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Quantization of hyper-elliptic curves from isomonodromic
systems and topological recursion

Olivier 1\/IfcmrchadeE|7 Nicolas OrantiniEI,

t Université de Lyon, Université Jean Monnet Saint-Etienne, CNRS UMR 5208, Institut Camille
Jordan, F-42023 Saint-Etienne, France

¥ University of Geneva , 2-4 rue du Lievre, 1211 Genéve 4, Switzerland.

Abstract : We prove that the topological recursion formalism can be used to compute the WKB
expansion of solutions of second order differential operators obtained by quantization of any hyper-
elliptic curve. We express this quantum curve in terms of spectral Darboux coordinates on the moduli
space of meromorphic sly-connections on P! and argue that the topological recursion produces a 2g-
parameter family of associated tau functions, where 2g is the dimension of the moduli space considered.

We apply this procedure to the 6 Painlevé equations which correspond to g = 1 and consider a g = 2
example.
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1 Introduction

Since the pioneering works of Kontsevich [30] proving Witten conjecture [35] on intersection num-
bers on the moduli space of Riemann surfaces, it is known that there is a big interplay between the
theory of integrable systems and enumerative geometry, going through mirror symmetry. The original
presentation states that there exists a generating function for intersections of v classes on ﬂgyn which
is a KdV tau function. However, one can present it in a slightly different way as follows. Let us define
a different generating series by

TR (2, 1) == exp ZZ Z/ H[ H:)u} | 1)

g=0n=1 n! keNn an 1

th 2+4n

The Virasoro constraints satisfied by the corresponding KdV tau function is equivalent to the Airy
equation
0 K
1> —— | h) = 1-2
(7 4s — ) ¥ = (1-2)

This differential operator is related to our enumerative problem by mirror symmetry. Indeed, UX (z, h)
is a generating series for Gromov-Witten invariants of the point. This Gromov-Witten theory turns out
to have a Landau-Ginzburg model defined on the Riemann surface {y? = irc C2. The Airy equation
can thus be interpreted as a quantization of the curve mirror symmetric to the Gromov-Witten theory
of the point.



One may wonder if this procedure mixing mirror symmetry and quantization of algebraic curves
can be applied to other problems of enumerative geometry. More precisely, given an problem of
enumerative geometry, can one build a generating series ¥(x, /) for the numbers of interest such that
it is annihilated by a differential operator

P (x hi) U(z,h) =0 (1-3)

whose classical limit P(z,y) = %in})ﬁ(:c,y) defines a Riemann surface {P(z,y) = 0} C C? which is
—

mirror to our enumerative problem? The topological recursion formalism [I7] developed in the last
10 years and giving a universal solution to semi-simple Gromov-Witten theories [I3] is conjectured to
give a positive answer to this question in a large setup.

This problem consists in proving that the application of the topological recursion to a classical
curve ¥ := {P(z,y) = 0} allows to build a generating series ¥(x, h) solution to a differential equation
p (z,h2) W(z,h) =0 [6]. This claim has been proved in the case when ¥ has genus zero [8, 2] and
in a variety of examples (see [33] for a nice review of this topic) when considering variables in C*
instead of C as well. Unfortunately, until recently no example with higher genus Riemann surface 3
was worked out. Some attempts in this direction have been made in the context of Painlevé equation
where the expected genus is equal to 1. In [I8| 27, 28] [29], solutions to Painlevé equations where built
using topological recursion starting from a singular genus 0 curve, namely by considering a singular
point in a corresponding moduli space of quadratic differentials. These works use the general result
of [3] which is valid only for genus 0 Riemann surfaces.

A breakthrough has been made in [26] where the author proved that the topological recursion can
be used to quantize the Weierstrass curve y?> = 2% 4+ ax + 3 for generic values of & and 3. On the
way, this allows to provide with a 2-parameter solution of Painlevé 1 equation.

This quantization procedure may not only be used to find solutions to Painlevé type equations
but also to compute enumerative invariants as Gromov-Witten invariants or Hurwitz numbers [14] as
explained above. The research activity on this topic is nowadays very active for its possible applications
to the computation of knot invariants in the context of the volume conjecture [7, [T1].

In the present article, we generalize Iwaki’s wonderful result to the quantization of any hyper-
elliptic curve, paving the way to a possible generalization to any algebraic curve. Let us now summarize
how this is done.

In Section [2] we recall the topological recursion formalism in the case of hyper-elliptic curves.
Given a meromorphic quadratic differential ¢g on P!, let ¥y, := {(z,y) € C/y%(dx)? = ¢o} be an
associated compact Riemann surface. We explain how the recursion associates a set of multilinear
forms wp, ,, on 25, to such a quadratic differential together with a Torelli marking of 34, .

In Section |3} we recall some well-known facts about the moduli space of quadratic differentials and
explain how the output (wp ,)n,n varies when ¢o moves in this space.

After these background sections, we present the first important result of this paper. Given the
same data as above, one can collect the result of the topological recursion into a single generating
series (see definition

p2h—2+n
P(x, h) = exp Z Z — / . / Whn (1-4)
s ~(x) ~(x)

h>0n>1

where y(x) is a well chosen integration path in ¥4, with end points in the fiber above a point z in
the base curve PL. If this function does not satisfy any differential equation by quantization of X4,
we prove in Theorem that it is a solution to a PDE with respect to x and a subset of coordinates
on the moduli space of quadratic differentials. The proof of this first important result follows the line
of [12] taking into account the additional contributions involved by the non-vanishing genus of X, .
In order to obtain a function annihilated by a quantum curve, one needs to correct v (z, k) by
exponentially small corrections in A to build a “non-perturbative” analog. This non-perturbative
wave function ¥(z, i) is built in Definition [5.1] as a Fourier transform of ¢ (z, ). We finally prove the



main result of this article in Theorem The latter proves that U(x, /) is annihilated by “quantum
curve”

h2a—2 - hQR(x)Q —hQ(x) — H(x)| ¥(z,h) =0 (1-5)

Ox? oz O

In this expression, all functions are rational functions of z with poles at the poles of ¢ together with
simple poles at a set of “apparent singularities” (g;)?_; where g is the genus of ¥4,. Theorem
provides explicit expressions of these different functions. The proof of this theorem mainly relies on the
fact that ¥(x, k) is a solution to a PDE similar to the one satisfied by ¥ (x, i) but that additionally
it also has “good” monodromies along non-trivial cycles as explained in Lemma [5.1] This simple
property allows to prove that some corresponding Wronskian functions are rational in = eventually
leading to the result.

In order to have a better geometrical understanding of the quantum curve thus produced, we
linearize the system in Section [f] replacing the quantum curve by a sly-connection on P;. We then
study the corresponding characteristic variety, the h-deformed spectral curve in Theorem [6.1} From
this point of view, the topological recursion produces some flows in the fi-direction in a moduli space of
quadratic differentials starting from the initial value ¢y. Finally, in Section [7] we embed the result in
a corresponding isomonodromic system explaining how our procedure allows to build isomonodromic
tau functions.

In Section [8] we apply the procedure to the simplest cases. We thus get 2-parameter solutions to
the 6 Painlevé equations as well as corresponding tau functions. We also consider a genus 2 example
leading to the second element in Painlevé 2 hierarchy.

The present work gives one possible quantization of a spectral curve and is partly motivated by
applications in mathematical physics. Indeed, recent progresses have been made in the computation
of isomonodromic tau functions motivated by the possibility of interpreting the latter in terms of
conformal blocks in associated Conformal Field Theories [I0, 23] B4]. From this perspective, our
work only considers a base curve equal to P! and the Lie algebra sl,. We shall naturally consider
a generalization of our work to the higher genus base curves and arbitrary semi-simple Lie algebras.
We hope that the present article could generalize nicely to these cases. Indeed, the PDE of Theorem
[41] can be thought of as a loop equation in the general topological recursion formalism and should
possibly be obtained for this general setup. The second step starting from this PDE to the quantum
curve only uses the monodromy properties of the non-perturbative wave functions along cycles in the
spectral cover. We believe that this step can be adapted to the general setup as well.

On another hand, we build only formal trans-series solutions to differential equations in the present
article. It is fundamental to understand if, and when, these formal objects admit some Borel summa-
bility properties in order to study their Stokes properties in the spirit of the exact WKB analysis of
[24, 25]. We hope to address this issue as well as the related questions of the dependance of the wave
functions to a choice of Torelli marking in a future work. This second question can be interpreted as
asking if our quantization procedure depends on a choice of polarization. A choice of Torelli marking
can indeed probably be interpreted as a choice of real polarization. Changing such a polarization will
probably lead to modular properties related to cluster transformations as in the recent works on exact
WKB computations mentioned above.
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As this article was being written, Bertrand Eynard and Elba Garcia-Failde informed us that they
were working on a similar problem and propose an independent solution using different methods. We
would like to thank them for letting us know about their work.

2 Quadratic differentials and topological recursion

In this section, we recall the formalism of topological recursion [I7) 5] starting from the data of a
quadratic differential on the Riemann sphere.

2.1 Quadratic differentials and initial data

Let ¢ be a meromorphic quadratic differential on P!, namely it reads

() = fy(w) (dr)? (2-1)
where f4(x) is a rational function of x. Let us denote by ¥4 the compact Riemann surface:
3y ={(z,y) € Cly* = fy(x)} (2-2)

where * denotes the compactification at x = co. For reasons explained below, we sometimes call ¥4 a
classical spectral curve.

Definition 2.1 (Admissible curves). A quadratic differential ¢ is called admissible if ¥4 is a smooth
algebraic curve such that, away from x = oo, the poles of ¢ are distinct from the critical values of the
map x : Xy — PL.

