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Deep Neural Network Structures Solving Variational Inequalities™
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Abstract. Motivated by structures that appear in deep neural networks, we investigate nonlinear
composite models alternating proximity and affine operators defined on different spaces. We first
show that a wide range of activation operators used in neural networks are actually proximity oper-
ators. We then establish conditions for the averagedness of the proposed composite constructs and
investigate their asymptotic properties. It is shown that the limit of the resulting process solves a
variational inequality which, in general, does not derive from a minimization problem. The analysis
relies on tools from monotone operator theory and sheds some light on a class of neural networks
structures with so far elusive asymptotic properties.

Keywords. averaged operator, deep neural network, monotone operator, nonexpansive operator,
proximity operator, variational inequality.

1 Introduction

A powerful tool from fixed point theory to analyze and solve optimization and inclusion problems
in a real Hilbert space #H is the class of averaged nonexpansive operators, which was introduced
in [3]. Let T: H — H be a nonexpansive operator, i.e., 7" is 1-Lipschitzian. Then « € |0, 1] is an
averagedness constant of 7' if Id +a~!(T" — Id) remains nonexpansive, in which case we say that 7 is
a-averaged; if « = 1/2, T is firmly nonexpansive. The importance of firmly nonexpansive operators
in convex optimization and variational methods has long been recognized [19, 27, 36, 41, 46]. The
broader class of averaged operators was shown in [7] to play a prominent role in the analysis of
convex feasibility problems. In this context, the underlying problem is to find a common fixed point
of averaged operators. In [20], it was shown that many convex minimization and monotone inclusion
problems reduce to the more general problem of finding a fixed point of compositions of averaged
operators, which provided a unified analysis of various proximal splitting algorithms. Along these
lines, several fixed point methods based on various combinations of averaged operators have since
been devised, see [1, 2, 5, 9, 11, 13, 14, 17, 18, 24, 25, 38, 43, 47] for recent work. Motivated
by deep neural network structures with thus far elusive asymptotic properties, we investigate in the
present paper a novel averaged operator model involving a mix of nonlinear and linear operators.

Artificial neural networks have attracted considerable attention as a tool to better understand,
model, and imitate the human brain [31, 37, 42]. In a Hilbertian setting [6], an (n + 1)-layer
feed-forward neural network architecture acting on real Hilbert spaces (#;)o<i<n is defined as the
composition of operators R, o(W,,-+by,)o---oRyo(W7-+by) where, for everyi € {1,...,n}, R;: H; —
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‘H; is a nonlinear operator known as an activation operator, W;: H; 1 — H,; is a linear operator,
known as a weight operator, and b; € H; is a so-called bias parameter. Deep neural networks feature
a (possibly large) number n of layers. In recent years, they have been found to be quite successful
in a wide array of classification, recognition, and prediction tasks; see [34] and its bibliography.
Despite their success, the operational structure and properties of deep neural networks are not yet
well understood from a mathematical viewpoint. In the present paper, we propose to analyze them
within the following iterative model. We emphasize that our purpose is not to study the training
of the network, which consists of optimally setting the weight operators and bias parameters from
data samples, but to analyze mathematically such a structure once it is trained. Our model is also of
general interest in constructive fixed point theory for monotone inclusion problems.

Model 1.1 Let m > 1 be an integer, let H and (#;)o<i<m be nonzero real Hilbert spaces, such that
Hm = Ho =H. Forevery i € {1,...,m} and every n € N, let W; ,,: H;_1 — #,; be a bounded linear
operator, let b, ,, € H;, and let R; ,,: H; — H;. Let o € H, let (\,)nen be a sequence in |0, +o00], set

(Vn S N)(VZ S {1, e ,m}) T,’m: Hi1 — Hitxz— R,-W(W,-mx + bi,n); (1.1)
and iterate

forn=0,1,...
Timn :Tl,nxn

Toan = T2,n731,n
1.2)

Tmn = Tm,nwm—l,n
| Tpt+l = Tn + /\n(xm,n - wn)

In sharp contrast with existing algorithmic frameworks involving averaged operators (see cited
works above), the operators involved in Model 1.1 are not necessarily all defined on the same Hilbert
space and, in addition, they need not all be averaged. Let us also note that the relaxation parameters
(An)nen in (1.2) allow us to model skip connections [44], in the spirit of residual networks [33]. If
A, = 1, we obtain the standard feed-forward architecture [31].

Our contributions are articulated around the following findings.

e We show that a wide range of activation operators used in neural networks are actually prox-
imity operators, which paves the way to the analysis of such networks via fixed point theory for
monotone inclusion problems.

e We provide a new analysis of compositions of proximity and affine operators, establishing mild
conditions that guarantee that the resulting operator is averaged.

e We show that, under suitable assumptions, the asymptotic output of the network converges to
a point defined via a variational inequality. Furthermore, in general, this variational inequality
does not derive from a minimization problem.

The remainder of the paper is organized as follows. In Section 2, we bring to light strong con-
nections between the activation functions employed in neural networks and the theory of proximity
operators in convex analysis. In Section 3, we derive new results on the averagedness properties
of compositions of proximity and affine operators acting on different spaces. In Section 4, we in-
vestigate the asymptotic behavior of a class of deep neural networks structures and show that their
fixed points solve a variational inequality. The main assumption on this subclass of Model 1.1 is that
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the structure of the network is periodic in the sense that a group of layers is repeated. Finally, in
Section 5, the same properties are established for a broader class of networks.

Notation. We follow standard notation from convex analysis and operator theory [8, 40]. Thus,
the expressions x,, — = and z,, — =z denote, respectively, weak and strong convergence of a
sequence (z, )nen to z in H, and I'g(H) is the class of lower semicontinuous convex functions ¢: H —
]—00, +00] such that domp = {z € H | p(z) < +oo} # @. Now let ¢ € T'o(H). The conjugate of
¢ is denoted by ¢, its subdifferential by dy, and its proximity operator is prox,: H — H: z —
argmin, ¢4, (o(y) + |z —y |2/2). The symbols ranT, dom T, Fix T, and zer T denote respectively the
range, the domain, the fixed point set, and the set of zeros of an operator T'. The space of bounded
linear operators from a Banach space X' to a Banach space Y is denoted by B (X,)). Finally, (1
denotes the set of summable sequences in [0, +o0].

2 Proximal activation in neural networks

The following facts will be needed.
Lemma 2.1 Let ¢ € I'g(H). Then the following hold:

(i) [8, Proposition 12.29] Fix prox, = Argmin o.
(ii) [8, Corollary 24.5] Let g € T'o(H) be such that p = g — || - ||?/2. Then prox,, = Vg*.

2.1 Activation functions

An activation function is a function ¢: R — R which models the firing activity of neurons. The
simplest instance, that goes back to the perceptron machine [42], is that of a binary firing model:
the neuron is either firing or at rest. For instance, if the firing level is 1 and the rest state is 0, we
obtain the binary step function

1, if £€>0;
: 2.1
0 éH{O’ if ¢ <o, 2.1)

which was initially proposed in [37]. As this discontinuous activation model may lead to unstable
neural networks, various continuous approximations have been proposed. Our key observation is
that a vast array of activation functions used in neural networks belong to the following class.

Definition 2.2 The set of functions from R to R which are increasing, 1-Lipschitzian, and take value
0 at 0 is denoted by A(R).

Remarkably, we can precisely characterize this class of activation functions as that of proximity
operators.

Proposition 2.3 Let o: R — R. Then ¢ € A(R) if and only if there exists a function ¢ € I'o(R), which
has 0 as a minimizer, such that ¢ = prox,.

Proof. The fact that the class of increasing, 1-Lipschitzian functions from R to R coincides with that of
proximity operators of functions in I'y(R) is shown in [22, Proposition 2.4]. In view of Lemma 2.1(i)
and Definition 2.2, the proof is complete. [

To illustrate the above results, let us provide examples of common activation functions ¢ € A(R),
and identify the potential ¢ they derive from in Proposition 2.3 (see Fig. 1).



Example 2.4 The most basic activation function is ¢ = Id = prox,. It is in particular useful in
dictionary learning approaches, which correspond to the linear special case of Model 1.1 [45].

