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EXACT SPLITTING METHODS FOR SEMIGROUPS GENERATED BY
INHOMOGENEOUS QUADRATIC DIFFERENTIAL OPERATORS

JOACKIM BERNIER

ABSTRACT. We introduce some general tools to design exact splitting methods to com-
pute numerically semigroups generated by inhomogeneous quadratic differential opera-
tors. More precisely, we factorize these semigroups as products of semigroups that can
be approximated efficiently, using, for example, pseudo-spectral methods. We highlight
the efficiency of these new methods on the examples of the magnetic linear Schrédinger
equations with quadratic potentials, some transport equations and some Fokker-Planck

equations.
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1. INTRODUCTION

We consider the problem of the numerical resolution by splitting methods of linear
partial differential equations of the form

(1) ou(t,x) = —pYult,z), t>0, x €R"
u(0,z) = up(x), reR"?

where n > 1, ug € L?*(R") and p* is an inhomogeneous quadratic differential operator
acting on L?(R").

First, let us precise what we hear by inhomogeneous quadratic differential operator. This
terminology is used (for example by Hérmander in [22]) to qualify the Weyl quantization,
p?, of a polynomial function, p, on C?" of degree 2 or less. The Weyl quantization is
a general way to associate an operator acting on L? of a manifold (here L?(R")) with a
smooth function, called symbol, defined on the phase space of this manifold (here R x [R?)
It is usually defined (see e.g., Section 18.5 in [23] or Chapter 1 in [25]) through the following
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oscillatory integral

vue SR, ptule) = o [ (I Jutw) ay ac

where S(R™) denotes the Schwartz space. However considering only polynomials of degree 2

or less, it can be defined much more elementary. Indeed, considering a polynomial function
p on C?" of degree 2 or less whose decomposition in coordinates is given by

p(X)="XQX + 'YX +¢

where X = t(ml,...,mn,fl,...,gn), Q@ is a symmetric matrix of size 2n with complex
coefficients, Y € C?" is a vector and ¢ € C is a constant, the Weyl quantization of p is the
operator acting on L?(R™) defined by

w ¢ T xT t xT
Pt = <_N>Q <_N> +Y <_N> +c.

The Weyl quantization allows in many situations to deduce some properties of the operator
from properties of its symbol. For example, as stated in the following proposition, if Rp is
bounded by below on R?" then (1) is globally well posed.

Proposition 1.1. Ifp is a polynomial of degree 2 or less on C*™ whose real part is bounded
by below on R?™ then —p% generates a strongly continuous semigroup on L*(R™) denoted

by (e_tpw)te[RJr-

This proposition is very classical and relies on the Hille-Yosida Theorem. For example,
a proof is given by Hormander in [22| (pages 425-426) when p is quadratic, but its proof
can clearly be extended to the case where p is no more homogeneous (see e.g. Theorem 4.7
in [22]).

We recognize that the class of equations given by (1), where p is a polynomial of degree
2 or less, may seem too elementary to require the use of specific methods to solve them.
However, it is usual to have to solve them as sub-steps of splitting methods for more
sophisticated equations. Thus it is crucial to have robust methods to compute them very
efficiently. Furthermore, for many of these models, in some relevant regimes, their dynamics
are the leading part of the dynamics. So, it is crucial to be able to compute them with as
many accuracy as possible.

For example, the linear part of some nonlinear Schrodinger equations describing some
rotating Bose Einstein condensates (see e.g. [6],[9]) is of the form (1) where

p¥ = (—il¢)* —iV(z) —iBx - &)V = iA — Bz -V —iV ().

where V' : R® — R is a quadratic external potential and B is a real skew symmetric matrix
of size n associated with a constant external magnetic field. The formalism of (1) allows
also to consider transport equations associated with affine vectors fields. Indeed, if B is a
square real matrix of size n and y € R™ then

(iBx-&+iy-§+TrB)Y = (Bx+y)- V.

Even if such transport equations are essentially trivial, their resolution is required to com-
pute, using splitting methods, the solutions of many kinetic equations (e.g. the Vlasov-
Maxwell equations with a constant external magnetic field, see [10],[15]). Finally equations
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like (1) can also describe some phenomena of diffusions. For example, the generalized
Ornstein-Uhlenbeck operators are of the form

(£-Af+iBx -+ x-Rx+TrB)Y =-V-AV+ Bz -V +x- Rz

where A, R are some real nonnegative symmetric matrices of size n and B is a real matrix
n. Note that these operators include Fokker-Planck and Kramers-Fokker-Planck operators
(see e.g. [18],[21]).

Some of the equations of the form (1) are much more easier to solve numerically using
pseudo-spectral methods. For example, to solve the heat equation or to compute a shear,
it is enough to do some Fast Fourier Transforms. Similarly, in the spirit of the splitting
methods, it is not very costly to solve successively some of these equations. More precisely,
let us define, in this context, the operators we consider as easily computable using standard
pseudo-spectral methods.

Definition 1. An operator acting on L?(R") can be computed by an evact splitting if it
can be factorized as a product of operators of the form

o . . .
e®0z; zaxJ7 em(V)7 em(gv)7

e axkﬁxj7 e—b(w)7 eb(V)7 e

e
where a € R,v € C,a,b : R — R are some real quadratic forms, b is nonnegative,
J.k € [1,n] and k # j. As usual, a(V) (resp. b(V)) denotes the Fourier multiplier
associated with —a(§) (resp. —b()), i.e. a(V) = (—a(&))™.

Note that if an operator can be computed by an exact splitting then it is bounded. The
following Theorem justifies why we focus on splitting methods for semigroups generated
by inhomogeneous quadratic differential operators.

Theorem 1.1. If p is a polynomial of degree 2 or less on C?™ whose real part is bounded
by below on R2™ then e P" can be computed by an exact splitting.

Remark 1. Actually, we prove a slightly stronger result : the quadratic forms associated
with a and b in the definition of Definition 1 can be chosen diagonal. Nevertheless, it is
not necessarily relevant from a numerical point of view because the sub-steps require to
diagonalize the quadratic forms can be costly.

This Theorem is proven in the subsection 5.1 of the Appendix. Unfortunately, its proof
does not provide an efficient way to split semigroups (minimizing, for example, the number
of sub-steps or the number Fast Fourier Transforms required to approximate the exponen-
tials). Nevertheless, as illustrated in Section 4, on many examples, paying attention to the
particular structure of each semigroups, we are able to design optimized exact splittings.

This work can be considered as the theoretical part of a more general study. Indeed, a
second work [11], written in collaboration with Nicolas Crouseilles and Yingzhe Li, deals
with the implementation of these methods and compares numerically their efficiency, their
accuracy and their qualitative properties with respect to the existing methods. We also
couple these exact splitting methods with classical methods in order to solve some nonlinear
equations and some non quadratic linear equations.
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QOutline of the work. In Section 2, we develop the notion of exact splitting in a more general
framework and precise its links with the classical splittings. It will naturally lead to a
general theorem to design efficient exact splittings for many linear ordinary differential
equations. In Section 3, we explain how the theory of the Fourier Integral Operators
developed by Hérmander in [22]| can be used to transform exact splittings of linear ordinary
differential equations into exact splittings of semigroups. And finally, in Section 4, we apply
the results of the previous sections to obtain some efficient exact splittings for the magnetic
linear Schrodinger equations with quadratic potentials, some transport equations and some
Fokker-Planck equations.

Notations and conventions. Let us precise some classical notions used in this paper.

e [, denotes the identity matrix on R™ and Js,, denotes the matrix of the canonical
symplectic form of R?", i.e.
I,
e (M)

e By convention, the empty spaces in the matrix notations refer to coefficients equal
to zero (see for example the definition of Ja, above).

e If Ais a matrix “A denotes the transpose of A.

o If K € {R,C}, M,(K) denotes the algebra of the square matrices of size n and
Sn(K) = {M € M,(K), "M = M} denotes the vector space of the symmetric
matrices.

e For K € {R,C}, we will use the following classical groups of matrices

GL,(K) = {M € M,(K), M is invertible} ~ SL,(K) = {M € M, (K), det M =1}
Spo,(K) = {M € Moy, (K), "MJyyM = Jo,}  On(R) = {M € M,(R), '"MM = 1I,}.

and their associated Lie algebras

g[n([K) = Mn([K) 5[n([K) = {M S Mn([K)v TrM = 0}
5p2n([K) = {J2nQ7 Q€ S2n([K)} 50n([R) = {M € Mn([R)7 ‘M = _M}'

where Tr denotes the trace and the Lie bracket is formally defined through the
relation [A, B] := AB — BA.

e A real Lie algebra of matrices is a sub-Lie-algebra of gl,(R) for some n > 0.

e We equip the space of the polynomials of degree 2 or less on C?" of its structure of
Lie algebra induced by the canonical Poisson bracket. This one being defined for
two polynomials py,ps on C?* = C? x C? by

n
{p17p2} = Zagjplalen - 8:Ejp18£jp2'
7j=1

Note that if K € {R,C}, the space of the quadratic forms on K?" is a Lie algebra
naturally isomorphic to sp,, (K).
e If g is a Lie algebra, ad : g — g denotes its adjoint representation, i.e.

