))), where we recall that:

r=i(o.1)) = { fer=(0.7)). 3BEB(0.T)). f(t)=1s(t) }.

and M,,([0,T7), (resp.M.(Ap)), are the set of finite positive finite measures on [0, 7
(resp. Ap), endowed with the finest topology making continuous the following family of

linear forms (6¢) rere~(o,17), defined by:

M, ([0,T]) = R
Of :
! vi—v(f)= / fdv

[0,7]
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(resp. (07) rec(ao)

M (A)) - R
0 )
v u(f)= fdv
Ao
Since [,, converges uniformly to [ up to a sub sequence ny, it is easy to get that for any
f e L>[0,T))
FOL, () =2 @),

[0,7] "tk [0,7]
namely v0" (dt) = 1(dt) for *a(L‘X”l([O,T])', Lm’l([O,T])).
On the other hand, we have

1V leayy = sup ‘ / f(t)un(dt,dal...dal)‘ < (1) < ¢,
fec(AO)vllfllgl [OvT} ><AO

and then we deduce that v/ is relatively compact for the weak topology *a(C(Ay), C(Ay)).
We deduce finally using Theorem [A.4l that v, is relatively compact, and then converges
up to a sub sequence (denoted in the same way by ng) to ¢ € L'([0,7] x A))’, for

*J(Lfnoél([O,T] x Ag), LH([0, T x AO)), where:
E(0.7] % Au) = { F € =(0.7] x A0). 35 € B(0.T]).9 € C(4s). /() = 1n()a()}

We now turn to prove that ¢ can be represented by an element of v € M,,.([0,T] x Ay),

namely

v € Mpo([0,T] x Ag), Vf e Le2H[0,T] x Ay),

o(f) = / flt,an .. ap)v(dt,day . .. day).
[0,T]x Ao

For this, we use a Riesz representation Theorem, and more precisely we are going to prove
that ¢ satisfies (i) and (ii) of Theorem [A.5]
Let B € B([0,77]), we have

1, ifte B,
(t,Ozl...Oé[) |—>13®1(t,041...0q) =

0, ift ¢ B,
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belongs to L>1([0,T] x Ap), and

k——+o00

Un,(lp®1) ——= ¢(1p® 1),

Vo (1p ® 1) = 1, (B) 2252 1(B).

By uniqueness of the weak limit, we get that ¢(1p ® 1) = I(B), and since | € L[0,T],
defines a Borel measure on ([0, 7], B([0,77])), which means that (i) of Theorem holds
true.
On the other hand, since Ay is compact, we deduce easily that (ii) of Theorem [A.5 holds
true.

We deduce then that there exists v € M,,.([0, 7] x Ayp), such that:
VFe Le2H[0,T) x Ag), o(f) = / ft,on...ap)v(dt,doy ... day).
[0,T]x Ao

Since ¢ is a continuous linear form on Span (L1 ([0, T]x Ag)), which is dense in L2, ([0, T'] x

Ap) for the uniform convergence (see Lemma [A.0)), we deduce that
VF e L2([0,T] x Ag), o(f) :/ Ftoon .. aw(dt,das . .. doy).
[O,T]XA()

Finally, to complete the proof, it is enough to show that the projection V[O’T](dt) is equal
to I(dt). For this we use that, for any B € B([0,T1)

/ 150, (dt) 225 / 15(8)1(dt),
[0.7] ' [0.7]

T

/ 1(Ova(dt, day .. day) 22525 / 15(H)v(dt, doy . . . doy).
[0,7]x Ao [0,T]x Ag

T

Using the uniqueness of the weak limit, we get

VB € B([0, 1)), /

[0,7]

].B(t)l(dt) = / ].B(t)l/(dt, dOél e dOé])

[O,T} ><A0

and then

I(dt) = / v(dt,da; ... day),
Ao

and that completes the proof. O
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Theorem 3.2. V ([0, T|xAy) endowed with the weak topology o (Lfn"c([O, T)xAg)', L2.([0, T] x
A0)> is Polish.

Proof. Recall that M,,.([0,T] x Ap) endowed with the weak topology *o (L;’,SL’C([O,T] X
Ao)', L2,([0,T] x Ao)) is separable since:

Mione([0,T] % Ag) U{¢eL ([0, 7] x A), o] <n }

n>0

and from Banach-Alaoglu-Bourbaki’s Theorem:
>0, { oeLn(0Tx ), llsf<n }

is compact for *a(L%C([O,T] x Ag), L2.([0,T] x Ay) )

As a subset of M,,,.([0,T] x Ag), we deduce that V(]0,T] x Ap) is separable for the weak
topology *o (L;’,SL’C([O,T] x Ag), L2.([0,T] x AO)).

To conclude, let v, (dt, day ... doy) := 1, (dt)v,,(dz) a Cauchy sequence of V([0,T] x Ay),
we have then

Ve >0, dIngeN, Vn>ng, Vp>0, Vfe L2 ([0,T] x Ap),

’ / f(t,ar...an)vpgp(dt,doy ... day) —
[0 T]XA()

/ flt,oq...anv,(dt,doy ... day) < e
[0 T]XA()

Let s € [0,T], choosing f(t, o ...a5) = 1p4(t), we get that [, is a Cauchy sequence of
L([0,T7]), and then converges uniformly to I € L([0,T]). Therefore using the converse of
Ascoli’s Theorem, we get that the sequence [,, satisfies
3C >0, Yn>0, [,(T) < C,
Sw e C(0,T]), w(0) =0, Yn>0, Y(t,s) € 0,7], [nt)—L(s)| < w(lt—s).

We conclude then using Theorem Bl that v, converges to v € V([0,7] x Ap) for the
weak topology xo (LOO ([0, 7] x Ao), L22.([0, T x A0)>, and that completes the proof. [

3.2. Some estimates and paths properties of the process. This subsection is ded-

icated to give some estimates of the paths of the canonical process X (-), and the time
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spent in the neighborhood of the junction point, which are key points to proof of the

compacity of A(t, (z,1)).
Proposition 3.3. Define the following maps:

C710,T] x V([0,T] x Ag) — R
p: T
((x(),z()), 1/0> > /t /A 1ipwysoyvo(du, doy, . .. day)

)

O T X AQ —> R
IZ0) )—)/ / ho Oél,... )Vo(du dOél,...,qu) ’
Ao

Vie{l...I}:

cmﬂxmexK
pi: ((m( / / x(u ) EJ }hi(l’(u>7ki>yi(du7dki>

Then p, (pi)icqr..iy are lower semi continuous and po is continuous.

Proof. We start by showing that p is lower semi continuous, and for this let ((:L'"(), i"(+)),
vi(dt, day, . . . da1)> in C7[0, T)xV ([0, T]x Ap) converging to ((:B(), i(+)), vo(dt, day . . .da1)>.
Let p > 0 and ¢, € C([0,+00)) a sequence converging from below to x — 1y~ in the
pointwise sense, as p — +o00. Since v, (dt,doy, ..., day) = v(dt,day, ..., dog), we can

find 6 € M,,,.([0,T] x Ap), such that
Vfe LX.(0,T] x Ag), Vn >0,

/ ‘f(U,Oél,...,Oé[>|Vn(dU,dOél,...,dOé[)S/ ‘f(U,Oél,...,Oé[>|0(du,d0é1,...,dOé[).
[0,T]x Ao [0,T]x Ao
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We write then:

T T
/ 6, (2™ (W))W (du, da, ... devy) — / Splau)o(du, o, ... da)| <
t Ao t Ao

[].