Example 2.5 The saturated linear activation function [31]

1, if £€>1;
0 R—=>R: &= <€, if —1<€<1; (2.2)
-1, if £< -1

can be written as ¢ = prox,, where ¢ is the indicator function of [-1, 1].

Example 2.6 The rectified linear unit (ReLU) activation function [39]

if &> 0;
PR Ry & TE>0 (2.3)
0, if £€<0
can be written as ¢ = prox,, where ¢ is the indicator function of [0, +oo].
Example 2.7 Let « € |0, 1]. The parametric rectified linear unit activation function [32] is
if &> 0;
0:R—=>R: & & 1 ¢ ’ 2.4
af, if £€<0.
We have ¢ = prox,, where
0 if &> 0;
¢: R —]—00,4+00]: Q) ) 1 &> 0; (2.5)
(I/a—1)¢/2, if £<0.

Proof. Let £ € R. Then ¢/(§) = 0if £ > 0, and ¢'(¢) = (1/a — 1)¢if £ < 0. In turn (Id +¢')¢ = ¢ if
¢ >0, and (Id+¢')(&) = £/ if € < 0. Hence, ¢ = (Id +¢')~! is given by (2.4). O

Example 2.8 The bent identity activation function g: R — R: £ — (£ + /&2 + 1 — 1)/2 satisfies
0 = prox,, where

£/2 — (In(€+1/2)) /4, if €>-1/2;

. (2.6)

¢:R—>]—oo,—|—oo]:§»—>{

Proof. This follows from [23, Lemma 2.6 and Example 2.18]. [

Example 2.9 The inverse square root unit activation function [16] is g: R — R: & — £/+/1 + &2
We have ¢ = prox,, where

€2/ JT—¢2, i ;
€22 —/1-€2, if |¢| < 1 2.7)

¢:R—>]—oo,+oo]:§|—>{+oo’ i 1> 1.

Proof. Let { € |-1,1[ = dom V¢ = dom 0¢ = ranprox,. Then { + ¢'(£) = {/+/1 — &2 and therefore
prox, = (Id+¢") " : s p//1 4 p2. O



Example 2.10 The inverse square root linear unit activation function [16]

£, if £>0;
0:R—>R: & 15—1—62’ if £ <0 (2.8)

can be written as ¢ = prox,, where

0, if £>0;
¢: R —]—00,+00] : £ {1 —¢€2/2—/1—€2, if —1<E<0; (2.9
+00, if £€<—1.

Proof. Let € ]—1,+oo[ = dom V¢ = ranprox,. Then & + ¢/(§) = £if & > 0, and £ + ¢/(§) =
£/4/1—€2if € < 0. Hence, o = (Id +¢') ! is given by (2.8). O

Example 2.11 The arctangent activation function (2/7)arctan is the proximity operator of

2 € 1o . '
¢¢R—>]OO,+OO]:£'—>{wln<cos<2)>25’ it [¢] <1
+0o0, if €] > 1.

(2.10)
Proof. Let { € |-1,1[ = domV¢ = ranprox,. Then & + ¢'({) = tan(n¢/2) and therefore o =
(Id +¢')~! = (2/n)arctan. O

Example 2.12 The hyperbolic tangent activation function tanh [35] is the proximity operator of

(1+&m1+&+(1-&n1-¢) &

5 if €] <1,
+00, if |¢] > 1.

Proof. Let ¢ € |—1,1[ = domV¢ = ranprox,. Then { + ¢/({) = arctanh({) and therefore o =
(Id +¢')~! = tanh. O

Example 2.13 The unimodal sigmoid activation function [30]

1 1

GRIRED T — (2.12)
is the proximity operator of
¢: R — ]—00, +00]
(€+1/2)In(¢+1/2) + (1/2 - §)In(1/2 - §) - %(62 +1/4) i €] <1/2;
£ —1/4, if ¢ =1/2; (2:13)

+o0, if €] > 1/2.

Proof. Let { € |-1/2,1/2] = domV¢ = ranprox,. Then { + ¢'(§) = In((1 + 2¢)/(1 — 2¢)) and
therefore prox, = (Id+¢/)~": p— (1/2)(e” — 1)/(e# +1) =1/(1 +e7#) —1/2.0



Remark 2.14 Examples 2.12 and 2.13 are closely related in the sense that the function of (2.12) can
be written as ¢ = (1/2)tanh(-/2).

Example 2.15 The Elliot activation function is [28] g: R — R: { — £/(1 + |£]) can be written as
0 = prox,, where
¢: R — ]—00,+00]
&
+00, if £ > 1.

Proof. Let { € |-1,1[ = dom V¢ = ranprox,. Then § + ¢'(£) = £/(1 — |¢|) and therefore prox, =
(Td+¢')~": g /(1 + |ul). O

Example 2.16 The inverse hyperbolic sine activation function arcsinh is the proximity operator of
¢ = cosh — | - |?/2.

Proof. Let £ € R. Then ¢ + ¢/(§) = sinh ¢ and therefore prox, = (Id +¢')~! = arcsinh. [0
Example 2.17 The logarithmic activation function [10]

0: R — R: & sign(€)In (1+[¢]) (2.15)
is the proximity operator of

2
¢:R—>]—oo,+oo]:fwe‘g‘—\gl—l—%. (2.16)

Proof. We have ¢/: ¢ — sign(€)(elél — 1) — & Hence (Id +¢'): € +— sign(€)(el€l — 1) and, in turn,
prox, = (Id+¢')~": £ — sign(¢) In(1 + [¢]). O
The class of activation functions A(R) has interesting stability properties.

Proposition 2.18 The following hold:

(i) Let o € ]0,4o00[ and € ]0, +oo[ be such that af < 1, and let p € A(R). Then ap(8-) € A(R).

(i) Let (0;)ie1 be a finite family in A(R) and let (w;);cr be real numbers in |0, 1] such that ), ; w; = 1.
Then Zie[ w;0; € A(R)

(iii) Let o1 € A(R) and p2 € A(R). Then g1 o g2 € A(R).

(iv) Let p € A(R). Then Id —p € A(R).

(v) Let o1 € A(R) and g3 € A(R). Then (01 — 02 + Id)/2 € A(R).

(vi) Let o1 € A(R) and g3 € A(R). Then g1 o (202 — Id) + Id —p2 € A(R).

Proof. (i)-(iii): This follows at once from Definition 2.2.

(iv)—(v): The fact that the resulting operators are proximity operators is established in [21, Sec-
tion 3.3]. The fact that they are proximity operators of a function ¢ € I'g(#) that is minimal at 0
is equivalent to the fact that prox,0 = 0 Lemma 2.1(i). This identity is easily seen to hold in each
instance.

(vi): Set o = 01 o (202 — Id) + Id — . Then p is firmly nonexpansive [8, Proposition 4.31(ii)]. It
is therefore increasing and nonexpansive. Finally, o(0) = 0. O

6
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Figure 1: The function ¢ (top) and the corresponding proximal activation function (bottom) p in
Proposition 2.3. Example 2.10 is in red, Example 2.11 is in blue, Example 2.17 is in green.

Remark 2.19 Using Proposition 2.18, the above examples can be combined to obtain additional
activation functions. For instance, it follows from Example 2.5 and Proposition 2.18(iv) that the soft
thresholder

E—1, if £€>1;
0:R—=R: 10, if —1<e<1; (2.17)
41, if E< -1

belongs to A(R). It was proposed as an activation function in [48].

2.2 Activation operators

In Section 2.1, we have described activation functions which model neuronal activity in terms of a
scalar function. In this section, we extend this notion to more general activation operators.

Definition 2.20 Let # be a real Hilbert space and let R: % — H. Then R belongs to the class A(H)
if there exists a function ¢ € I'g(#) which is minimal at the zero vector and such that R = prox,,.

Property (ii) below shows that activation operators in A(H) have strong stability properties.
On the other hand, the boundedness property (iv) is important in neural network-based functional
approximation [26, 29].