Let us denote by Py the set of poles of ¢ on P! and by Py the set composed of the pre-images by
x of those poles on Xg.

Let us denote by Ry := {a;} the set of finite ramification points of the map x defined by

z(a;) = u; # o0
{ dxz(a;) =0 ' (2-3)

In addition, we will the set {u; = x(a;)} will be referred to as critical points.

In its original version [I7], the topological recursion is a procedure taking as input an algebraic
curve together with a Torelli marking. For this purpose, in the present paper, our input is defined in
the following way.

Definition 2.2 (Admissible initial data). An admissible initial data is the data of a pair
(qbo, (Ai,Bi)fgo)> where ¢ is an admissible quadratic differential, g(¢o) denotes the genus of Xy,
and (A;, Bi)?g‘)) is a symplectic basis of H1 (Xg,,Z).

To any such initial data, one associates the initial values wo, € H° (Z¢0 \77¢7K2¢0\p¢) and

wo,2 € H° [E¢0 X Ly, (p{Km0 ®p§Kg¢O) (fQA)] where p1 and pa the projections Ly, X Ly, — Lo,
on the first and second factor respectively and A is the diagonal divisor in Zio in the following way.
By choosing a branch of the square Toot once and for all, one defines

wo1[do] = [¢0]® := yda (2-4)

2 _
where y* = fy.

wo,2 [¢o, (A, Bi)_,] is defined as the unique differential on X4, x X4, whose only singularities are
double poles without residue on the diagonal and normalized by

dz1 ® dz
(;\}()72(2?17 2’2) = ﬁ + O(dZ1 ® de) (2-5)
in any local coordinates as z1 — zo and
Vie Hl,g]] : 7{ UJO)Q(Z]_,ZQ) =0. (2-6)
z1€A;



It is worth noticing that wy; does not depend on the Torelli marking while the latter fixes wg 2
uniquely.

2.2 Topological recursion

Let us now present the topological recursion formalism in this simple setup. It is an inductive
procedure associating to any admissible initial data (¢0, (Ai,Bi)fgo)), a set of differential forms

n

o |00, (A B | € HO (23, KE (~(6h — 6 + 4m)RI™) ) where RI = || p7(R), pi : B3, —
i=1

Y4, being the projection along the i th component. It is defined as follows:

Definition 2.3. For any admissible initial data ((;507 (A, Bi)fgo)) , let us define wo 1[do] andwo 2 [Po, (A, Bi)]

as above and, for 2h —2+n > 0, wp, [qbo, (A;, Bi)fgo)} e HO (ZQO,K%Z’:U (—(6g — 6+ 4n)R[”])> is
defined inductively by

ZZ) wo,2(217 )
Res _
Whon(21,...,2 Z Zsp 2 (01 (2) — w01 (@(2)) Whe1n+1(2,0(2), 22, .., Zn)
PER ’
+ Z Wh1,|A|+1(ZaA) wh2,|B\+1(2aB)
hi+hys=h

AUB={z9,...,2n}
(hh ‘AD ¢ {(0,0), (hﬂ’L - 1)}

where 0 : Xy, — Xy, 15 the hyper-elliptic involution, namely, it is defined by
VzeXp \ R, z(z) =z(0(2)) and o(z) # 2. (2-7)

For h > 2, we define the free energies wp o [(;50, (A, B; ) } eC by

4
Wh,0 1= Res wp 1 ( wo,1
2 — 2h = 2P /O

where 0 € Xy, is an arbitrary base point of which wy, o is independent.

Finally, for h € {0,1}, we can define wo,o and wy 9. Their explicit expressions being technical and
useless for our purpose, we refer the reader to [17] for them. The only important point is that they
are defined in such a way that they satisfy the upcoming variational formulas of Lemma[3.1]

In the expression above and in the following, we do not write the dependence of wy, ,, in the initial
data except when we want to emphasize it.

3 Space of quadratic differentials and deformations

An important property of the objects built by topological recursion is that they have nice properties
under variations of the initial data. One can actually think of wy, ,, as a generating series of n' order
derivatives of wy o with respect to an infinite number of parameters in the space of initial data. In
order to make this statement more precise, we shall now consider a finite dimensional sub-space of
the space of initial data.

3.1 Space of quadratic differentials and coordinates

Let n > 0 be a positive integer and let (X,)7_; be a set of distinct points in C. Let (r,)l_; €
(N'\ {0})" be a set of degrees associated to the points (X,)"”_,. Let us denote by 7o, € N\ {0} a



degree at infinity. Without loss of generality, we shall assume the existence of a pole at infinity in this

n
article to avoid cumbersome notations. One defines by D = > 7,(X,) 4 roo(00) the resulting divisor.

v=1
Definition 3.1 (Space of quadratic differentials Q(P, D,n.)). Given a divisor D = . r,(X,) +
v=1

Too(00) and neo € {0,1}, let Q(PY, D, ny.) be the moduli space of quadratic diﬁ”er@ntials;n P! such
that any ¢ € Q(P', D,ny) has a pole of order at most 2r, at the finite pole X,, € Pt and a pole
of order at most 2r, — neo at infinity.

Note in particular that the degree of the pole at infinity may be even or odd while for
finite poles we assume that the degrees are always even. This requirement will be more
transparent from the integrable systems perspective where we may allow at most only one odd pole
to avoid degeneracy. Using a trivial reparametrization, this pole may always be chosen to be oo, a
widespread convention used in many examples like Painlevé equations.

Q(P!, D, ny) is a finite dimensional space equipped with a Poisson structure (see for exemple [9, 4]
for a recent account close to our presentation). In the present paper, we shall be interested only in the
formal neighborhood of a point in this space hence we shall not discuss any global property of such
spaces. On the contrary, we will now describe local coordinates around a quadratic differential ¢y.

A first set of coordinates is given by the coefficients of the partial fraction decomposition of fg

2(rec —2)—Noo n 2r,

fo= 2 HooakkarZZ(xfb)?y)k' (3-1)

k=0 v=1k=1
As a moduli space, this space can be equipped with a Poisson structure in such a way that part of
these coefficients are Casimirs (see for example [I} [2]). Fixing them allows restricting to a symplectic
leaf of this Poisson manifold. We shall now present and use different coordinates that are natural
from the topological recursion perspective, allowing fixing the values of these Casimirs.

Definition 3.2. Given ¢ € Q(P!, D,n..) the associated one form wg 1 = qb% is meromorphic on ¥4
with poles along the pre-image of the points in the divisor D. Let us define the pre-images of the poles
by {b),b,} =271 (X,) forv e [1,n] and {bL, b} =271 () if neo = 0 and {bs} = 271 (00) if
Neo = 1. Let us denote by P := Pfinite P> the set of poles on X, where Pfnite .= {b}F b1, and
P = {bl b} (resp. P> :={boo}) if N =0 (Tesp. noo =1).

To obtain a symplectic leaf of our system, one shall fix the singular behavior of wp ; around its
poles, i.e. its residue and singular type defined below.

Too+ Ty —Noo
Definition 3.3 (Times). For any T € C El , where T has components labeled To,  with
kell,,re] (resp. k € [2,700]) if noo =0 (resp. if noo = 1) and T, for v € [1,n] and k € [1,7,],
let Q(PL, D,ny, T) C Q(PL, D,ny) be the space of quadratic differentials (known as the Whitham-
Krichever differentials) such that wo 1[¢] has the following Laurent expansions
— around b,

- dx
wo1[p] = £ ; Tu7km + O (dx);

+
— around b3,

oo Too

woald] = £ Toor(e™)Fd@™) +O(dx™) = F Y Toosa™ *dz + O(x~du)
k=1 k=1

if neo = 0;
— around by,

= 1 1 < Too 5 1
wold] = T~ ld(@™2) + O(d(@™2)) = = TJ“xk—adx + O(d(z?))
k=2 k=2

if neo = 1.



For generic values of the times T, Q(P!, D, n,, T) is a symplectic manifold of real dimension equal
to twice the genus of Xy

9(Z6) = oo+ > 1 —3. (3-2)
v=1
One can understand this by remarking that fixing the value of T fixes the values of the coefficients

{H, k}2T°°74 "> and {Hyk}ir”r 41 for v € [1,n] unambiguously. The latter are Casimirs of our

system. The remaining g(X,) coefficients { Ho, k}r°°74 and {H, 1 },”, for v € [1,n] are Hamiltonians
of the residual integrable system.

We will not use these coefficients to parametrize the space Q(P!, D, n.,, T) but rather homological
coordinates given by the periods of wp 1[¢] in the spirit of the original topological recursion [I7] and
more recently [4, [, [15].

Definition 3.4 (Periods). For admissible initial data (c{), (Ai,Bi)fgd’)), let the period vector € €
C9>¢) be defined by

Vie[l,9(Z)] : e ::f wo,1- (3-3)
Remark that, if the times T depend only on the quadratic differential, the periods depend on
a choice of Torelli marking. This choice of Torelli marking can be interpreted as a choice of real
polarization [4].
Hence, any ¢ € Q(P!, D, ny) takes the form

Q(Toc—Q)—”oc Too—4 27, Ty
¢(T,€) = > )k + Z Heo (T, €) +Z ( > H”’k)((T))k +y° ng;ﬁ)
v k=1 v

k=7T00—3

where T and € are local coordinates.

3.2 Variational formulas

Fixing a divisor D, the topological recursion taking as initial data a quadratic differential ¢¢ €
Q(P!, D,ny,) is a procedure generating functions on a neighborhood of ¢y € Q(P!, D, ny.) with value
in different spaces of differentials. Using the local coordinates given by the times and periods described
above, one can study them as functions of the latter. The general theory developed for the topological
recursion provides a nice way to compute the derivatives of such functions [17].