(™ (w)) — bp(z(u ))’u{}(du,dal, - day)

T T
+ / ()2 (du, dan, . . ., dery) — / by ((w))vo(du, da, . . ,da,)‘ <
t Ao t Ag
/ / (™ (1)) — b, (x ‘9 (du, do, . . ., day)
Ao
T T
+ / op(z(u))vy (du, doy, . .., day) — / op(z(u))vo(du, day, . . ., daI)‘.
t Ao t Ao

Therefore we get that

7

T
lim op(2"(w))vf (du, day, . .., doy) = / op(x(u))vo(du, day, . .., doy).
Ao t Ao

n—-4o0o t

Finally writing:

T T
/ / Lnw>0y g (du, day, ... doy) > / Op(2"(w))vy (du, day, . . . day),
t Ag t Ao

we get

T T
Vp >0, lim inf/ / L0y (du, day, ... doy) > / Op(z(u))vo(du, day, . . ., day),
Ao t Ag

n—-+o0o

and hence

T T
lim infn_>+oo/ / lgn@wysoy vy (du,day .. dog) > lim sup/ op(z(u))vo(du, day, . .. doy)
t Ao t Ao

p——+o00

T
= / / 1{x(u)>0}V0(du7 dah SR dOé[)
t Ao

We conclude then that p is lower semi continuous. We use the same arguments to show

that the (p;)ic(1...p are lower semi continuous and py is continuous. O

In the next Proposition, we characterize the paths of the process z(-), by showing that

its martingale part can be represented by a Brownian integral.
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Proposition 3.4. Let Pt(m’i) € .A(t, (x,i)), and f € C*(Jr), we have:
Vse[t,T], d< f(-,X()>s =

Z / (st0s) EJ:}( Oufi(s,2())ri(w(s). ki) ) 2wis(s)(aky) Yds, PO as

Moreover there exists a standard one dimensional Brownian motion W (-), (Vs)i<s<r mea-

surable, such that:

Ve[t T], o(s) — = + Z / / (i) ﬁ}w(u),kim(s)(du,dki)

I

/ Z / 1 (o) }ai(x(u),ki)zl/i,u(s)(dki) ) dw(w)
+ b (), P as. (11)
Proof. Let g = g(z) € C}(R,R), we have using the classical Itd’s formula:
Vs €[t,T], go[f(s,X(s))=gof(sz)+ /: Ozg o f(u, X (u))df (u, X (u))
+3 | Boo fu X@)d < FX0) 0 P as
On the other hand we have
| 0uge 1l X )i X a Z /. / fei)er}0° £l X)) 0fi(w, ()
+§o—z (@) ), () + b)) () os(5) . )
+Zl /Ao/ ;0.9 0 f(u, X ()0, fi(u,0)vy(s)(du, day, . .., doy) +

t

/ Beg o f(u, X(w))AM (u), P as
t
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Using condition (Sp) (ii), namely: / / 1wy>opvo(s)(du, day, ... dag) = 0, P as,
t Ao

we get:

Z / /A Deg o f(u, X (u))idy fi(u, 0)vo(s)(du, dav, . .., davy) =

Z/ / 829 0 f(u, 000, fi(u, 0) () (du, dov, . . ., doy), P as.
Ao

On the other hand, using that go f € C;’Q(j;p), we know that

(g0 fls. X () ~ g0 A Z / / (o) eﬁ}( a(g 0 £ (u,2(w)
5o r(u), k)9 o £ on w(u)) + biew), k)Du(g © £, w(w)) )uas) (cu, d)

2
_Z/ /A (g0 fi)(u,0)v(s)(du, day, . .., day) )t<S<T>

(i

is a (U,);<s<r continuous martingale under the probability measure P,". Simple com-

putations allows to get that, at each vertex, for all z € J and for all s € [¢,T]

09 0 )il ) + bl k)2l © F)ils,2) + 507, k) g © F)i5,2) =
atfi('s’ x)axg o fi(s> [L’) + bz(xa kz)axfz(s> z)axg o fi(sa ZL’) +

L,

501' (7, ks) (aifi(& 2)0:g 0 fi(s,x) + 0, fi(s, 5’3)2859 o fi(s, 93))

Identifying the martingale and finite variation terms, we get that:
Vs >t, d< f(.,X(:) > =

Z / (cs) EJ;}( Oufi(s,2())ori(w(s), k) ) 2vis(s)(dki) )ds, P aus

Considering the special case when f(x) = z, if © € J, after an argument of localization
with stopping times, and (using the ellipticity assumption (i) (H)), if we set:

Vs >t, Wi(s)= / ! - df (u, X (u)),

S R D)
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we get that
d<W()>,=ds, P as.

Therefore using Paul Levy’s Theorem characterization of the Brownian motion, W (-) is
a standard one dimensional Brownian motion, (Wy);<s<r measurable and that completes

the proof. O

Next, we get upper bounds of the modulus of continuity of both processes x(-) and I(-),
which are useful for the proof of the compactness of the admissible rules A(t, (x, z)) for
the weak topology.

Proposition 3.5. Let Pt(w’i) € A(t, (x, z)) There exists a constant C', depending only on
the data (T, 0|, |o|), such that

vs et 7], BN ) O | < ca+a),
t,s

vs e[t T), B[] Lo - | < co+a),

oT

EPJ””’“[ W(X(-),0)? ] < COln(~),

(,7) 2T
BN wlla(.07 | < com(=),

where we have defined the following modulus of continuity
W(X,0) = sup{ 47 (X(s), X(u)), (u,s)€[tT], |u—s| <6, 6€l0,T] }
w(lve) = Sup{ |l(u) - Z(S)‘7 (u7 8) < [tuT]u ‘u - S| < 07 0 € [OvT] }

Proof. We define the following map f € C**(J7), by f(x,i) =22, ifx € Jr,ie {1...1}.

After an argument of localization with stopping times, and using condition (Sy) (iii), we
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get for all s € [t,T]

—| 2(s)* -z <

2

Z / / m(u i GJ*}( bi(x(u), ki)x(u) + oi(z(u), ki) )I/Z-(S)(du,dki) ’+\Mf(s)\ <

+[M7()]
(t9)

Z / / gc w),i(u) eJﬁ‘} ( bi(x(u)’ k‘z):lf(u) + O’i(x(u), kz) )l/,'(')(du, dk‘i)

From Burkholder-Davis-Gundy inequality, and Proposition B.4] we have

(i)
EE: [|Mf(-)|(t,s)} =

( EI: /K 1{<m(u),i(u>)eﬁ}< 2z(w)oi(e(u), ki) ) Viu()(dK) )édW(”)

i1 i (t,9) :|

< 4E7Pf’“> / Z / x(uz eJ}( 2 (u)o;(2(w), k;) )%Z-,u(s)(dki) )du}

O

Ep(x i) |:

< 16maxie{1...]}|0i|2 Ept(zyi)[ / du ]
t

(t,u)
On the other hand it is easy to see that there exists a constant C', depending only on the
data (7', |b|,|o]), such that:

Z / / (i) eJ;}( bialu), ko) + oi(alu), k) Ju()(dudky) |

< C( 1+ /t ol )

Therefore there exists a constant C, depending only on the data (7', |, |o|) such that:

EPf””’”[ ’ ORI ] < C( 1+ /:Epf”’“[ ‘ (") ;u)du ] )

Applying Gronwall’s Lemma to the following measurable function:

w(-)*

[t,T] - R
P pL9 2
s+— E™ [ ‘ x(+)

(t,9) i|

(t,8)"



STOCHASTIC CONTROL ON NETWORKS: WEAK DPP AND VERIFICATION THEOREM 25

we get that there exists a constant C, depending only on the data (T, |b], |o|) such that:

Vs € [t, T, Ept(”'“[ ‘ (-)? < C(1+2%).