Va,y € g, adgy := [z,y].
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e We consider the natural action of the analytic functions on M, (C) defined by
the holomorphic functional calculus (see VII-3 of [19] for details). By abuses of
notations, if f is analytic on a domain Q@ C C and M € M, (C) has its spectrum
included in © then (f(z))(M) is just an other way to denote f(M). Note that, if
f : D(z¢, p) — C is an analytic function on the complex disk of center z. and radius
p > 0and M € M,(C) has its spectrum included in D(z.,p) then f(M) can be
defined by the convergent series

(k) (5
fFOM) =>" fi(C)(M — z.0,)".

e S(R™) denotes the Schwartz space on R™.

e In a non-commutative setting, the notation || to denote a product can be quite
ambiguous. In this paper, we adopt the following natural convention. If [ is a
totally ordered finite set and (g;);e; € MY, where M is a monoid', then

ng =G Gy

JeI
where ¢ is the increasing bijection from [1,£I] to I.

2. EXACT SPLITTING METHODS

The original problematic of the splitting methods (see e.g [20]) consists in considering a
linear equation? of the form

u(t =0) = ug.

whose solution is denoted u(t) = exp(tL)ug and such that
exp(tLM), ... exp(tL*)) are nicer than exp(tL).

In this context, nicer usually means cheaper to compute. Then the approximations of u at
times t,, = nd; are got compositing n times an approximation Ws, of exp(d;L) where Ws, is
a composition of operators of the form exp(a, (5tL("J')) with 1 < o; <k and oj € R. The
most classical methods are the Lie splitting where

\I/gfie) = exp(6,LW) ... exp(6, L")
and the Strang splitting

ran 0. 0. _ 0, _ 1)
\If((sft 9 = exp(éL(l)) e exp(éL(k Dy exp (8, L*) exp(éL(k Dy, .. exp(éL(l)).

These methods are respectively of order 1 and 2. It means that they provide respectively
an approximation of order §; and 67 of u(t,). Similar methods can be derived to obtain
splitting methods of arbitrarily high order. However, note that, the higher the order is,
the higher the number of step is and so the higher the cost of the method is. Furthermore,

the only way to get methods of order higher than 2 where the o, are nonnegative is to
Lie. aset equipped with an associative binary operation and an identity element.
2Note that as usual this formalism include nonlinear equations, since it is enough to consider the
transport equations they generate.
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allow the a,,; to be complex. In this case it is possible to design schemes of high order
where the real parts of the a,; are nonnegative (see [12],[14]). Note that this is crucial
when irreversible equations are considered.

The problematic of the exact splitting is the same as the problematic of the classical
ones. Nevertheless, we have to assume that

exp(tLMW), ... exp(tL®)) are nicer than exp(tL) because LV, ..., L(¥) belong to some
vector spaces Fq,..., Ff.

This assumption is natural because usually the eXp(tL(j)) are nice due to a particular

structure of each L) (e.g. nilpotent, diagonal...). Consequently, the idea of the exact
(o4)
j75jt )
with 1 < 05 <K, L) ¢ E,; and to ask that W, is exactly equal to exp(d;L). In other
words, we are looking for a factorization of exp(d;L) as a product of operators of the form

exp(6; L)) with L) € E,,.

splitting consists in looking for Ws, as a product of operators of the form exp(d;L

Remark 2. To avoid any possible confusion note that exp(étLg?;)) does not denote the
)

solution of a non-autonomous equation but the solution of d;u = Lg%’t u at time t = §;.

Actually, the existence of an exact splitting can be seen as an inverse problem with
respect to the classical backward error analysis of splitting methods. In the context of the
splitting method, this analysis is realized through the Baker-Campbell-Hausdorff formula
(see [20]). Tt states that

(3) exp(Qg, 5tL(Ul)) . exp(ageétL(U‘f)) = exp(6:s,.1,0,0)

where €5, 1,40 can be expanded in powers of J; and the operator associated with the power
' is obtained as a linear combination of n Lie brackets of the LY. For example, we have

4
0.
Qét,L,a,o = 5 aajL(oj) + Et E aajaai [L(oi)a L(oj)] + 0(51?)
j=1 1<j

where [L(9), L(@)] = L)L) — @) [@)  Note that in general the formula (3) and
the expansion of {1, 1, have to be understood in the sense of the formal series in d;.
Nevertheless, if LU, ... L*) belong to a real Lie algebra of matrices then these expansions
converge when 4, is small enough (see e.g. [20]).

Now if we consider a product of operators of the form exp(&tLg.C;j)) with 1 < o; < F,

L( ) € Ey,, where the Ej are some vector subspace of a same real Lie algebra of matrices
then the Baker—Campbell Hausdorff formula states that it is of the form
(4) expl(n G L{T3)) - exp(an, O L{G)) = exp(8:2s,,L.0).

where €5, 1, » admits an expansion similar to the expansion of €1, 1 o ». Consequently, to

(o¢)

get an exact splitting method we just have to design L 45 in order to cancel all the Poisson
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brackets in the expansion of ﬁ(gt’L’U, i.e. we have to solve
_ k
(5) D r0= LY.
=1

Since it can be shown that &:vl(;t,L,U is smooth with respect to d; and (LE'E))KJ'SK it is natural
to try to solve (5) with the Implicit Function Theorem.

In this way, we prove the following Theorem for which we have many applications. From
now, to get convenient notations, we denote t instead of 0;.

Theorem 2.1. Let m be a positive integer and by, . .., by, be some complementary subspaces
of a real Lie algebra of matrices. If by = by 1+ -+ 4 byym € b1 @ --- © by, = b is such that

(6) (b1 ®--- @ by,) +ady, (5) is a real Lie algebra

then there exist tg > 0 and an analytic function t € (—tg,to) — (b, s¢) € b X s such that
bo = by and

(7) Vi € (—to,tg), et = e tstetbur | ethtmetst,

Remark 3. Before proving this theorem, let us do some remarks.

e In most of the applications, s can be chosen as a one of the b;. Consequently, assuming
that s = by, the notations of this theorem are consistent with the notations previously
introduced in this section through the identifications é6; = t, & = m, E; = b;, b, =

LO 4o L0 0= 42, L) = s, LYY = by, LY) = s, where j € [2,m + 1]

e Since the proof of this theorem relies on the Implicit Function Theorem, the coefficients
of the exact splitting (i.e. s; and b;) can be efficiently computed by an iterative method.
Unfortunately, this method require some notations introduced in the proof of Theorem
2.1 to be presented. Consequently, it is introduced just after the proof.

e In practice, as we will see in Section 4, it may be useful to use Theorem 2.1 just to deter-
mine a priori the form of an exact splitting and then to get analytically the associated
coefficients (using for example a formal computation software).

e The assumption (6) of Theorem 2.1 is a bit too strong. The optimal assumption seems
that 55,5, Lo (defined implicitly by (4)) belongs to the vector space defined in (6) for all

L and ¢;. Paying attention to the expansion of (s, 1, given by the Baker-Campbell-
Hausdorff formula, it essentially means that we do not need to ask this space to contain
Lie brackets of elements belonging to a same space b;. Note that, such a generalization
would be necessary to justify a priori the form of the exact splitting of the Example 1.3
of [3] for the Kramer-Fokker-Planck operator.

Proof of Theorem 2.1. Naturally, following the assumption of the theorem, we introduce
the real Lie algebra of matrices, denoted g and defined by

(8) g=(b1®---®b,,) +ady,(s).

Applying the Baker Campbell Hausdorff formula, we get a neighborhood of the origin
in b x s, denoted V', and an analytic function F' : V — g such that for all real ¢ and all
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(b,s) € s x b x s such that t(b,s) € V, we have

2
e tsettt | etmets — exp | th+ t3[b, s] + 3 Z [bs, bj] + t3F(tb, ts)
1<i<j<m

Consequently, we aim at solving the equation
t
(9) be = b+ tady(s) + 5 > [biby] + P F(tb, ts).
1<i<j<m

To solve this equation we have to introduce some notations. First, from the decom-
position (8) of g, we deduce naturally that there exists a complementary space to b in g
denoted t, a subspace of 5 denoted s’ and a vector space isomorphism W : §' — v such that

(10) U =TI, o ady,
where Ily, II; are the canonical projections associated with the decomposition
(11) g=bdr.

Then, let s, € s’ be defined by

(12) se=—5 (@ oT) [ D7 (il |

1<i<j<m
let V. be a neighborhood of (by, sy) in b x " and let ¢, > 0 be such that
(—ty, t)Vi C V.