Remark that, because the coefficients of the expansion around bt and b are not independent,
the variational formulas for T j include residues both at bl and by . The same subtlety arises for
the coefficients of the expansion around b .

Lemma 3.1. [Variational formulas]

Given admissible initial data (¢o, (Ai, By)? quo)), the output of the topological recursion (Wh.n), > n>o
satisfies T
— For the times associated to co:

Owp, n(2) x(p)Ft x(p)F-t
>2 — L = — - _
Vik>2, oo r pR(Zb Whn+1(p, 2) 1 pReb Whn+1(p, 2) 1 (3-5)
if neo =0 and
Owp n(2) z(p)k’lfé
> —_— L = —_— _
Vk>2, AT s pRes Whnt1(p, 2) ok 3 (3-6)
otherwise.



— For the times associated to b :

Owy, n(z) (x(P) - Xu)ikle (I(p) - Xu)ikJrl
>2, — 2 = _ .
Vk = 4y aTy,k p]i{)ebs Wh, n+1(p7 ) k1 pligb; wh,n+1(pa Z) E—1
(3-7)
and 5 (@) v »
W (2
T = [Connntn) = [ natoa) (59
— For the periods:
) Owpn(2) 1 jé
1 L= — nt1(,2). -
vje[lg] D, ori Wh,n+1(",2) (3-9)

Remark that one can perform variations with respect to any time by considering ¢g as a point in
Q(P!, D,ny) for r, and 74 large enough.

From this point of view, w, ,,+m can be thought of as a generating function for the m'® derivative
of wy,,, with respect to the parameters T and €. In particular, one can express the coefficients of the
expansion of wy ; around any of these poles in these terms.

Corollary 3.1. The expansion of wg 1 in local coordinates around its poles reads

— around b,
Vi>9 - 18W00 k-2 -1
>2: woild iZTyk iz > T (x — X)) dm—l—O((a:—XU) dw)
— around bt

—1
VIi>2: woqlg :FZTOO ph le‘?Z 5 aa;jook “kdr + O(xz="d)

Zf Neo = 0;'

— around by,

T l
= T 2k—3 0
Vi>2: woilg]) = — E T’kmk_gdx - E 5 %x_k+%dx +0 (x_l_%dm)
k=2 k=2 oo

ifne = 1.

Thanks to this simple corollary, one can get some expressions of the quadratic differential empha-
sizing the dependence on the times and the periods.

Lemma 3.2. A quadratic differential ¢ € Q(P', D,no, T) reads

2 2
Too B n Ty dx
fo = <;Too,kxk 2) +Z (ZTy’k(x—X,,)k>

v=1

oo,+ = Xu,—
8w00
v, -1
+ Y Usoi() Iy +Z > Uz 8Tuk (3-10)
kEK o ko Sikek,
if neo =0 and
Too T 2 n [ d 2
00,k _5 X
fo = (Zka 2) +2 (ZTM)’C)
k=2 oot v=1 X, .-
3
+ Z Uso, k() woo +Z Z Upi(x (3-11)
kEK o v=1keK,



if neo = 1.
Here, [f(%)]oo,+ (Tesp. [f(x)]x,,—) refers to the positive part of the expansion in x of a function f(x)
around oo, including the constant term, (resp. the strictly negative part of the expansion in (x — X))
around X, ) and we have defined

— Koo =[2,700 — 2] and Vk € Ky

Usop() = (k= 1) Y Toouz' ™72, ifne =0 (3-12)
I=k+2
and i
3\ & el .
Uso () := (k— 2) l_;QToo,z 2R g =1 (3-13)

— K, =[2,r, +1] andVk € K,:

Ty

Upi() = (k—1) Y Tz —X,) 2 (3-14)
I=k—1

Proof. The proof immediately follows from the partial fraction decomposition of fy and the expression
of the first holomorphic terms of the expansion of wy; around one of its poles using the variational
formulas of Lemma [3.11 O

Remark 3.1. Note that in the expression of Lemma @ depends on the periods only through wy .

3.3 Symmetries

In addition to the variational formulas, the output of the topological recursion is skew-symmetric
under the hyper-elliptic involution o, i.e.

dx(z1) dx(z2)
VhA>0,Vn>1: wpn(21,..20) +whn(c(21),22,. .., 2n) = 0n.00n 0 —— 2l 3-15
> h, ( 1 ) h, (U( 1) 2 ) h,0 ,2($(Z1)_x(22))2 ( )
One also has
V(21,22) € (86)* \ A, wo (21, 22) = wo2(0(21),0(22)). (3-16)

One can use these symmetry properties to obtain easily a few equalities that we shall use repeti-
tively in the following:

Vi) es2\A, [ wo,z(zz,.):—/“ wos(o(22), ) (3-17)

o(z1) (21)

which implies, for any ramification point a (thus satisfying o(a) = a),

) z1 z2 o(z1) D
v (Zl, 22) S Z¢ \ A, / / wo,2 = —/ / wo,2- (3—18)
a o(z2) a o(z2)

4 The perturbative world

4.1 Perturbative partition function

Given an admissible initial data (¢, (A;, B;)), one can build generating functions collecting the
quantities (wp n)n>0n>0 defined in Section Since the variational formulas allow to think of wp p
as generating functions for variations of wy o it makes sense to collect the information obtained from
the topological recursion only in the latter. For this reason, one defines a partition function as

10



Definition 4.1 (Perturbative partition function). Given an admissible initial data, one defines the
perturbative partition function as a function of a formal parameter h and the initial data by

ZP"'(h, T, €) := exp (Z h2h =20, o(T, e)) . (4-1)
h=0

It follows from this definition that ZP'*(k, T, €) exp(—h 2wp o) is a formal power series in h?.

4.2 Perturbative wave functions

In order to quantize the classical spectral curve, we would like to define some wave functions as
some particular generating series of the correlators wy, , for n > 1. We first define:

Definition 4.2 (Definition of (Fj, »)nr>0,n>1 by integration of the correlators). Forn >1 and h >0
such that 2h — 2 +n > 1, let us define

1 [ Zn
thn(zl,...,zn):?l ( )... ( )w
o(z1 o(zn

where one integrates each of the n variables along paths linking two Galois conjugate points inside a
fundamental domain cut out by the chosen symplectic basis (Aj76j)1<j<g(2¢)'

For (h,n) = (0,1) we define similarly

1 4
Foi(z) == 2/( )w0,1.

Finally, for (h,n) = (0,2) one cannot define Fy o in the exact same way since wo o has poles on the
diagonal A. One thus needs to reqularize it by removing the polar part. Hence, we define

Fo (21, 22) / / w02—*ln( (21) — z(22))
(z1) Jo(z2)

which also reads, in terms of theta functions,

L (OW(a) = v(z) +€)O((o(21)) —v(o(=) + )\ 1
41 (@(V(Zl) —V(U(Zz))+c) @(V(U(Zl)) —V(22>+C)) 1 ( ( 1) ( 2))

Foa(21,22) =
2
where v denotes the Abel-Jacobi map and c is a non-singular half-integer odd characteristic.

Remark 4.1. Note that since v(o(z)) = —v(2), and by skew-symmetry of the theta function, Fy (21, 22)
may alternatively be written as

_ 1 n Ov(z1) = v(z) +¢) 1 n(x(z1) — z(z2 -
F0,2(Z17Z2)_21 < (V(Z) V(U(Zz))+0)) 21 (( ) ( )) (42)

Another useful way to rewrite Fy 2(21, 22) is the following lemma.

Lemma 4.1. For any pair of distinct ramification points (a;,a;), one has

Foa(21,2) /a(zl)/ o — 710g (( — x(22))(@(21) — Uj)) (4-3)

Uif’u]'

where we recall that u; := x(a;). In particular, this reformulation shows that Fy 2(z, z) is well-defined.

Proof. Since (a;, a;) are ramification points, they satisfy o(a;) = a; and o(a;) = a;. Then, we have

L T A B e e L= Y
4 o(z1) Jo(z2) ’ 4 a; Jo(z2) , a; o(22) ' 2 a; o(z2)

11
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leading to the result. O

One can now collect functions (F}, ,)n>0,n>1 into generating series.

Definition 4.3 (Definition of the perturbative wave functions). We define:

S:t Pert(x) = :{:Fo’l(z(x))
Si pert(p) = §F012(z(x),z(m))
VE>1, S5 ) = Z (inl') Frn(z(x),...,2(2))
oh =2 Lk

where, for any X € P, we define z(\) € By as the unique point such that x(z(\)) = X and wo,1(2(N\)) =
o I Remark that the £ sign refers to the choice of sheet when choosing a point in the pre-image

0f>\ Note that SO P makes sense since Lemma allows the evaluation of Fy o on the diagonal.
Eventually, we define the perturbative wave functions ¢y by:

Vi (l‘, h,T, 6) := exp Z hkS;t pert(x>

E>—1

Remark 4.2. The perturbative partition function v should actually be a function of the integration path
on Yy, between two points. Since, for a given x € P' there are only two such paths up to homotopy in a
given fundamental domain linking the two points in the fiber above z, we abusively write 1(z) as a function
of z. The + index referring to a choice of orientation of the path, i.e. to the choice of one of the two possible
integration contours.

By abuse of notations, we shall sometimes denote the perturbative wave functions as ¥4 (z, h) forgetting
about the dependance on the other parameters. Remark that the perturbative wave functions satisfy

1/)7 (JJ, h) = ’(/)+ (1}, _h) (4'5)
Remark 4.3. Definition is identical to the one proposed in [12] and used in many papers like [8| [15] [24]
95, [32).
4.3 Properties and PDE satisfied by the perturbative wave functions

The perturbative wave functions have non-trivial monodromies along elements of H;(¥4,Z) that
can be computed explicitly.