(t,9) i|

On the other hand, using (II), it is easy to see that there exists a constant C', depending
only on the data (7 b|, |o|) such that:

vs e (6 T], B | o)

< 2.
) } <C(1+x%)

We turn now to prove the required upper bounds for the modulus of continuity of the
process (:L’(S)) , and (ZVO(S)(S)> . For this end, let ¢ > 0, we introduce the
t<s<T t<s<T

following sequence of stopping times:

5=t ; nginf{ t<u<T; z(u)=0 } ; szinf{ 5 <u<T; x(u)=c¢ }

T,i:inf{ 0° <u<T; x(u)=0 } ; QfLH:in{ 7o <u<T; x(u)=c¢ }a

and for each u € [t, T7:

Hu::inf{ 0., 07 >u } , and Qu::sup{ O.; 0; <u }

Let (u,s) € [t,T]? such that s < u, and u — s < 6, 0 € (0,7T], we have (assuming that
the process X (+) has reached the junction point between time [s, u], (otherwise inequality

([I2) is still available)
A7 (X (u), X(s)) < d7(X(u),X(6,) +d7(X(6,), X(0,) +d7 (X (B,), X(5), P as.
We get therefore for any € > 0:

w(X,0) < 2w(M,0)+2, P as, (12)

where we have defined the process <M (s) by

)tSSST
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The process (M (s) satisfies assumptions of Theorem 3.1 of [6], therefore we know

)tSSST
that there exists a constant C, depending only on the data (7', |b|, |o|) such that:

x,1 2T
Ve >0, EP )[ W(X(-),0)? } < COIn(5) + 2.
and then
B[ w(x().07 | < CHln(%).

We get the last upper bound for the modulus of continuity of the process (l,,o(s)(s)> ,
t<s<T

using
V(u,s) € [, T12, L (1) — s (8) = () — x(s) — (M, — M), P as.

O

Lemma 3.6. Let P\™" € A(t, (:L',i)), and M > 0. There exists a constant C' > 0,

depending only on the data (T, M, b, |o|, :L'), introduced in assumption (H), such that

(1)

o [exp(Mx(T))} < C (13)
Proof. We define the following map ¢ by:

[0,400) = R

x> exp(Mz) — Mz — 1

Let £ > 0, we introduce the following stopping time:
O = inf{s € [t,T], z(s) > k}.
Hence, using conditions (Sp) (iii) with ¢ and Proposition B0 we get

R [exp(M:c(T A ek))] — exp(Mz) — Ma + ER™ [Mx(T A Hkﬂ +

EP}I’”[; / /K g {(ﬂw(u))eﬁ}( S0 (u), k)2 (x(w) +

bi(w(w), k)0u(@(w)) Jir(T AO)(du, dis)| < ¢ 1+EH| / TAlexp(Mx(u))du] ).
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where C'is a constant depending only on (T, M, bl, |o|, x) Hence sending k — 400, we

get using monotone convergence’s Theorem and Fubini’s Theorem

EPt(z’i)[exp(Mx(T))} < C( 1+ / TEPF»“[eXp(Mx(u))}du )

t

We conclude finally using Gronwall’s Lemma to the following measurable map

[t,T] - R
pi= |
s ER [eXp(Mx(S))}

O

We state in the sequel a central estimate of the time spending by the process at the
junction point. The following estimate, will be a key point to show that A(¢, (x,1))
is closed for the weak topology. The main assumption used is the ellipticity condition
o; > ¢ > 0, and will allows to state that the process does not spend time around the

junction point.
Proposition 3.7. Let Pt(w’i) € A(t, (x,z)) There exists a constant C' > 0, depending
only on the data (T, 6], |o], ¢, x) , introduced in assumption (H), such that:
(@0) T
Ve > 0, EP [ / 1{m(s)<€}d8 ] < Ce.. (14)
t

Proof. Let € > 0, and ¢ € C([0, +00),R) satisfying:

Vo > 2e, 6e(x) =0, Vz >0, 1{x<e} < ﬁa(z) <L (15)

We define u® € C*([0, +00)) as the unique solution of the following ordinary second order

differential equation
O*uf (2) — Mo (x) = 2B°(x)/c®,  if 2 € (0, +00),
O,u°(0) = 0, (16)

w(0) = 0.



28 ISAAC OHAVI

where ¢ is the constant of ellipticty defined in assumption (#)(¢), and M is given by:

4
2

The solution is:

W (z) = /0 "exp (Mz) /0 2 (= M) duds.

2
By the assumption on f., and assumption (#), we get:

4
Vo >0, 0<0u(z)<de/Fexp(Mz), 0<u(r)< M—;(exp(Ma:) —1). (17)

Hence applying condition (Sp) (iii) (with f = u®, after an argument of localization with

stopping times), we get using (I3)), (I8) and (IT):

EF | @) - wle) | =

Epﬁ(w,o[ g /tT/Ki1{<x(u)7i(u)>€J;}< %Uf(x(u),ki)aﬁua(x(U))Jr

bi(x(u), k;)O0,us (z(u)) )Vi(T)(dua dk‘z)] =

S TR TIC TR

0,0 (o (u)) )yi(T)(du,dki)} >

=y [ {( >eﬁ}%af<x<u>,ki>< 0w (o(w)) = MO (a(w)) )oa(T) du )|

Hence we get using (I7):

T
T, 4 T,l
Ept( )[ / 1ia(s)<c)ds ] < iEPﬁ( )[exp(Ma:(T))—l}.
¢

We conclude using Lemma [3.6] O
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3.3. Proof of the compactness of the admissible rules. We are able now to prove

the main result of this section, namely the compactness of A(t, (x, Z))

Theorem 3.8. The set of probability measures .A(t, (x, z)) , endowed with the weak topol-
ogy is non empty, convex and compact. Moreover, the value function v(-,-) attains its

minimum. Finally the set of optimal rules is non empty convex and compact.

Proof. We recall that the fact that .A(t, (x, z)) is non empty is a consequence of Remark
2.1 Let us show first that A(t, (z, z)) is precompact for the weak topology.

It is enough to show that all the following projections

{ Pt(x’i)\cf[o,T]a Pt(w’i)e‘AG’ (x’i>) }’
( {Pt(x’i)|U([0,T]><Ki)a Pt(xJ)EA(t’ (z’l)> } )ie{l I}’

{ Pt(x’i)|V([o,T}on), Pt(x’i)€A<t, (ZE,Z')) },

are precompact. The precompactness of { Pt(z’i)\cy[oﬂ, Pt(w’i) € .A(t, (x,z)) } is a
consequence of the upper bounds obtained in Proposition 3.5, and Ascoli’s Theorem.
We focus on the precompactness of { Pt(x’i)|v([0,T]XAO), Pt(x’i) € A(t, (:L’,Z)) } Let
e > 0. It follows from Proposition [3.5] that there exists a constant C' > 0, depending only
on the data (T, ||, |o|) such that

pL? N2 < 2
B ] o) | S O,
T, 2T
v € (0,7], EM >{ Wl (), 0)2 } < Ofn(=),
Let us set:
2 2 2 2091 E
K. ::{ vo € V([0,T] x Ay), 1, (T) < @ V0 € (0,7]: w(ly,,0) < # }

Using Proposition B.1] we know that K. is compact for the weak topology xo (Lﬁc([o, T x

C

Ao)', L2 ([0,T] x AO)). Moreover, using Tchebychev’s inequality, we get that

Pt(m’i)|V([o,T]on)< <V0(8)> ¢ K. ) < e,

t<s<T
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and that proves the precompactness of { Pt(m’i)\v([o,T]XAO), Pt(m’i) € A(t, (z, z)) } Fi-
nally, knowing that all (U ([0, T x K;)1<;<s are compact, we can show that {Pt(
A(t, (x, Z)) } ) are precompact.

