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FINITE VOLUME SCHEME AND RENORMALIZED SOLUTIONS
FOR A NONCOERCIVE AND NONLINEAR PARABOLIC
PROBLEM WITH L! DATA

OLIVIER GUIBE AND SARAH LECLAVIER

ABSTRACT. In the present paper by using the tools developed for finite volume
schemes, we adapt the strategy used to deal with the existence of a renormal-
ized solution for parabolic problems with L! data. We prove here the conver-
gence of the finite volume approximate solution of a noncoercive and nonlinear
parabolic equation to a renormalized solution. Under additional assumptions
on the problem, the uniqueness of the renormalized solution implies that the
whole sequence converges.

1. INTRODUCTION

In this work we consider a finite volume implicit in time discretization (with an
upstream choice for the convective flux) of the following parabolic problem:

O iAW) V) + div(on) = [ in Q.

(1.1) u=0on 0Q x (0,7T),
u(z,0) = u’(z) Vo € Q,

where € is an open bounded polygonal subset of R%, d > 2, T is a positive number
and @ = Q x (0,T). Moreover A is a continuous function such that A\(u) > p > 0,
with g a positive real number, v € (L4+2(Q))¢, u® € LY(Q) and f € LY(Q).

The main difficulties in dealing with the existence and the uniqueness of a so-
lution to problem (1.1) are due to the noncoercive and nonlinear characters of the
operator and to the L' data f. These difficulties naturally have an impact on
any finite volume or finite element scheme to handle approximation of solution of
(1.1). Indeed, due to the noncoercive character of the equation, we have to control
a discrete variational formulation of div(vu) which is not simple (see Proposition
3.3). Moreover, since the data is not regular enough, residual terms appear when
controling the discrete time derivative: we use a nonlinear test function and the
chain rule formula does not apply in the discrete case. We thus have to control
these extra terms.

When v = 0, as far as parabolic equations with L' or measure data are concerned
Boccardo and Gallouét have proved in [11] the existence of a distributional solution
for nonlinear and coercive equations. Since the solution in the sense of distribution
is not unique in general (see [32] in the elliptic case and [31] in the parabolic
case) different notions of solution have been developed for parabolic (or elliptic)
equations with L' data (and measure data): the notion of renormalized solution
which have been introduced by DiPerna and Lions in [16] for first order equations.
This notion has been adapted to elliptic equations ([27], see also [13] for measure
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data) and to parabolic equations with L! or measure data ([8, 9, 29]). Renormalized
solutions allow one to obtain in general existence, stability and uniqueness results
when the data belongs to L. Nonlinear version of (1.1) with p—growth operator
is adressed in [14, 15]: existence and uniqueness are proved (under more restrictive
assumptions). A large number of papers is devoted to renormalized or entropy
solutions of parabolic problems with L! data: see, among others [7, 10, 18, 30, 31].

As far as finite volume schemes are concerned we refer to the book [19] in which
the authors study finite volume approximation for linear or nonlinear elliptic, para-
bolic and hyperbolic equations. As in the continuous case one of the main obstacle
for time dependent equations is to derive some compactness (and then the pointwise
convergence) for the approximate solution which is necessary (but not sufficient) to
pass to the limit. One of the methods is to derive with the equation an estimate on
differences of time and space translates (see [19] and [1, 2, 3, 4, 20] in the context of
degenerate parabolic equations). Another method is to use the compactness result
proved in [22] which is a discrete version of Aubin-Lions Lemma (see [33]).

When f € L', the convergence of a finite volume scheme for the linear version
of (1.1) (i.e. A = 1) and when v is more regular (v € C*(Q x [0, T]) and div(v) = 0)
has been studied in [21] (see also [17] for the stationary case). They proved that
the solution of the scheme for equation dyu+div(uv) — Au = f converges to a weak
solution of this equation in the sense

€ 0 L0, TWHQ),
1<q<(d+2)/(d+1)
(1.2) fQuattpdxdt—l—fQVu-Vgodxdt—fqu-Vgodxdt

= fQ fododt + fQ uop(0) dx Vo € C2(2 x [0,T)).

The case where A is a continuous and bounded function is dealt in [22, 24], where
the authors prove the convergence of the solution of the finite volume scheme to a
weak solution (in the sense of (1.2)) of (1.1). However due to the low regularity of
u the uniqueness of such a solution in the sense of (1.2) remains an open question
even in the linear case.

Using the notion of renormalized solution, the existence of a solution of (1.1)
is established in [15] for a non linear version with p-growth condition while the
uniqueness is dealt in [14].

The novelty of the present paper is to mix the tools developed for finite volume
schemes ([19, 22, 21]) with the strategy to deal with the existence of a renormalized
solution for parabolic equations with L data ([9, 10]). The main result (see Theo-
rem 2.8) is that the finite volume approximate solution of (1.1) converges (up to a
subsequence) to a renormalized solution of (1.1). Moreover when A is a locally Lip-
schitz continuous or when v does not depend on ¢, since the renormalized solution
is unique we deduce that the whole sequence converges to the unique renormalized
solution of (1.1). To our knowledge and with respect to the above mentioned refer-
ences the result is new (in particular for nonlinear parabolic equation with L! data).
Let us mention that such an analysis is performed in [25] for the stationnary case,
namely the equation —div(A(u)Vu)+div(vu) = f with f € LY(Q), v € LP(Q)4,
2<p<+ooifd=2p=dif d> 3 and with Dirichlet boundary conditions. It is
worth noting that time dependent equations give additional difficulties due to the
lack of regularity of %. Moreover in the case where A is not bounded there is no
reason to have a solution in the sense of distributions for f € L'(Q). This is why
the framework of renormalized solutions appears to be more convenient.

Recall (see [9, 10]) that a renormalized solution of (1.1) is a measurable function
u defined from @ to R such that

(1.3) u € L>(0,T; L'(Q)),
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(1.4) VEk > 0, Ty(u) € L*(0,T; Hy (),

(1.5) lim // u)| VT (uw))? da dt = 0,

k~>+oo

and for every functions £ € C°(Q x [0,7T)) and S € W2°°(R) such that S’ has a
compact support and S’(u)¢ € L2(O,T, H}(Q)).

/ /‘ft ) dx dt — Q«E 9 dx
+/O /Qx(u)vu.wgs’(u))dxdt/o /qu~V(§S’(u))dxdt
(1.6) :/OT/foS’(u)dxdt.

Here T}, is the truncate function at height k:

Ti(s) sif |s| <k,
S) =
g sgn(s)k if |s| > k.

The paper is organized as follows. In Section 2, we present the finite volume
scheme, the time discretization and the properties of the discrete gradient. Section
3 is devoted to prove several estimates, especially an estimate on the time derivative
and the discrete equivalent to (1.5) which is crucial to pass to the limit in the
scheme. In Section 4, we prove the convergence of the finite volume scheme, passing
to the limit and using both a density argument and Steklov averages.

2. THE FINITE VOLUME SCHEME AND THE TIME DISCRETIZATION
Let us define the admissibility of the mesh in the present work.

Definition 2.1. (Admissible mesh) Let Q be an open bounded polygonal subset
of R, An admissible finite volume mesh of 2 is given by a finite partition T of  in
polygonal convex sets, called the "control volumes', by a finite family £ of disjoint
subsets of Q contained in affine hyperplanes, called the "edges', and by a family
P = (zx)keT of points in ) such that

e cach o € £ is a non-empty open subset of OK for some K € T,

e by denoting E(K) = {0 € £; 0 € K}, one has 0K = U,cg k)0 for all
KeT,

e for all K # L in T, either the (d — 1)-dimensional measure of K N L is
null, or KN L =& for some o € £, that we denote then o = K|L,

o forall K € T, xk is in the interior of K,

o foralloc = K|L € &, the line (xk,xy1) intersects and is orthogonal to o,

o foralloc € £, 0 C NN OK, the line which is orthogonal to o and going
through T intersects o.

We denote by |K| (resp. |o|) the Lebesgue measure of K € T (resp. o € &).
The unit normal to ¢ € £(K) outward to K is denoted by i o. Eint (resp. Eeut)
is defined as the set of interior (resp. boundary) edges.

For any K € T and o € £(K) we denote by dk,, the Euclidean distance between
xzx and o. For any o € &, we define d, = dx o +dps if 0 = K|L € & (in
which case d, is the Euclidean distance between zx and zr) and d, = dg ., if
o€ ge:nt n g(K)

The size of the mesh, denoted by hr, is defined by hy = sup s diam(K).
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In the continuous case, Poincaré and Sobolev inequalities are necessary to find a
priori estimates, and then to solve the problem. Since, in the discrete case we also
need to find such estimates, we will need discrete versions of these two inequalities
(see [12]). Before that, we have to define the discrete Wy*¢ norm.