So, to solve (9), we are going to apply the Implicit Function Theorem in (0, by, s4) to the
function

G (—te,te) X Vi — bxs
(t, b, S) — (G[,,Gsl)(t, b, S)
where
Gb(t, b,s) =b—0b,+t HbR(t, b, s).
with )
R(t,b,s) = [b,s] + 5 Z [bi, bj] + tF (b, ts),
1<i<j<m
and

1
UGy (t, 5™ b, sM) = II, 0 adys + S > [biby] + t ILF(th, ts).
1<i<j<m
First, observe that, by construction of G that if G(¢,b,s) = 0 then b, s is a solution of (9).
Indeed, by construction the equation (9) can be rewritten as
(Gp +t¥Gy)(t,b,s) =0.
Then observe that, by construction of s, we have
G(O, b*, S*) - O

Consequently, since G is clearly an analytic function, to conclude the proof applying the
Implicit Function Theorem, we just have to prove that the partial differential of G with
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respect to (b, s) in (0, by, s4) is invertible. Indeed, using a natural matrix representation,
this differential is
Iy
<Lb,* Ly >

where Ly, : b — &' is an explicit linear application depending on b, and §'. This matrix
being triangular, it is clearly invertible and its invert is

Iy
_Lb,* Is’

Now, let us present an iterative method to determine the coefficients b; and s; given by
the Theorem 2.1.

O

Proposition 2.1. Assume that the assumption of Theorem 2.1 is satisfied, let V be defined
by (10), s, be defined by (12) and Iy, 11, be the projections canonically associated with the
decomposition (11).

There exists t1 € (0,t), such that for all t € (—t1,t1) the sequence (bgk),sgk))keN if well
defined by induction as follow :

Initially, we have bgo) = b, and Sgo) = s, and for k>0

(13) o = b+ b - ITyg™®)
sgkﬂ) = sﬁ’“) — t_lllf_ll'[tg(k)
where

k k k k
g®) = ¢! log(e_tsg )etbgvl) . .etbgﬂ)" e“i )).

Furthermore, there exist C > 0 independent of t and k such that for all k > 0 and all
t € (—t1,t1), we have

b8 — by + s — 5| < € 27,

Note that, here, as usual, the log function denotes the principal determination of the
matrix logarithm. We have chosen to present an iterative method as elementary as possible.
However, computing the Lie brackets associated with the operators Ly, and Ly, it would
be possible to get a natural iterative method whose convergence rate would be 7% instead
of 27 with 7 a linear function of ||.

Proof of Proposition 2.1. 1t follows of the proof of the theorem 2.1 that the sequence is
defined by a relation of the kind

(0 s ) = w5

where for all t € (—to,tp), Wy is a smooth function on a same ball B of center (b, sy)
and t — W, is smooth. Consequently, to prove that the sequence is well defined if |¢| is
small enough and that W; has a fix point we just have to prove that W; is a contraction
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mapping for a well chosen norm. Indeed, it follows of the proof of the theorem 2.1 that

the differential of Wy in (by, s« ), denoted dWy(by, s4), is

Op
_Lb,* 05’ )

Thus, since it is nilpotent, applying for example the Lemma 5.6.10 of [24], we get a matrix
norm | - [|x such that

HdWO(b*a 3*)H* < 1/4.

Now, since W' is smooth on (—tg,tg) x B and Wy(by, s+) = (bx, Sx), we deduce of the mean
value inequality that there exist to € (0,%p) and a ball By, for the norm || - ||, centered
in (b, sx) such that for all ¢t € (—ta,t2), Wy is 1/2 Lipschitzian on B,, and Wi B, C B,.
Consequently, W} has an unique fix point in B, and the sequence (bgk), Sgk)) converges to
this fix point with the rate 27%.

Finally, we conclude this proof observing that by construction and continuity, there
exists t1 € (0,%2) such that for all t € (—t1,t1), (b, s¢) belongs to B, and is a fix point of
Wi. O

3. EXACT CLASSICAL-QUANTUM CORRESPONDANCE

As we have seen in Section 2, exact splittings can be designed (using for example Theo-
rem 2.1) to solve linear ordinary differential equations. We aim at designing exact splittings
to solve some partial differential equations. So, first, it is natural to focus on linear trans-
port equations. Indeed, the formula of the characteristics

(14) et Bx-Vu —uo etB

where u € L?(R") and B is square matrix of size n, provides a natural way to transform
an exact splitting at the level of the linear ordinary differential equations into an exact
splitting at the level of the linear transport equations.

For example, we have the following exact splitting for the two-dimensional rotations

(15) exp< 8 tan(()9/2) >exp< _S?ne 8 >exp< 8 tan(g/2) > = exp(0.2),

where 6 € (—m, 7). At the level of the associated transport equation, this formula can be

written

et(xgazl —210z4) tan(t/2)x20x, e~ sin(t)x10z, etan(t/2)xgazl )

=e
This factorization is very useful to compute rotations since, using semi-Lagrangian meth-
ods, it only requires one dimensional interpolations instead of a two dimensional interpo-
lations as we could expect. The formula is well known in image processing and has been
used for decades to rotate images (see e.g. [26]). Recently, two papers have been written
on the applications of this decomposition for the numerical resolution of kinetic equations
(see [4],[10]). This factorization has also been extended to compute 3 dimensional rotations
with only one dimensional interpolations (see e.g. [16],[31]). Note that in Subsection 4.1,
we extend this kind of decomposition in any dimension and for more general transforms
(including rotations and dilatations).

The inhomogeneous quadratic differential operators and the semigroups generate enjoy
some strong and specific properties providing a more general way to transform an exact
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splitting at the level of the linear ordinary differential equations into an exact splitting at
the level of the linear transport equations.

First, there is the Mehler formula (see Thm 4.2. in [22]) stating that if ¢ is a quadratic
form on C?" whose real part is nonnegative on R?" then if |¢| is small enough then

e—tqw _ Ct(e_tqt )’LU

where ¢; € C and ¢; is a quadratic form on C?” both of them being given by some explicit
formulas with respect to ¢ and t. This formula provides a representation of the semigroup
as an oscillatory integral and can be really useful to describe its properties. For example,
in [13], it is used, to study the dispersion of Schrédinger equations with attractive or
repulsive confining potentials whereas in [1] it is used to study the regularizing effects of
the semigroup.

The second crucial property holds on the Lie bracket. Usually, the Lie bracket of two
pseudo-differential operators is also a pseudo-differential operator. Its symbol is given by
the Moyal bracket of the symbols. In many applications, the Moyal bracket admits a
natural expansion whose the leading part® is given by the Poisson bracket of the symbols
(see e.g. [23]). However, in the particular case of the inhomogeneous quadratic operators
all the higher order terms vanish and we have

(16) 01, 45'] = —i{q1, q2}"

where ¢, g2 are some polynomial of degree 2 or less on C?".

The formula (16) is especially useful to realize some change of unknown in order to put
some operators in normal form (see e.g. [8] for an application to the reducibility that can
also be seen as factorization of exponentials). Note that, applying formally the Backer-
Campbell-Hausdorff formula at the level of the operator, (16) suggests a way to transform
an exact splitting at the level of the linear ordinary differential equations into an exact
splitting at the level of the semigroups generated by inhomogeneous quadratic forms. We
refer the reader to the beginning of the Section 2 of [3] for details about this heuristic. It is
used in [17],[7] and [6] to design some exact splitting methods to solve linear Schrédinger
equations with harmonic potential and rotating terms. The result suggested by this formal
computation is made rigorous in Proposition 3.2 below, and relies on the Fourier Integral
Operators.

The third property holds on the representation of the semigroups generated by inho-
mogeneous quadratic differential operators as Fourier integral operators. It is the more
relevant for us to realize some exact splitting. However to present this notion, we need to
introduce some basic notations and associated properties.

Definition 2. T is a non-negative complex symplectic linear bijection on C?", and we
denote T € Sps, (C), if T € Sp,,,(C) and

VX € €2, X T(—idon)TX — K (—iJsn)X € Ry

Note that this set is naturally equipped with a structure of monoid (i.e. it is stable by
product and the identity belongs to Spy, (C)).

3in some specific sense depending on the problem.
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Definition 3. If ¢ is a quadratic form on C?" then its Hamiltonian flow at time t € R,
denoted ®f, is the flow at time ¢ of the linear ordinary differential equation

d .
(17) = —1J2,Vq(2)
where Vg = (0,4, ... ,0s,4, 0¢,q; - -, 0¢,q)-

Note that, in particular, the linear ordinary differential equation (17) can be solved using
an exponential and thus we have

(18) Of = e @

where @ is the matrix of q. The following proposition summarize some elementary prop-
erties of these Hamiltonians flows that will be used all along this paper.

Proposition 3.1. Let q1,qo,q be some quadratic forms on C*" and T' € Spy,,(C) then the
following properties holds
i) Vt € R, ®] € Sp,,(C),
i) {q1,q2} =0 <= Vt€R, P PP = P79
iii) Vt € R, T1®IT = 92T

Usually, in this context, the second property is usually called Noether’s theorem because
it is also equivalent to have gy o ®{> = ¢y for all t € R. Proofs of these properties can be
found, for example, in a nonlinear context, in [20].

The following classical lemma (whose proof is recalled in the subsection 5.2 of the Ap-
pendix) links naturally the two previous definitions.