ie{1,..T}

We turn now to prove that A(t, (:c,z)) is closed, and for this let Pt(,fl’i) € A(t, (x,z))

w’i)|U([0,T]><Ki)a P e

converging weakly to Pt(w’i). We are going to show that Pt(x’i) satisfies condition (Sp).
Let f, € Cy(®, R), uniformly bounded in p, converging to 1 x(u)oe,«o=((2,i),v1 (t)...vr(t)wo(t)) i

the pointwise sense, and from above. We have:

(z,1) X (2,7)
w20, BN Lx() | = dim B LX) |2
Jm B [ (X @ocusr=((@.i) w1 (t)..v1(t)v0(1)) } =1.
Therefore we get:
(z,1)
lim EP [ X(- } ~ 1
m Fo(X()) :

and using Lebesgue’s Theorem we have:

P(z,z)
I [ (X @hocusi=((@)a1 (0w (00 (1)) ] = L

which means that (i) of conditions (Sp) holds true.
Recall that from Proposition B.3] the following map:

C710,T] x V([0,T] x Ag) — R
p: T
((SL’(),Z()),VO) = / / 1{x(u)>0}V0(du7dal .. .dOé[)
t Ao
is lower semi continuous. Consequently, the following set O defined by
T
0i={ ((w(hi)m) € CT0.Ix V0.2 x A0), [ [ Lol day...das) >0},
t Ao

is open in C7[0,T] x V([0,T] x Ag). We get then:

Pﬁ’“( 0 ) < hmmfpt{ji’“< 8 ) ~ 0,

n—-+400
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which means that (ii) of condition (Sy) holds true.
Now let us show that (iii) of condition (Sp) holds true. Remark first that:

T

pla)

Ve >0, sup Efin [ / 1{x(8)<5}d8 < Ck,
t

n>0

where C' is a constant independent of €. On the other the following map:

A(t, (z, i)) SR

, (@0) T
Pt(x,z) — EPT [ / 1{x(s)<€}ds ]’
¢

is lower semi continuous for the weak topology. We get then:

(z,7) T (x,1) T
E7 | / La(eds | <lminf B | / Lpeads | < Ce,
t t

n—-4o0o

which means:

Et |: ) 1{93(3):0}(18 ] =0.

To prove (iii) of condition (Sy), let ¢ € Cy(®, R), ¥, measurable, and f € C,*(Jr). Using
that:

Eftn [ t 1{x(s):0}d8] = [E" [ ) 1{93(3):0}618] =0,

we have:

0 = EUT| g (0) - MI(s) | S ERT ] g () - M (s)) |

Therefore the process

(Mf(s>—Mf(t) = f(s, X(s) - Z//
+%ﬂ()Jﬂ%ﬁ@w@ﬁ+@@@%M@ﬂWJW»)W“WMJM

2
_Z/ /A a; 0y fi(u, 0)vg(s)(du, day . .. day) >t<S<T,

is a (U)i<s<r continuous martingale under the probability measure Pt(x’i), after time t,

g}(&ﬁwJWD

:c(u i(

and that finally proves that A(t, (z, z)) is closed for the weak topology.



32 ISAAC OHAVI

We end the proof by showing that the value function v(-,-) attains its minimum, and the
set of optimal rules is convex and compact. Using Proposition B.3] it is easy to check that

the reward function A

(

A@@@)%R
A:<meF%Egmﬂ 2;‘ZT/l1{wammoeﬁ}m@hx@%k»wanumdm)

+ /57 /£Oh0(a1...a,ﬁ«mzv(du,dal...doq) + g(Xr) |,

is lower semi continuous for the weak topology. Therefore the value function v(-, -) attains

its minimum on the compact set A(t, (:c,z)) Finally, the fact that the set of optimal

rules is convex and compact, is a consequence of the compactness of A(t, (z, Z)), the lower

semi continuity of A, and the linearity of 2™ s A(P"7). O

4. DYNAMIC PROGRAMMING PRINCIPLE

The following section is dedicated to the proof of the dynamic programming principle
(DPP), Theorem 2.2l Both stability of the set A(t, (x, Z)) by conditioning and concate-
nation are proved.

We state first some propositions and a lemma of measurable selection, which will be useful

in the sequel.
Proposition 4.1. The following map:

0,T] % J — P(®, Ur)
(18)
(uLmHA@u@)

(where P(®, W) is the set of probability measures defined on @, is upper semi continuous.

Proof. We endow P(®, Ur) with the Haussdorf metric defined over all its compact sets.
Since we have shown that A(t, (z, z)) is compact for the weak topology, we follow then
the same arguments of the proof of Proposition 5.10 in [15]. U
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Therefore as a consequence of the Proposition 1] Proposition and Theorem 5.11
in [I5], the value function defined in (&):
0,7T]xJ =R
(t, (z,1)) — vi(t, x)
is lower semi continuous.
Proposition 4.2. (see for instance Corollary 5.4 in [15]). Let G,H be two separable
metric spaces. Let w a lower semi continuous real function on G x H and h — Kj a
measurable map from H into comp(G), (the set of compacts sets of G, endowed with the
Haussdorf metric). Then
-the map : v(h) := inf {w(g, h),g € Kh} is a Borel function and h — My, := {g,v(h) =

w(h,g),g € Kh} is a measurable map of H into comp(G).

-for each probability measure P on H.:
/v(h)dP(h) _ /inf{ w(g.h). g € Ky }dP(n)
- mf{ /w(ﬁ(h),h)dP(h), B:H — G, measurable, B(h) € K, }
Proposition 4.3. Let 7 a (Vy)o<i<r a stopping time, then:
v, :a<X(s/\7'),s < T),

and V., is countably generated.

Proof. Recall that
U — {B cWr, BN{r<tleW, Vie [O,T]},

and the space where is defined our canonical process X (-),

& = CI0.7] (HU([O,T] X K,-)) % V([0,T] x Ay),

i=1
is Polish.
We can use then the same arguments of the proof of Lemma 1.3.3 in [23], to get the result.

O
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In the sequel, we state a useful proposition, to prove both stability of the set A (t, (z, z))
by conditioning and concatenation. For the convenience of the reader, we do not sketch

the proof since it uses the same arguments of Lemma 6.1.1 in [23] for and Theorem 6.1.2

in [23].

Proposition 4.4. Let 7 is a (Vs)i<s<r stopping time and (Qy)yece, a transition proba-

bility kernel from (®,V,) to (P, Vr) satisfying:
VY € O, Qy( X(r(Y),) = X(7(Y),Y) ) ~1.

Then:
a) there ezists a unique transition probability kernel from (®,V.) to (®,Vr) denoted by
(Iy ®7v) Qv )yeas, such that:

VY € ®, Tly @,y Qy( X(s,-) = X(7(Y),Y) Vs €[0,7(Y)] ) _1,

VA € O'(X(S \/7'),0 S S S T), Hy ®T(y) Qy(A) = Qy(A)

b) Moreover, if P is a probability measure on (®, V), then there exists a unique probability
measure on (®,Vr), denoted by P ®, Q) such that:

(i) the restriction of P ®, Q with respect to V.. is equal to P,

(ii) a r.c.p.d (reqular conditional probability distribution) of P ®, Q) with respect to V., is
equal to (Ily ®-vy Qy)yea-

We start first by showing the stability of the set A(t, (z, z)) by conditioning.
Proposition 4.5. A(t, (x,z)) is stable under conditioning, with the following meaning:
Let Pt(m’i) € .A(t, (x, z)), and 7 a (Vy)i<s<r Stopping time, then there exists a probability

kernel from (®,¥,) to (&, Vr) denoted by (PT(:(B)T,()Y)’iT(Y)))y6¢, such that:
-there exists N C W, with Pt(x’i)(N) =0 and

YY) € AN, PO € A(r (2 (Y (), (Y (),

Sorallf:® =R, o(X(sV7),0 < s <T) measurable: EF " [f|W,] = EP77[f], P&

a.s.
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Proof. Let T be a (V);<s<7 stopping time, and let Pt(w’i) € A(t, (z, z)) Using Proposition
13 we get from Theorem 1.3.4 of [23], that there exist a r.c.p.d of Pt(m’i) respectively to
the sub algebra

U, = O(X(S/\T),O <s< T),

(Y),ir (Y))

QE;/) )yea, which satisfies:

that we denote (Fi

xT

e, PR (X)) = X(r(1),Y) ) =1.