Definition 2.2. (Discrete Wol’q norm) Let Q be an open bounded polygonal
subset of RY, d > 2, and let T be an admissible mesh. Define X (T) as the set of
functions from Q to R which are constant over each control volume of the mesh.
For vy € X(T) and q € [1,4+00[, we define the discrete Wol’q norm by

q q
VK — VL VK
orl = 3 lolds |22 S o, |26
o€Eint 7 0€Eeut 7
o—K|L oee(K)

where vy denotes the value taken by v on the control volume K.

Let us also define
lve — v

|[v7[|1,00,7 = max {{ , 0 € Emt, 0=K|L}

|1C)ZK|’ 0 € Eent, 0 €E(K)}U{|vk|, K € ’7'}}
Definition 2.3. (Discrete dual norm) Let ¢ > 1 and let ¢' be given by %—i— % =1

if q is finite and ¢’ =1 if ¢ = +o0o0. We define the dual norm by

U {

1
Woll-rgr = sup ——— / vwdz.
weX(T) Hw”l,qﬂ' Q
w#0

Proposition 2.4. (Discrete Poincaré inequality) Let T be an admissible mesh
and vy € X(T). Then, if 1 < q <2,

vl za() < diam(Q)([v7|l1,q,7
Proposition 2.5. (Discrete Sobolev inequality) Let 1 < ¢ < 2, T be an
admissible mesh and £ > 0 satisfying
forall K € T and all 0 € E(K), dg» > &do.

Then, with qx = dd—_qq if g <d and gx < 0o if ¢ = d = 2, there exists C > 0 only

depending on (2, q, qx, &) such that, for all v € X(T),

[vrllLes () < Cllor|

As far as the time dicretization is concerned, we suppose given a uniform par-

tition of the interval [0,T) such that [0,7] = Uj<i<n[t'"1, '] where t' = it

and it = % We define Xp the space of piecewise constant functions over each

K x (t=1 t") for K € T and 1 <i < N. To each sequence (U%—hgigz\/ of functions
of X(T), we associate the function vp € Xp defined by :

vp(z,t) = vl-(v) Vo € Q, Vt € (#1,1), 1 <i< N,
ie vp(r,t) =vi Ve e K, K€ T, Vte (t 1 t), 1<i<N.
We now define the discrete time derivative of vp by
vi(z) — v i(2)
ot

i—1

i.e.@tv}(:% VK €T, V1 <i < N.

1,q,7

8t7pvi(x) = V1l<i<N,

Before writing the finite volume scheme, let us recall the definition of the discrete
finite volume gradient (see [24]).
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Definition 2.6. (Discrete finite volume gradient) For K € T and o € £(K),
we define the volume Dy , as the cone of basis o and of opposite vertex xy. Then,
we define the "diamond-cell” D, (see Figure 1) by

DUZDK,UUDLJ ifU:K|LE(€int,

D, =Dk » if 0 € &t NE(K).
For any vp € Xp, we define the discrete gradient Vpup as the piecewise constant
function over each D, x (t*=1,t%) and given by

Vo € Eint, 0 = K|L, V1 <i <N,

% ’Ui

Vopup(x,t) = dULdJnKJ, Vz € Dy, Vt € (t71, 1],

Vo € Eene NE(K), V1< i< N,

0 . .
Vopup(x,t) =d denKyg, Va € D,, Vt € (£ .

o

TK |
I\

\\% : D,

o

A

Ficure 1. The diamond D,

Lemma 2.7. (Weak convergence of the finite volume gradient) Let (Tm,)m>1
be a sequence of admissible meshes such that there exists & > 0 satisfying

for all m > 1 for all K € T,, and all 0 € E(K), dk,, > &do,
and such that h,, — 0 and let 0t,, be a sequence of time steps such that dt,, — 0.
Letvp,, € Xp,, and let us assume that there exists C > 0 such that vazl 5tm|\v%—m ||?,2,Tm <
C, and that vp,, converges weakly in L'(Q) tov € L*(0,T; H3(Q)). Then Vp,, vp,,
converges to Vv weakly in L*(Q).
The proof of this lemma is an easy adaptation of the proof done in [24] in the
elliptic case. The only difference is the presence of a time integral.

Let T be an admissible mesh, we are now in a position to give the finite volume
discretization of (1.1). For 1 <i < N, K € T and 0 € £(K), we define

. 1 ti
2.1 Vi o = / / V- Nk,e dz dt,
@1 K 6t|Do| Ji,_, Jp,

_ 1 ti

(2.2) fic = —/ / fdxdt,

K 6t|K| ti1 JK

1

2.3 ud = —/ u0(z) da.

By defining fp = (f%)i<i<n, we observe that if f belongs to L'(Q) standard
analysis arguments allow one to obtain that fp converges to f in L'(Q) as dt and
hT go to zero.
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We also need to define the upstream choice of u by:
(24) Vo =K|L € Epy, uly . = ui if v, >0, ub | =uf otherwise,
(25) Vo € Eeart NE(K), uly . = u if v, >0, ub . =0 otherwise.

i
o,—

We denote uf,yf the downstream choice of u, i.e. u
{uie, up} (with wf = 0if 0 € Eepr N E(K)).

is such that {u} ,,ul } =

For all 1 <i < N we define A\(u)? in the following way

(2.6) Vo = K|L € &, min[)\(uzk), )\(uZL)] < )\(u)f, < max[)\(uzk), )\(uZL)],
(2.7) Vo € Eeur NE(K), Mu)! = Auk),

where A\(u)? is for example the mean value of A(u%;) and A(u?).

We are now in a position to write the scheme as the following set of equations:

Forall1<i< N and forall K € T
Uy — u?l |o| i i i i
(28) |K|—"———+ > 7 Mo (uge —up) + > ok ol = K| fk,
ccE(K) 7 ceE(K)

with 8 = 0 if 0 € Eepe NE(K). Tt is worth noting that the above implicit scheme
is nonlinear. The existence of a solution of (2.8) will be studied later in Section 4
while Section 3 is devoted to a priori estimates.

Let us now state the main result of this paper. We assume in the whole paper
that A is a continuous function such that

(2.9) A(u) > p > 0 with p a positive real number,
(2.10) v e (LT2(Q)),

(2.11) u’ € LY(Q),

(2.12) feLYQ).

Theorem 2.8. If T is an admissible mesh and 6t a time step, then there exists at
least one solution to (2.8).
If (Tm)m>1 is a sequence of admissible meshes such that there exists &€ > 0 satisfying

(2.13) for all m > 1 for all K € T, and all 0 € E(K), dk,, > &do,

and such that hr,, — 0 and if (6tm)m>1 s a sequence of time steps such that

St — 0, then if up, = (uf )i<i<n,, s one solution to (2.8) with T = Tpn,

0t = dty, and N = Ny, up to a subsequence, up,, converges to u in the sense that

up,, converges to u almost everywhere in @), where u is a renormalized solution of

(1.1) and for all n >0, VpT,(up,,) converges weakly to VT, (u) in L*(Q)%.
Moreover if

(H1): X is a local Lipschitz continuous function, or

(H2): v(x,t) =v(x) is independent of t
then the whole sequence up,, converges almost everywhere to u where u is the unique
renormalized solution of (1.1).

For parabolic equations with L' data the classical results of convergence for
finite volume schemes ([21, 22]) establish a convergence to a solution on the sense
of distributions which is not unique in general (see [31]). This result presents
the interest to obtain the convergence of the approximate solution to the unique
renormalized solution. Let us mention that the proof of this theorem is not a
straightforward adaptation of the result obtained in [25] for the elliptic case. We
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first show a discrete log-type estimate; the proof of which being classical in the
elliptic case (see [17]). We then have to establish a discrete version of the decay of
the energy (1.5) which is necessary to pass to the limit in the discrete renormalized
formulation. In a third time we need a compactness result. In [21, 22] the authors
derive estimates on up and apply a discrete version of the Aubin-Simon Lemma to
extract a convergent subsequence. Here, since the data is not regular enough and
since A is not bounded, we derive estimates on Hy(up), where Hy, is a regularized
version of T}, instead of up itself. Then using the strategy developed in [5] we
extract a convergent subsequence. In Section 4 we prove the theorem, adapting to
the discrete case the techniques used to deal with the existence of a renormalized
solution.

3. ESTIMATES

This section is devoted to derive estimates on the sequence up. The very first
estimate, up bounded in L>°(0,T; L*(9)), is proved in Proposition 3.1. Since we
do not assume that dive = 0 we use a different method than the one developed in
[21]. A log-type estimate is first obtained in the same spirit that in the elliptic case
(see [17]) which in turn gives the L>°(L!') bound. We then prove in Proposition
3.3 uniform estimates on the truncated discrete energy which are discrete versions
of the continuous renormalized case. Using Proposition 3.3, the discrete equation
and the discrete compactness result proved in [22] we are then able to obtain in
Proposition 3.8 the pointwise convergence of up which is crucial to perform the
convergence analysis.