Lemma 4.2. The perturbative wave functions v+ satisfy the following properties.
— Fori€[1,g], the function 4 (x, h, T, €) has a formal monodromy along A; given by

$u(x,h, T, €) = 2™y (2,5, T, €). (4-6)
— Fori € [1,4], the function v (z,h, T, €) has a formal monodromy along B; given by

Zrert(h, T, € + he;)
Zrert(h, T, €)

Yi(x,h, T €) — Yi(z,h, T, et he;) (4-7)

where e; € CY9 is the vector with the it component equal to 1 and all others vanishing.

3. Let us stress that, as an argument of the function, x refers to a point in P! and not the map x : Yo — Pl. We
hope that the reader will not be confused by this notation.

12



Proof. Reminding that the A-periods of the wy, ,, are vanishing unless for (h,n) = (0, 1) where

Viell,g] : ¢ :7{ wo1, (4-8)

j
one immediately gets the first claim.

The second claim follows a simple computation similar to the one for Painlevé 1 written in [26].
The analytic continuation of the perturbative wave function along the cycle B; reads

ni na
h2h 2 ih ( n ) z z
exp — 2"1% j{/ / W,
PPPPLASCLENS'S o AR A

h>0n>1 ni+nas=n
na
—N—
1 om :
_ 2h—2 n -
- Z Z h (&h) z 272011 ng! Jett /g(z) o /a(z) s | (*9)
h>0n>1 ni+ngs=n J

Factoring out the terms with ne = 0 gives

/—/%
2h—2 n n n
o | S I e | B s e L

h>0n>1 ! n1>0 € h>0n2>1

(4-10)
leading to the result.
O

The perturbative wave functions are built to be solutions of a PDE. Indeed, the main theorem of
this section states that

Theorem 4.1. The perturbative wave functions are solutions of the PDE

82 0 0
2 Y 2 2 —
kEK oo v=1keKy,
where
H(x) = K2 Z Uoo,k(x) Z Z Uu,k(iv) [log Zpert(h) _ h_2w0,0] + ((ZSC;)(‘TQ)
keEK oo 00, v=1keKy, v
(4-12)

Remark 4.4. The dependence in x is completely explicit in (4-11)) and (4-12)). Coefficients in (4-12))

may be computed from the knowledge of ZP°™ given by topological recursion.
Proof. The proof follows from the combination of a few lemmas. We first prove in Section that

Lemma 4.3. For any h > 0 and n > 1 satisfying 2h — 2 +n > 2, the combination

n
2 N [z Frn—1(z1,202,.on\5}) dzj Fron—1(25,2(2,... .n}\(4})

dleh,n(Zh cee ,Zn) + Z fﬂ(zj) W0,2(217 ) 2wo.1(21) 2w0.1(2;)

1
+ 350y Qs s | Fh1mt1 (ua, 2, 22,5 2n)

stable
+ E Fu,jaj41(u1,24) Fr, B41(u2,2B)
hl + h2 =h Ul=U2=21

AUB={z9,...,2n}
(4-13)

13



stable
s a holomorphic form in the first variable z1. In this expression, Z refers to the

hi+ha=nh
AUB={z,...,2n}

sum where 2hy — 2+ |A| > 0 and 2hy — 2 + |B| > 0.
In the same way,

z2 z3 z2 z3 z3 z2
dz, Fo3(z1, 22 z3)+f"<22>w°’2(21") Joteg 202G [y @02Gr) [ohy woet) [y w02 ) f iy woatzs,)
R e 4w0’1(2’1) 4w0,1(2’2) 4w0,1(z3)
(4-14)

and
wo,z(zl, 0(21))

dy Fra(z1) — 2001 (21)

(4-15)

are holomorphic forms in the first variable z1.
Then, we have the following lemma

Lemma 4.4. For any holomorphic differential w on Xy, one has

9 y(21) (21) = Z Res w(z2) y(22)

dz(zl)w : = 2P x(z2) — (1)
Proof. We first remark that for any holomorphic differential w on ¥4, one has

Z Res (22) y(22) _ S w(z2) y(22)
e x(z9) — x(21) za—z1,0(21) T(22) — x(21)
Indeed, writing w(z) = % where P(z) is a rational function, one sees that there is no
contribution from the boundary of a fundamental domain when moving the integration contour and
that w(z) = —w(o(z)). Computing the residue gives

> Rey Ul W (4 0(a0)) — ). (416)
peP

so that we obtain the proof of Lemma [4:4] O

Eventually, application of Lemma [£.4] to the holomorphic differentials of Lemma before con-
sidering the diagonal specialization z; = --- = z, = z gives, after some elementary but lengthy
computations presented in Appendix [A72] the results of Theorem [.1] O

5 The non-perturbative world and the quantum curve

In the previous section, we have seen that the perturbative wave functions are not annihilated
by the naive quantization of the classical spectral curve. This differential operator in the variable x
needs to be corrected by a combination of linear operators in the times. We shall now see that these
perturbative wave functions can be corrected by exponentially small corrections as h — 0 to produce
some non-perturbative analogs that are annihilated by a quantization of the classical spectral curve.

5.1 Definitions

Out of the perturbative wave function, one can build a non-perturbative analog that will be
the main character of the present article. The latter is defined as a discrete Fourier transform of
the perturbative wave function with respect to the A-periods as originally expected from [16]. In

this section, we pick an admissible initial data (¢q, (Aj;, Bj)?(jd))) where ¢y € Q(P!, D, no., T). For
simplicity, we denote by g := g(X,) the genus of the classical spectral curve and by € = (¢;)?_; the

i=1
associated periods.

14



Definition 5.1. Let the non-perturbative partition function be the Fourier transform

P
Z(T, e, p) Z e J=t ZPU(R, T, e+ hkK).
KeZs

In the same way, one can define the non-perturbative wave function by

g
27ri§ [
A P
1 -

Z(T,ep

‘l/i(va7 €, p) =

As functions of &, these non-perturbative objects are of very different nature compared to their
perturbative counterparts whose logarithms admit a formal series expansion in . Considering the &
expansion of the perturbative partition function, one can observe that

zrert(h, T hk 211
Zp(ert(h,rerj_) ) il ij‘by"" ZMklk Tij | €XP Z Z Z

j,l=1 h>0n>max(1,3—2h) i€[1,9]"

h2h 2+4n 1

(5 1)
where, denoting by /(i) the number of times [ appears in the vector i, Aut(i) := [[I(i)!, ¢; := %
82
and 7; ; == aefaoé(;'
This allows to recombine the Fourier transform under the form

+¢] + Z mikik;T, i n
Z(T,€ p) 1 lj=1 hZh s 0"wn.0
zrert(h, T, €) Z ¢ 77 . xp Z Z Z H i, 0¢;, ... 0¢;
keZ9 h>0n>max(1,3—2h) i€[1,9]" Jj=1 "
Hence, it takes the form
o0
Z(T,€.p) = 27" (0, T,€) 3 WO, (h, T, €, p) (52
m=0

where the coefficients ©,, (%, T, €, p) are obtained as finite linear combinations of derivatives of theta

functions of the form W with
iy Oy, |, ote

QlTFEk’U—'rE mikik;jT
§ e J=1 lyj=1

keZ9

In the same way, the non-perturbative wave function takes the form

th (x,h, T, €, p)
\Ifi(.’l,‘,T,E,p) = wi(m7Ta€)m ) (5_3)

oo

th (h, T, €, p)

o"0(v,T)

where Z,, (2, h, T, €, p) are combinations of derivatives of theta functions of the form 5 —-2=
i1 0V,

V=252 4 ()
with 951 (x)
p— 71 :I: =

It is important to remark that these non-perturbative objects are not formal power series in /i but
formal trans-series in .
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5.2 Properties and quantum curve

One of the main motivations for the definition of the non-perturbative wave functions is the
simplicity of its monodromies compared to its perturbative counterpart.

Lemma 5.1. The non-perturbative wave functions satisfy the following properties.
— For j € [1,4], the function ¥y (z, T, €, p) has a formal monodromy along A; given by

Uy (x, T, e p)— eﬂ’”%\lli(x, T, e, p). (5-5)

— For j € [1,4], the function ¥y (z,T, €, p) has a formal monodromy along B; given by
Uy (2, T, € p) T2 Uy(z, T, € p). (5-6)
Proof. The proof easily follows from the monodromies of the perturbative wave functions. O

The main result of this article is that, unlike its perturbative partners, the non-perturbative wave
functions are solutions of a second order ODE that quantizes the classical spectral curve. The second
order differential operator annihilating both non-perturbative wave functions is thus often referred to
as the corresponding quantum curve.