Proposition 2.21 Let H be a real Hilbert space and let R € A(H). Then the following hold:



(1 RO=0.
(ii) Let x and y be in H. Then |[Rx — Ry|> < ||z — y||* — ||z — y — Rz + Ry||*.
(iii) Let x € H. Then ||Rz| < ||z
(iv) Let v € T'o(H) be such that R = prox,. Then ran R is bounded if and only if dom ¢ is bounded.

Proof. (i): This follows from Lemma 2.1(i).
(ii): This follows from the firm nonexpansiveness of proximity operators [8, Proposition 12.28].
(iii): Set y = 0 in (ii) and use (i).
(iv): We have ran R = ran (Id +9¢) ! = dom (Id +9¢) = dom dy. On the other hand, dom dp is
a dense subset of dom ¢ [8, Corollary 16.39]. 0
Proposition 2.22 Let H and G be real Hilbert spaces. Then the following hold:

(i) Let L € B (H,G) be such that | L|| < 1 and let R € A(H). Then L* o Ro L € A(H).

(ii) Let (R;)icr be a finite family in A(H) and let (w;)ics be real numbers in |0, 1] such that ), ; w; =
L. Then ), ;wiR; € A(H).

(iii) Let R € A(H). Then Id —R € A(H).

(iv) Let Ry € A(H) and Ry € A(H). Then (R; — Ry +1d)/2 € A(H).
Proof. The fact that the resulting operators are proximity operators is established in [21, Section 3.3].
In addition, 0 is clearly a fixed point of the resulting operators. In view of Lemma 2.1(i), the proof is

complete. [

Example 2.23 The softmax activation operator [15] is

R: RY = RY: (&)1<ken (GXP &) ZGXP &) ) —u, (2.18)

1<k<N

where u = (1,...,1)/N € RY. We have R = prox,,, where ¢ = ¢(- +u) + (- | u) and

¥: RY = ]—00, +]

N 2
Z <§k lnfk — %), (fk)l<z<N E 0 1 and ka = 1

(Ee)1<han = = (2.19)
+00, otherwise,
with the convention 01n 0 = 0.
Proof. Set
g: RY — ]—o00, +00]
N
In &, € [0,1]Y and =1;
(€k)1<ken = kz::lgk ne I Srchan Zék (2.20)

+00, otherwise.



Then ¢ = g — || - ||?/2 and [40, Section 16] asserts that

N
g RY S R: (&)1<hen — In <Z exp(gk)> : (2.21)

k=1

Since Vg* = R + u, according to Lemma 2.1(ii), R = prox,, — u. We complete the proof by invoking
the shift properties of proximity operators [8, Proposition 24.8(iii)]. 0

Separable activation operators supply another important instance of activation operators.

Proposition 2.24 Let H be a separable real Hilbert space, let (e )rcxcn be an orthonormal basis of H,
and let (¢r)kex be a family of functions in T'y(R) such that (Vk € K) ¢ > ¢1.(0) = 0. Define

RH—-H: xz— Z (prox¢k (x| ex))ex. (2.22)
keK

Then R € A(H).

Proof. The fact that R is the proximity operator of the I'o(#) function p: x — >, - ¢r((z | e)) is
established in [23, Example 2.19]. In addition, it is clear that ¢ is minimal at 0. [

3 Compositions of firmly nonexpansive and affine operators

Our analysis will revolve around the following property for a family of linear operators (W;)1<i<m+1-

Condition 3.1 Let m > 0 be an integer, let (H;)o<i<m be real Hilbert spaces, set H,,,+1 = Ho, and let
a € [1/2,1]. Foreveryi € {1,...,m+ 1}, let W; € B (H;_1,H,;) and set

i—1
LZ': 7—[0 X - X 7—[2'_1 — HZ': (mk)ogkgi—l — Z (VVZ O:---0 Wk+1):L'k. (3.1)
k=0
It is required that, for every @ = (x;)o<i<m € Ho X - -+ X H,, such that
) 1, if i=0;
(Vi€ {0,...,m}) |zl < o (3.2)
|Li(xo,...,zi—1)]], if i>1,
there holds
[ L1z — 27 (1 = a)aol| + | Ll < 2™ al|zo]- (3.3)

Remark 3.2 In Condition 3.1, we take « > 1/2 because, if £ = (2;)o<i<m € (Ho~{0})xHi X" xHyp,
satisfies (3.3), then 2711(1 — a)||zo|| < || Lms1® — 27 (1 — a)zg|| + | Linsr|| < 27 a|zo]|.

We establish some preliminary results before providing properties that imply Condition 3.1.

Lemma 3.3 Let m > 1 be an integer; let (H;)o<i<m be real Hilbert spaces, and set 6y = 1. For every
ie{l,...,m}, let W; € B(H;_1,H;) and set

0i = |[Wio---o Wi
—1
+)° > [Wio-oWj | Wy, 0o Wyl [[Wj 0o Wil (3.4)
k=11<j1<...<jp<i—1

Let (;)o<i<m € Ho X - -+ X Huy, be such that (3.2) is satisfied. Then the following hold:

9



M (Vie{l,...,m})6; = >3 Ok Wio-- o Wil
(D) (Vie{l,....m}) [lzi| < Oillzoll-

Proof. (i): This follows recursively from (3.4).
(ii): Foreveryi € {1,...,m}, let L; be asin (3.1). We proceed by induction on m. We first observe

that the inequality is satisfied if m = 1 since ||z1|| < ||Lizo|| = [|[Wizol|| < [|[Wi]| ||xo|| = 01]/zo]|- Now
assume that m > 2 and that the inequalities hold for (z1,...,2,,—1). Then, since (i) yields
m—1
Om = [[Win o0 Will + > Okl[Win 0 -+ 0 Wiy [, (3.5)
k=1
we obtain
m—1
Jmll < I Zun(@os o 2me )| = | 3 (Wi 0+ 0 Wi )a,
k=0
m—1
< ) Wi o Wil ||zl
k=0

k=1
mllToll, (3.6)

m—1
< (I oo Wil + 3 0ulWin -+ 0 Wi ol
=0
which concludes the proof.
Lemma 3.4 Let H be a real Hilbert space, and let z and y be in H. Then
zHlyll = (2 1) < (lzll + lyll = llz + y Dzl + lyi)- 3.7
Proof. Since ||z +y|” = 2llz + y[| (=] + lyl) + (=]l + l[y]))* = 0, we have

1 + 1y l1* + ¢ [ ) + [l yll
lz +yl12 = =l = Nyl el +1yD? = lll® = llyll?

— 2 2
= [l=l® + llyll” + 5 + 5
_ e+ yl® + (el + lyD?
2
Z [lz + yli (]l + llylD, (3.8)

as claimed. O

Notation 3.5 Let m > 0 be an integer, and let (H;)o<i<m be real Hilbert spaces. Let X be the
standard vector space Hg X - - - X H,,, equipped with the norm |- || x: = (z;)o<i<m — Maxo<i<m ||zil|
and let Y be the standard vector space Hy x Ho equipped with the norm || - ||ly: y = (y1,92) —
lly1]| + ||y2||. Henceforth, the norm of M € B (X,Y) is denoted by || M || x y.

Proposition 3.6 Let m > 0 be an integer, let (H;)o<i<m be nonzero real Hilbert spaces, set H,,+1 = Ho,
and use Notation 3.5. For everyi € {1,...,m + 1}, let W; € B (H;_1,H;). Further, let o € [1/2,1], let

10



0o = 1, let (0;)1<i<m+1 be as in (3.4), and set

W = Wm+1 O:+-0 Wl (393)
= inf (Wzx|zx) (3.9b)
x€Ho, ||z]|=1
M: X — HQZ T +— Zei(Wm+1 o---0 i+1)$i (39C)
=0
M:X Yzt (Mz — 2" (1 — a)wo, M) (3.9d)
: rx iy x a)zg, Mx). .