Proposition 3.1. Let T be an admissible mesh and let 6t be a time step. If
up = (ul)1<i<n is a solution to (2.8), then

N

(3.1) > dtllin(l+ [ufr DI o7 < C.
=1

and

(3.2) lun |01 () < C.

Proof. We only sketch the ideas of the proof. Estimate (3.1) is proved in [17] in
the elliptic case. Adapting this proof to the parabolic case and using the convexity
argument of [21] we are in a position to show that for all 1 < M < N

M

DSt In(1+ [u DT o7 + N6 o) < C.

i=1
Since this inequality provides a bound of up in L>(0,T; L*(Q)), we get (3.1) and
(3.2). O
Corollary 3.2. Let T be an admissible mesh and let 0t be a time step. If up =
(U%-)lgz‘gN is a solution to (2.8) and, forn >0, E, = {(x,t) € Qx(0,T); |up(z,t)| >
n}, then there exists C > 0 only depending on (Q,v, f,d,p) such that
¢
(In(1+n))2’

Proof. Using Proposition 3.1 and the discrete Poincaré inequality, we get that

(3.3) |En| <

N
D dtl i + [ur)lFa) < C ie. (1 + up|)l720,r 200 < C,
i=1

where C' only depends on diam(f2), d, ||f|l£1(q), [|t°||L: (@) and [|v]|12(g)a. Thus,
(In(1 +n))?|E,| < C. O
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In the following proposition we prove a uniform estimate on the truncate energy
of up (see (3.5)) which is crucial to pass to the limit in the approximate problem.
We explicitely observe that (3.5) is the discrete version of (1.5) which is imposed
in the definition of the renormalized solution. In the elliptic case, in order to prove
such estimate, we use the convergence of up (see [25]) which we do not have yet.
We will see that Corollary 3.2 and an equi-integrability argument are sufficient to
obtain the desired estimate. Since the equation contains the term div(v u) we also
have to uniformly control the discrete version of = fOT Jovu VT, (u) dxdt which is
stated in (3.6). Estimate (3.7) is a control of a rest which will be needed to pass to
the limit.

Proposition 3.3. (Discrete estimate on the energy)
Let (Trm)m>1 be a sequence of admissible meshes such that there exists & > 0 satis-
fying

for all m > 1 for all K € T,, and all 0 € £(K), dk,» > &do,

and (0tm)m>1 be a sequence of time steps.
If up,, = (u'r )i<i<n is a solution to (2.8), then

1

3.4 lim Tim — T, =0

(3.4) nJToohTmLOnliqu”“T (wr)llri o)
Oty —0

T |U| i i i\
(3.5) ngl}rloo hThHi)O " Z ot Z —up)(Tn(uk) — Tu(ug)) =0,
Sty —0 =1 Ueg

(3.6) lim  lim Z&ZIUIIvKUIIUHIIT(H) T(ug )| =0,

n—+oo hr,, -0 N
Stm—0 =1 o€f

. 1 lim K T =
(37) nﬁlm;%onzzi '/ A dr =0,

Stm—0 =1 KET
where ut =0 if 0 € Eeny

Proof. We first establish (3.5). Let 7 be an admissible mesh and ¢ a time step and

let up be a solution of (2.8). Multiplying each equation of the scheme by Lo (UK )
summing on K € 7T, gathering by edges and summing over the discrete times from
1 to M where 1 < M < N lead to

(3.8) ™+ 1 + T =1
with
(3.9) T1M=—Zét2 KT (o),
i=1 KeT
o . . . .
(3.10) TQM:—Z&Z' N (e — ) (T (usle) — T (),
= oc&
(3.11) T¥=—Zét2|o|vm why (To(ul) — To(ul)),
= oce€

312) M= —Zét Y K|k Ta (k).

i=1 KeT
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We define the function T by T fo s)ds for all r € R, which satisfies the
following properties (which are used in the Sequel).
(3.13) T, is a convex Lipschitz continuous function,
~ 1 1
(3.14) Vr e R, nlr| > Th(r) > 57“Tn(7“) > §|Tn(7°)|2,
b
(3.15) T (b) =Th(a) + (b—a)Th(a) + / (b—r)T) (r)dr, Va,beR.

As far as T is concerned, thanks to (3.15) we find that

1 ~ 1 ~
== n\Ug ) — — n\UK
ST KT l) — = S KT ()
KeT KeT
M
s w7 i -
=1 KeT

Since 1 1

Tould) > Sull T (uld) > SITudh)?
we have
(3.16) = Z | K| T (udd) > —HUTT ()l L)

KET

Moreover the convexity of T), (T}, > 0 a.e. in R) yields that

(3.17) —Z > |K|/ T! (r)dr > 0.

i=1 KeT
We now study 73, If o € &, by the definition (2.4) of u} , and recalling that
is the downstream choice of ', if v} , > 0 we have
Vi o (Tn(u) = Tn(up)) = Vi o (Tn(ug 4 ) — Tu(ug, ),
and if vZKU < 0 we have
Vi o (Tn(ui) = Tn(up)) = =V o (Tn(ug 1) — Tn(ug ).

It follows that T} can be rewritten as

~T3 == Z&fZIUIIvKU U 4 (Tn(ug, ) — Tu(ug 4 ))-

= o€&
As in [17] we define for all 1 <i < N the subsets A° of edges by

Al={oe&;ul >ul_, u, <0tU{oce&; u,  <ul

7
’LLU,_

uf,Hr > 0}.

o,—)

Since 7T;, is nondecreasing we have

Vo ¢ Ai, U;7+(Tn(ul ) - Tn(u;,-i-)) < O’

g,—
Vo € A, ul  (T(uly, ) — Ta(ul, ) > 0.
It allows one to split —T3 into two sums, the first one with non negative terms
and the second one with non positive terms. It follows that for any 1 < M < N

(3.18) ~T3' < = Z5t2|0||vz<g|ug+( w(ug, ) = Tn(ug ))-

=1 oeA’
In view of (3.8), (3.16), (3.17) and (3.18) we obtain for any 1 < M < N

)

1 / / / /
(3.19) 0< %HWMTTL(U%\!)HD(Q) + T1,A34 +TY <T,M+ Ty 5 — M
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where
’ 1 -~
(3.20) Tip== Y |KITu(uf),
KeT
(3.21) M= _Z > |K|/ )T (r) dr,
1=1 KeT
(322)  —TM=-— Zat 3 ol i g lu (Tl ) = Tl 1),
=1 o€Al
¢ 1 i i
(3.23) T,M = - Zét S K| | fil 1T (u)]-
=1 KeT

Since T{%f , M, T,M and —T4M are non negative and nondecreasing with respect
to M we obtain that

T1/,1 = sup ||U%'Tn(ué')”Ll(Q) < T4N + T1,2 - T3N-

M 1<i<n
Writing (3.19) for M = N and summing to the previous inequality leads to
(3.24) 0< T+ + 1 <orN 4217, — 2157,
We now pass to the limit in (3.24) as n — +o00, by studying the terms TziN, T1/72

and Tg/,N . Observe that dealing with TéN is more intricate and requires as in the
continuous case a splitting argument (see (3.27)).
Due to the definition of up we have

, 1 /T
Ty =1 / / |l [To(up)| de dt.
n.Jo Ja

from which it follows Vk > 0
!’ 1 1
TN = / ol [T (up)| + 2 / ol [T (up)|
n Ey, Q\Ek

/Ek |fol + = i /Q\Ek | fpl.