Theorem 5.1 (Quantum curve). The non-perturbative wave functions satisfy
h2a—2 - 7121{(9:)2 —hQ(x) — H(x)| ¥y =0 (5-7)
Ox? ox

with

H(x) = [B* Y Usopl@) 0 Y Y Un(a) J [1ng(T7e,p)—h_2wo,o]+¢07ix2

kEK o OToo v=1keKy, 0T,k (dx)
(5-8)
and dlog W (x)
_ gl Wir) .
R(r) = —~ (5-9)
where the Wronskian ., (2) oV _(2)
L + T B T ~
W(z):=h { o U_(x) o Uy (x) (5-10)
s a rational function of the form
g
)
W(e) = w—p——— (5-11)
fl -
with ( N )
) 2T exp (AL o+ Ax) U Neo=0
v { ~Toor exp (AL g+ AL o) if Moo=1 (5-12)
and
g n
o h oS (@) +5 @) 251 (x) +5_(x)
Q) = Z c—q 2 D Usila) Tk 3 Z D Uwila) aT,
j=1 k€K o ’ cot v=1 LkeK, ’
(5-13)
with dlog U () Olog U_(x)
, L og V¥, (x _ ogV¥_(x i
V] € [[lagﬂ7 pj T h 830 _— h 8.’17 _— (5 14)

In addition, the pairs (q;,p;)7_, satisfy

n

vie Tl st =) —wi |52 = S T Q) - 2 )]_ (5-15)

pl Rl 1qi — Xy

v=

16
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Before proving this theorem, let us mention that the pairs (g;,p;)7_;, which depend on %, form
a set of Darboux coordinates on some associated symplectic space. We shall discuss this point in
Section

Remark 5.1. The sums involved in and are finite. Moreover, the dependence in x is ex-
plicit in the definition of Q. The dependence in x is also explicit in H(x) though the coefficients
involve time derivatives of the partition function. These quantities may be seen in two different ways:
either they are obtained by topological recursion (that computes the partition function) or they can be
seen as undetermined coefficients (independent of x) that are in one-to-one correspondence with the
Hamiltonians and their expressions in terms of the Darbouz coordinates (gi,p;);_,. The second aspect
shall be developed below in section[f] and in the examples presented in section [§

Proof. The details of the proof are given in Appendix [B] Let us give the main steps in the remaining
of this section, referring to the appendix for the technical details.

Let us first remark that, as a linear combination of perturbative wave functions, ¥4 (z, T, €, p) are
solutions of the PDE eq. .

We shall prove that the non-perturbative wave functions are solutions of a linear second order
differential equation following [26].

Let us first introduce a few useful functions built out of .. We denote the Wronskian with
respect to x by

ov ov_
= v_ -y -1
O A (5-16)
and the Wronskian with respect to the times by
ov ov_
A Ul Vke K, : W =h v -, — 5-17
pe{oc ULl Vi e Ky s W (o) = b Gw — v, o) (517
One can use them to define

Wr () Oy BY_  dW_ OV,

Tp.k x 2 ox 0T, 1 ox 0T,

v Ui Vke K, : R, = —2—= d L L

pe {OO} [[ ,n]], € Ky D,k W(l‘) an Q:lh W(SC)

(5-18)

They are defined in such a way that

v, 0 10 U, U
Vpe{oc}tU[l,n], Vk € K, : <h§7\i+k hg%l;k) = (prk Rp,k‘) <h{9§;; ha{;pz_ . (5-19)

To simplify notations, we shall identify the set of poles P with the corresponding index set and
write P := {oo} U [1,n] when no confusion may arise.

By linearity, one can consider arbitrary linear combinations of the functions defined above and
observe that they satisfy similar equations. In particular, defining

=2 Y Upi(@)Ryu(x)  and =33 Upn(@)Qpila), (5-20)

pEP kEK, peEP ke K,

one has

XS s 1Y Stmgs ) - (3 3 (5 Se) e

pEP kEK, pEP kEK, oz

First of all, the fact that W, are linear combinations of solutions of eq. (4-11)), and taking into
account the contributions of the coefficients of these combinations, one observes that we have

h2@ I » —H(z)| Ui(z)=0 (5-22)

pEP kK,
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where H(x) is obtained by replacing the perturbative partition function by its non-perturbative partner
in H(z).
By the definition of @ and R together, ¥, and W_ are thus solutions to the compatible system

WPy =02y > Upr(@) i — Hz)| ¥ =0

pEP kEK,

W2y Uil ) o — hQ(x) = *R(z) g | ¥ =0

pEP kEK,

(5-23)

Plugging the second equation in to the first one implies that the non-perturbative wave functions are

solutions to the ODE 5

2
{hQaa — h?R(x )% — hQ(x) —H(x)| Ui = 0. (5-24)
This is our quantum curve. We now need to study the functions R(z) and Q(z) that may a priori
be multi-valued functions of « with singularities at the zeros of W (x), the poles co and {X,} as well
as the critical values u; = z(a;). We shall now see that these functions are rational functions of x
without poles at the critical values.

We first prove in Appendix that one can simplify the expression of R(z).

Lemma 5.2. The function R(z) reads

1 oW (x)

= _2

R(z) W(z) Oz (5-25)

One can also remark that, by definition,
W) W, ()
5 Z Z U K ( 0Ty i Bwk )

pEP keK,

= — 5-26

Q) = o (526)

Let us now study the properties of the functions R, , and Q.

First of all, let us remind that ¥ are combinations of terms which are derivatives of theta functions
evaluated at v = 22 4 (z). On the other hand, because the combination 6(v +u, 7)0(v — u,7) is
a theta function of order 2 in v, it can be decomposed in a basis of squares of theta functions with
different characteristics (see for example [19]). Hence, the Wronskians involve only combinations of
derivatives of theta functions evaluated at v = %, their dependence in x appearing only in the
coefficients.

This means that, for all pair (p, k), Ry, and @, admit an expansion in % of the form

Ry(z, T,0) =Y KRV (@, T,0)  and  Quu(z,T,0) =Y K"QUY(x,T,h)  (5:27)
m=0 m=0

where the coefficients take the form

RV (2, T,h) = R} (2, T,v)

and Q(m)(x T, h) = er,z)(x T V)’ ot
V="% ="h

(5-28)

Thanks to Lemma [5.1] one can also check that the monodromies of the non-perturbative wave
functions around elements of H; (X4, Z) ensure that the Wronskians do not have any monodromy and
thus

Corollary 5.1. The Wronskians and the functions ]:Z;h,z and Q;h,z are rational functions of x.

Indeed, the essential singularities cancel in the definition of the Wronskians.
We can even go further and prove in Appendix [B.2] the following important result.
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Lemma 5.3. The rational functions Ry, and Qp 1 have no pole at the ramification points.
This implies that

Corollary 5.2. The Wronskians W (x) and Wr, . (x) are rational functions of x with poles only at
peP.

Proof. From Lemma one knows that
R(z) = 0 [log W (x)].

Lemma ensures that it does not have any pole at the ramification points. On the other hand, from
the properties of U, one knows that the RHS is a rational function of  with possible poles only at
p € P and the critical values. Hence, this combination has no poles at the ramification points and
W (z) is a rational function of z with poles only at p € P.
By definition, one has
Wi, 1 (2) = Ry e (@)W (). (5-29)

The left hand side might have poles at the ramification points and p € P only. The right hand side
does not have any pole at the ramification points leading to the result.
O

The asymptotic expansions around poles recalled in Appendix |C|ensure that W (z) takes the form

W) =w (5-30)
flr—x-
where, using the notations of Appendix [C} one defines
| 2T, exp (Ajo 0o+ AL 0) if ne =0
T { ~Toor exp (AL g+ AL ) i ne=1 (5-31)

To conclude the proof, let us study the properties of Q(z). By its definition eq. (5-26)) and Lemma
it is a rational function of x with simple poles at the ¢; and poles at p € P whose degree follows
from the asymptotics given in Appendix [C] It thus reads

Q Too— n r,+1 Q
z e z Qs +3 Y 2 (5-32)
v=1 k=1

One can compute the coeflicients of this partial fraction expansion by expanding the differential
equations satisfied by the wave functions around the different poles.
— The leading and subleading orders in the expansion of the quantum curve eq. around
x =g, for ¢ € [1, g], read

qu =Di
" | 5-33
i v=l "
where dlog U ( ) Olog ¥ ( )
. o x © =S
Viell.gl: pj:=—h % =-h gaix (31

T=q;j T=q;

As we shall see, the second equation means that each pair (qi,pi)?zl defines a point in a
h-deformation of the classical spectral curve.
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— Let us consider the sum of the second equation of the system eq. (5-23|) for ¥4 and ¥_. The
expansion of this symmetric version around x = oo reads

h O(Sy(x)+ S_(z
[Q@)]le+ =3 [ D Usoilx) ( *%} ( ))] . (5-35)
0o,k
kEK o : ot
— The expansion of the same expression around z = X, reads
h O(Sy(x)+ S_(x
Q@ly, =4 [Z EL ”] . (5-36)
v,k
kEK, : X,
O

6 Lax representation

After building a quantization of the classical spectral curve, it is natural to study a linearization of
the corresponding differential equation. In particular, in this section we associate a sly(C) connection
depending on A to such a quantum curve and describe it as a point in the corresponding moduli
space of irregular connections. We compute the corresponding quadratic differential which can be
understood as a A-deformation of the initial data ¢y in the moduli space of meromorphic connections
Q(P!, D, ny, T). We finally study the corresponding isomonodromic system when it can be obtained
as de-autonomization of an isospectral system.

6.1 sl, connection from quantum curve

Let us linearize the quantum curve. For this purpose, we define

[P(x)xpi(x) + ha‘y“—“(‘”)]

I (6-1)

where P(z) is a rational function of x with poles at z(p) for p € P to be fixed.
The ODE given in Theorem [5.1] implies that

0 (Wi _(P) M@\ (¥
v (s )= (v 2re) () (62)
M) = MoE h“’%Z””P(;V) (;)P(m)z +hQ(a) + H(x)

This rank 2 differential system defines a connection on P! which has poles only on P by imposing
a simple condition on the function P(x).

Lemma 6.1. If

where

(6-3)

Vie[l,g]l : Pla:) =pi (6-4)
then M(x) is a rational function of x with poles only at x € P.

Proof. To prove this lemma, one only needs to prove that the M (z) does not have any pole at = = ¢;
for i € [1,¢].