Suppose that one of the following holds:

(i) There exists i € {1,...,m + 1} such that W; = 0.
(i) [Mxy < L.
(i) ||[W —2m (1 —a)Id || — |[W]| 4+ 20m11 < 2™ o
(iv) a# 1, foreveryi e {1,...,m+ 1} W; # 0, and there exists n € [0, /((1 — @)0p41)] such that

em < 2m+1
{ +1 @ (3.10)

i1+ (1 — )(| Id =W = n[W[))(Oms1 — [W])) < 2™ (2a — 1) + (1 — a)p.
Then (W;)1<i<m+1 Satisfies Condition 3.1.

Proof. We use the operators (L;)1<;<m+1 introduced in Condition 3.1. Per Notation 3.5 and (3.9d),

1My — 2™ (1 — o)yl + [ Myl _

e om+1g sup [Myly = M| xy (3.11)
o lusll< lyllx<1

and therefore

(yeX) max lyl <1 = My —2" (1 —a)yoll + | My] < 2" ol Mxy. (3.12)

X

Now let & € X be such that

1, if i=0;
(Vi€ {0,...,m}) Jaill < - (3.13)
”Li(x(), A ,wi_l)H, if 4 > 1.
(i): We assume that m > 1. For every k € {i,...,m}, it follows from (3.4) that §; = 0 and in turn
from Lemma 3.3(ii) and (3.13) that x;, = 0. Therefore,
m i—1
Lyppix = Z(Wm—l—l oo Wiyr)wg = Z(Wmﬂ o0 W)z =0, (3.14)
k=0 k=0

and (3.3) clearly holds.
(ii): In view of (i), we assume that, if m > 1, (Vi € {1,...,m}) W; # 0. We then derive from (3.4)
that (Vi € {1,...,m}) 6; > [, Wkl > 0. If 2o = 0, (3.3) trivially follows from Lemma 3.3(ii), we
therefore assume otherwise. Now set
(tie{0,....m}) yi=m

= — . (3.15)
Oil|zoll
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According to Lemma 3.3(ii), (Vi € {0,...,m}) ||lyi]| < 1. On the other hand, it follows from (3.9¢),
(3.15), and (3.1) that My = Ly,+1x/||zo||. Altogether, we deduce from (3.12) that (3.3) holds.

(iii) = (ii): Take y € X such that |ly||x < 1. Then it follows from (3.9¢) and Lemma 3.3(i) that

1My — 2" (1~ a)yoll + Myl

m
<IW =2 (1 =) Id | flyoll + IW | lyoll +2 Y s Wonr © -~ 0 Wi | [l

i=1
W = 2" (1 — a)Td | — W] + 2041
In turn, (3.11) yields |M||xy < 1.
(iv)=-(i): Let y = (yo,---,ym) € X be such that ||yo|| = - = |lym|| = 1, and set

> 0i(Wing1 00 Wigr)ys, if m#0;
U=19i=
0, if m=0.
The assumptions and (3.9b) imply that

N0m+1 < /(1 — )
9m+1 < 2m+1a
a1+ (1 = ) ([ Id =g W[ = nlW ) (01 — W)

<2™(2a — 1)+ (1 — a)(Wyo | yo)-

On the other hand,

al[Wyo +ul| — (1 —a){yo | w)
= al|[Wyo + u| — (1 — a)(nWyo + Id —nW)yo | u)
< a|[Wyo + u| —n(1 — a)(Wyo | u) + (1 — a)||(Id =W )yol| [[ul].
Since, by Lemma 3.3(i) and (3.18),

a
1—a’

m
1Y 0i|Wipgr 00 Wi = nfmar <
i=0

we deduce from (3.17) that

n(1 = a)([Wyoll + [Jull) < .
However, by Lemma 3.4,

Wyoll llull = (Wyo | w) < (IWwyoll + [lull = [Wyo + ul)(IWyoll + [lul)-
In view of (3.21), this yields

n(1 = a)([[Wyoll lull = Wyo | u) < a([Wyoll + lull = [Wyo + ull),
that is,

al[Wyo +ull = n(1 = a)(Wyo [ w) < a([Wyoll + [[ull) —n(1 — a)[[Wyol| [[ull-

12
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Therefore, since (3.21) implies that o — (1 — a)||u|| > 0, it results from (3.19) that

al[Wyo + ul| — (1 —a){yo | )
< a([Wyoll + [lull) = n(1 = ) [[Wyol| [Jull + (1 — a)[|(Td =W )yol| ||u]|
= aflull + (@ = n(1 — &)[Jul ) [Wyoll 4 (1 — ) [|(Id =W )yol| [|ul]
< allull + (@ = n(1 = a)luD[W] + (1 = a)[[Id =W )yol| [[u
= a|W| + (= n(1 = a)[WI])[lul + (1 = )| Id =pW|| [Jul|. (3.25)

However, since (3.20) implies that a—n(1—«)||[W|| > 0, while (3.17) implies that ||u|| < 0,41 —||W ],
we derive from (3.25) that

al[Wyo + ul| — (1 —a){yo | u)
< W[+ (e =01 = )W) Omsr — W) + (1 = ) Td =W || (g1 — [[W])). (3.26)

We also have
[Wyo + ull < [[W] + llul| < Oy (3.27)
Hence, using (3.26), (3.27), (3.9¢), (3.9a), and (3.9d) we obtain
Wy + ul| < 2™ o
| Wyo +ul = (1= a)(yo | Wyo +u) < 2™(2a — 1)
. [yl <omia
af| Myl| — (1 = a)(yo | My) <2™(a® — (1 — a)?)
Myl < 2™ a
[My — 27+ (1 = a)yol® < (27 a — || My])*
& My — 2" (1 - ayyoll + [ Myl| < 27a
& [[Myly <1 (3.28)

(3.18) = {

-

Nowset C = {y € X ‘ lyoll =+ = |lymll = 1}. Then, in view of (3.11), (3.28), and [8, Proposi-
tion 11.1(ii)], we conclude that || M || x .y = supycconvc MYlly = supyec [[Mylly < 1.0

The next result establishes a link between deep neural network structures and the operators
introduced in (3.1).

Lemma 3.7 Let m > 1 be an integer and let (#;)o<i<m+1 be nonzero real Hilbert spaces. For every
ie{l,...,m+1}, let W; € B(H;—1,H;) and let L; be as in (3.1). Further, for every i € {1,...,m},
let P;: H; — H,; be firmly nonexpansive. Set

T =Wmnair10PpoWyp o000 P oW, (3.29)

let x and y be distinct points in Ho, and set vo = (x — y)/||z — y||- Then there exists (vy,...,v,) €
Hi X -+ X H,y, such that

(Vie{l,...,m}) vl <||Li(vo,...,viz1)]l

2" (Trnz — Tyny) (3.30)
:Lm 1(?)0,...,’[)m).
Iz =y !
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Proof. For every i € {1,...,m}, since P; is firmly nonexpansive, there exists a nonexpansive operator
Q;: H; — H; such that

p-M ";Q (3.31)

We proceed by induction on m. Suppose that m = 1 and set

_ Q1(Wriz) — Q1 (Why)

V1 , (3.32)
[z —yll
which implies that |jvi|| < |[W1i(z — »)||/||z — y|| = || L1vo||. Then
2(T1x — le) = (W2 9] Wl)(x — y) + (W2 9] Ql o Wl)x — (W2 @) Ql o Wl)y
= Hac - y” ((WQ o Wi)vy + WQ’Ul)). (3.33)
Thus, (3.30) holds for m = 1. Next, we assume that m > 1 and that there exists (v1,...,v,—1) €
Hq X -+ X Hy_1 such that
(VZE {1,...,777,— 1}) ”Uz” < HLi(7)07---7Ui—1)”
2m—1 Tm— T _Tm— y (334)
( ! ! ) :Lm(UO7---7vm—l)7
(e
and we set
2m =1 ((Qn 0 Trne1)x — (Qm 0 T
o = 2 (@m0 Tn1)2 = (@m0 Tn-1)y). (3.35)
|z =yl
Then (3.29), (3.31), and (3.34) yield
Tomx — Ty
_ (Wm—l—l o Tm—1)$ - (Wm—l—l o Tm—l)y 4 (Wm—i-l o Qm o Tm—1)$ - (Wm+1 o Qm o m—l)y
2 2
:L' J—
= % ((Wm—i-l o Lm)(UO7 cee 7Um—1) + Wm—i—lvm)
;U —
- %Lmﬂ(%, e Um). (3.36)
In addition, it follows from (3.34) and (3.35) that
2m=U T, 12 — Ty
ol < 2ot = Tt yp )l (3.37)

[z = yll

which completes the proof. [

We now establish connections between Condition 3.1 for linear operators and the concept of
averagedness for composite nonlinear operators.