Recalling that fp converges strongly to f in L'(Q), Corollary 3.2 and an equi-
integrability argument lead to

(3.25) lim lim TN 0.
n—+00 hr—0
6t—0

As far as T7 , is concerned since (u%)ke7 converges to u® in L'(€2) and since T),
is a Lipschitz continuous function, we have
1 [ ~
lim T}, = / T, (u®) da.
Q

T*}O ’
0t—0

Recalling that %fn(uo) goes to 0 almost everywhere in ) while |%Tn(u0)| <|u’| e
LY(Q) the Lebesgue theorem implies that

(3.26) nEIJIrlOO thlgo Ti 4 = 0.
ot—0

We now turn to T3 and we prove that

) 1 1
(3.27) ~TuN < ZTQN + ZTL1 + R(n)

with R verifying lirf R(n) =0.
n——+00
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Because for any o € A’, u} , and u) _ have the same sign and |u’ (| > n
implies |u}, | > n, we can split T3 into a sum on {[u’ ;| < r} and a sum on
{r <|ul .| <n} where r > 0 will be chosen later. It leads to TN < I + I, with

N
1 7 7 [ [
(328) Il = gZ(‘)‘t Z |U| |,UK,G'|UO',+(T77/(UG‘,7) _Tn(ua,Jr))’
=1 ceA?
\ug’+\<T
1 N
(3:29) L=_ Dot D> ol kol ub  (Ta(ul, o) = Tu(ul 1)),
=1 occ Al

i
r<jul L I<n

Forany o0 € A |uf, 4| > r implies |ug_| > r, thus using Holder inequality:

1
Iy < =Ir1 -1z - Iz3,
n

where

N E=
m(Z& 5 |a|dg|v;<,g|d+z) |

i=1 oceA’
r<\ug’+|<n
r<lug _|
N Bz
) 2(d+2)
I = <Z5t Yo lolde [ Tu(ul4)| ) :
i=1 oA’
rﬁ\ui’+|§n
r<lug _|
N 0] 3
Irs = <Z5t > 7 [Talug, ) —Tn(uf;,+)]2> :
i=1 geA? 7

TS‘“@,+|§"

r<|ul |

Using Jensen’s inequality we have

. 1 ti
vl |92 < / / v|42dz dt,
| K,<7| = 5t|Da’| i Jo, | |

thus recalling that F, = {(z,t) € Q x (0,T); |up(z,t)] > r} and taking into
account that in I ; the sum is on |uk| > r we obtain

(3.30) Ly < d||v]| pasags, ya.

We now control Is 5. As in [17], in view of the definition of A’ and since dk , > £d,
we have, V1 < ¢ < N,

. 4 !
S olde | Tu(ul )[FF2 < > | Talui)[@2 Y olds
laeAi‘ KeT oceE(K)NA?

r< uijJr <n

vt |

d -
<% D KT (ui )443,
KeT
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If d > 3, using Holder and Sobolev inequalities (see Proposition 2.5) and (3.14)
we get, V1 <i < N,

S KT w1 < (X KT wioR)

KeT KeT KeT
2
<¢( w3 RN 0) z; %m(u@ - T)?).
Summing over the time steps and raising to the power z(dL-m) we obtain
(3.31)
o < 0 s T o) ™ (308 3 ir ade) - T )

1<i<N i—1 oy

where C' > 0 is a constant depending on €, d and &.
In the case of dimension d = 2, using a discrete version of Gagliardo-Nirenberg
inequality (see Theorem 4 in [6]) together with Poincaré inequality we have

S IKIIT i) < O X 1Tl (3 D T(uie) - T P)
KeT KeT oeg 9

where C' > 0 is a constant depending on 2, d and £. Using similar arguments it
follows that (3.31) holds for d = 2.
As far as I 3 is concerned we observe that

ha< (Zatz'“'w o)~ Tup))
=1 o€&

Then from (3.30) and (3.31), introducing u% where A(u) > p > 0, and using
Young’s inequality it follows that

C”'UHL(H?(ET)d 1
n pt(d+2) 1<

|I2] < SUP [ T (wl) | 21 ()

+a2 Zétz'“'w i) - Tn<uz>|2>.

= c€e€

By Corollary 3.2 and since v € L2(Q)?, the absolute continuity of the integral
implies that there exists r > 0 (independent of T and 6t) such that for all admissible
mesh 7 and all time step 0t

1 d+1 1
(332) maX{C”'U|Ld+2( E,)d m C|,U|Ld+2(Er)dd+2} S g

Therefore

1(1 . )
(3.33) |12|§—<§ sup ||y Lo (u7)| 21 (0)
n 1<i<N
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We now turn to I;. Using Cauchy-Schwarz inequality and Young inequality we
have by the definition of A;

N
1 i i i i
[ = HZ& Yo ol i ol o (Taluf, ) = Tu(uf, )

geA’
|uij+\§7"
1 1
N
T i |U| [ 1
<200t D0 loldalvie, P | [ 300t D (Talup ) = Talug )’
oc Al =1 geat 7
lug, 4 |<r lug, <
(3.34)
1 27’ d”’UHLz(Q)d M N i i 2
Sg T gg d, (07)_Tn(“o+))

Gathering (3.33) and (3.34) and since )\(u)f, > we get

?dlv HLZ(Q)d 1 ; ;
TN <+ T < _— 4+ — 7T (uh
5 < |1 + I m + 8 121? s To(u)l L1 (o)
= UES

2
27 d”UHLz(Q)d 1 . )
<2 B - T 4
= m + 3 1Stlp wr T (uf)l L1 ()

Z&ZM ) (T u) — Ta(ui))

G'

i=1 o€l
2T d”UHLz(Q)d 1
< - xS —T —TN
- n /J/ 4 1, 1 4 2
which is (3.27). From (3.24) it follows that
2
1 1 ‘N arid|v]3s
0§§T{1+T13+§T2N§2T4 +2T12+_ )
, , 1

where 77 ;, Tlllg and T¥ are non negative. Thus by (3.25) and (3.26) we get (3.4),
(3.5) and (3.7).

We now turn to (3.6). By (3.8) for M = N we have T} + T + T = T}.
Due to the definition of T}¥ we have T}V > fT{’2 + T{]\3’ so that the non negative
character of T4V and Tl leads to

TN <Tyo+ T <Ti,+ TN
If we denote B’ as the complement of A’ we have
Vo € B uf,Jr(Tn(uzaJr) — Tn(uf,,)) > 0.

It follows that writing Ty as T = T3V + Ty N with

N
N = E Zat Z |J| |UK,G|UG,+(TTI(UU,+) - Tn(ua,f))a

i=1 oeB
we deduce that
0< TN <Ty 5+ TN —T5N.
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Then using (3.25), (3.26) and (3.27) we obtain

. —_— "N

lim lim 737 =0.
n—+o0o h—0
it—0

At last remarking

TN - TN Z5t2|al V50| [t 4| [T (11, 1) = T (g, )|

i=1 o€
gives (3.5). O

Remark 3.4. In the present paper the data f is given and the "discrete” right-hand
side fi, is such that fp converges strongly in L(Q) to f. If we replace fp by a
L' bounded sequence fp, that is if we assume that fp is only bounded in L'(Q),
the attentive reader may notice that Proposition 3.1 and then Corollary 3.2 hold
true. However as in the continuous case, Proposition 3.3 should be replaced by a
weaker one. Indeed except the precise behavior of TziN all the computations and the
arguments of the proof hold. Since TZiN is (only) bounded we obtain ¥Yn > 1, there
exists C' depending only on (Q,v, f,n,d,§) such that

(3.35) . 1§up s T () 1y <

(3.36) Zét S Pt e — i tuo) - T < .
=z

(3.37) gét;ﬂ [Vl ol b 4| T (0t ) = Tuul, )| < C.

(3.38) ;%m/ T (r)dr < C,

Such estimates are useful when dealing with strongly coupled PDE systems in fluid
or solid thermomechanic containing a balance energy equation with an expected L'
data (see e.g. [22] for discrete approximate solutions for a turbulence model and
[23] for a thermoviscoelastic model).

Corollary 3.5. (Estimate on T, (up)) Let T be an admissible mesh, let 6t be a
time step and & > 0 such that (2.13) holds. If up = (u)1<i<n s a solution to
(2.8), then for all n > 0 there exists C > 0 only depending on (Q,v, f,n,d, &) such
that

N
(3.39) > St Tuur) 127 < C.

i=1

Proof. Thanks to (3.5) and the fact that A(u) > p, we have

“Zétz '“' W) (T (ule) = To(ul)) < C.