ﬁal_halogWTI(W+,W_)

Let us compute the two leading terms of —2= :

eq. (5-33)), they read

- P—P2+hQ+H
W'rw(\I/+7\117)

as * — ¢;. Using

— hP(q;) + hip; (6-5)

and
n

) |5t = Y e | P Qo) -

prll 'l 1 qi — Xy

P(Qi)
T —(q;

}_ FH@).  (66)

v=
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apP BIOgWT“T(\I/+,\Il_) 2
These two terms, which are the coefficients of the singular part of har —h Wiﬁ(\h ‘I,j P HRQ+H
vanish if P(g;) = p; thanks to Theorem O
Hence < ii ) is a basis of solutions to the Lax system
+

e (52 ) =m0 (32 ) @

P(x) M(x
L(z) = (W((x) - P(x))) (6-8)

where

is a rational function of & with value in slo with poles only in D if the degree of the poles of P(z) are
kept small enough. It defines a connection Ad — L(z)dx on P! that can be considered as a point in the
corresponding moduli space of sly connections with irregular singularities along D. Fixing the value
of T amounts to fixing its residues and irregular type thus leading to a point in a symplectic leaf of
dimension 2g. The definition of (¢;,p;)?_; by

viclal, { =) (69

actually identifies them with the spectral Darboux coordinates defined by [2] on this symplectic leaf.

It is important to notice that the Lax matrix L(z) depends on A only through (g;,p;)?_,. The
latter being Darboux coordinates, they depend on A only through their time evolution as we will see
in the next section.

6.2 Deformed spectral curve

Before explaining how to choose a particular gauge in order to make the explicit computation of
examples easier, let us describe the spectral curve of the matrix L(x) defined by

0 = det(ydr — L(x)dz) := y*(dz)? — ¢n. (6-10)
It defines a quadratic differential

OP(z) ha log W (x)

o O P(z) + hQ(x) + H(z)| (dz)>. (6-11)

on=|h

We have thus defined a flow along the 0y direction in the corresponding moduli space of quadratic
differentials. Let us present a complete expression for our A-deformed quadratic differential using the
expression of Q(x) of Theorem [5.1

Theorem 6.1. The h-deformed spectral curve reads

O g anSS B P 984 (@) +5_(2))
e~ )+h;x_qj +5 k;};ono,k( ) T s LH
h? & O(S4(z) 4+ S_(x)) OP(x) dlog W (x)
+3U:1 LEKU Uy (z) —— o7 L ) +Hh— =~ P(x).
h (6-12)

Even if this expression seems to have simple poles at =z = ¢;, they cancel due to the condition
P(gi) = pi.
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6.3 Gauge choice

The characterization of P(z) by its values at (¢;)7_; does not fix it without ambiguity. Fixing a
specific form of the rational function P corresponds to a gauge choice for the system under considera-
tion, i.e. a choice of representative of the reduced coadjoint orbit under consideration. Let us give an
example of gauge choice in this section. We follow the choice considered in [32]. The gauge depends
on whether the point above infinity is a ramification point or not (i.e. if no, = 0 or ny = 1).

6.3.1 Non-degenerate case: n,, =0

If oo is not a critical value for the map x, one fixes a gauge by writing the system under the form

0 (V. Uy
h— =L 6-13
o (v )=y (6-13)
where
L(x) = Y Logsz"™? (6-14)
k<reo
as x — 0o with
a 0
Ler= (5 ) (6-15)
As we shall see from the examples, the value of & and 8 can be computed from the Casimirs. More
precisely, for roo > 2, one has o =T\ and S =T\ » + %
This requires that P(x) takes the form
g—1
ardtl + B9 + Zalml
P(z) = _ =0 (6-16)
[T (@ — X"
v=1

The last coefficients (ozl)fz_ol are fixed by the g conditions
Vie[l,9] : Plg:) = pi. (6-17)

We call this case non-degenerate since the leading order of the Lax matrix L(z) at infinity as full
rank in this coadjoint orbit.

6.3.2 Degenerate case: n,, =1

This degenerate case corresponds to the case when the leading order of the Lax matrix at infinity
is of rank 1 instead of rank 2. As in [32], we look for a representative of the coadjoint orbit satisfying

_ (01 _(0 B
LOO,%O_<O 0) and Lw,rm_1_<A 0> (6-18)

for arbitrary 8. This can be obtained by imposing the form

g—1

D
(6714

=0

Ple) = =0 (6-19)
fle e
satisfying
Vie[lg] : Pla:) =pi (6-20)
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7 Isomonodromic deformations

It is often very useful to consider isomonodromic deformations of our Lax matrix L(z). In partic-
ular, it is a way to access a set of equations defining the function (p;, ¢;)?_;. In examples of Section
we use Hamiltonian representations of the corresponding isomonodromic systems to get 2-parameters
solutions of the six Painlevé equations. In this section, we recall one way to obtain isomonodromic
deformations starting from an isospectral system following the work of Montréal school [2I]. This
section does not present any new material but should be taken as a guidebook for the computations
of the example section.

7.1 Isospectral deformations

Using the classical R-matrix formalism on loop algebras, one can define a Poisson structure on
the space of Lax matrices L(z) as before. Indeed, one can define a set of commuting flows gener-
ated by spectral invariants. In our case, the set of spectral invariants is generated by the following
Hamiltonians:

1
Vk€[1,700 — 3] : Hpp:= = Res 2 *Tr L(z)%dx (7-1)
’ 2 x—o0
and !
Vve[ln], Vke [0,r, —1] : H,y = 5 Res (x — X,)F Tr L(x)%d. (7-2)
=X,
The associated Hamilton’s equations read
OL(x
Vpe{ootU[L,n], Vk : T(k) = [Ltpyk(a:),L(x)] (7-3)
D,
where
Vke[l,ree =3] ¢ Ly, = [:cka(:L’)}oo’+ (7-4)
and
Vvel,n], Vke[0,r, —1] : Ly,, = [(x— X,)*L(z)] , _. (7-5)
These Hamiltonian flows are isospectral since they preserve the spectrum of L(x).
7.2 Non-autonomous system and isomonodromic deformations
Let us now consider that, in addition, L(z) depends explicitly on ¢, j in such a way that
oL oL
@) _ Oty (7-6)
5tp,k 8:17
where %flfi) denotes the variation of L(x) with respect to its explicit dependence on t, j only. Then,

Hamilton’s equations are replaced by

OL(x)
Oty i

= [Li,  (2), L(z)] + agz:’k. (7-7)

This new equation is equivalent to the commutation relation

0 0

5~ L@, FT L, (x)| =0 (7-8)

It ensures that the flow along

Bta - is isomonodromic. For this reason, we refer to eq. 1' as the
ok
isomonodromic condition. From now on, we assume that it is satisfied in this section for all pairs

(p, k) described abovelﬂ

4. To our knowledge, a general procedure to prove the isomonodromic condition eq. (7-6) from some general isospec-
tral deformations formalism is not known
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In such a case, an isomonodromic tau function 7 is defined by the condition

dint =Y Hypdtp . (7-9)

p.k

One can also use the isomonodromic times ¢, j, as new coordinates replacing the spectral times T}, .
One can decompose our vector field ﬁik in this basis by comparing the corresponding Wronskians,
or more precisely, the action of the vector fields on the singular part of the logarithm of the wave
functions. The change of basis is more naturally expressed by decomposing the usual isomonodromic
flows in terms of our vector fields, leading to

ry,—1+1
6 v
Vv e [[l,nﬂ , Vie [[O,TV — 1]] : ot = (k’ - 1)Ty’k+l_1aT o (7—10)
v, k=2 v,
Too—Il—1
0 i 0
Vie[l,re —3] : = Y k-1 — Y ifne =0 7-11
[1,r I Dtoe 2 ( )T oo k+1+1 DT rn ( )
and
r -1
0 S 2k —3 0
l 1,700 — : = E —T. — if =1 -12
v GH ) T 3]] atoo)l P 2 00,k+1+1 aToo,k; I Moo (7 )

In addition, one can use this decomposition to express the function H(z) in terms of the variations
with respect to the usual isomonodromic times. One has

) et )
-1
') - -1
keXKj U (@) 57—~ ; L (7-13)
and .
) T 1 )
Vvelln]: Y, Uy,k(x)m =Y CES YT (7-14)
keEK, vy =0 v v,

Using these relations, one can build a tau function in terms of the non-perturbative partition
function. Rather than writing a lengthy general formula, we prefer referring the reader to Section
for examples.

7.3 Flows of Darboux coordinates

The vector < gi ) is subject to a set of compatible equations with respect to the isomonodromic
+

times (denoted by the generic letter ¢ for clarity in the following equations)
ot \ Yy Wi(x) —Pi(x) vy

v =(weh "H) (1)

The compatibility of the system evaluated at x = ¢; imposes that, for an arbitrary isomonodromic
time ¢, one has

where

OWy () AP (x) N 99p(x)
hip _ pp OP) M, S |, ) TR
ot o | _ W(z)
. T=qi dx r=q,
vie[l,g]: oW, (0) b : (7-17)

2p; Wi (q;
po% — _ o= |w=<u+ piWe(a:)
ot OW ()
ox

T=q;
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Proof. Given any isomonodromic time ¢, the compatibility condition between the time derivative and
the = derivative implies

(7-18)

{ hODE = p22UD) 4 M ()W () — M (2)We(x)

WG = W) 4 2P(2) Wi () — 2Py ()W ()

Let us remark that, for any rational function f(x),

of(a) _ 0f(@)| , 0f@)

ot ot oz

0q;
ot '

(7-19)

T=q; r=q

The evaluation of the compatibility conditions at © = ¢; then reads
— M(qi)We(4:)

==a . (7-20)
i +2P(qi))Wi(q:)

Opi __  OP(x)
np = p 20

9q;, OP;(x)
oz i—i_hatimx

_, ot

dus _ p OWelx)
_ ot ox
r=q;

i

OW (z)
—h ox

Combining these equations and the equation of the spectral curve, one obtains the result. O

Remark that this result is valid even if the coefficients of the elements of the Lax matrix depend
explicitly on the isomonodromic time t.