Theorem 3.8 Let m > 1 be an integer, let (H;)o<i<m—1 be nonzero real Hilbert spaces, set H,, = Ho,

and let o € [1/2,1]. Forevery i € {1,...,m}, let W; € B (H;—1,H;) and let P;: H; — H; be firmly
nonexpansive. Suppose that (W;)1<i<m satisfies Condition 3.1. Then P,,oWy,o---oP,oW is a-averaged.
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Proof. Set T = P,, o W,,, o --- 0 P; o W;. We must show that

1 1
Q= <1 - —) Id+—-T (3.38)
@ @
is nonexpansive. By assumption, for every ¢ € {1,...,m}, there exists a nonexpansive operator
Q;: H; — H,; such that (3.31) holds. Let (L;)1<i<m be as in (3.1) and let z and y be distinct points
in Hy. According to Lemma 3.7, there exists v = (vg, ..., Um-1) € Ho X - -+ X H,—1 such that
r—Y
vy =
lz =yl
(VZ S {1,...,777,— 1}) ”Uz” < HLi(U07---7Uz’—1)” (339)
2" (W0 Pymqy o0 ProWy)z — (Wp 0 Ppq -0 Py o Wh)y)
R ~ o

Condition 3.1 imposes that
[Lmv —2"(1 — a)vol| + [[Lmv]| < 2™ alvo| = 2™, (3.40)

which is equivalent to

[(Wi o Pp10--0oProWi)z — (WpoPy1---0ProWr)y—2(1 —a)(z -y
+ (W0 Pp_yo-- 0P oWz — (W0 Py -0 P oWy)yll < 2allz —yl|. (3.41)

In turn, we derive from (3.38) and (3.31) that

1Qz — Qyl|

1 /Id+Q,, Id +@,,

B S N L2t St AR
1

\%(H(Wmo m—10---0P oWz — (Wy 0Py, 1--0ProW)y—2(1—a)(x—y)
+H(QmOWmO m—lo"'oplowl)w_(QmOWmOPm—l”’OPIOWI)yH)
1

g%(H(WmO m-10-0ProWi)z— (WpoPp_1--0ProW)y—2(1-a)(z—y
+ |(Wp o Pp_io---0ProWi)z— (Wyo m—1”’OP10W1)yH)

< lz =yl (3.42)

which establishes the nonexpansiveness of Q).

Example 3.9 Consider Theorem 3.8 with m = 2. In view of Proposition 3.6(iii), Py o W50 Py o W is
a-averaged if ||Wy 0 Wi —4(1 — «) Id || 4 ||Wa o Wy || 4 2||Wa]| |Wh]| < 4a. In particular, if o = 1, this
condition is obviously less restrictive than requiring that 1, and W, be nonexpansive.

4 A variational inequality model

In this section, we first investigate an autonomous version of Model 1.1.
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Model 4.1 This is the special case of Model 1.1 in which, for every i € {1,...,m}, there exist
R; € A(H;), say R; = prox,, for some @; € T'g(H,;) with ¢;(0) = inf @;(H;), W; € B (H;—1,H;), and
b; € H; such that (Vn € N) R; , = R;, W;,, = W, b, = b;. We set

(VZ S {1, e ,m}) T Hic1 > Hi:x— RZ(WZl’ + bl) 4.1)

and

F =Fix(T,,0---0Ty)

H=H1D - DHm1DHmnm

N

—
S:H—=>H: (1, Tin—1,Tm) = (T X1, e oy Tpe1) (4.2)
N .

W:H—H: (vpm, 21, Tm—1) = Wiz, Woz, ..., Wyxm_1)

p:H —|—o00,+o0]: & — >t pilx;)

Y: H — ]—00, +oo] : @ 3L (pilwi) — (i | bi))

F = {m cH ‘ xr1 :Tlﬂj‘m, X9 :TQZL'l,..., Tm = Tml'm—l}a
where x = (z1,...,z,,) denotes a generic element in .

4.1 Static analysis
We start with a property of the compositions of the operators (7;)1<;<m of (4.1).

Proposition 4.2 Consider the setting of Model 4.1, let i and j be integers such that 1 < j < i < m, and
let x € Hj_1. Then

[(Tio--oTjx| < !M\HH%IHZ(% | H \WkH>- (4.3)

k=q+1

Proof. In view of (4.1), the property is satisfied when ¢ = j. We now assume that ¢ > j. Since
R; € A(H;), Proposition 2.21(i) yields
[(Tio---oTy)z| = [Ri(Wi(Timy 0+ - 0 Tj)a + by) |
= [|Ri(Wi(Ti—1 0+ o Tj)z + b;) — R0
< [[Wall H( i—10- OTj)wIHHbiH- (4.4)

We thus obtain (4.3) recursively.
Next, we establish a connection between Model 4.1 and a variational inequality.
Proposition 4.3 In the setting of Model 4.1, consider the variational inequality problem
by € T1 — WhiT,, + &pl (Tl)

by € Ty — WoT1 + Opo (T
find Ty € Ha..... Ty € Hyy suchthat 42 C T2 T 0p2(T2) (4.5)

bm S Em - Wmfm—l + 8(Pm(fm)
Then the following hold:
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(i) The set of solutions to (4.5) is F.
(i) F =zer(Id — W o S + 9v) = Fix (prox,, o W o S).
(i) F = {(T1Zm, (T2 o T1)Tm,...,(Tm—1 0+ 0 T1)Tm,Tm) | Tm € F}.
(iv) Suppose that (W;)1<i<m satisfies Condition 3.1 for some « € [1/2,1]. Then F'is closed and convex.
(v) Suppose that (W;)1<i<m satisfies Condition 3.1 for some « € [1/2,1] and that one of the following
holds:

(@) ran(T;, o---oT}) is bounded.
(b) There exists j € {1,...,m} such that dom y; is bounded.

Then F and F are nonempty.

(vi) Suppose that Id — W o S is monotone. Then F is closed and convex. In addition, F' and F are
nonempty if any of the following holds:

(@) Id — W o S + Oy is surjective.

(b) 9 — W o S is maximally monotone.

(¢) maxici<m ||Will <1, S* — W has closed range, and ker(S — W*) = {0}.

(d) maxici<m |Wil| < 1and, foreveryi e {1,...,m}, domg! = H,;.

(e) Foreveryic {l,...,m}, domy; = H and dom ¢} = H,.

(f) S* — W has closed range, ker(S — W*) = {0}, and, for everyi € {1,...,m}, domy; = H;.
(g) Foreveryic {1,...,m}, domy; is bounded.

Proof. We first observe that S € B (7{,7—-2), WeB (’?L,’H), p eTo(H),and ¢ € Tg(H).
(i): Let x € H. Then

Wixm + b1 € 1 + 0p1(21)
x solves (4.5) < Wgy-cl b2 € 72+ Opa(w2) (4.6)
ka-wm_l + b € Ty + 0o (T1n).
T = proxwl(Wlxm +b1) =Tz,
- T2 : prox,,, (Wazy + ba) = Tomy “4.7)
T : prox¢m(Wmmm_1 + b)) = TnTm—1-
(ii): Let « € H. Using (4.2), we obtain
x solves (4.5) < Oecx—W(Sz)+0p(x) < x=prox,(W(Sz)). (4.8)

(iii): Clear from the definitions of F' and F'.

(iv): Define m firmly nonexpansive operators by (Vi € {1,...,m}) P;: H; — H;: y— Ri(y + b;).
Then it follows from (4.1) and Theorem 3.8 applied to (P;);<i<m that T, o --- o T3 is nonexpansive.
In turn, we derive from [8, Corollary 4.24] that its fixed point set F' is closed and convex.