=1 065

Since | Ty, (u) — Tp(ub)| < |ub, — ub |, we obtain

" Z&Z Bl i) ~ Tatus)? <

i=1 065
which is (3.39). O
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As explained in the introduction, we use the discrete version of Aubin-Simon
Lemma proved in [22, 21], which requires in particular estimate on the discrete
time derivative. Since A is not bounded we cannot expect to have estimate on the
time derivative of up as in [22, 21]. To overcome this additionnal difficulty we
propose to use the discrete Aubin—Simo~n Lemma on a regularized truncate of up.
Let us introduce the functions h,, and h,, defined by

0 if r < —2n,
%—1—2 if —2n<r<-—n,
(3.40) hn(r)=41 if —n<r<n,
%+2 if n <r<2n,
0 if r > 2n.
and hp(s) = Jo Bn(r) dr. These two functions satisfy the following properties:
(3.41) En is a continuous Lipschitz function,
(3.42) h., is bounded by 1,
(3.43) Vr,s € R, hy(r)(1 — han(s)) = hn () (hon (1) — han(s)),
1
(3.44) Vr,s € R, |hn(r) — hn(s)| < E|T2n(r) — Ton(s)].
hin(r)
1
r
—2n —-n n 2n

FIGURE 2. The function h,,

Proposition 3.6. (Estimate on h,(up)) Let T be an admissible mesh, 5t be a
time step and € > 0 such that (2.13) holds. If up = (u%)i1<i<n is a solution to
(2.8), then for all n > 0 there exists C > 0 only depending on (Q,v, f,n,d, &) such
that

N
(3.45) > otlhn(up)|i oy < C.

i=1
Proof. We can perform the proof thanks to (3.39) and the fact that

N N

P Ol P
S i) oy = 300 52 i) — T
=1 =1

= oeg 7

= >t 3 i (B (wie)) — o (T ) P

i= oeg 7

N
g i %
<SS i, i) — o) 2

oeg 7

<
[

U1 Ton () .7 O

|
.MZ

N
Il
-
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Proposition 3.7. (Estimate on d;h,(up)) Let T be an admissible mesh, let ot
be a time step and £ > 0 such that (2.13) holds. If up = (U'ir)lgigN is a solution
to (2.8), then for all n > 0 there exists C > 0 such that

(3.46) Zét”@t (W 117 < C.

Proof. Let w € X(T). Multiplying each equation of the scheme by hy, (uk )wp,
summing over the control volumes and gathering by edges, we get 77 + T4+ T4 = T}
with

i i1 )
(3.47) 7= Y KMy (o wg,
ot
KeT
i o i i i i

348)  Ti= 3 T tule )y — B ),

o€l g
(3.49) Ti =Y lofvic pul , (ha(ule)wic — ha(u)wr),

oec&
(3.50) Ti= Y |K|fichn(ui)wi.

KeT

As far as T} is concerned we have Tf = Tf L + T, with

1—1
T11*Z|K| (uK )wK7
KeT
K we
Tip= 3 Bl / i = B () dr,
KeT Uk
where A, ( =[5 hn
By Deﬁmtlon 2. 3 we have
1 ) ~ )
(3.51) SWp 111 = 10 (W)l 1,17
wex (7) 1wll1,00,
w#0

We now study the terms T3, T3, Tj and T} , in order to control (3.51).
Since hy, is bounded by 1 we have |T%| < [[w]| Lo (o) ||| f|*]| L2 () where |f]" = & ft tolf)de.
We thus get

N

(3.52) Z 5t sup

1T < (| fllo)-
=7 ex(n wlieer @
w#0

As far as T4 is concerned we have T4 = T4 | + T4 , with

= 3 N k) e =) e = ),

065
z |U| ) h [ —h 7
15, Z ug —up)(hn(uk) n(ug)).
UES
In view of the definition of h, we get

i [wllze= (@ g i i i i
175 o] < PV 52 03yt e — ) (T ) — o)
oeg 7
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so that taking the supremum on X (7) and summing over the time steps give

N

Z 0t sup L

T3]
= wex () lwlle, 2
w0

(3.53)
<1 Z&Z"" ke — ) (Do () — Ton(u))
= oce&

which is bounded thanks to the estimate (3.5). We now turn to T3 ;, which reads
as

i i i
T271 = T2,171 + T271,2 where

= 3 N ) e =) e — ),
065

-yl '”' i) (1 — b () (ae — ) (i — wr).
065

Since Ay, (ub)(1 — han(ut)) = hn(ul) (han(ub) — hon(ub)) we have

lwll L= (o g i i
T 0] < T() Z lo] | )i (Tam () — Tam (u)) (ufe — ul),

oce a

which gives thanks to (3.5)

N
1 _
(3.54) > 6t sup |T2z Eel
p— weX (T | Y
w;&O
As far as T2i,1,1 is concerned, we have
WK — Wy,
T5.1= Z o[ Au UK)h2n(UL)(T4n(UK) T (uf ))Ta
o€ 7
and by the definition of A(u)¢, we can write
A T (U :
(xR 1Tl 7

Thus, we deduce that

N

1
(3.55) > 6t sup

e Taal < C.
= wex( lwlhcom
w#0

Gathering (3.54) and (3.55) we get

N
(3.56) > at Sup
i—1 weX (T
w;éO

ITé'I <cC.

The term T4 can be rewritten as

= Z o] |'UiK,a| u;Jr(hn(u;Jr)wg,_,_ - hn(uff,—)wa,—)a
oek
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where w, 4+ = wg if vy > 0, wy, otherwise and (wy 4+, w,—) = (wg,wr). We
then have T3 = T4, + T4 , with

Ty = Y |0l 10k ol th s hn(ul ) (o —wy ),
e

T?f,2 = Z lo |vzf(,o| ufy,+w0ﬁ(hn(ufr,+) - hn(ufr,—))-
oef

By the definition of h,, we have

) ) . |’LU +—w 17|
T340 < 3 ol v | Tan u, )| 2222
g
oceél
< wlloom Y oldo 0% o | [Ton(ul 1 )I-

oce

Using Holder and Poincaré inequalities we get

N
Z5t sup |T3 1] <Z5t2|0|d [V o] [Ton(ub 1)
— wex(m) ||w|\1 = =
w#0
(z&zmd i | ) (zatzmd Tani ) )
=1 o€l =1 o€l
N 2
1 7
(3.57) < d?||v|p2g)eC (Z&lle(uﬂﬁ,zr) :
=1

For T} , it is sufficient to observe that

. [ w]| o< 0 , , . .
5ol < =3 Jol Wic o Tl 4| 1Tt ) = T )],
oc€e€

from which it follows
(3.58)
N

1 i
> 6t sup T35, < — Z5tZIUIIUKg||ua+IIT2n( uly ) =Ton(uf ),

= wexm llwll1,00,7 —~ =
which is bounded thanks to (3.6).

It remains to control Tf72. Noticing that

uifl ’LL7'71
(3.59) / " Wit = R () dr| < / " Wit = )T () dr
wie wie
(3.59) and (3.7) yield that
N
(3.60) > 6t sup i, < C.
=1

Gathering (3.51) to (3.60), we obtain the estimate

N
Z(St”&t ’LLT |_117‘<C O

We are now in a position to extract a convergent subsequence to T,,(up).
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Proposition 3.8. Let (Trm)m>1 be a sequence of admissible meshes such that there
exists & > 0 satisfying

forall m > 1 for all K € T and all 0 € £(K), dk, > &do,

and let 6ty be a sequence of time steps. If up, = (Uzrm)lﬁiSNm is a solution to
(2.8) with T = Tp,, 6t = 6ty and N = N,,,, then there exists a measurable function
u finite a.e. in Q such that, up to a subsequence,

(3.61) up,, — u almost everywhere in Q,
(3.62) u € LNQ)

(3.63) To(u) € L*(0,T; H (), Vn >0
(3.64) VoTh(up, ) = VT, (u) in (L3(Q))% ¥n > 0.

In order to prove this proposition we use a discrete version of the Aubin-Simon
Lemma proved in [21] and in [22].

Proof. For a fixed n > 0 let us consider the sequence En(qu). Due to estimates
(3.45) and (3.46), we can apply the discrete version of the Aubin-Simon Lemma
(see [21, 22]) which states that (up to a subsequence) hy,(up, ) converges in L*(Q)
to a function belonging to L?(0,T; H}(£2)).

Using the diagonal process, we can deduce that there exists a subsequence of
up,,, still indexed by m, such that for any n, h,(up,, ) converges almost everywhere
to a measurable function w, belonging to L%*(0,T; H}(2)). Due to the definition
of hy, the sequence Ty (up,,) = Th(hn(up, )) converges almost everywhere in Q to
the measurable function 7}, (w,,) which belongs to L?(0,T; H}(2)).

Using Corollary 3.2 we proceed as in [5] and we obtain that up,, is a Cauchy
sequence in measure. Thus there exists a measurable function u such that up,, — u
a.e. in Q. Due to Corollary 3.2 u is finite almost everywhere. Using (3.4) for n = 1
we have

lup,, Ty (up, @) <T sup |luf, Ti(ur,)|ie) < C
1<i<N

where C' > 0 is a constant independent of m. The inequality |r| < 1 4 rT3(r) for
any 7 € R gives that up,, is bounded in L'(Q) so that the point-wise convergence
of up,, and Fatou Lemma lead to (3.62). Moreover from the convergences already
obtained and using Lemma 2.7 we get (3.63) and (3.64). O

Remark 3.9. Following Remark 3.4 it is worth noting that Corollaries 3.5, 3.6
and Proposition 3.7 hold true if instead of (3.5), (3.6) and (3.7) (see Proposition
3.3) we have (3.36), (3.37) and (3.38) (which are weaker). It follows that if we
replace in the scheme fp (an approximation of a fixed data f) by a sequence fp
which is only bounded in L'(Q) Proposition 3.8 holds true.