8 Examples

In this section, we present a few examples of application of our general formalism. In each case,
we follow the same procedure. We first compute the Wronskian W (z). It always takes the form of
eq. where the leading order is given by eq. . The value of the zeros of W (x) gives half of
the spectral Darboux coordinates and can be computed using the asymptotics of Appendix [C}

One can then compute the quantum curve thanks to Theorem [5.1

We then compute the element P(x) of the Lax matrix in order to have the gauge considered in
Section After that, we can compute the h-dependent quadratic differential ¢5 € Q(P, D, nyo, T).
First, we express its coefficients in terms of the times and the partition function thanks to Theorem [6.1]
and the asymptotics of Appendix [C] On the other hand, we express these coefficients in terms of the
spectral Darboux coordinates by writing that any pair (¢;, p;, )7, defines a point on the fi-deformed
spectral curve. This allows relating the partition function to an isomonodromic tau function. Indeed,
in all the cases considered, it is known that the isomonodromic condition eq. can be fulfilled (see
[20, 22] or [32]).

In each case, we write an identification of times allowing to solve this condition. After this identi-
fication, we write the associated Hamilton’s equations obtained through the compatibility condition
eq. . In the first cases, we show how it leads to the six Painlevé equations, showing that we have
produced 2-parameters solutions for the latter. This also provides us an expression of the coordinates
p;’s in terms of the variations of the ¢;’s.

8.1 Painlevé 1

Let us consider the case roc =4, noo = 1 and n = 0. Let us first observe that the PDE eq. (5-22))
imposes that A;ro)l + Ao, =0.
Hence, the Wronskian reads

W(z) = —Txalz —q) (8-1)
where T
q= _ﬁ - (A;z - A;o,2)- (8'2)
From eq. (5-22), one obtains that
Y 2 2
AL, — AL, = —;8’4”5}00;“’1 = aa:;i;fj , e g¢= —:i:z + 12 aa%%if (8-3)
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From Theorem one can compute

p
_ 8-4
Q@) = 2 (5-4)
and the quantum curve reads
W0 _ge s g 3To0a2” — (T3 5 + 2To0 2Too 4) © — Ho | Ui (z) =0
8.%2 T _qax r—gq 00,4 00,3+ 00, 00,3 00,2+ 00,
(8-5)
where TosT Toos OInZ
Hy — 00,34 00,2 h2 00,4 n ) 8.6
0 TNy aT., (8-6)
The diagonal element P(z) of the Lax matrix is a constant so that
P(z) = p. (87)
The h-deformed spectral curve reads
¢h T020 4 3 Too BToo 4 9 1 2
= : : : - (T 2T o0 2T H, 8-8
(dzy? ~ 4 " g 0+ (T + 2T 2Tooa) o+ Ho (8-8)
where the condition on (p, q) implies that
o 1. 5 1 2 1
Hy=p" — ZTOQ,ZLQ - §Too,3Too,4q 1 (Too,g + 2Too,2Too,4) q. (8-9)
Breaking the autonomy of the Hamiltonian system with respect to ¢t 1 by setting To, 2 := ;;:14

as our isomonodromic time, the compatibility condition eq. (7-17) gives the Hamiltonian system

d¢  _ _0Hy _
{ QHatoZ,l =% =2

8 T, T,
2h8tof’1 = aBP;O = _%Tgo,élqz - TOOgSTooAq - 4'3 - too,l 2'4
which means that ¢ is solution to
52 d%q B 3T§o,4q2 + Too,3Too,4q+ To20,3 4y Tooa
- oo,1 .
o2, 4 8 2 8 4

Setting Too 4 = % and T\, 3 = 0, one gets Painlevé 1 equation

02§
h2673 =6¢° +t
for §=4 and t = tj’l.
This also gives
9q
=—h
LT

8.2 Painlevé 2

Let us now consider the case n = 0, no, = 0 and ro, = 4. The Wronskian reads
W(z) = —2Twaexp (AL o+ AT ) (. —q)

where
Too,?) _

T, At Acy)

q= -
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From Theorem [5.1} one can compute

D h 3A;’0 + A

= T g0 00 8-16
M (5:10)
and the quantum curve reads
S L B Y N (T2 4 + 2T 4 Too 2) 2
02 x—qdr T—¢q co4 co,3t 00, 00,3 cotree
— [2Too’3T0072 + 2T0014Too’1} xr — H() - hToo,4q} \I/:t(x) =0. (8-17)
where R
olnZz
Ho = W2Toe 4o 4 9T 1 Too s + T2 5 — hToo.4q (8-18)
s aToo,Z s , s 5
with
. AL+ AL
Z = exp (OO’O2°O’O> Z. (8-19)
One has
P(x) = Too 47 + Too 37 + P — T 40° — Tio 34 (8-20)
So that the A-deformed spectral curve reads, by Theorem [6.1]
h
(C;;Zi)z = T;74$4+2T0073T0074$3+ (TOZO73 + 2TOO,4TOO,2) 33‘2 + |:2TOO,3TOC,2 + 2TOO74 <TOO,1 + 2>:| .T+H0

(8-21)
The fact that (p, ¢) belongs to the h-deformed spectral curve means that

2
(8-22)
Using the change of coordinates 27 2 = tos,1, the evolution equations of the spectral Darboux
coordinates read

; h
Ho=p* — T2 40" — 2To0 3To0 4q” — (T2 3+ 2To0 4T 2) @° — {2Tm,3Too,2 + 2T 4 (Too,l + )] q.

0 O0H 0 O0H
oh—P =20 and ohl = 270 (8-23)

8150071 3(] 81500,1 ap

One recovers a classical representation of Painlevé 2 by setting To 4 =1, Too 3 =0, Too,1 = —0
S B S (8-24)
8153071 = 29 oo,lq ) .
It also gives
dq

= — . 8-25
p Blon (8-25)

8.3 Painlevé 3

Let us now consider the case n = 1, neoc = 0, 7o = 2 and r; = 2. This case being more subtle
because 1, < 2, we shall describe it in greater details. The Wronskian reads
w w(X1 —q)

N ok VI _
W= (I*Xl)Q_,I*Xl—i_(gijl)? (8-26)

with

w = —2Tpexp (AL o +AL,),
2T 2 exp (A1+,0 + Aio) ‘ (®-27)

=
I

-y
S

|
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Let us work with X; fixed and set its value to X; = 0.
We have also

Too _ T _
g=2- === _ (AL +AL ) and w = —wg—=> — wq (AT, +A47)). (8-28)
Too,2 ’ ’ T1,2 ) )
This allows expressing
+ - w
{ ALO + ALO == IOg (_721'(11—'1,2) . (8—29)
AL+ AL = =5 — 73

Working with fixed value of X; means that the action of the vector field aixl is vanishing. This
can be translated into the vanishing of the vector field Tl,laTle + TLQBTL” thanks to eq. 1)
From Theorem [5.1} one has Y Y

Q)= P 4 M2 0Aot Are | b 0L+ A1,

— 8-30
x—q  2x? 0T 2 * 2z 7 OT1 o ( )

On the other hand eq. (5-26)) and the asymptotics from Appendix [C| give that Q(z) = O(x72) as

x — 00. Thus
h.. OAf,+ AT,

p=yhen (531
i.e.
. Ky 0¢ KT (8-32)
2¢2 0T 2T
and

P 1 [RT12 Oq RIy o Ologw  h P
= — : : — = - = 8-33
@) T —q + 2 [ 2q 0Th + 2 0Tip 2 T ( )

The quantum curve thus reads

{h2a2_h2[ 1 2]5 b, O Gy 2T T,
T

0x? r—q =x|0x T—¢q 02 g x2 3 4
where
Cy = 2T 1 Too 2 — hip (8-35)
and
810g (U}%Z) h haT
:: h2T - T2 - h - = Jﬁn =
o T T, T Ty T (8-36)

One can now compute P(x). As in all cases where ro, < 2, its computation is slightly more
complicated. Let us write it under the form

ax? +br+c
P(z) = — (8-37)
The constraint P(q) = p implies that
c=pg® —aq® — bq. (8-38)
In terms of these coefficients, the h-deformed spectral curve reads
®n 2 C1 Oy 2T Tio TPy a+p (p—a)g
=T — 4+ — 4+ ——"+ —"+h h . 8-39
(dx)? o2 ¥ x + x? + 5 x4 + x + x? (8-39)
On the other hand, (fs)z = P(x)? + M(x)W(z) implies that
on 9  2ab _9
o2+ 40 8-40
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since both M (x) and W (z) behave as 27! as  — co. Equating the two leading orders gives

a="Ts
{sz Ln (41
0, 2
Hence the A-deformed spectral curve reads
On 2 H.y H.o 2T ,:Tio Tis
= — —= 8-42
(dz)? 00,2 T x + 2 + 3 + 4 ( )
where
1
7 Jlog wEZ) 7 qTi1
H 1 :=2Two(Too1+ = d  H_,:=rT T2, — = — hTso0q — B2 .
1 2 ( 1+ 2) an 2 1,2 T, +17, 3 24 2T 5
(8-43)