Let Y € &, we are going to use the notations of Proposition [I.4] a), setting:

(Z‘.,-( )7iT( )) o _(w‘r( )7ir( ))
Py =1y @rvy Prgy T

First remark that it is easy to get, for all f: & - R, o(X(sV 7),0 < s <T') measurable:
ERC e = EPT ), PR s,

Now let us show that PT(wT’iT) € .A(T, (:cT,z'T)), namely PT(xT’iT) satisfies the conditions
(So), P almost surely.

Using the definition of (ITy ®,(y) ?(ng;()y )’iT(Y)))y@, we get that (i) of condition (Sp) holds

true, namely:

wed, P X(s, ) = X(r(Y),Y), Vs e 0,7(Y ()] ) =1L
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Using one more time the properties of (Ily () ®(y) F(ng;()y )’iT(Y)))y@, stated in Proposition

HAla), we have:
0 = EPt(W') 1
[ {/TT 1o (uy>0} b (1) (dur) :O} }
{/TT 1 (o (uy>0) b (1) (1) :0} ] ]

1
{/TT 1{x(u)>0}lVO(T)(du) _ O} } }

. =@ ()rir ()
— ]EP;:(QC R |: EPT(.) [

@i BT ()

(@7 ()ir()) |:

_ Ept(ac,l) [ EH.@,(_)PT() 1

0 r ||
{ / Lo (> 03 luo(r) (du) + / ()1{x(u>>0}luo<T>(dU) IO}

; (T ()i ()
_ Ept(r,l) |: EH®T()PT() [

{/r: 1{$(U)>0}luo(T)(du) — O} ] ]

We get that there exists € C Uy, with P77(€) =0

T

W) e\, P / Lsysoyba(r(du) =0 ) = 0,
T(Y())
and (ii) of condition (S;) holds true. Finally, let f € Cp*(Jr). Using Theorem 1.2.10 of

[23], we have that:

(Mf(s) = f(S,X(S))—f(ﬂX(T))_i /Ts/K.l{G()

u ,i(u)> EJ;} ( O, fi(u, z(u))

—1-10.2 (z(u), k)02 filu, x(w)) + bi(z(u), k) Oy fi(u, 2(u)) )Vi(s)(du, dk;)

2 (A
_/s/ ;0 fi(u, 0)vo(s)(du, dov . . . doy) )
T JAg

)
T<s<T

is a (Ug),<s<r continuous martingale under the probability measure (FTZX,()Y )’iT(Y)))y@,

after the stopping time 7, and then under the probability measure (PT(ZC}T,()Y)’iT(Y)))y@,
since the two last measures are equal for the measurable events after time 7. However the
martingale property holds true YY'(-) € ®\N(f) where N(f) is a negligible set depending

on f, (namely N'(f) C ¥y and P (N (f)) = 0).
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Assume then first that f € Cy*(Jr): the class of continuous functions defined on [0, T]x 7,
having a regularity of class C*?([0,T] x [0, 400)) on each edge, and vanishing at each edge
at +-00. We get then that Cy*(J7) is separable with the following norm ||-|| c12(7p> defined
by:

1,2
Vie o (Ir), flezgy = >l filler2qoarx 0,450
1<i<I
with : [|filler2(zm) = SUD (¢,2)€[0,T]x[0,+00) | fit, z)| + SUD(¢,2)€[0,T]x[0,+00) |0 fi(t, x)| +

SUD (1 2)e[0,7)x[0,+00) |0 fi (L5 )| 4 SUD (1 )0 71 ¢ (0,400 102 fi(t, )]

Hence, let f, a sequence of Cy*(Jr), dense in Cy™(Jr), we set:

N =JN(f).

n>0

Thereafter, using that following functional:

Cy*(Jr) = R

fH( Z / /. o) EL}( 0, f, (. x(w))
4502 o), K22 i () o) K)o (w) (o) e, )
/ Afmxﬂuo%@mm@m“¢mﬁ)%Sf

is continuous for any:

( (x(.),i(.)),ul...yf,yo ) € C7[0,T] x (f[U([O,T] X K,.)) X V([0,T] x Ay),

it is easy to check using Lebesgue’s Theorem that (M7 (s)),<s<7 is a (¥;),<s<7 continuous
martingale under the probability measure (P((T()Y) ZT(Y)))Yecb, after the stopping time 7,

VY (-) € ® \ N, using once again that from Lemma B.7}

pLrTin) ’ ()
E |: 1{50(5):0}(18 = O, Pt a.s.

To conclude, let n > 0, f € C*(Jr), and f, € Cy*(Jr) a sequence converging in the
pointwise sense to f, and equal to f on each edge J; N[0, n].

Let then 6 a (Vy),<s<7 stopping time after time 7, using Proposition B.5 Tchebychev’s
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inequality and assumption (H), it is easy to get that there exists a constant C' > 0

independent of n such that:

(zr,ir)
‘ EH.®7—P7— [ Mf"(S)]-{x(s)Zn} } ’<

C 1
wol P as. (19)

We write then:

Trir) (z7,i7)
EP [ Mf"(s)’\lf@ ]:EPT [ M ()1 (0)<ny

\Ifg}-i-

(zr,ir)
E [ M7 ()1 (o (5)2m)

P } = M6), P& as,
and we conclude using Lebesgue’s Theorem and (I9), setting:

N =NUE.

The second step is to prove the stability by concatenation.

Proposition 4.6. A(t, (z, z)) is stable under concatenation with the following meaning:
let Pt(m’i) € .A(t, (x,z)) and T a (Vs)i<s<r Stopping time. Let plemin) ¢ A(T, (xT,iT)>,
such that:

, ® — [0,1]
VA € Uy, PETI(A) =

T )

Y s P (4)

is Ur/B([0, 1)) measurable.

Then P\"" @, P ¢ .A(t, (z, z)) , (where P g P s introduced in Proposition
b).)

Proof. We are going to prove that Pt(m’i) - P) satisfies the conditions (So)-
Since P € .A(t, (:c,i)), P g P g equal to and PUY on (®,¥,), we obtain
that condition (i) of (Sp) holds true.
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On the other hand we have:

T
(z,7) (z1,i7)
EFP: ®rPr [ / 1{x(u)>0}luo (T) (du) } =
t

T T
(z,7) (z7,i7) (z,1) (zr,ir)
EP et [ / 1{x(u)>0}llfo (T) (du) ] + EPe et [ / 1{x(u)>0}luo (T)(du) } -
t

T

(1) i (2,4) (zr,ir) ' (@7 (ysir()) T
EP: |: / 1{m(u)>0}l,,0 (T) (du) ] + EPt ®+ Pr [ EH ®T(-)PT(-) |: / 1{m(u)>0}luo (T)(du) ] :|
t T

First we remark that since P"" € A(t, (z, z))

(z,i) T
t

Using Proposition [4.4] a), and that plenin) ¢ A(T, (s, iT)>, we get that:

(z7,i7)

T T
(wrir) T p e &r i
EMerFr [ / Lz (u)>0}lvg (T)(du) ] =E~ [ / 1{$(U)>0}ll/0( )(du) | =0, t( )®TPT( 7 )a.s,

namely (ii) of (Sp) holds true. We finish with the martingale conditions (iii) of (Sp). For
this, we can use once again as in the proof of Proposition 3 the reverse of Theorem
1.2.10 of [23], Lemma B7, and the argument of separability of Cy*(Jr), as soon as we
have that there exists Ny C ¥y with Pt(x’i) ®r PT(xT’iT)(Nf) = 0, such that:

VY € B\Ny. (MI(s) = MI(s Ar(Y)), (Whosser. Ty @rory PGS

>t<s<T
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is a martingale. For this, since (IIy @y PT(?;()Y)’iT(Y)))y@ is a r.c.p.d. of (Pt(m’i) R
PN, we get that:

ANy c Uy, PP @, PY(NG) =0, VY € ®\ Ny, Y(s,u) € [t,T), u<s,

(@r(y)rir(y))
Er@ronPry) (M7 (s) — M7 (s AT (Y)W,
@r(v)ir(v))
— Y@ Py [(Mf(s) — Mf(S A T(Y)>>1{SZT(Y)}‘\IIU]
Tr(Y)ir(y))
_ B P (M (s) = M7 (s AT(Y) 1 fazuzrry| Wul +
(@r(y)sir(y))
ENY @) Py (M7 (s) — M7 (s A T(Y)) Liszr(v)zuy | Wl
(ff(y) ir(y))
— o) (M7 (s) = M (s AT(Y))L{szuzrry [ Wa] +
(@ (y)ir(y))
E @ Py (M7 (s) = M (s AT(Y)))1(sor(vysuy | W)

:Mf( )—Mf(u/\T(Y))+
Tr(v) () pEr(r)iry))

et (BT (M (s) = M (s AT(Y) Liszr(v)zup | U] Vo

= M/ (u) — M¥(u AT(Y)).
We can conclude that (iii) conditions of (Sy) holds true and that completes the proof. [

Now we have the necessary tools in order prove the main result of this Section, namely

the dynamic programming principle (DPP).
4.1. Proof of Theorem

Proof. Let 7 be a (Vy)<s<r stopping time, and Pt(x’i) € A(t, (:L’,’i)), we have:

EP(wz) Z// xuz(u eﬁ}hi(;p(u),ki)yi(T)(du,dk‘i)+
/ [ e ann(@)dudar.dar) + g(xn) | =
Ao

Ep(r i) [ Ep@ ) Z / / x ) ,(u J*}hi(x(u), k)i (T)(du, dk;) +

i

/t /tho(al...a;)VO(T)(du,dal...qu) + g(X7) )xp] ]
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Using Proposition L5 namely the stability by conditioning, we know that there exists a

transition probability kernel from (®, ¥, ) to (®, ¥7), denoted by (PT(ZC}T,()Y)’iT(Y)))y@, such

that PU) ¢ A(T, (xf,z;)), PO as, and for all f: @ = R, o(X(sV 7),0 < s < T)
measurable: B7” [f|V,] = EPT(IT'iT)[f], P as. We get therefore:

P(M Z// xul(u EJ;}hi(l’(U)aki)Vi(T)(duudki)+

/ /tho vo(T)(du,day .. .day) + g(Xr)

/ /A ho(o vo(7)(du, day . .. dag) +
EPT(QCT,Z‘T) [ ; /'r /1 1{ (x(u),i(u)> EJi*}hi(x(U)’ ki)yi(T) (d% dki) '

/TT /Ao ho(ai ... apn)vo(T)(du, doy . .. dar)  + g(X7) } }

> EPt(z’i) [ Z /tT/Z 1{ (m(u)’i(u)> EJ?}hi(x(u), k) vi(7)(du, dk;) +

=1

/;/AO ho(ay . ..an)v(T)(du, day . .. dag)  + v (T, 2,) }

Taking the infinimum over all the Pt(x’i) € A(t, (:L’,'i)), we get then the following first

inequality:
vi(t,z) >
infpt(w,i)eA(t(m { <wz) Z // xuz(u EJ;}hi(x(U),ki)l/i(T)(du,dki)
/ /A e ) (7). dos . do) -+ v (7. |y

Let Pt(m’i) € A(t, (z, z)) We focus now on the reverse inequality. For this we will use
Proposition [£.2] with:

H=(D,Vr), G=P® Vr), K:H—comp(G), Y — Ky = A(T(Y), (@), zf(y))),
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and

p

P(®,®7) x (@, 1))
W (PY)HEP Z/ / EJ}h, (T)(du, dki)+
\/t /A ho(ay . ..ap)v(T )(du,dal Jday) + g(Yr) ]

From Proposition B3] we get that w is lower semi continuous.

know from Theorem [3.8] that for each Y € &, Ky = A(T(Y), (Tr(vy), iT(y))> is compact

On the other hand, we

for the weak topology. We get then that:

P z> Z / / xu z(u GJ;}hi(xW)vki)Vi(T)(du,dki)+
/ /Ao ho(a vo(7)(du, doy . . . dag) + v (7, 27) } _

EP(zz) Z // xul(u eJ;}hi(x<u)7ki)yi(TXdu’dki)+

//ho vo()(du, das . . . day) ]+
Ag
e { B[ B Z / / (o) }hi(u,x(u),ki)ui(T)(du,dki)+

/T /Aho(ozl...Oq)z/o(T)(du,dozl...dozl) + g(Xr) } }

Y e PO measurable, PAG0) € A(T(Y), (2(r(Y)), @'(T(Y))) }

= inf{ gAY [ i /tT/ | 1{ (x(u),i(u)) EJ;}hi(SL’(u)v ki)vi(T)(du, dk;) +

i=1 i

/T/AOho(al---a) wo(7)(du, dos ....dar) | +

EP(J? ) P(x‘r 27') / / hz U, (U ,ki v; T du,dk}, +

[ [ s canm@dndan...dap + ) |

Y s PR measurable, Pfggy))’i“(y)) c A(T(Y),(:)ﬁ(T(Y)),i(T(Y))) }
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Using now the we the properties of the concatenated probability Pt(m’i) D PT(xT’iT intro-

duced in Proposition .0, we get:

Epm) Z / / x(u ' EJ }hi(:c(u),ki)ui(r)(du,dki)+
//tho vo(7)(du, da .. dO‘I)ﬂLUiT(T,SCT)} =

mf{ LA ZT) Z / / x(u . )eJ }hi(x(u)aki)yi(T)(duadki)

+[ /AO ho(eu ... ar)vo(7)(du, da . . . day) +Z / / ” Z(u Eﬁ}hi(x(u),ki)yi(T)(du,dki)

+/T /Aho(a1...ozI)I/O(T)(du,qu---dOél) + g(Xr) ]

Y — Pf(g;gy))’i(T(Y)) measurable, Pf((;gy))’i(T(Y)) = A(T(Y), (ZL’(T(Y)),Z(T(Y))) }

I
mf{ ER Ve PeT “) g / / x o )EJ;}hi(l’(u)a ki)vi(T') (du, dk;)

+/t /AOho(al...aI)uo(T)(du,dal...daj) + 9(Xr) ]>

Y s PR measurable, PZEY Y € A(7(v), (a(r(V)),i(r(Y))) ]

Or since P @, PI"") ¢ .A( (z, )), we have then:

mf{ ER e ZT) Z / / hi(x(u), k;)vi(T)(du, dk;)
x u),i(u) EJ;*}

"‘/ / ho(O&l...Oé[)l/o(T)(du,dOél...dOé[) + g(XT) ],
t Aog
Y — Pfggy))’w(y)) measurable, Pf((;gy))’i(T(Y)) € A(T(Y), (z(7(Y)), z(T(Y))) },

Z Ui(tux)v
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which means therefore:

P(“) Z // x }hi(I(U),ki)Vi(T)(dUadki)+

u z(u eJ;
/ / ho(c vo(T)(du, doy ... dog) + v (T, 1) ] > v(t, ).
Ao

Taking the infimum over all the Pt(x’i) € A(t, (z, z)) , we conclude for the reverse inequality,
and that completes the proof. O