Lemma 3.1. If q is a quadratic form on C*" such that Rq is nonnegative on R*™ then
vt >0, ® € Sps, (C).

The following theorem, proved by Hérmander in [22] (Thm 5.12 and Prop 5.9), is the
main tool we use to realize exact splittings.

Theorem 3.1 (Hormander [22]). There exists a monoid morphism
A :Sp;.,(C) — B/Us

where Uy = {+1,—1} and B is the unit ball of £ (L*(R")), the space of the bounded
operators acting on L*>(R™). Furthermore, if q is a quadratic form on C*" such that Rq is
nonnegative on R*™ then

H (D) =t

In [22], 2 is defined through an explicit but heavy formula that is not relevant for
us here. An operator of the form % (T) with T € SpJ (C) is called a Fourier Integral
Operators. It provides a natural way to transform an exact splitting at the level of the
linear ordinary differential equations into an exact splitting at the level of the semigroups
generated by quadratic differential operators (up to an argument of continuity to remove
the uncertainty of sign).

To the best of our knowledge, the idea to use the Fourier integral operators to get an
exact splitting has been introduced by Paul Alphonse and the author in [3]. We aimed at
characterizing the regularizing effects of the semigroups generated by quadratic differential
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operator. Our splitting provides a quite explicit representation of the polar decomposition
of this semigroup. Note that it is the decomposition we would get applying Theorem 2.1
and Theorem 3.1 with s = {0}, by = isp,,,(R) and ba = sp,,,(R).

In order to give a corollary of Theorem 3.1 adapted to get exact splitting for semigroups
generated by inhomogeneous quadratic differential operators, we have to introduce a last
elementary notation. If p : C2" = C? x Cg — C is a polynomial of degree 2 or less that we
write in coordinates as

p="XQX +YX+¢
where X = (z1,...,20,61,...,&n), @ € S2u(C), Y € C** and ¢ € C, then Pp : C*"*2 =
crtl x Cg“ — C is the complex quadratic form defined by

Pp="XQX + YV Xwy11 +cx? ;.

Proposition 3.2. Let p14,...,Ppm+1, - C?" — C be some polynomials of degree 2 or less
depending continuously on t € [0,tg] for some ty > 0, whose real part is uniformly bounded
by below on R?™ and satisfying

(19) Vt c [0, t0]7 ¢fp1,t o ¢fpm,t _ @fpm+1’t
then we have
(20) vt € [07 tO], e_tpﬁt . e_tp%,t = e_tp%+1,t.

The proof is given at the end of this section. Let us mention that this proposition is
also a corollary of the Theorem 2.3 of [30]. Note that if the polynomials are homogeneous
(i.e. if they are some quadratic forms) then the P can be removed. Furthermore, as a
corollary of the proof, if we do not assume that the polynomials are uniformly bounded by
below and that the polynomials depend continuously on ¢, then (20) is still valid up to an
uncertainty of sign.

It may also be interesting to have exact splittings to compute evolution operators gen-
erated by non-autonomous inhomogeneous quadratic differential operators (like it is done
for the non-autonomous linear magnetic Schrodinger equations in [6]). Here, we chose for
conciseness to do not consider the non-autonomous case. Nevertheless, let us mention that
it would be possible to generalize Proposition 3.2 to deal with non-autonomous equations
using the generalization of the Theorem 3.1 proven in [27]. With such a generalization, the
exponential of matrices become naturally the solutions of non-autonomous linear ordinary
differential equations (which can be studied similarly using Magnus expansions, see [20]).

In order to illustrate Proposition 3.2, let us give an elementary application. (Section
4 being devoted to more sophisticated applications). Indeed, the formula (15) used to
compute rotations can clearly be extended analytically for § € —2it where t € R. Since,
up to a transposition, this formula can be written as

cI)gtanht)/@t) x2®§sinh2t)/(2t) 52@§tanht)/(2t) z? _ (IDL:U|2+|§|2
we deduce of the Proposition 3.2 that
(21) vt > 0, e—% tanh(t)xze% sinh(2t)8§e—% tanh (t)z? _ e—t(x2 —8:%).

Note that this example is studied in details in the subsection 6.4 of |3]. Observe that (21)
provides an efficient way to compute the dynamics of the harmonic oscillator. Indeed,
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it does not require to use eigenfunctions of x? — 92 (i.e. the Hermite functions), it only
require to be able to solve the heat equation, that can be done efficiently using Fast
Fourier Transform. Furthermore, observe that, for this problem, the only way to get
classical splitting methods of order larger than 2 would be to use complex time steps (see
e.g. [12],[14]).

Before focusing on the proof of Proposition 3.2, let us prove the following Lemma that
is useful in practice to establish the factorization (19). It expresses the triangular nature
of the equation (19).

Lemma 3.2. Let p1,...,pm be some polynomials of degree 2 or less on C*" whose decom-
positions are

pj =g+ +¢
where q; quadratic forms, {; are linear forms and c; are complex numbers. Then we have
(22) o pfrm — gIPmi
if and only if
P .. B = oI+

Zej o (Tq, H ®f*) = lnt10 Vo,
j=1

(23) k>j

m
E Cj+ Kj+ 05 =Cmy1 + Bmtt
Jj=1

where, denoting QU) the matriz of qj and LU) € C¥ the matriz of 5

e“ —1 , : 4k : .
To = < > (<2012 QY), 15 =3 2k £ 31 45 (Jon Q)" Jop, 'LI)),

z = (2k +3)
i j—1 j—1
— q tr (4
o = —§ZL(p)qu I @) 1g,J2n ‘LY.
p=1 k=p+1

In this lemma, it is relevant to note that if g1, ..., g1 satisfy the first equation of (23)
then the second equation is just a linear system with respect to ¢, ..., ¢,+1 and the two
first equation are satisfied then the last equation is linear with respect to c1,..., ¢ma1-

Proof of Lemma 3.2. Here, the proof relies essentially on computations by block requir-
ing to introduce a more convenient basis than the canonical basis of C>**2 denoted by

€1,...,ean+a. This basis, denoted A, is just a permutation of the canonical basis and is
defined by
(24) P = (617 sy €y €02y .oy €20 €201 Entl, 62n+2)'

In this basis the matrix of Ja,49 is

Jon
maty Jopi2 = < 2 J2>
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and the matrix of Pp; is
Q(J’? %tL(j)
maty Pp; = %L(]) Cj )
0

Consequently, in this basis the matrix of the Hamiltonian map is

Jon QW) %T%szlw)
maty JonoPp; = 0
_%L(j) —cj 0

Here, it is really relevant to observe the double triangular structure of this matrix. The
four block on the top left corner defines an upper triangular matrix by blocks, whereas,
considering these four blocks as a single block, the global matrix is lower triangular by
blocks.

Now observe, through the power expansion series, that if ¥ is an entire function and

(1)

is an upper triangular matrix by blocks then

W) - (\I/(A) (\II(Z);:II’I(O)) (A)B>'
(0)

Consequently, we have
. oY —iTy,Jon LY
maty @, = 1
LY, 2iR; + 2ic; 1
where

_y . z_1— .
R = —%Uﬂ@qjjgn IO with ©,, = <62722> (—2iJ5,QW)).

At the end of the proof, we will check that x; = &, so for the moment assume that this

relation holds.
Thus, realizing a product by block we get by a straightforward induction

ﬁcp‘{j —ii [T ®% | 1g,J2n LY
j=1

m . J=1 \k<j
mat@ H@ufpj = 1
j=1 m ‘ m
Z'ZL(])T%H@({]“ QiZI{j—I-Cj—I—Uj 1
=1 k>j j=1

Identifying the blocks (1,1),(3,1),(3,2) with those of matyg @Tpm“ we get the system
(23). Conversely, we have to check that if (23) is satisfied then the blocks (1,2) are the
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same. Indeed, consider a complex symplectic matrix M € Sp,,, (C) with a block structure
of the form

A B
maty M = 1
C d 1

Note that since M is symplectic, M is invertible and consequently A is also invertible.
Since M is symplectic, then is satisfies

(25) M = —Jop, ‘M~ Ty,

However, due to the double triangular nature of M, its invert can be computed easily and
we have

A1 —~A"'B
maty M e 1
—CA ™Y CA™'B—-d 1
Consequently, a straightforward block product leads to
—Jan, tA_ljgn —Jan, tA-1 tC
—mat zJop, tM_ljgn = 1
~—'B'A7 ', d—-CA™'B 1
Thus, since M is symplectic, we have
B=—Jy, ATt 'C.
A fortiori, if two symplectic matrices have this block structure and the same top left corner
blocks, if their blocks (3,1) are equal then their blocks (1,2) are equal. Consequently,

applying this to the symplectic matrices <I>Dfp oL @Tp ™ and <I>pr ™+ we deduce that if the
system (23) is satisfied then we have the factorization (22).