Since passing to the limit in the scheme involve functions depending on up,,
which are constant on the diamond meshes we prove the following convergence
results.

Proposition 3.10. Under the assumptions of Proposition 3.8 and up to a subse-
quence, let u verifying (3.63)—(3.64). For n > 1, let us define Tn(u)m, o

s and
Xm

which are constant on each diamond meshes by Vt € [t;—1,t;), 1 < i < Ny,

"
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Ve € D,, 0 €&y,

(3.65) Tot) " (1) = 205 : To(uy).
(3.66) E:(x, t) = h"(ulK)hQn(ulL) ‘;‘ hn(uzL)h%(uZK) ,
(3.67) N (2,1) = AT ()’

—m

Then the functions T,(u) , h, and X, converge respectively to Ty (w), hy(u) and

AMT(w)) in LUQ) for any 1 < ¢ < +00 and in L>® weak-*.

Proof. Let n > 0 and let us consider Tn(u)m. As in [24], since Ty, (up,,) converges

to T,(u) in L'(Q), proving || T (u) — Tn(up,,)|lL1(q) goes to zero implies that

T, (u)  converges to Ty, (u) in L'(Q). By writing

N . .
—  m T, (ub) — T (u
Tal)" = Tulum, Mgy = 30t 30 3 Dy Trltic) —Tnlei)
=1

i= KeT ce&(K)

N
1 ) .
<3 E ot E [ Do || T () — Tn(up)|

IA
gl= :
&
5
a
S
=
=
X
|
=
=
&

1,1,7

B XN

< S T )

and by using (3.39) (see Corollary 3.5) we deduce that HTn(u)m —Tn(up,, )@
goes to zero as m goes to infinity. Since T}, (u)m is uniformly bounded with respect
to m standard analysis arguments yield that T,,(u) converges to T},(u) in L9(Q)

for any 1 < q < 400 and in L> weak-x.

As far as h, is concerned it is sufficient to remark that

P (W YRy (U ) + By (U ) oy (U :
71( K) 2"( L) 5 71( L) 271( K) _hn(ulK) < |hn(uK) _hn(uL)|;
to use the Lipschitz character of h,, and similar arguments.
p— —m

We now turn to the convergence of A, (z,t). We firstly remark that 27, (u) —
T, (up,,) converges to T, (u) in L4(Q) for any 1 < ¢ < 400 and in L*> weak-x as
m goes to infinity. Moreover assumption (2.6) together with the definition of the
functions on diamond meshes give

—m

min(A(Ty (up,,)), AT, (u)  — Ty (up,,)))
< Xnm(:c, t) < max(A(T,(up,,)), )\(2Tn(u)m —Tn(up,,)))-

Since A is a continuous function the convergence of the two functions T, (up,,) and
2T(u)m — T, (up,,) (which are bounded uniformly in L> with respect to m) then
imply that X, converge to A(T},(u)) in L9(Q) for any 1 < ¢ < +oo and in L
weak-x. O

4. PROOF OF THEOREM 2.8

Proof. Concerning the existence of a solution to the scheme, using the Brouwer
theorem, the proof is quite usual when A is a bounded function (see [19]). In the
case where ) is not bounded, we replace A by A(7}/.) and we show with the Brouwer
theorem that the modified scheme admits at least one solution u%. Since we have
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a bound on uf, (uniform in €), for € small enough, A(T;/.(u3)) = A(up). Then
the scheme (2.8) admits at least a solution. We then split the rest of the proof in
four steps. In Step 1 we pass to the limit in the scheme as the size of the mesh
and the time step tend to zero. It is worth noting that we take in the scheme a
discrete version of what is a test function in the renormalized formulation. This is
to say that we multiply each equation of the scheme by a discrete version of h,, (u)¢
where ¢ € C°(Q x [0,T)) and h,, is defined by (3.40). Step 2 is devoted to pass
to the limit as n tends to infinity and to show that the renormalized formulation
(1.6) holds. As in the Continuous case the main difficulty is the lack of regularity
of the time derivative 2 i~ We use here Steklov averages and the method developed

n [10] (see also [30]). In Step 3 we prove that the limit u satisfies the estimate
on the energy (1.5) and in Step 4 we recall that under assumption H1 or H2 the
uniqueness of the renormalized solution provides that the whole sequence converges
to the renormalized solution.

Step 1 We prove that the limit u satisfies (4.14). Let ¢ € C*(2x[0,T)) and h,, the
function defined by (3.40). We denote by ¢p the function defined by ¢’ = p(zk, t;)
forall K € 7T andall0<¢<N.

Multiplying each equation of the scheme by gpiglhn(u%) (which is a discrete
version of the test function used in the renormalized formulation), summing over

the control volumes, gathering by edges and summing over the time steps, we get
T1 + T2 + T3 = T4 with

Z D 1K (e = uig Y ha (ui) o

i=1 KeT

g i i i— iy, i
T, = ZétZ" — ) (hn ()@ = Pn ()0 ),

= oce

Z at Z |U|UK o a' +(h ( ZK)(pligl - hn(ulL)(plL_l)a

= c€e€
TrZ&KZT'K'th )P
= €

We now pass to the limit as h+ — 0 and Jt — O.
As far as the lower order term T} is concerned, we have Ty = Ty 1 + Ty 2 with

-y s 0]

i=1 KeT /ti-1

T42fZZ/ /fh ule) (it — i )da dt.

i=1 KeT

ti

By the regularity of ¢, we have pp — ¢ uniformly on @ as hy — 0 and §t — 0.
Since hy, (up) = hy(u) a.e. and L™ weak-*, op — ¢ uniformly and | f o7 hy (up)| <
C,|f| € L*(Q), the Lebesgue theorem ensures that

lim Tyq = hm /f(pph (up) dx dt
h7+—0

6t—0 5t~>0

T
(4.1) = /0 A fohn(u)dxdt.
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In view of the definition of h,, and the regularity of ¢,
Ta2| < cllotllocdtl] fllzr @)

thus

(42) lim T4 2 = =0.
T*}O
0t—0

We now study the convergence of the diffusion term. We have

g i iy, i iy i
7, —Zétz' LA @), (e — ) o (i )i = o ()05
= o€l
:T2,1+T2,2

with

g i N i
Ty, = zatz 1] N ) Pl e — ) (™ — ),

i=1 e U

7,5 = ZétZ; LN 7 ke ) ) — )

Not assuming any bound on the function A\ gives additional technical difficulties in
order to control 75 ; and 75 5. In view of the definition of h,, and X we get

1, < Plee Zétz' id ) (Ton () — T (u)).

i=1 ocel U

From the discrete estimate on the energy (see (3.5) in Proposition 3.3), it follows
that

(4.3) lim lim T2 =0.
n——+o0o h—0
5t—0

As far as Ty ; is concerned we have Ts 1 = T3 11 + 15,12 with

o ; ; ; N i
Tmfzatz' N ez )l — ) (i — 57,

i=1 e U

T Zatz A k)0 ) e — )i = 7).

i=1 065
Observing that h., (uZK)(l — hon(uh)) = hy(u) (hon (ub) — hon(u?)) gives

oo g [ [ [
Toal < & Z&Z LA i) = Tan ) =),
i=1 UES
and from (3.5) it follows that
(4.4) lim lim T51,2 =0.
n—+0o00 h7—0
It—0

For T211 we write T211 =I1+1I with

5T S L S R

5 (ufe —up) (@it — i),

= oce&

H—Z 5137 Loy Pnlticen)

= 065

hn(uL)hQH(uK)(uiK — b ) (it — g,

2
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Since
by, (uzf()h% (UzL) — hy (UiL)h% (UZK)
= hn(uZK)(h%(uzL) - h2n(uZK)) + (hn(UzK) - hn(ui))hgn(u%),
and since

i i 1 i i
|han(ul) — hon(ug)| < o |T4n(ul) — Tun (uf)l,

i i 1 i i
() = hn (i)l < = |Ton(ug,) = Ton(ui)l;
estimate (3.5) leads to
(4.5) 1] < [lpllocw(n, h, 1),
with
lim lim w(n,hr,dt) =

n—+00 h7—0
6t—0

As far as I is concerned, we have I = I; + I, with

I = Z&Z |U| - B (Wi Yhan (Uh) + by (ul Y han (Ul )

(ufe — up) (P — ©1);

= UES 2
|0| B (Wi ) han (u,) + B (ul, ) hon (uf)
I = Zétz 5
= 065

x (uf —up) (9" — ¢l +oL —ep ),
Both u%, and u’ being truncated in I due to the regularity of ¢ we get
N
I| < Cy(hy + 6t A Ot|| Ty, (0 ,
115 Cottr 00 (_e, N0 ) S 0Tan
thus
(4.6) lim I = 0.
h7—0
6t—0