5. VERIFICATION THEOREM AND AN EXAMPLE OF ILLUSTRATION
Proof of Theorem 2.4l

Proof. Fix (t, (z,1)) € [0,T] x J and P{"" € A(t, (x.i)). We start first by claiming that
the unique solution of (I{) w satisfies the It6’s formula: namely there exists a standard

one dimensional Brownian motion W (-), (V)i<s<r measurable such that:

Vs € [t,T], wigs)(s,2(s)) —uilt, z) = Z//

S0 a2z, 2(2)) + bla() ke (z, 2(2)) ) als) (= )

J.*} ( Oyui(z, x(2))

m(z Ji(2)

+
/ Opli(2) (2, 2(2)) 042 (2(2))dW (2) + Z/ / ;0 ui(z,0)vp(s)(dz, day . .. day), Pt(x’i) a.s. (20)
Ao

even if u € C' (Jr) ﬂcg’z(JoT). Recall that the existence of W (-) is a straight consequence
of Proposition 3.4l

For the convenience of the reader, we do not give all the details that lead to the
proof of (20), since they are very classical. The main idea is to regularize each function
(t,x) — u;(t, z) on each edge ¢ € {1...1} by convolution on the domain [0, 7] x [0, +00)
with the same kernel p" independent of i € {1...7}. Therefore the regularize sequence

ul : (t, ) = (u;* p*)(t, x) is in the class Cp*(Jr) satisfies 20), and we have:

3M >0, maxieqi.;p SUP,se |00} (t, @) 0,1 x(0400) + [|02UF(E, )| [j0,17x[0,400) < M,
Vie{l...I}, w, == u, inC%([0,T]x[0,R]), VR >0,

Ui~ g, in CY2([e, T — €] x [, R]), Vr>0,R>0,r <R,e>0,
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The main idea is to argue by localization for x large and to use that the process does
not spend time around the junction point, namely we know from Proposition B.7, that we

have:
T .
/ 1{m(s):0}d8 =0, Pt(m’l) a.s.
0
Passing to the limit up to a sub sequence, we then obtain ([20) for w.

Let us prove now that V(¢, (z,4)) € [0,T] x J:

Ul(t, .CL’) S Ui(t, LE‘)
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We set s = T'. Using (20) and that u is solution of (I0), we obtain:
_Ui(t, ZL’) = _g(XT) + ; /t /KZ 1{ (x(z)’i(z)> er} ( atui(Z, ZE(Z))
+%0'2( (2)) iz, (2)) + bi((2), ki) Ozui(z, 2(2)) + hi(w(2), ki) Ooui (2, 2(2)) ) vi(T)(dz, dk;)

—Z// 2), k)i (T)(dz, i) /au< (2, 2(2)) 0o (2(2))AW (2)

—l—Z/ / @;0,ui (2, 0)v(T)(dz, davy .. . day) + / / ho(ou, . .., anvy(T)(dz,day ... day)

9(X7r) —G—Z / ) }( Oui(z,x(2))
—i—%af(:c(z))@i i(z,2(2) + inf {bi( (2), ki) Opta(z, 2(2) + ha(w(2), ki) Dyi(2, 2(2) )

E;/f/l 2), ksywi(s)(dz, i) /au (2, 2(2))os(2(2)) AW (2)
+/t (ai)élg {Za Opui(2,0) + ho(a, .. ., aI)}ll,O(T)(dz)
—/T/ ho(aq, ..., anv(T)(dz,day . .. day)
t Ao
> _Q(XT) _ Z /tT /K 1{ (x(z) i(z)> eﬁ}h (gj(z), /{;i)I/Z-(T)(dZ, dki) +

T .
+ / Butti(z) (2, 2(2)) oy / / holov, . . ., anvo(T)(dz, doy . .. dey), P as.
t

Taking the expectation, we obtain then that:

() < B Z/ / 2, k)i (T) (d, i)

/t /Ao ho(a, .. ., anvy(T)(dz,day .. .day) + g(X7)|.
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and finally taking the infimum over all the P\"" € A(t, (2.i)), we have that:
uz(tv .CL’) < Ui(tv LE‘)

To conclude, assume now that there exists P ) e A(t, (z.1)) such that (iii) of Condition
(Sp) is satisfied with the controls:

on each edge J;:
—(ZE,Z)

and at the junction point:

vVt € [0, T], I/O(t) (dZ, dOél ey qu) = 6(ai(t)(6acu1(t70)7---7axu1(t70))))1§i(t)51 (dozl, Ce qu)l,,O(t) (dz), ?

We obtain using the same arguments above that:

wi(t,x) = <m> Z / / W Z(Z GJ;}hi(x(z),k:i)yi(T)(dz,dk‘i)

//ho(al,...,aI)VO(T)(dz,dal...daI)+g(XT)]gvi(t,x).
t Ag

(z,1)

We conclude that P, is optimal and we have for any (¢, (x,4)) € [0,T] x J:

(1)

vi(t, x) = u(t,z) = B [ /tT R (x(z),Ei(z)(x(z),Oxui(z)(z,:ﬂ(z))))dz+

/t Th()((@i(z)(@xul(z,()),...,8xu1(z,0))> )l,,o(T)(dz) o og(Xy) }

{1<i(=)<1}

which completes the proof. O

Remark 5.1. On the existence of the optimal measure ?Ex’z)

A natural question that arises is to get the existence of the optimal measure ?f”’“ which
appears in the Theorem of verification 2.7} We remark first, that this measure exists
if the controls are piecewise continuous. More precisely using the property of stability by
concatenation stated in Proposition[4.6, and the theorem of existence with constant control
in Lemma 2.3 in [1), it is easy to check that such a measure exists.

Naturally, once can construct a sequence of approximation ?Ex’i)’n, with piecewnse constant

controls, and use an argument of tension to get the convergence to the required optimal
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. The main estimates are given in Section [3.

measure FE
To not surcharge this work, and for an easier reading, we do not sketch the proof of the
existence of ?ix’i), but we will do it in a upcoming work [20], with more general controls
at the junction point, depending on the local time. For this new type of diffusion, the
definition of the operator and the uniqueness in distribution, will be the main interesting

mathematical problems.

We finish this work by giving an example of illustration. As explained in introduction,

at the junction point we consider the following cost:

1
V(al, . --,041) € Ao, ho(Oél,---OéI) = B) Z Q?Ui(O)Z-
1e{l...I'}

Therefore we obtain the following Hamiltonian at the junction point:

L Teduinn) w53 a0r } < o

The coefficients (@) (0zu1(2,0), ..., Opur(t,0)))1<i)<s of the optimal control at the junc-
tion point:
—(SE,Z)
vt € [0,T], vo(t)(dz,day ... dor) = 0, (@mur (t.0), .. 00ur (60)1<i<r (A1 - - s dar)lyy @ (dz), P77 as,
are then solution of a quadratic convex optimization problem, with linear constraints,
under the optimal measure ?Ex’z)
This type of problem of optimization on the simplex, were introduced in the seminal paper
of Harry Markowitz [I8]. Thereafter many interest have been devolpped in literature for
solving this kind of problem, developing several algorithms (interior point, active set,
augmented Lagrangian,...) in the theory of quadratic programming.

Fix a terminal condition g € C(J) satisifying the following compatibility condition:

1
f { E: g =Y a2o,(0)? } _—
[alllnza—l ag +2 p QZU(O) 0

For each i € {1...1}, fix 6; > 0 and (y;, \;, p;) € R®. We consider on each edge the

following Hamiltonians:

1
—[p?sin(z)? + 2\;psin(x) + A7) + i sin(z) + p;.