Finally, we just have to check that £; = ;. For this computation, we omit the indices
7 since they are clearly irrelevant. First, we split the even indices from the odd indices in
the power expansion of ¥ :

2ik = LOgJoy 'L = Z k+ i i L(=2iJ2,Q)" o, L

1 1
=Y o L2000 Q)% Jon 'L+ Y | s (= 2i20Q) % o 'L
=, (2k +2)! & 2k +3)!
= Yeven + Xodd-

Observing that
(J2nQ)2kJ2n = (J2nQ)kJ2n(QJ2n)ka
since Jo, is skew-symmetric we have
L(J20Q)* Jo 'L = (~1)*L(J20Q)* T2 L(J2aQ)* = 0

Consequently, Y¢pen vanishes. Similarly, since we have

(J2n Q) oy, = (J2n Q) J2nQ(J2n Q) T2, = (—1)" ™ (J2,Q)* T2, Q t((J2nQ)kJ2n)a
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we get

) 4k t .
Sodd = 2?% mL(JgnQ)kJQnQ ((J2n@)* Jop) °L = 2.

O

In order to prove Proposition 3.2, we introduce some technical lemmas that will be
crucial.

Lemma 3.3. If p: R?® — R is a real polynomial of degree two or less being bounded by
below then there exists a nonnegative real quadratic form q : R — Ry, Y € R? andc € R
such that p can be written as

(26) p(X) =q(X =Y) +c¢

where X = (x1,...,2n,&1,...,&n).

Proof of Lemma 3.5. Naturally p can be written in coordinates as
p(X) ="'XQX +'ZX + p(0)

where Q € So,(R) is the matrix of ¢ and Z € R?". Now realizing a canonical factorization,
we observe that it is equivalent to prove that p can be written as (26) and that Z € Im Q.
In other words, we just have to prove that

VXo € Im Q*, "XoZ = 0.
But since if Xy € Im Q' we have
p(AXo) = X 'XoZ + p(0)

and we know, by assumption, that A\ — p(AXy) is bounded by below then we deduce that
*XoZ = 0, which conclude this proof. O

Corollary 3.1. Ifp: R>® = R is a real polynomial of degree two or less being bounded by
below then we have

P(p—infp) >0

Proof of Corollary 3.1. Applying Lemma 3.3, p can be written as
p(X)=q(X -Y)+c
So, by definition, we have
P(p—c) = (X — zn1Y).
Thus, since ¢ is nonnegative, P(p — ¢) is also nonnegative and c¢ is the infimum of p. O
Lemma 3.4. If ¢ € S(R™) and p is a polynomial of degree 2 or less on C*" whose real

part is nonnegative on R2" then RPp is nonnegative on R2"+2, e~ Fr)*y ¢ S(R™1) and
we have

(e PP ) Rux g1y = e PR
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Proof of Lemma 3.4. First, observe that Corollary 3.1 proves directly that %Pp is nonnega-
tive. Consequently, the semigroup generated by —(Pp)™ is well defined (see e.g. Proposition
1.1).

Applying the Theorem 4.2 of [22], we know that

vt e [0,1], ¢(t) = e PPy e SR
and that ¢ € C®°(R; x R™"1) and satisfies
vt € Ry, Bip = —(Pp)"s.
Now decomposing p by homogeneity as
p=q+l+c

where ¢ : R?® — C is a complex valued quadratic form, ¢ : R?® — C is a complex valued
linear form and ¢ € C, we have

vt € RT, 010 = —(¢“ + zns1l" + cxlyiq)9.

Since here we deal with smooth functions, this relation can be evaluated in x,,+; = 1. Thus
we get

VteRT, Oip=—(q" + 0" +c)p=—p“p
where p = ¢\[Rj><[R”>< - Consequently by definition of the semigroup exp(—tp"), we have

p = exp(—tp")p(0,-) = exp(—tp" ) Y|rn x {1}-

Finally, evaluating this last relation for ¢ = 1, we get the desired relation. O
Using these two lemmas, we give the following proof of the Proposition 3.2.

Proof of Proposition 3.2. In order to obtain a factorization of the semigroup using Theorem
3.1, we have to deal with quadratic forms having a nonnegative real part. So, since the
polynomials are uniformly bounded by below, we apply Corollary 3.1 to get a constant
¢ > 0 such that

(27) Vje[1,m+1],vt € [0,t0], R P(pj+ +¢) >0.

Since the real part of P(p;:+¢) = Ppj;: + cx? 41 1s nonnegative, we know by lemma 3.1
that

[ij»t+cxi+1

Vj € [1,m + 1],Vt € [0,%], P, € Sp3,42(C).
Then observing that, by construction Pp;; does not depend on §,41, it commutes with
xfl 41, Le.
{[Pp]}t?xi—i-l} =0.
where {-,-} stands for the usual Poisson bracket associated with the canonical symplectic
form on R7H! x [R?'H. Consequently, applying the Noether theorem*, their Hamiltonian
flows commute, i.e. for all j € [1,m] and all ¢ € [0,%y] we have

Pp; t+C£L‘%+1 Pp, ca? Ppm+1 t+ema? P cmax?
, j,t n+1 m+1, n+1 Pm+1,t n+1
D, =, 7P, """ and @, = O, D, ,

and we have ,
Pp1,t+cxs

Vt € [0,t0], ®, D

[P;z)m’,:—l—cmi7L1 . [P;Dt-l-mcxfwrl
t -

)

4pote that here it could be proven more elementarily, applying Lemma 3.2.
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Now, we can apply the Theorem 3.1 to deduce that for all ¢ € [0,%y], there exists
gr € {+1, —1} such that
Vt € [0,t0], e HPPL) —tern iy ot Poma) —ter g g o=t PPmp ) —tema 4y
To get the desired factorization, we have to check that ¢, = 1 and to prove that this
relation can be evaluated at z,.1 = 1.
First, we focus on the sign and we observe that if ¢ = 0 all the exponentials are equal
to the identity so we have ey = 1. Thus, since [0, (] is connected, we just have to prove

that t — &; is continuous to deduce that ; = 1 for all ¢ € [0,¢0]. Let ¢ € S(R™) \ {0} be

a Schwarz function on R™ non identically equals to zero (for example a gaussian). Since

e~ t(Ppe)" —temal 1 g injective (see Theorem 1.1 and Corollary 6.9 of [3]), we now that

Vi € 0,1l fleErm o g s,
So we have
m
e — <H e—t(ﬂ’pj,t)w—tcxiJrl(ﬁ’ e—t([Pperl,t)w_tcmxi+1¢>L2 He—t(ﬂjpm+1,t)w_tcmmi+1 ¢HZ22
J=1

But it follows for the Theorem 4.2 of [22| that ¢ — e (PP —teal g o=t (Poma)" e 4

and ¢ s et FPm+10)" ML g e continuous from [0,t0] to S(R™). Consequently, t — &
is continuous as product of two continuous functions and we have ¢, = 1, i.e.

2 2 2
(28) Yt € [0’ tO]y e—t(ﬂ’pl,t)w_tcmn+1 . e—t(ﬂjpm,t)w—tcmn+1 _ e_t([Pp7n+1,t)w—tCm"En+1 ‘

To conclude, we just have to prove that this relation can be evaluated in x,; = 1.
Let ¢ € S(R") and choose 1 € S(R™™!) such that

YrRax {1} = ¢
Applying m + 1 times Lemma 3.4 to (28), we deduce that
vt € [0, 0], e tp1) —te e_t(p"“t)w_tc(b = e_tp%H»t_tcmgb.
Thus, since it is clear that for all ¢ € [0,7¢] and all j € [1,m] we have
e~ tPi) ' —tc _ o=t(pj)” g—tc gpq et Pmt1,e)" —tme _ o—t(pm+1,4)" o —tme
we deduce that
vt € [0, to], et e_t(p"“t)wgb — ¢ Pmir 0.

Finally, since the semigroups are continuous on L?(R™) and that the previous relation holds
for all € S(R™) that is dense in L?(R"™), we get the desired factorization. O

4. APPLICATIONS

4.1. Transport equations. As we have seen through the formula (15) two dimensional
rotations can be computed efficiently as products of shear transforms.

In fact, this kind of factorization is much more general since as a classical application
of the Gaussian elimination algorithm, we know that each matrix of determinant 1 is a
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product of shear matrices ° (see e.g. Lemma 8.7 of [29]). Considering the natural action
of matrices on L? functions, this factorization writes as follow.

Proposition 4.1. For all G € SL,(R), there exists m > 0, a € R™, k,¢ € [1,n]™ such
that for all j € [1,m], k; # ¢; and

Vu € L*(R"), uoG = exp(a12y, Oy, ) - - - exp(amTs,, O, Ju

Note that in the context of the exact splitting, it is more natural to apply this result for
G = exp(tB) where B € sl,(R) is a matrix whose the trace vanishes.

If we focus on transforms associated with matrices of determinant different than 1,
we have to deal with one dimensional dilatations. Indeed, it is clear that each matrix
G € GL,(R) can be factorized as a product of a matrix in SL,(R) and the diagonal
matrix diag(1,...,1,det G). The following proposition provides a way to deal with positive
dilatations with pseudo-spectral methods.