In view of the definitions of %, and X, (see (3.66) and (3.67)) we then write
Il = 1111 + ILQ with

T
Iy :/ /X;’Zﬁnmvpm(u@)-v@dxdt,
0 Q

ha (ufe) han (up) + hi(up)hon (uf)
Ilg_Z&dem IA(u 5
i=1 o€e&
Tyn (ulK) — T (ulL)
do
where C(p, T, 6t) = 6t\D ‘fn o, Ve ke dedt — ‘PiLd:%(. Thanks to the regu-
larity of ¢, we have

C(p, T, dt),

N
|11,2|§0¢<h7+6t>< max |A<r>|>Zaﬂnn(um,m,

re[—4n,4n] —
which implies
(47) lim 11 2 = =0.

hT—>
6t—0
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In view of Lemma 3.10 k., (resp. Ay,) converges to hy(u) (resp. A(Tyn(u)))
while Vp Ty, (up) tends to VTy, (u) weakly in L2(0,T; L?(2)%). Since ¢ belongs to
C(§2 x [0,T)) and since the support of h,, is [—2n, 2n] we obtain

T
(4.8) lim I :/ /)\(u)hn(u)VT4n(u)-Vg0dxdt.
Soo o e

For the convection term we have

N
Ty = 6t Y |ovi ub 4 (95 () — 07 hn(ul)
i=1 e
N
=Y 0t > ok ub ha(ul )0k -0
i=1 oc&
”}(,UZO

N
+D 0t Y Jolvi ol 05 (Bl 1) — o (ul )
i=1 oge&
v}(ﬁzo

N
=D 0t Y ol gup halup )(0r — 9kt
i=1

o€E
v},g<0
N .
=0t Y folvigub P (1) = ho(ul )
=1 oge&
vy ,<0

=T31+T32+T33

with

N
Tsp = 6ty ook ub ha(uh )9k — o)
i=1 o€&

N
T35 = Z ot Z |J|v§(,aué7+gpl{1(hn(u;7+) = hn(ug,_))
i=1 o€
v}wzo

N
Ts3 = _Z‘St Z |U|v%,aug,+@?1(hn(u;+) - hn(“fy,—))-
=1 oe€
Vi <0

Since

N

cllp . . . .

T3+ Tyal < D21 57505 o e o ] T 4) — o),
i=1 oc€e€

using (3.6) we show that

(49) lim lim Tg,g + T3,3 =0.
n—+00 hr—0
6t—0
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Concerning T371 we have T371 = T31171 + T37112 with

T31171_26t2|0|v1(0 ul P (ul ) (5 — ©1)s

i=1 o€&

T312*Z5t2|0|”1<a gy hn(up (0! — 0k + oL — @)
i=1 o€

Still by the regularity of ¢ and using Hoélder’s inequality we obtain

|T5,1,2| < Cyp(hy + 6t) ||Vl 2@y I T2n (u) | L2 (@),
which implies that
. lim T =0.
(4 10) thmO 3,1,2 0

As far as 7511 is concerned we have

TgufzatDame Wl (Pl — o)

=1 oc€e€
lolds <PK ‘PL
ZZ <T+h ( a+)d v - andxdt
d| D, |
i=1 o€ tio1
3 3Y X MUMINTIRER st
i=1c€e&

Let us define Tgn(u)hn(u)pm, Vt € [ti—1,t:), Yo € E, Vo € Dy, by

Ton(Whn(@) " (2,8) = Ton(ul, 4 ) ha(u ).

We write
T S
T37111 = 7/ / Tgn(u)hn(u) v - VDSQD dzx.
0 Q

By Lemma 2.7, Vpgp converges weakly to Vi in (L2(Q))?, and then in (L(4+2)(Q))4.

7 7\ Pm
Moreover, in view of the definition of T, (u)h,(u) ™, we can show that it tends to
Topn(uw)hy, (u) in L weak-x as hy — 0 and 0t — 0. Then we obtain

(411) lim T31171— / /Tgn ’U Vgpdxdt
h7—0
6t—0

It remains to study the time derivative term. In view of the definition of En(v)
we have

i—1
~ U

i) = Pl = (ue? =i (k) + [ (ue? = L 1)
U
we write T1 = T111 + TLQ with
N 7 3 7 i—1
hy(us) — by (u i
Tl,lzzétZ|K| (K) 5t (K)(‘DKI,

i=1 KeT

'71

TufZme / (uiz — )bl (r)dr.

=1 KeT
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Reordering the sums leads to

Ti1 = Z(St > K (u — ) KA (u)e

=1 KeT KeT

T
- / / hn(ur)Orpd dt + Ry — / b (uS)o(,0) dx + R,
0 Q Q

where

N
1
N6t ST K R (ul )le &‘PK |K|6t/ /8tgpdasdt]

i=1 KeT
Z/ n(u9) — ¢(,0)] da.
KeT

By the regularity of ¢ we have

N
|R1| < Colhr +66) > 6t > |K|[hn(u)]
i=1  KeT
< Cy(hT + 6t)2nT |9
and |Ry| < C,hr2nT|Q|. Since up converges a.e. in @ to u and since uf =

(u%) ke converges in L'(Q) to u?, recalling that f~Ln is bounded continuous func-
tion, Lebesgue theorem leads to

(4.12) lim Th; = / / u)Opp dx dt — / iNLn(uo)ga(z,O) dz.
Q

hTHO

Since

Lol < ol 3 3 |K|/ P T (1) dr,

=1 KeT
(3.7) implies that
(4.13) lim lim T3 2=0.
n—-+o0o h—0
5t—0

We are now in a position to pass to the limit as h+ — 0 and 0t — 0 in the
scheme. Gathering equations (4.1) to (4.13), we obtain that

(4.14) / / w)Orp dx dt — /En(uo)go(ac,O)dx
Q
/ / u) Vu - chdzdtf/ /uh v-Vedrdt
Q

,/0 /Qfgphn(u)dl'dt lim T'(n,¢)

hT%
6t—0

where lim |T'(n, )| < C([l¢|lr~(g))w(n) with w(n) — 0 as n — +oo, where

hT—>

10
(IIsDIILoo ) depends on [|¢]| L (q

Step 2 In this step we obtain that the renormalized equation (1.6) holds.

It is worth noting that due to the time derivative 0, in (4.14) equation (1.6) is
not a straightforward consequence of (4.14) and a density argument. Using Steklov
averages, Lemmas 2.1 and 2.3 of [10] (see also [7, 30]) and appropriate test functions
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in (4.14) we can obtain that the renormalized equation (1.6) holds. The proof is
postponed in Appendix, Proposition 5.1.

Step 3 We now prove that u satisfies the decay (1.5) of the truncate energy. Thanks
to the discrete estimate on the energy (3.5) we have

lim lim —Zétz |U| T2n(uK) TZn(UiL))Q =0,

n—o00 h-—0 N
st—o  i=1 065

and

Z&Z |U| T2n(UK) TQn(UiL))2

= 065
N . SN2
Tn ub) — Top(u?
:Z Z|D I\ (u ( Z(K)d 2(L))
i=1 065 7
L g < i) (Ten(ui) = Ton(up) )
EZ tZ|DK0'|h (d 2n Kd 2n L)
=1 o€k 7
N . SN2
1 AMuw Ton(ube) — Top (U
_ZétZ|DLo|h (uL) (2L) (d 2 ( K)d 2 ( L))
i=1 oce€ i
AT, (u
- —/ /hn(up)wwpnn(up)ﬁdma
thus, lim lim —/ / (up) )|VDT2n(uD)|2 dxdt = 0. Since VTa,(up)
n~>oohfr~>0n Q

converges weakly in L2(Q)4, )\(Tgn(UD)) converges to A(Tay,(u)) L weak—x and
hn(up) converge to h,(u) almost everywhere in @ we also have

/ / )| Vo, (u)]? dxdt<hm1nf—/ / (up)AMup)|VpTon(up)|? dz dt,
Q Q

hr—0 N
St—

which leads to (1.5).

Step 4 We prove here the uniqueness of the renormalized solution. In view of
the convergence analysis, if the renormalized solution of (1.1) u is unique usual
arguments imply that the whole sequence up_, converges to u. To our knowledge
due to the nonlinearity of the operator and the presence of the term —div(v(z,t)u)
the uniqueness is proved under additional assumptions on A or v.

If A is local Lipschitz continuous, namely

Vn € N, 3C,, > 0 such that V|r|, |t| < n, |A(r) — ()] < Cy|r — 1,

then we are in the scope of [14] (see also [8]): the renormalized solution is unique.