V(z,p) € 0,+00) x R, H;(z,p) = ~%0
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From Theorem 23] we know that the following quasi linear backward parabolic problem

with Neumann boundary condition at the junction:

Opu;(t, z) + %ai(x)28§ui(t, x)+ Hi(z,0,u;(t,x)) = 0, if (t,x) € (0,7) x (0,+00),
Hy(0,u(t,0)) = 0, ifte (0,7, (21)

Vie{l...I}, w(T,z) = g¢(x), ifzel0,+00),

is uniquely solvable in the class C%'(J7) N CY2(Tr).

Moreover, the estimates of sup . c(o71x[0,+00) [02ui(t, ¥)| given in Lemma 4.1 and 4.2 of

[19], allows to state that there exists a stritly positive constant C; = Ci(||g||cz(s), ||o]lez(a), ¢: 05, Ais i, i)
such that:

Vie{l...1}, sup |0,ui(t, z)| < C;.
(t,2)€[0,T]x[0,+00)

Hence as soon as we fixe x; > 0 such that:

Ci + N\
;>
M= g,
we get that:
V(t,x) € (0,T] x [0, +00), H;(x,Opui(t, x)) =
—%[Gxui(t, x)? sin(z)? + 2\ 0,u;(t, ) sin(z) + A + v;sin(z) + p; =

infr, e ri m) {Oxui(t, x)k;sin(x) + 0;k2 + ; sin(x) + \ik; + pi}.
Therefore regarding to Theorem 2.4 and Remark 5.1, if we set:
Vie{l...1}, bi(x)=ksin(z), hi(z, k) = 0kF +yisin(z) + Nk + pi, K = [—ki, K],

1
V(al,--->041) € Ao, ho(%,---oq) = ) Z %‘201'(0)2,

1e{l...I'}

we will get that the value function v is equal to the solution of (2IJ), and is given by:

[ ; /tT/Z 1{(x(z),i(z)) EJ;}hi(l’(Z)a]fi)Vi(T>(dU,d/{;i)

+ /tT/AOhO(al,...,aI)I/O(T)(dz,dal,...,daI) + g9(Xr) ]>

H(x,i)

Ui(t, LE‘) = EP
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where P ' e A(t, (x.7)) is the optimal measure, with the controls:

on each edge J;:
V€ [0,T], v(t)(dz,dk;) = 8 opueesmmrir, (dk;)dz, P ass,
20,

and at the junction point:

YVt € [0, T], I/o(t) (dz, dag ..., qu) = 5(5¢(t)(6mm(t70) _____ Bzur (10)1<s(ty<1 (dal - ,dozj)l,,o(t)(dz), FELZ) a.s

where the vector (@) (0yu1(t,0),...,0,ur(t,0))) solves the following quadratic problem

with linear constraints:

1 2 2
. [a111n§;a—1{ Zazﬁuzto +§zi:aiai(0) } = 0.

APPENDIX A. SOME ANALYSIS TOOLS

We recall here some definitions and functional analysis tools. Let

(X, T) be a topological space and ¥ a ¢ algebra on X,
(E, €) be a measurable space,
(F,d) be a Polish space, endowed with its metric d, and B(F’) its Borel algebra.

Definition A.1. (E, &) is said to be countably generated, if there exists a countable base
generating €. Namely there exists a sequence O,, of £, such that € = (O,,n € N).

Since F' is Polish, the measurable space (F,B(F)) is countably generated, (see for
instance Proposition 3.1 in [22]).

Definition A.2. Let P be a measure on (X,%). We say that P is regular if for any

measurable subset B € X
P(B) = sup {P(K),K closed, K € ¥, K C B} = inf{P(O),O open,O € ¥, B C O}.

We recall that any Borel probability measure, or in other terms any probability mea-
sure on a metric space endowed with its o-Borel algebra, is regular. (see for instance
Proposition 2.3 in [22]).

We denote by :
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-L>(FE) the set consisting of all measurable real bounded maps on (E, £).

-C(F), (resp. C,(F)), are the set of continuous (resp. uniformly continuous) bounded
functions on F.

-L>®(E x F) is the set of measurable bounded real functions defined on (E X F, 5®]B(F)) .
-M(E) the set consisting of non negative finite measures on (£, £).

-M(F) the set consisting of non negative finite measures on (F,B(F")).

-M(E x F') the set consisting of non negative finite measures on (E X F,.E® ]B(F))

We set furthermore

L (Ex F) = { FELYEXF), ©vs f(s,2)€C(F), Vs E }
LiNExF) = { [eLz(ExF), 3Ace, geCuF), [(r,2)=1a@)(2). |,
LX2A(Ex F)) = { feLy(ExF), 3(A,) apartition of £,

and a sequence (g,) of € C,(F), f(z,2) = Z 14, (2)gn(2). }

On the other hand M(FE) (resp. M(F), M(ExF)) are denoted by M,,,(E), (resp.M_(F),
M.o(E x F)) when they are endowed with the finest topology making continuous the
following family of linear forms () e (), defined by

M(E) - R
o V»—>1/(f):/Efdl/
(resp. (0f)ec(r)
M(F) = R
(s V»—>1/(f):/Efdl/ 7
(0f) rerss.(BxF);
M(E x F) = R
%:VHWﬂ:/ fdv
ExXF

We identify M,,.(E x F) (resp. M,(E), M.(F)), as subsets of the dual spaces L;°.(E X
F) (resp. L2(E), C(F)"), endowed with the weak topologies %o <Lﬁc(E x F)' | L= (E x
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F)) (resp. o (L3(EY, L (E)), +o (C(F) ,C(F))).

We recall that a sequence v, of L2 (E x F)" (resp. L2(E), C(F)), converges to v €
L (E x F)', (resp. LE(E), C(F)") for the weak topology #, and we denote v, — v, if
and only if

V€ LS (E x F), v(f) =5 v(f),

(resp. Vf € LR(B), w(f) S u(f), W eCF), wlf) S ).

For any v € M(E x F), we denote by v¥ (resp. v!'), the marginal of v on E (resp. on
F), defined by

VP (dr) = /ZGFV(dZ), VP (dz) = /xEEl/(d:L').

Proposition A.3. Suppose that E is countably generated, then M,,.(E X F') is metrizable.
(See for instance Proposition 2.10 in [I1].)

Theorem A.4. Let N be a subset of M,.(E x F). Then N is relatively compact if and
only if

(1) {VF, ve N} is relatively compact in M,,(E),

(11) {I/E, ve N} is relatively compact in M.(F).

(See for instance Proposition 2.10 in [I1].)

Theorem A.5. Let ¢ be a positive linear form defined on the vectorial space generated
by LY E x F) satisfying
()

£E—R

A= op(14®1)
is a measure on (E,E), where we define for each (x,z) € E x F, 1, ® 1(z,2) = 1, if
reAandly®1(r,2) =0, if v ¢ A.
(ii) for each ¢ > 0, there exist a compact set K. of F' such that ¢(1) — p(1 ® f) < ¢,
for any f € C,(F), satisfying 1. < f < 1, where we define for each (x,z) € E x F,
Wz,2) =1, and 1 ® f(x,z) = f(2).
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Then there exists v € Mp.(E x F) such that

Ve LTNEXP), of) = [ jav
ExF
(See for instance Theorem 2.6 in [11] ).

Lemma A.6. Let K be a compact set of F', and f € LX.(E x F). Then there exist
a sequence f, of L%?(E x F) converging to f uniformly on E x K. (See for instance

Lemma 2.5 in [11]).
Definition A.7. Let (v = (zy,...21),y = (y1...y1)) € R*, we say that
x <y, if Yie{l...I}, z; <uy,,
and
r <y, if x<vy, and there exists j € {1...1}, x; <y;.

We say that F € C(R!,R) is increasing if

V(z,y) € R, ifx <y, then F(z) < F(y),
strictly increasing if

V(z,y) € R, ifx <y, then F(x) < F(y).
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