S92 _ip o2 g2 o9
ezataue iBtv e thﬁvezatv

Proposition 4.2. For all A > 0, we have
\v/u c L2(|R), 'LL()\ ) — )\_1/26_iEAa>\6%e_iBAZ'Qeiakﬁkag%eianQu,

where ay = /AT —1A T, By =3/[1= A, ex=14ifA<1andey = —1 else.

Proof of Proposition 4.2. We observe that if t = log A then
u(\ ) = ey = el(iwE=3)" .

Consequently, this proposition is a consequence of the proposition 3.2 and an elemen-
tary formal computation which can be checked, for example, a with formal computation
software. O

We don’t provide similar formulas when A < 0 since we don’t know if it may be useful
for applications. Nevertheless, since we have (see e.g. Thm 2.2.3 of [25])

(29) Vu € LA(R), u(—z) = —iei%(mz_ag)u(az),

we note that, as a consequence of Theorem 1.1, such formulas exist.

The factorization provided by the Gaussian elimination algorithm in Proposition 4.1 is
not, in general, the most efficient possible. The following proposition, that is an application
of Theorem 2.1, provides some efficients exact splitting generalizing the exact splitting for
rotations (15).

Proposition 4.3. Let M be a real square matrix of size n > 1 such that

{ Vi, M;;=0

(30) i,Vj # i, Mij #0

5also called transvection matrices.
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then there exist to > 0 and an analytic function (y©, (y(k))k?gj, Y)Y 1 (—tg, tg) — R* (D)
satisfying

0 _ () _
(31) b w0
VEk#i, y, =0
such that for all t € (—to,to) we have

otMzV _ et(y(e)(t)m)@xi Het(y(k)(t)-x)ﬁxk et(y(”(t).x)axi_
ki
For example, this proposition justifies a priori the form of the exact splitting used to

compute three dimensional rotations in [16],[31].

Proof of Proposition 4.3. Let B := "M be the transpose of M. We are going to prove that
there exists an analytic function (y(®), (y(k))k#, Yy 1 (—tg, tg) — R+ satisfying (31)
such that for all ¢ € (—tp, to),

32) P =L +ty W) @e) | [[Tn+tyP @) @er) | I+t y (1) @e))
ki

— oty (D®e; H M (e | oty (H®e;
ki
Consequently, Proposition 4.3 will be proven since it is enough to apply the characteristic
formula (14) to the transpose of (32). Note that the second equality in (32) comes form
the fact that the matrices are nilpotent of order 1.

In order, to prove this factorization applying the Theorem 2.1, we realize the change of
unknown y® =y + y© and thus the first factor of (32) becomes

O (O®e; _ —ty") (e ty D () Se;

Up to an irrelevant permutation of indices, without loss of generality we assume that
i = 1. In order to apply the Theorem 2.1, we define

br = {y®ex | y € R" satisfies yp =0}, s = by and bZ@bk
k=1

and b, ;, = Bey, ® ey, (ie. b, = B). Consequently, to prove this proposition applying the
Theorem 2.1, we just have to prove that its assumption (6) is satisfied. In our context, we
are going to prove that

(33) b+ adp(s) = sl,(R).

So, from now, we just focus on proving (33). But, since the inclusion ” C
we just have to prove that

) { snodste) = 01

7

is obvious,

dim b + dimadp(s) = dim sl,(R).
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Let W :s — R” be the linear application defined by
Vs € s, U(s) = diagoadp(s)
where diag : gl,,(R) — R™ is the natural application extracting the diagonal coefficients of
a matrix.
Since b = Ker diag is the space of the matrices with diagonal coefficients are equal

to zero, the first relation of (34) is equivalent to have Ker ¥ = {0}. Furthermore, if
Ker ¥ = {0}, then adp is injective on s and we have

dimadp(s) = dims =n — 1.
Since, for all k, dimb, =n —1 and (n+1)(n — 1) = n? — 1 = dim s[,(R), we deduce that
if Ker ¥ = {0} then the second relation of (34) also holds.
Finally, we just have to verify that Ker ¥ = {0}. Let y ® e; € Ker ¥ where y € R”
satisfies y; = 0. By assumption, if j # 1 then
0="e;j[B,y ®eilej = — ‘ejy‘e1Be; = —y; Bj 1.
Since, by assumption, Bj; # 0 for j # 1, we deduce that y = 0, i.e. Ker ¥ = {0}. O

4.2. Schrédinger equations. Let v : R” — R be a real quadratic form and B € s0,(R)

be a skew symmetric matrix. We aim at solving the following linear Schrédinger equation
on R"

(35) iOu(t, ) + %Au(t, 2) — v(z)ult, z) + iBx - Vu(t, z) = 0.

In this context, a diagonal quadratic form is defined as follow.

Definition 4. A quadratic form is diagonal on R™ if its matrix in the canonical basis is
diagonal.

The following theorem provides an optimized splitting method to solve (35). Its proof
is given at the end of this subsection.

Theorem 4.1. There exists some quadratic forms vy), ay on R™, a strictly upper triangular

matriz Uy € M, (R), a strictly lower triangular matriz Ly € M,(R) and a diagonal quadratic
form ng) on R™, all depending analytically on t € (—tg,tg) for some ty > 0, such that for
all t € (—to,to) we have

n—1 n
(A /2—0(2)—tBe Y _ —ito" () H ot U2);00; | itar (V) H ot Lim)0a; | —itof”) (@)
j=1 =2

where a, (V) denotes the Fourier multiplier of symbol —ay(§) and (Uyx); (resp. (Lx);) the

J%* coordinate of Upx (resp. Lix).

The efficiency of this method is optimal, more precisely it is as cheap as a basic Lie
splitting. Indeed, considering that the computational cost of this kind of method is pro-
portional to the number of one dimensional Fast Fourier Transform required to implement
it, the method of Theorem 4.1 requires 2n 1d-FFTs® which is the same as the elementary

6 An inverse Fourier transform has the same cost as a direct one. For example, to compute the solution
of the semigroup generated by the harmonic oscillator with the factorization (21), we need 2 1d-FFTs, one
to go on the Fourier side and one other to come back.
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Lie splitting

eit(A/2—v(m))—th-V _ —ztv(x H ?t - z +O(t2)

Note that this method is more general and more efficient than the other existing exact
splittings for (35). For example, the splitting (2) of Bader in [6], designed to solve (35) in
dimension n = 2, requires 6 1d-FFTS.

Due to some particular properties of nilpotency, an elegant and efficient iterative method
is available to compute the coefficients of the exact splitting given in Theorem 4.1. Indeed,
identifying a quadratic form with its symmetric matrix in order we define, if ¢ is small
enough, we define, by induction, the following sequences

Avkrr = A+ 1n/2 — Ay,

Ligr1 = Ligp+L— Ly

Ukr1 = Upp +U = U

Vi = V4V VS 4 4D Bl + 502,

where (Ay0, Lt,o + Uro, V,\§") = (In/2.B,V), L+ U = B and

= (m) Tin+'0
2, Lig+ Uk +tDip ) _ —t 1 Jlog(P.)
Log + Ui + tDy 240
and
) ,ﬁ < I ) (In 2A, k> 11 <[ L
k= ’ t() 2
j=1 I, —t Utfk Lo j=2 bt Ltfk

L,
v oo,

with nglz = (e; ® €j) Ly, Ut(jllc) = (e; ® €j)Us and (eq,...,e,) the canonical basis of R™.

Theorem 4.2. There exists 19 € (0,tg) such that if 0 < [t| < 70 then the preceding
sequences are well defined and

- - . 1 . 1 t\*
Ay — Apg| +1Le = Logel + U = Uppel + IV + Dol + VO =V — 2Dyl < (=)
2 Bk 2 7o

We could apply directly Theorem 2.1 to prove Theorem 4.1. Indeed, by Proposition 3.2,

it is clearly enough to prove that there exist some quadratic forms vlgr), as on R™, a strictly
upper triangular matrix U; € M,(R), a strictly lower triangular matrix L; € M, (R) and
a diagonal quadratic form vy) on R™, all depending analytically on ¢t € (—tg,tg) for some
to > 0, such that for all t € (—to, to)

(36)

(I)z(#-i-v(x)-i-Bxf) ’L’l)t )(x nH ¢’l(UtSC @iat(g) ﬁ éi(LtI)jgj ¢ivtm) (x)¢—ivt (SU)
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where vy) = Uﬁm) — Uy). Furthermore note that all the factors of (36) are some real
symplectic transforms belonging to Sps, (R) and that all the right hand side flows are ex-
ponentials of nilpotent matrices (it explains why we don’t have to compute exponential of
matrices in the iterative method). Nevertheless, due to some convenient algebraic cance-
lations, the iterative method described below is not exactly the one associated with the
proof of Theorem 2.1. Consequently, here it is easier to prove Theorem 4.1 and Theorem
4.2 simultaneously. However, the proofs being very similar to the proof of Theorem 2.1, so
it is done more informally.