(v): Thanks to (iii), it is enough to show that F' # @&. Set T' = T,, o --- o T and recall that it is
nonexpansive by virtue of Theorem 3.8.
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(a): Let C be a closed ball such that ran7 € C and set S = T'|¢. Then S: C' — C'is nonexpansive
and therefore [8, Proposition 4.29] asserts that Fix T = Fix S # &.

(b)=-(a): We have ranT; C ran R; = ranprox,, = dom (Id +0yp;) = domdy; C dom¢;. Hence
ran 7} is bounded and Proposition 4.2 (with ¢ = m) implies that

ranT ranT,,, if j=m; (4.9)
(Tpo---oTj1)(ranTy), if 1<j<m—1 .

is likewise.

(vi): Set A=1Id — W oS + 9. Since Id — W o S is monotone and continuous, it is maximally
monotone [8, Corollary 20.28], with ‘H as its domain. Since 0 is also maximally monotone [8,
Theorem 20.25], A is likewise [8, Corollary 25.5(i)] and hence F = zer A is closed and convex [8,
Proposition 23.39]. Next, we note that, in view of (iii), F' # g & F # &.

(a): The hypothesis implies that (b;)1<i<m € ran (Id — W o S + d¢) and therefore that (4.5) has
a solution, i.e., F # @.

(b)=-(a): The claim follows from Minty’s theorem [8, Theorem 21.1].

(c)=-(a): We have |W o S| = |W/|| = maxi<i<m |[Wi]| < 1. Therefore, —W o S is nonexpan-
sive, which implies that (Id — W o S)/2 is firmly nonexpansive [8, Corollary 4.5], that is (V& € H)
(x —W(Sz)|z) > |z — W(Sz)||?/2. Consequently, Id — W o S is 3* monotone [8, Proposi-
tion 25.16], while 0y is also 3* monotone [8, Example 25.13]. Finally, since S is unitary,

ran (Id —WoS) =ran(S*— W) =71an (S — W*)* = (ker (S — VV*))l =H, (4.10)

which shows that Id — W o S is surjective. Altogether, since [8, Corollary 25.5(i)] implies that
Id — W oS+ 0y is maximally monotone, it follows from [8, Corollary 25.27(i)] that Id — W oS+ d¢p
is surjective.

(d)=(a): We have dom ¢* = H. Hence since intdom ¢* C dom d¢* [8, Proposition 16.27],
we have ran 9p = dom (dp)~! = dom dp* = H. Hence, dyp is surjective. We conclude using the
same arguments as in (c): dp and Id — W o S are both 3* monotone and their sum is maximally
monotone, which allows us to invoke [8, Corollary 25.27(i)].

(e)=(a): As seen in (d), d¢ is surjective. We have ‘H = intdom¢ C domdy [8, Proposi-
tion 16.27]. Consequently, H = dom (Id — W o S) C dom 0¢. Altogether, since Jy is 3* monotone,
it follows from [8, Corollary 25.27(ii)] that Id — W o S + O is surjective.

(f)=(a): Asseenin (c), Id — W o S is surjective and d¢ is 3* monotone. In addition, dom (Id —
W o S) C domdy since H = intdom ¢ C domd¢ [8, Proposition 16.27]. Altogether, it follows
from [8, Corollary 25.27(ii)] that Id — W o S + O is surjective.

(g): Here dom A = domd¢y C dom¢p = X ,domy; is bounded. Hence, F = zer A # @ [8,
Proposition 23.36(iii)]. [

Remark 4.4 In Proposition 4.3(vi), it is required that Id — W o .S be monotone, or equivalently, that
its self-adjoint part Id — (W o S + S* o W*) /2 be positive. In a finite-dimensional setting, this just
means that the eigenvalues of the matrix WS + S*W™ are in |—o0, 2].

Remark 4.5 Let T € ?# be a solution to the variational inequality (4.5). A natural question is
whether T solves a minimization problem. In general the answer is negative. For instance, for m > 3
layers, even if the Hilbert spaces (#;)1<i<m are identical, W = Id, the vectors (b;)1<;<m are zero,
and the functions (p;)1<;<m are indicator functions of closed convex sets (C;)1<;<m, the solutions to
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(4.5) do not minimize any function ®: ‘H — R [4]. A rather restrictive scenario in which the answer
is positive is when Id — W o S is monotone and W o S is self-adjoint. Then Z is a minimizer of
Pz (1/2)(x — W(Sx) | ) + Y (x).

Example 4.6 In Model 4.1, suppose that, for every i € {1,...,m}, H; = R for some strictly
positive integer V;. In addition, assume that, for every i € {1,...,m}, R; is a separable activation
operator with respect to the canonical basis of R": (see Proposition 2.24), and that it employs the
RelU activation functions of Example 2.6. For every i € {1,...,m}, let z; = (& x)1<k<n, € R and
set b; = (Bir)1<k<n,- Then it follows from Proposition 4.3(i) that (z1,...,x,,) € F if and only if, for
everyi € {1,...,m}, z; € [0, +oo[" and

(VEe{1,...,N1}) [Wrizmlk + Bk — &k € Z(E1k)
(VE € {1,...,No}) [Waz1lg + Bok — Eok € L(E2k)

: (4.11)
(Vk € {17 s 7Nm—1}) [Wm—1$m—2]k + ﬁm—l,k - gm—l,k € I(gm—l,k)
(Vk € {17 oo 7Nm}) [Wml'm—l]k + ﬁm,k - gm,k € I(Sm,k)
where, given x € H;_1, [W;x]; is the kth component of W;x and
{0}, if £€]0,+o0[;
(€)= .12
(V€ € [0, +00)  Z(¢) {]_007 0. if £=0. (4.12)

Altogether, we conclude that F is a closed convex polyhedron.

4.2 Asymptotic analysis
Next, we investigate the asymptotic behavior of (1.2) in the context of Model 4.1.

Theorem 4.7 In the setting of Model 4.1, set T' = T,, o --- o Ty, let « € [1/2,1], and suppose that the
following hold:

(@) F# 2.
(b) (Wi)1<i<m satisfies Condition 3.1 with parameter .
(c) One of the following is satisfied:
i) \p=1/a=1and Tz, — z, — 0.
(i) (An)nen liesin]0,1/aland }°, .y An(1 — ady) = +o0.
Then (x,)nen converges weakly to a point T,,, € F and (11T, (T20T1)Tpm, -, (Tin—1 0+ 0T1)Tpn, T
solves (4.5). Now suppose that, in addition, any of the following holds:
(iii) Foreveryi € {1,...,m — 1}, R; is weakly sequentially continuous.
(iv) Foreveryi € {1,...,m—1}, R; is a separable activation operator in the sense of Proposition 2.24.
(v) Foreveryie€ {1,...,m — 1}, H; is finite-dimensional.

(vi) For some e € ]0,1/2], (Ap)nen liesin [, (1 —e)(e + 1/a)] and, for every i € {1,... ,m}, H, =H
and there exists f3; € |0, 1] such that [|W; — 2(1 — §;) Id || + ||W;]] < 26;.
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Then, for every i € {1,...,m—1}, (z; ,)nen converges weakly to T; = (Tjo- - -oT1)Ty, and (T1, ..., Tm,)
solves (4.5).

Proof. We first derive from (1.2) and Model 4.1 that
(Vn eN) zp41 = a0 + \(Txy, — x4). (4.13)

Now set (Vi € {1,...,m}) P;: H; — H;: y — R;(y+b;). Then (4.1) yields T' = P,,oW,,0-- -0 PioW;
and, since the operators (R;)i<i<m are firmly nonexpansive, the operators (P;)i<;<m are likewise.
Hence, it follows from (b), Theorem 3.8, and (4.2) that

T is a-averaged and FixT = F. 4.149)

(i): In view of (4.14), T is nonexpansive and hence we derive from [8, Theorem 5.14(i)] that
(zn)nen converges weakly to a point in F. The second assertion follows from Proposition 4.3(iii).

(ii): In view of (4.13) and (4.14), [8, Theorem 5.15(iii) and Proposition 5.16(iii)] imply that
(zn)nen converges weakly to a point in /', and we conclude by invoking Proposition 4.3 (iii).