If A is a continuous function the price to paid to have uniqueness is to assume
more regularity on v. If v depends only on x then the time doubling variable
method, see e.g. [28] (which is not the method developed in [8]), allows one to
prove the unlqueness of the renormahzed solution. Indeed the change of variable
w = )\( ) where A(r fo s)ds implies that w is a renormalized solution of

W\_Tlt(w) — Aw + div(vA™ (w)) = f in Q,

w=0ondx (0,T), w(z,0) = Au’(z)) Vo € Q.
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Since the function X(r) is local Lipschitz continuous and since v does not depend
on t the results of [10] (see Section 5 Comments and Remarks) give the uniqueness
of the renormalized solution w which in turn gives the uniqueness of u. [

5. APPENDIX

Proposition 5.1. Let Q be a bounded domain of RN, T > 0. Let us assume that
(2.9)—(2.12) hold and that u is a measurable function defined from Q = Q x (0,7T)
which verifies

(5.1) ue LNQ); T.(u) € L*(0,T; HY (), Vn >0,

and for any p € C(Q x [0,T)), for any n >0

/ / 8t<pdzdt—/ﬁn(u0)g0(z,0)dx
Q Q
/ / u) Vu - Vodz dt — / /uh v-Vedxdt

T
[ [ sonat)dedt =win,p)
0 Q

where |w(n, )] < C(|l¢l|Le@))w(n) with w(n) — 0 as n — +oo and where

Clllellzo=(q)) depends on (o)L= (q)-
Then u vemﬁes equation (1.6).

Proof. Due to the presence of the time derivative dyp in (5.2) equation (1.6) is not
a straightforward consequence of (4.14) and a density argument. We use here the
Steklov averages which were used in [10] to deal with Stefan problems with L! data
and renormalized solutions.
Step 1. Let & be a non negative function belonging to C°(2 x [0,T)) and S a
function belonging to W2°°(R) such that S’ is nondecreasing, S” has a compact
support and S’(u)¢ € L2(0,T; Hi(Q)). It is worth noting that for k > 0 large
enough, S’(u) read as S’ (T (u)).

Our aim is now to prove that

/‘/&/ S (r mma/gxoéwmmymmm

/ / w)Vu -V (£8 (u))dx dt — / /uh v V(S (u)) dodt
—/OT thn(u)ES’(u) drdt = w(n, &, S,

where |w(n,§,5")] < C([l]l L~ (@), |9']|oc)w(n) with w(n) — 0 as n — +o0, where

Cll€ll Lo (@), 15"[lc0) depends on [|€]| (@) and [|S”|| L (r)-
By density we can take ¢ = £(S’(u))y, as test function in (5.2) where (S’ (u))y, is
the (forward) Steklov average

t+h
St =7 [ St
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so that we obtain for h small enough

—/‘/@w§MMWMM—%w%mm

/ / W)V V(£(S (1) dzdtf/ /uh vV (E(S (u)n) da dt
/ /fh (w)nda dt = w(n,€, 5", h),

where |w(n,§,5", h)| < C¢]l L~ (@), 19]loc)w(n) with w(n) — 0 as n — +oo0 and
where C(|[€]| Lo (@), |9']|oc) depends on €| () and on ||S’|| e (r)-

Since £(S’(u)) converges to £S’(u) strongly in L2(0,T; H} (2)) and in L weak-
* as h tends to 0, in view of the regularity (5.1) the main difficulty in dealing with
the asymptotic behavior of the left hand-side of (5.4) is the time derivative term.
We now apply Lemma 2.1 of [10] with w = u, B(r) = hy,(r), 8 = B(u), Bo = B(ug),
wp = up and F(A) = S’(A) (S being nondecreasing). It gives

[ [ A 0 () — )
0 Q
_/OT/Q& (ﬁn(u)%/HhS dT——/Hh/U(T) S"(r )drdT) dx dt

—/Q«E(ac,O) <7in( / S (r ) iz,

and letting h tends to zero we deduce that

ligl_jélf{—/OT/Q&(E(S’(U));L)(E"(U)—ﬁn(uo))dxdt}
/OT /Q ¢, (En(u)s/(“)/ou S" (1Y ho (1) dr> dx dt
- /Q &(x,0) <i7n(u°)5’(u°) /0 ' " (r)hn(r) dr) da.

Using the identity A, (r)S’ — [y S"(s I (s)ds = Jo hn(s)S’(s)ds and injecting
this previous inequality in (5 4) lettlng h tends to zero we get

/ /gt/ S (r drdxdtf/fsc 0) /Ou h (1) S (r)drdz
/ / w)Vu -V (£8 (u))dx dt — / /uh v V(£ (u)) dodt
T

/0 thn(U)fs’(U)dzdtSC(II&IILw(Q),I\S’Hoo)W(n)

where w(n) — 0 as n — +o00 and where C(||¢]| L~ (@), |5']|oc) depends on [|£]| L (@)
and on ||| e (r).

We now prove the reverse inequality. We take ¢ = £(S’(u))—p as a test function
n (5.2) where (S’(u))_p, is the (backward) Steklov average

(S (u))_p(z,t) = % /tih S’ ((z, 7)) dr
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with

iz, 1) u(z,t) if t >0,
Wz, t) =
Uj ift <0,

and where U; is a sequence in C2°(2) such that U; — u° strongly in L'(Q). It
follows that

-/ / Ou(€(S" () 1) (o () — oo ()

// (W) Vu-V (£(S" (u))_p) da dt— / /uh )0-V (£(S" (w)_p) da dt

/ /fh (W) _nda dt = wi(n, &, S, —h),

where |w1(n, €, 5", —h)| < C([[€] (@) |15l oo )w(n) with w(n) — 0 as n — +oo and
where C(|[¢]| Lo (@), |S']|oc) depends on €| () and on ||S’|| e (r)-

We now apply Lemma 2.3 of [10] with w = u, B(r) = hn(r), 8 = B(u), Bo =
B(up), wo = U;j and F(A) = S"(A). It gives

[ e )t ~ )
_/OT/Q&<” / S'(alr dr——/th/ums” )drdr) dax dt
/ ¢(,0) < W©)S(U;) — /O Y S () dr) da.

We now let h tend to zero and then j tend to infinity to deduce that
T
lim sup lim sup {—/ / O (E(S"(w))—n) (hn (1) — hn(u®)) dx dt}
j——+oo h—0 Q
T ~
o ol ki)
o Jao

ke o>< ()8 () - / S"(r)h <>dr> dr.

Since £(S’(u))—p converges to £S’(u) strongly in L2(0,T; H}(Q)) and in L™ weak-
*, injecting this last inequality in (5.6) and letting h tends to zero (and then j tend
to infinity) we get

Clleliman 18t < = [ [ & [ hatr)s' v
_/Q,E(x,()) /Ouo hin(r)S drdx—i—/ / u)Vu - V(fS'( ))dxdt
/OT/Quhn(u)v~V(§S’(u)) dzdt/o /thn(u)fé”(u)dxdt,

where w(n) — 0 as n — +o00 and where C(||£]| L~ (@), |5']|oc) depends on ||£]| L (@)
and on ||| e (r)-

It follows that the previous inequality and (5.5) yield (5.3).
Step 2. Let £ € C(2 x [0,T)) with € > 0 and let S € W2( ) such that S’
has a compact support. By writing for example S'(r) = S'(0) + [; (S"(s))Tds —
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Jy (8”(s))~ds we can decompose the function S into S = Sy — S3 where S1, S be-
longs to W2>°(R), Sy and S% have compact support and S}, S} are nondecreasing.

Using the previous step for S; and Ss and subtracting the two inequalities it
follows that

/ /ft/ r)S’(r)drdx dt — /fx 0) /0“0 ho(r)S’ (r)drdx

/ / W)V - V(€S (u ))dasdtf/ /uh v V(¢85 (u)) de dt

T
- / £ () €' () dardt = w(n, €, 5,
0 Q

where |w(n,&,8")| < C(|€]l = (@), [|9']|oc)w(n) with w(n) — 0 as n — 400, where

CllE =g 15"loc) depends on [|€]|L(q) and [|S”]| Lo ().
Since S’ has a compact support, in view of the regularity of u we are in a position
to pass to the limit in (5.5) as n tends to infinity. It follows that

_/()T/gt/usl(r)drdxdt—/g(gg’o)/uo S (r)drda
/ /Q u) Vu - V(£S5 (u ))dzdtf/ /uv V(€S (u)) dz dt

_/0 /foS'(u)dxdtzo,

which is (1.6) for £ > 0. By replacing £ by —&, S by —S we obtain that (1.6) holds
for £ <0 and any S € W?2(R) such that S’ has a compact support.
At last since (1.6) is linear with respect to £ we obtain that (1.6) holds true. O
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