Before giving the proof, let us just mention shortly the algebraic decomposition we would
use in order to satisfy the assumption (6) of Theorem 2.1 to prove (36). Recalling that
SPa, (R) is isomorphic to the Lie algebra of the real quadratic forms (equipped with the
canonical Poisson bracket), we would simply have to observe that all real quadratic form
q: R =R" x R — R written

g(x,&) = a9(€) + MWz - ¢+ ()

where a(?, b9 are real quadratic forms on R” and M@ e M, (R), can be decomposed as

n—1 n
a(w.8) = 3 (U 0)j6; + a9 () + (L7 0)i6; + <b(q) 0 - P >
j=2

j=1
2 teD@

where M@ = L@ 4 D@ 4 U@ is the natural decomposition of M (9.

Proof of Theorem 4.1 and Theorem 4.2. Similarly to the proof of Theorem 2.1, we prove
that the exact splitting can be obtained from the resolution of a nonlinear equation via the
Implicit Function Theorem. Consequently, Theorem 4.2 is nothing but the convergence of
the natural iterative method associated with the Implicit Function Theorem.

In order to obtain (36), we consider (36) as a nonlinear equation where Uém), ag, U, Ly, vy)
are the unknown. Applying the BCH formula, we get a family of real quadratic forms ¢,

on R?" (depending analytically on v,gm),at, Uy, L) such that if ¢ is small enough then

n—1 n

H ) i i H 1(Lix) ;&5 (™ (z i
@;(Utx)ggg q);at(g) q)t(Lt )Jf] @t t ( ) — (I)tth.
Jj=1 J=2

_ (0
Thus, since ®, (@) is symplectic, applying Proposition 3.1, we get

_in® 2
it i (@) _ ¢z(%+v(x)+B:¢.§)'

The exponential map begin injective near the origin, we deduce that, (36) is equivalent to

—inf @) _ € .
(37) qeo P, =5 +v(x) + Bx - €.
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()

—1v .
However @, is a shear transform

—iv") ()

o, (2,6) = (x,& + 26V,
Consequently, decomposing naturally ¢;, with notations similar to the ones of the iterative
method, as
6i(2,€) = 0" (2) + (L + Uy + D)) - € + @y (€)

we deduce that (37) is equivalent to the system of equations
@ =l/2 Li=1, U=0U, V!9 =-Dy2,
T)gm) (z) = v(z) — (Liz + Uz + tDy)x - 2t‘/;(é)x - 2t2\Vt(€)az\2.

Noting that by substitution, the last equation writes

~ t t?
v,gm) (x) =v(x) + i[B’ Dz - x + EDtx - Dy,
we conclude that to get the factorization (36), it is enough to choose V;(Z) = —D;/2 and to
solve the nonlinear equation

t 12

F(t,ar, L, Un,of™) = @(€), L+ Ur, 3™ (@) — 5[B. Dl - & — 5 Dy - Dy)

= (|£|2/2’ LU, U(l‘))

As in the proof of Theorem 2.1, this nonlinear equation can be solved by the Implicit
Function Theorem. Indeed, F(0,|¢?/2, L, U,v(x)) = (|¢|*/2,L,U,v(x)), F is an analytic
function of ¢, a, Ly, Ut,vgm), and the partial differential of F in (0, |£|?/2, L, U,v(z)) with
respect to (ag, Ly, Uy, vgm)) is the identity. Note that the natural iterative method associated

with the resolution of this nonlinear equation with the implicit function theorem is exactly
the one introduced above.

O

4.3. Fokker-Planck equations. We apply our exact splitting methods to two Fokker-
Planck equations. These equations can be used to describe particles system with collisions
(in plasma physics or astrophysics). We refer to [21, 18, 3] for more details about these
equations.

4.3.1. Ezact splitting for the Fokker-Planck equation. First, we focus on the classical inho-
mogeneous Fokker-Planck equation

(FP) Opu(t, z,v) + voyu(t, z,v) = 0y(v + Oy)u(t, x,v).

Note that, since this equation comes from kinetic models, the variable are not denoted
1,22 but x,v. Implicitly, in this paper, the Fourier variable canonically associated with
v is denoted 7.

Proposition 4.4. The following factorization provides an exact splitting for FP

VE > 0 e—t(va,—ag—auu) _ et/2e—(et—1)v8¢c eV-AtVeiatag e—iﬁtv2e—iﬁt83 eiatv2
= U, .
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where oy = %\/(1 —e et B = %\/et -1, V= t(&p,&,) and Ay is the positive matrix
defined by

Ay =

1 e £ 2t +3 —4et —4sinh?(t/2)
2\ —4sinh?(t/2) 1—e 2 )¢

A priori, it could seem strange to have to solve some Schrodinger equation in order to
compute the solution of FP. However a part of the Fokker-Planck operator is associated
with a dilatation, i.e. vd,, and as explained in the previous subsection (see Proposition 4.2),
the semigroup it generates cannot be computed only by composition of shear transforms.

Proof. First, let us check that A; is nonnegative. Since the second diagonal coefficient of
Ay is positive, to check that A; is nonnegative, it is enough to prove that det Ay > 0 for
t > 0. By a some elementary formal computations, we get
(3ett — 12e3 + (8t + 2)e?t + 20e! — 8t — 13)e™%

16 ’

Consequently, we just have to prove that (16 det A;) > 0. However, realizing the Taylor
expansion of 16e% det A; in 0 (with a formal computation software), we get

2t _ 4
16e detAtt:mO(t )

det At =

Thus, it is enough to prove that
D% (e 2192 (16€% det A;)) > 0,
which is obvious since
D2 (e7202(16e* det Ay)) = 192¢*" — 108e! + 20e~ > 0.

Actually, it would be possible to prove a priori that A; is nonnegative. Indeed, in the
Fourier variables, the semigroup of FP is associated with a transport equation for which
many elementary explicit computations can be done. In particular, it follows of a formula
of Kolmogorov (see [28, 2|) that A; admits an integral representation on which it is obvious
to see that A; is nonnegative.

Then, we consider the following factorization (whose form could be guess using Theorem
2.1) that can be checked easily using a formal computation software

Vit 2 0’ @?24%'(1)5_”77) _ (I)il(et_l)qu)gfvn)At &m) q)t—ivﬁ'

Since A; is nonnegative for ¢ > 0, applying Proposition 3.2, we deduce that
vt > 0, ot WOz —02—0uv) _ t,—(et=1)00s V- ALV tvdy

The last factor being a dilatation, we conclude this proof applying Proposition 4.2. O

4.3.2. Ezact splitting for the Kramer-Fokker-Planck equation. Now we focus on the Kramer-
Fokker-Planck equation

(KFP) Opu(t, x,v) + v2u(t, z,v) — d2u(t, z,v) + vdyu(t, z,v) = 0.

For some discussions about this equation, we refer to [21, 3].
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Proposition 4.5. The following factorization provides an exact splitting for KFP
vt > 07 e—t(vz—ag—l—vaz) — e—% tanht vzeV-AtVe— tanht v0, e—%tanht 02

where Ay is the nonnegative matrixz defined by

1 2 1.2 1
gk (Sn?ﬁ% o 2';) | with a; = S(t — (tanh )(1 - sinh ).

Proof. Applying Proposition 3.2, we just have to check that A; is non negative for ¢t > 0
and that

Vit > 0, (I)v 2P tivg _ (1)2 3 tanht v (I)(ﬁ A (€, U)CI)ztanht qu)z tanht v?

This factorization, whose form can be deduced a priori using Theorem 2.1, can be verified
by a formal computation software. Since the second diagonal coefficient of A; is posi-
tive, to check that A; is non negative, it is enough to prove that det A; > 0 for ¢t > 0.
Thus, we conclude this proof observing that by Jensen’s inequality and some elementary
trigonometric computations

det Ay = itanh(t) (t — tanh(t)) > 0.

5. APPENDIX

5.1. Proof of Theorem 1.1. Before proving Theorem 1.1, let us to prove some prepara-
tory Lemmas.

Lemma 5.1. If L is a bounded operator on L*(R™) such that there exists T € Spy,(R)
satisfying L = £ (T'), then L can be computed by an exact splitting.

;2 -2 .

Proof. Let G be the group generated by @imj , @igj , @, % for t € R,j,k € [1,n]. Applying
Theorem 3.1, if we prove that G = Sps,,(R), we deduce that L is a product of operators
of the form em?, eZta”%J’ , et%i 9 (up to the sign). Thus, since Proposition 4.2 states that
dilations (i.e. operators of the form e!*#%) can be factorized similarly, we would deduce
that L can be computed by an exact splitting.

Consequently, we aim at proving that G = Sp,,,(R). First, let us prove that G' contains
a neighborhood of the identity in Spy, (R).

Indeed, consider the map ¥ : ' — spy, (R), where A is a neighborhood of the origin in

5Py, (R), defined for @ € Sa,(R) such that J2,@ € N by
(38) W(J2Q) =

n

log ﬁ Q)le;‘;ﬂ? H @iAj,kwj ﬁ H P CikTiEk H (I)ZB] REi&r H @i?;’jgzz |
j=1

1<j<k<n j=1k=1 1<j<k<n

where the natural block decomposition of Q) is

(tc B>
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with A, B € S,(R) and C € M,,(R). Note that to prove that ¥ takes its values in sp,, (R),
it is enough to apply the Baker-Campbell-Hausdorff formula.