We now prove the convergence of the individual sequences under each assumption.

(iii): We have already established that z,, — Z,,. Since W, is weakly continuous as a bounded
linear operator, so is 7 in (4.1). Hence, (1.2) implies that x; ,, = T\z,, — T1Z,, = 7. Likewise, we
obtain successively Ton = Tgl‘lm — 1571 = 7o, T3n = Tgl‘gm — 1379 = 7T3,..., Tmn = mem—l,n —
ThTm_1 = Tm-

(iv)=-(iii): See [8, Proposition 24.12(iii)].

(v)=-(iii): A proximity operator is nonexpansive and therefore continuous, hence weakly contin-
uous in a finite-dimensional setting.

(vi): As shown above, z, — T,, € F. It follows from Proposition 3.6(iii) and Theorem 3.8
(applied with m = 1) that, for every i € {1,...,m}, T; is f5;-averaged. Hence, upon applying [24,
Theorem 3.5(ii)] with « as an averaging constant of 7', we infer that

(Id —=T})ay, — (Id —T})Tp, — 0

(1d —Tg.)(Tlxn) — (Id-1)(T1%m) — 0 (4.15)

(Id—T)(Th—10 - 0 Th)xp) — (Id —T) (Trp—1 0 - - - 0 11)Ts,) — 0.

Thus, 21, — z, = T2y, — &y, — 11Ty — Ty, Which implies that 21, = (1, — zn) + . = (11T, —
Tm) + T = T1 %, However, since x5, — 21 5, = (T2 0 T1)xy, — T2y, — (T2 0T1)Ty, — 11Ty, We obtain
x2y — (T3 o T1)T,y,. Continuing this telescoping process yields the claim. [

The next result covers the case when the variational inequality problem (4.5) has no solution.

Proposition 4.8 In the setting of Model 4.1, suppose that (W;)1<i<m satisfies Condition 3.1 with o €
[1/2,1], that (\,)nen lies in [e, (1/a) — €], for some € € ]0,1/2[, and that F' = @. Then ||z,| — +oo.

Proof. We derive from (4.13) and (4.14) that, for every n € N, x,,11 = @, + pin(Qx,, — ), Where
Q = (1 —-1/a)Id+(1/)T is nonexpansive and such that Fix@ = F, and u,, = a\, € ]0,1[. Hence
the claims follows from [8, Proposition 4.29] and [12, Corollary 9(b)]. O

Remark 4.9 When assumptions (a)—(c) in Theorem 4.7 are satisfied, the neural network described
in Model 1.1 is robust to perturbations of its input. Indeed, since 7' is a-averaged in (4.13), we can
write the updating rule as x,+1 = Q,z,, where @,, is nonexpansive. In turn, if xy and zy are two
inputs in Hy, for a given n € N, the resulting outputs z,, and 7,, are such that ||z,, — Z,,|| < ||zo — Zo]|-
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Remark 4.10 In connection with Theorem 4.7 and Remark 4.5, let us underline that in general the
weak limit 7,, of (x,),en does not solve a minimization problem. A very special case in which it does
is the following. Suppose that m = 2, H; = H, [|[Wi|| < 1, and Wy = W, Set ¢y = ¢1 — (- | by)
and 19 = @9 — (- | by), and let T, € F, ie., Ty = (prox,, o Wi o prox,, o Wp)Ts. It follows from
[21, Remark 3.10(iv)] that there exists a function ¢ € I'o(#) such that W} o prox,, oW = prox,.
Thus, 7 is a fixed point of the backward-backward operator prox,, o prox,. It then follows from

[20, Remark 6.13] that 75 is a minimizer of " 4 v, where *9: z — inf g, (9(y) + ||z — y||?/2) is the
Moreau envelope of 4.

Remark 4.11 To model closely existing deep neural networks, we have chosen the activation op-
erators in Definition 2.20 and Model 4.1 to be proximity operators. However, as is clear from the
results of Section 3 and in particular the central Theorem 3.8, an activation operator R;: H; — H;
could more generally be a firmly nonexpansive operator that admits 0 as a fixed point. By [8,
Corollary 23.9], this means that R; is the resolvent of some maximally monotone operator such
Ai: Hi — 2Mi (e., R; = (Id4+A4;)~") such that 0 € A4,0. In this context, the variational inequality
(4.5) assumes the more general form of a system of monotone inclusions, namely,

by € T1 — Wiz, + A1T

by € To — WoT1 + AsTo
find 7, € H1,..., Ty € H,, such that . (4.16)

b € Trn — WiiTm—1 + AmTm.

5 Analysis of nonperiodic networks

We analyze the deep neural network described in Model 1.1 in the following scenario.

Assumption 5.1 In the setting of Model 1.1, there exist sequences (wy)nen € &r, (Pn)nen € Ei,
(M)nen € €1, and (vy,)nen € £} for which the following hold for every i € {1,...,m}:

(i) There exists W; € B (H;—1,#;) such that (Vn € N) [|W; , — W;|| < wp,.
(ii) There exists R; € A(H;) such that (Vn € N)(Vo € H;) [|Rinz — Riz| < pollz|| + 7.
(iii) There exists b; € H; such that (Vn € N) ||b; ,, — b;|| < vp.

In addition, we set
(VZ € {1, .. ,m}) T Hi—g —> Hi: x— RZ(WZl’ + bl) (5.1

Proposition 5.2 In the setting of Model 1.1, suppose that Assumption 5.1 is satisfied, leti € {1,...,m},
and set

(V’I’L € N) Xin = pn”Wz,nH +w, and Ci,n = anbz,nH + N + Vn. (5.2)
Then (Xin)nen € €4, (Cin)nen € €1, and (Vn € N)(Vo € Hi—1) | Tinz — Tiz|| < Xinllz|| + i

Proof. According to Assumptions 5.1(i) and 5.1(iii), sup, ¢y [|[Winll < 400 and sup,,cy [|binl] < +00.
It then follows from (5.2) that (x;n)nen € £} and ({n)nen € ¢%. Hence, we deduce from (1.1),
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(5.1), the nonexpansiveness of R;, and Assumption 5.1 that

(Vn e N)(Vz € Hi—1) ||Tinx — Tiz||

|Rin(Winx + bin) — Ri(W; nx + bin)|| + [|Ri(Winz + bin) — Ri(Wiz + b;)||

Pl Win@ + bipll + i + [[Win@ + bin — Wiz — bl

Po([[Winll 2]l + 10inll) +mn + Wi — Will ]| + [[bin — bill

Pr([Winl Izl + 10inll) + nn + wn [z + vy

Xin 2|l + G, (5.3)

<
<
<
<

as claimed. O

Proposition 5.3 In the setting of Model 1.1, suppose that Assumption 5.1 is satisfied. Then, for every
i € {1,...,m}, there exist (7; n)nen € (X and (6; ,)nen € ¢ such that

(VneN)Ve e H) |[(Tino---oTin)r— (Tio---oTh)x| < Tinllz| + bin. 5.4

Proof. For every i € {1,...,m}, define (x;n,)nen and (i n)nen as in (5.2), According to Proposi-
tion 5.2, (5.4) is satisfied for ¢ = 1 by setting (Vn € N) 7, = x1,, and 01, = (1. Next, let us
assume that (5.4) holds fori € {1,...,m — 1} and set

i
Tistn = (Wisall + Xit10)Tim + Xien [ [ Wl

(Vn € N) =t ; (5.5)
Ois1m = (IWis1ll + Xis1.0)0im + Xit1m D (Hij 11 HWkH> + Git1,n-

j=1 k=j+1

Then the sequences (741, )neny and (0;41,,)nen belong to E}F. Now let n € N and € H. Upon
invoking Proposition 5.2, the nonexpansiveness of R; 1, and Proposition 4.2, we obtain

[(Tis1no--oTin)z— (Tix10-- o Th)z|
<|(TigrnoTimo--oTin)e — (Tig10Tipno--- 0Ty )z
+|[(Tig10Tipo---oTyp)xr — (Tiz10Tio--- o Ty)xl|
Xit1nl|(Tin oo Ty )| + oo + [[(Tig1 0 Tipo - 0T p)x — (Tigr 0Ty o+ o Ty)x||
Xi+1n(|[(Lin o o Tip)z — (Tio---oTi)zl| + [|(Tio- - o Th)z|) + Git1n
+ || Ris1 (Wig1 0 Tim o+ Tin)x + bip1) — Rigi (Wigr1 0 Ty o -+ 0 Ty)z + biya) ||
< (Wil + Xit1n) (Lo 0 -+ 0 Tin)z — (T o -+ - o Th)af| + Xiam[|(Ti o - - o Th)x| + Giam

< (IWigall + Xit1,0) (Tinl| 2] 4 0in) +Xz'+17n<|!xH ITiwal+>° <Hbj” II IkaH)) + Gitin

k=1 =1 k=j+1
= Titinllz| + bitim, (5.6)

NN

which proves the result by induction. [

We can now present the main result of this section on the asymptotic behavior of Model 1.1. The
proof of this result relies on Theorem 4.7, which it extends.