Since the differential of the exponential in the origin and the differential of the logarithm
in the identity are equal to the identity, we deduce by composition that the differential
of ¥ in the origin is also the identity. Thus, since ¥ vanishes in the origin, we deduce of
the Inverse Function Theorem that ¥ defines a local homeomorphism around the origin.
Furthermore, we recall” that the exponential is an homeomorphism between a neighborhood
of the origin in sp,,, (R) and a neighborhood of the identity in Sps,(R). Consequently, we
deduce that each matrix in Spy,, (R) close enough to the identity can be written as a product
of the form of the product in the logarithm in (38). A fortiori, we have proven that G
contains a neighborhood of the identity in Sp,,(R). Let V' denotes this neighborhood.

Since Sp,,, (R) is connected (see e.g. the subsection 4.4 of [5]), to prove that G = Spy,,(R),
we just have to prove that G is closed and open in Sp,,(R). Indeed, if g € G then gV is a
neighborhood of g in Spy,, (R) and since V' is included in G then gV is also included in G.
Thus G is open in Spy,(R). Conversely, if g ¢ G then gV is also a neighborhood of ¢ in
Spay, (R) but since G is a group we have gV NG = (). Consequently, the complementary of
G in Spy,,(R) is open, i.e. G is closed in Spy,(R), which conclude the proof. O

Lemma 5.2. If £ : R*™ — R is a real linear form then exp(il”) can be computed by an
exact splitting.

Proof. Let L € R?" be the matrix of £ and let ¢ = ¢; where

t n
Ct — 5 Z Lij+n.
j=1
Applying Lemma 3.2, we have

n n
YVt € [R’ q>t—i[PCt H q)t_ZLj[ij H q>t—7,Lj+n[P§j _ {);iw,
Jj=1 j=1
Consequently, applying Proposition 3.2 at t = 1, we get

n n
ei[w _ eict H eiLj(Ej H eLjacvj .
i=1 i1

O

Lemma 5.3. Ifp: R?™ — R is a real valued polynomial of degree 2 or less then there exists
a real linear form £ : R?™ — R and c € R, such that

(39) ez’pw — eiceiqweiéw7
where q is the quadratic part of p.

Proof. Let [ be the linear part of p. Considering the natural action of the entire functions
on My, (C), let £ = ¢1 and ¢ = ¢; where
( )kt2k

l=1o <ezz— 1> (—2tJ5,Q) and ¢; = p(0) — > Z ﬁ q((J2nQ)* Joy, °L)
keN '

Tthe reader could refer, for example, to Lemma 2.10 in [3] for a detailed proof.
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with @ € S2,,(R), the matrix of ¢ and L the matrix of [. Applying Lemma 3.2, we have
Consequently, applying Proposition 3.2 at ¢t = 1, we get (39). O

Lemma 5.4. If p : R? — R is a real valued polynomial of degree 2 or less bounded by
below, then there exists a real valued linear form € : R*™ — R and ¢ € R such that
(40) P = e e 0 i
where q is the quadratic part of p.
Proof. Applying Lemma 3.3, we get Y € R?" such that p = p; where
pe=q(- — tY)+p(Y).

and X = (z1,...,24,81,-.-,&n)-
Let £ = — (J2,Y)X and ¢ = p(Y). Let & be the basis introduce in the proof of Lemma
3.2 and defined by (24). Observing that

xn-i-lY
mat‘@Jgn_FgV[Pf = 0 5
14
we deduce that
] X X - t$n+1Y
(matz®, ") | 2pi | = Tpil
fn-i-l fn-i-l —tl

Consequently, we have
P(q+¢) o &7 = Pp,.
However, &, P¢ i a symplectic map, so we have
@iw@f(qﬂ)@t—iw _ q)f(q%)oq’fm — PP

Now observing that the Hamiltonian Pc commutes (i.e. for the canonical Poisson bracket)
with all the other Hamiltonians, we deduce of the Noether theorem (or of Lemma 3.2) that

P iPl 7 Pq 7 —iPl P
VtER, &P, @, 10, """ = o, P,
Consequently, applying Proposition 3.2 at ¢t = 1, we get (40). O

Lemma 5.5. If ¢ : R?" — R is a non-negative real quadratic form then exp(—q™) can be
computed by an exact splitting.

Proof. Applying Theorem 21.5.3 of [23], we get a symplectic change of coordinates T €
Spsy, (R) such that there exists m € [1,n] and 0 < A; < --- < A, some real numbers such
that

qu:Z)\j(JS?—I-ﬁ?)—l— Z 33?

j=1 j=m+1
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Consequently, since T is symplectic, applying Noether theorem, we have

ol = 73T =T |m| S |n| i | 71
1 =49 = by 1 -
j=1 j=m+1

Applying Theorem 3.1, we get, at the level of the Fourier Integral Operators,

te " — (1) [ [[e M%) I e | 2@

j=1 j=m+1

(r2_H2
Recalling that, as a consequence of the formula (21), the semigroups e @5=9%;) can be

computed by exact splittings, we deduce of Lemma 5.1 that the same applies for e ", [
Now, we can prove Theorem 1.1.

Proof of Theorem 1.1. Let p be a polynomial of degree 2 or less on C?* whose real part
is bounded by below on R?". We aim at proving that e P* can be computed by an exact
splitting in the sense of Definition 1.

Applying Corollary 3.1, we get a constant ¢ € R such that P(p — ¢) > 0. Then applying
Theorem 1.1 and Lemma 2.10 of [3], we get typ > 0 and two real quadratic forms a,b; :
R?"+2 — R depending analytically on ¢ € (—tg,ty), a; being non-negative, and such that
if |t| < to then

(I)gt @ibt _ (I)T(P—C)'
Furthermore, it follows of the Baker-Campbell-Hausdorff formulas and formulas of (2.26)
and (2.50) of [3] defining a¢, by that these quadratic forms belong to the complex Lie algebra
generated by P(p — ¢) and P(p — ¢). Observing that for all polynomials py,ps of degree 2
or less on C?" we have

{Pp1,Pp2} = P{p1,p2},
the image of P is a Lie algebra. Consequently, as, b; belong to the image of P, i.e. there exist
two real polynomials of degree 2 or less on R?" depending analytically on ¢ and denoted
(") and p\” such that
p; ~ and p;’ such tha
a; = legr) and b; = [Ppgl).

Note that since py) is the restriction of a; on the affine subspace {(z,+1,&n+1) = (1,0)},

it is also non-negative.
Now applying Proposition 3.2, we deduce that if 0 <t < tg we have

(41) e P

Let ¢, € (0,%p) be such that there exists n € N satisfying t, = n~!. Since (e7%"");>¢ is a
semigroup, we have

w

— o teg—ti) =it

w

(e—t*p“’)n — P — P
Consequently, if e™"*P" can be computed by an exact splitting then the same applies for

w . . . _ (r)yw i () yw
e~P”. Furthermore, from the factorization (41), we deduce that if e Pe.)" and e~#(Pt.)
can be computed by an exact splitting then the same applies for e »*P*. Consequently, we
just have to focus on these two semigroups.
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On the one hand, applying Lemma 5.3, Lemma 5.2, Lemma 5.1 and Theorem 3.1 (to jus-
tify that the semigroup generated by a quadratic differential operator is a Fourier Integral

Operator), we deduce that exp(—it*(pg?)w) can be computed by an exact splitting.

On the other hand, applying Lemma 5.4, Lemma 5.2 and Lemma 5.5, we deduce that

exp(—ty, (pg))“’) can be computed by an exact splitting. O

5.2. Proof of Lemma 3.1. We aim at proving that if R¢ > 0 on R?*" then ®] =
e 2@ ¢ Sp;'n(C), where @ is the matrix of ¢q. First, we recall that from Proposition 3.1
we know that ®] is a symplectic transformation (i.e. ® € Sp,,,(C)).

So we aim at proving that ®f is nonnegative, i.e.

(42) VX € €, "X DY (—idon)®IX — X(—iJon)X € Ry.

Since ®f = I, we have

o t o t s )
t(I)g(—iJQn)(I)g_(i*bn) — / 0, <t¢>2(—z’J2n)<I>g) ds = / (6—218QJ2n(_,L'J2n)e—2sz2nQ) ds
0 0

— /t <e_2isQJ2n [(—2iQJon) (—iJ2p) + (—id2p ) (—2iJ2,Q)] e—2z’sJ2nQ) ds
0

£
- 4/ DIRQ) DI ds.
0

t_
Since RQ is a real symmetric nonnegative matrix, ®(RQ)®? is a Hermitian nonnegative

t
matrix and thus ®](—iJa,)®] — (iJ2y,) is also a Hermitian nonnegative matrix which proves

(42).
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