Theorem 5.4 Consider the setting of Model 1.1 and let o € [1/2,1]. Suppose that Assumption 5.1 is
satisfied as well as the following:
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(@) F=FixT # @, where T =T, 0---017.
(b) (W;)1<i<m satisfies Condition 3.1 with parameter .
(c) One of the following is satisfied:

) My=a=1land Tz, — z, — 0.
(i) (An)nen liesin]0,1/aland ) -y An(1 — ady) = +oo.

Then (x,,)nen converges weakly to a point T,, € F and (T1 Ty, (T2 0 T1) Ty -y (Tn—10+ 0T )T, Tin)
solves (4.5). Now suppose that, in addition, any of the following holds:
(iii) Foreveryi € {1,...,m — 1}, R; is weakly sequentially continuous.
(iv) Foreveryi € {1,...,m— 1}, R; is a separable activation function in the sense of Proposition 2.24.
(v) Foreveryie {1,...,m — 1}, H,; is finite-dimensional.
(vi) For some € € ]0,1/2], (Ay)nen liesin [e, (1 —€)(e + 1/a)] and, for every i € {1,...,m}, H; =H
and there exists 3; € 0, 1] such that |[W; — 2(1 — ;) Id || + ||W;]| < 28;.

Then, forevery i € {1,...,m—1}, (;n)nen converges weakly to 7; = (T;o---oT1)Z,, and (T1, ..., Tp,)
solves (4.5).

Proof. Let (y,)nen be the sequence defined by yy = x¢ and

forn=0,1,...
Yin :len

Yo = oy,
" ! (5.7)

Ymn = Tmym—l,n
L Yn+1 = Yn + )\n(ym,n - yn)

For everyn € N, set S, =T}, 0 --- 0 T} ,. We derive from (1.2) and (5.7) that

(V’I’L € N) ‘|$n+1 - yn—l—lH = ||33n + )\n(snxn - xn) —Yn — )\n(Tyn - yn)H
S MlSnn — Txp|| + |20 — yn + M (Txp — Typ — 25 + yn)l|. (5.8)

At the same time, by Proposition 5.3, there exist (7, )nen € Eﬂr and (0, n)nen € Eﬂr such that

(VneN) |[|Spxn — Tayn|| < Tmnllznll + Omn 5.9

Tm,n(Hinn = Ynll + [lynll) + Om,n- (5.10)

NN

On the other hand, by Theorem 3.8, Assumption 5.1(ii), and (b), T is a-averaged. Hence, there
exists a nonexpansive operator : H — H such that 7 = (1 — o) Id +aQ. Since (c) implies that
(An)nen lies in ]0,1/a], we deduce that

(VneN) |lzp —yn + AM(T2n — Tyn — 2p +yn)|| = (1 — @) (@0 — Yn) + A (Qrn — Qun) ||
< (1= ad)||zn — ynll + e |QTr — Qual|
< lzn = ynll- (5.11)

Altogether (5.8), (5.10), and (5.11) yield
Tmn 1
(vn S N) Hwn-‘rl - yn-l-lH < (1 + T) Hwn - yn” + E(Tm,n”ynu + em,n)- (512)
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However, Theorem 4.7 guarantees that 0 = sup,,cy ||yn|| < +oc and therefore that

Tm,n

(07

1
(0 €M) Jans1 = yortl < (14 720) 20 = gall + = (T + Ormn)- (5.13)

Since (T pn)nen and (T nd + Om.n)nen are in E}H there exists v € [0, +00[ such that ||z, — y,|| — v
[8, Lemma 5.31]. Consequently, &' = sup,,cy ||Zn|| < 0 + sup,en ||2n — ynll < +00. Now, set

(VneN) e, = é(Sna:n —Txy,). (5.14)

Then it follows from (5.9) that

1 o 1
Z HenH < a Z (Tm,TLHZEnH =+ em,n) < E Zvan + a Z Hm,n < +00. (5.15)

neN neN neN neN

In view of (1.2), we have
(Vn eN) zpi1 = 2p + pn(QTy + €7 — x,), wWhere p, =al, €10,1]. (5.16)

(i): The weak convergence of (z,),cn to a point Z,,, € Fix@ = F follows from (5.16) and [8,
Theorem 5.33(iv)] by arguing as in the proof of [8, Theorem 5.14(i)].

(ii): It follows from (5.16) that ) ptn(1 — pt,) = +oc. Hence [8, Proposition 5.34(iii)] implies
that (z,),ecn converges weakly to a point 7,, € Fix@Q = F.

In (i)-(ii) above, Proposition 4.3(iii) ensures that (T1Z,, (T2 011)Tm, - -, (Tn—10- -0 T1 )T, Tin)
solves (4.5).

(iii)—(v): If one of these assumptions holds, by proceeding as in the proof of Theorem 4.7 (iii)—
(v), we obtain that, for every i € {1,...,m — 1}, (T 0---oTy)x,, — T, = (T;0- -0 T1)Tp
and that, furthermore, (Z1,...,T,,) solves (4.5). However, Proposition 5.3 asserts that, for every
i €{1,...,m — 1}, there exist (7; ,,)nen € £} and (6;,,)nen € ¢} such that, for every n € N,

i = (Tio -0 T)xnl| = [[(Tin o - 0 Tup)zn = (Tio - 0 Th)xn|| < Tinllnll + bin.  (5.17)

Since (zp)nen is bounded, z; , — (T; o - - - 0 T1)z,, — 0 and therefore z; , — ;.
(vi): For everyi € {1,...,m}, set

(VneN) e,=TipnoTli—ipo---0Tip)xy — (TjoTi—1p0--- 0T )Ty, (5.18)
and let (i n)nen and (G n)nen be defined as in (5.2). By Propositions 4.2, 5.2, and 5.3, we have

(Vn €N) lernll < x1nllznll +Cin (5.19)
and

(Vi€ {2,...,m}) 3 (Ti1,n)nen € L) (3 (0i—1,n)nen € £1)(Vn € N)
leinll < Xinl|(Ticin oo Tin)zn| + Cin
Xig((Ticip o o Tip)an — (Ti—y 0 o T)ay || + [[(Ticy 0+ 0 Th)an|) + Gim

i1 i—1 i—1
<Xi,n<7—i—1,n”$n”+9i—1,n+‘|$n”HHWkH+Z||bj‘|< 11 HWkH>> + G- (5.20)

k=1 j=1 k=j+1

<
<
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Thus, since (z,,)nen is bounded,

(Vi€ {L,...,m}) (leinlnen € £} (5.21)

In addition, by (5.18) and (1.2),

(VneN) zpi1 =x,+ A\, (Tm(Tm_l(' Th(Thzp+ein)+ean ) +emin)+emn —xn). (5.22)

Thus, since Proposition 3.6(iii) and Theorem 3.8 imply that the operators (7;)i<;<n are averaged,
the proof can be completed as that of Theorem 4.7 (vi) since [24, Theorem 3.5(ii)] asserts that (4.15)
remains valid under (5.21). 0
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