The fact that the spectral Darboux coordinates belong to the i-deformed spectral curve implies
that
2Ty, TP,
q @
Let us now explain how to get an isomonodromic system in this case. For this purpose, one has
to impose an explicit dependence of the Casimirs on the isomonodromic time ¢ := ¢; ; by identifying
our Lax matrix with the one of [28]. This is done by comparing the elements P(z) and W(z) of our
Lax matrix with the ones of [28] as well as the coefficients of 73 and 2=* of their determinant. One
obtains the identification

H_ o =p*¢ = T2 ,¢° — H_1q (8-44)

Too,2 %
Too 1+ g = _%

’ . 8-45
Typ=-% (8-45)
Tio:=1%

Let us now verify that one gets a Hamiltonian system driving the time evolution of the spectral
Darboux coordinates. Identifying the value of the zero of W(x) in both matrices as well as the value
of P(x) at the corresponding point, one gets

1
q = _qIMS
8-46
{ pzé—%’+(pms—%)*qlg ( )

where (givs, pivs) refers to the variables denoted by (¢,p) in [28]. Under this identification, they
obtained an isomonodromic system with Hamiltonian

1 1
H™MS .— " 2qtmsPivs + 2pmas (—tais + Osotivs +t) — (6o + oc) tamus — t° — 1(9(2) - ego):| :

After the identification, the latter reads in our notations (47
2 p2
S = %H_Q - % _ % Lom (8-48)
From [28], one has h% = %;IIT;SS and h% = 788{1{1 I;:ISS Since
dpivs A dgivs = —dp A dg, (8-49)
this just amounts to a change of Darboux coordinates and one has h% = _81;;2 and h% = agq”.

This implies that, up to a simple shift, w™2Z is a tau-function.
Finally, gnys = —q ! is solution to Painlevé 3 equation

52 0?qivs h? <5'QIMS > > R oqus 4

4
(=271 100s — Toot) + 4dius — p— (8-50)

- ot t ot IMS

o2 quas

29



8.4 Painlevé 4

Let us now consider the case n =1, noo =0, 71 = 1 and ro, = 3. The Wronskian reads

(z —q) w(Xy —q)
W(z) = _ 8-51
(=) w(x—Xl) v r— X (8-51)
with
w = —2T zexp (A(;O + A;o,o)
w(Xy—q) = 2Ti1exp (Af,+ AL) (8-52)
We have also T
00,2 —
q=X; — T3 (AL +A45,). (8-53)
Theorem [5.1] gives
0? 1 171 0 hp
h?—— — h? - = - — T2 ;2% — 2T 0To 32 — T2 5 — 2Ts0 1 Tno
[ Ox2 Lj —q a:] Or x—gq 00,37 124 00,37 00,2 15003
H TP, Tegaq
- - —= —h— v =0 8-54
R (-54)
where .
OlnZ
Hoy =222 19T\ Toc s — W 5q (8-55)
8t170 ’ ’ ’
with N
. AT+ AT
Z := exp <1’O21’0> Z. (8-56)

One can compute

,1100,3332 + Too,2x + (q - Xl)p - Too,3q2 - Too,2q

P(x) = X)) (8-57)
The h-deformed spectral curve reads
¢h 2 2 2 h H—l T121
=T 2T 2T, T 2| T. — | T, : 8-58
(dgc)2 00,307 + 2400 90l 00 3% + L5, o + o0,1 B 0,3 T — X, + (.T — X1)2 ( )

and the constraint on the spectral Darboux coordinates reads

2

h T7,
_ 2 2 2 2 ,
H = (q - Xl) p - Too,3q - 2T0072Too,3q - Too,Q -2 (Too,l + 2) Toos — (q _ X1)2 . (8‘59)

To recover the Hamiltonian structure more simply, let us select a time ¢ defined by the correspond-
ing vector field

9 _0 9
ot T ox 8t1,0

and set X; = 0 and T2 = ¢ in order to have a solution to the isomonodromicity condition. The
compatibility of the system evaluated at © = ¢ recovers the Hamiltonian representation of the evolution

equations
{ S Bu_, (8-61)

(8-60)

op _ _
hBt_ dq

leading to the fact that Zisa corresponding isomonodromic tau function.
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This leads to the differential equation

9% 1 /(. 0q\° h
qFLQw =3 (hat — 2Ty +2( 2 +2(Toon + 5 ) Toes ¢° + 8T 3¢° + 675 54", (8-62)

One recovers a known representation of Painlevé 4 by setting Too 3 =1, Tw 2 = ¢, To,1 + % = A and
Tl,l = 90.

This also gives

h Oq
P= S ohy (8-63)

8.5 Painlevé 5

Let us now consider the case n = 2, no, =0, r1 =73 = 1 and ro = 2. For simplicity, we consider
X1 =0and X5 = 1. The Wronskian reads

(r—q) wg w(g-1)

W) — _we wal) 8-64
(z) wx(xfl) x + x—1 (8-64)
with
w = —2T2exp (A;O + A;o,o)
qgw = 217 exp (A1+,0 + Aio)
(¢g—Dw = 2Th;exp (A;O + A3)) (8-65)

From Theorem [5.1] one has

D @&3(1‘1{0 + Atg) h Ty, a(A;,O +A450)

Q) = r—q x 2 0T 2 r—1 2 0159
_p h'Ty 1 Olog[qu] h T, 0log[(g — 1)w]
T T ¢ 72 OTy 2 L 0Ty (8-66)

From eq. (5-26) and Appendix [C} one knows that

h,. Ologlw] n ET 0logw]
x

_ -2 _
Q(m) = JjTl’l 8T172 2,1 6T272 -I-O("E ) (8 67)

as r — oQ.

One thus have
th’l alog% T271 810g(q;—1)

Py on, T2 0l (8-68)
and the quantum curve reads
32 1 1 1 0 hp C() Cl T121 T221
i - == — = B e e =0
{ Ox? [w—q x x—1]0x x—q 2 x—1 22 (x—1)2 +(7)
(8-69)
where the coefficients of ~! and ™2 in the expansion around z = co give
0log[w] 0log[w]
Co + C1 := 2T oo 1 Too 2 — hp + BT R2T: 8-70
o+ C1 1doo,2 D + 1,1 T, + 2,1 0T 5 ( )
and 1 1
o0l -1 zw 27
Co= T2 — T2, — T2, + KTy, 2208lla — V7w 2] (8-71)
’ ’ ’ T35
Let us write 2y
ax® +0x + ¢
Plz)= ——— 8-72
@)= (3-72)
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where P(q) = p imposes that
c=q(qg—1)p —ag® — bq. (8-73)

In terms of these coefficients, the hA-deformed spectral curve reads

n , ,Co G TR T3 (p—a)g  ,p(l+q)+a(l—q)
-7 =0 J : —h h 8-74
(dx)? °°’2+x+z71+x2 (z —1)2 x + x—1 (8-74)
The expansion around x = oo gives
h h? O0logw Ologw
=T, d b=-T Tw - T 8-75
a 2 an 2t 1+ 5 + T [ 1,1 T, 5 2,1 0Ts.5 ( )
so that ) )
bn 2 Hy Hy 17, 13,
=T - d o 8-76
(dx)? o2t x +x—1+ 22 (x—1)2 (8-76)
with
h al al
Ho+ Hy = 2T (T + &) + 17 [Ty 1 G082 + T3, Gl | -

1 _1
Hy =T, -T¢ - T3, + 5T2,1610g[(q51%2:w 24 hp(1+ q) + T 2(1 — q)

On the other hand, one can replace the second equation by the fact that (p, q) belongs to the spectral

curve: ) )
H H T T.
2 2 0 1 1,1 2,1

pr=T 5+ —+ + ===+ —=. (8-78)

g q-1 ¢ (¢g—1)?
Let us now recover the associated isomonodromic system. For this purpose, we can identify our
Lax matrix with the one of [20] by setting Teo 2 :=1t, 111 := —%, where k1 is the monodromy at 0,
T, = —%, where ko is the monodromy at 1 and Hy + H; = a is related to the monodromy at co.

In this identification, A2 {TM %lglg;” + T dalﬁg ;"} has to vanish because we are working on a reduced

phase space (see [20]) for details so that Ho + Hy = 2T (Tooy + §) = a.

After this identification, [20] proves that the isomonodromy condition is fulfilled and one has an
q

Hamiltonian system with Hamiltonian Hj so that u = i—;q is solution to Painlevé 5 equation

0%u 1 1 N> Rou (a4 B)(u—-1)2 ~yu  du(u+1)
207U o (L L\ fou) _hTou qu  ouur i) )
h ot? =h <2u u—1> («%) t ot t2u LT (8:79)

where a = 2T2271, 8= —2T12,1, v = 2T 21501 and 6§ = —2.

8.6 Painlevé 6

Let us consider the case n = 3, neo = 0, 106 =11 =10 =713 =1, X3 = 0 and X5 = 1. In this
Fuchsian system, our isomonodromic time will be X3 =t = t3 . The Wronskian reads

r—q q q—1 q—t
W) =w ey =Y (_m T DD -G t)) (8-80)

where using Appendix [C}

w = 2T exp (A(;0 + A;w)
—%w = 2Ty exp (AIO + AIO)
qg—1 _
(t — 1>w = 2T271 exp (A;,O =+ A270)
q—1 _
_t(t — 1)w = 2T3;1exp (A;O + Ag’o) (8-81)
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and
+

AT - AZ
q=1+t—°°’21T71°“—A+1+A

00,1*

From Theorem one has

o= e s )|

On the other hand, Appendix |C| gives that Q(z) = Zalog Y + O(x272), leading to

r=ga-ga "¢ (s a) |

On the other hand, using the notations of eq. (7-10)), the classical spectral curve reads

Po 7Til+ T22,1 + T??,l hjawo,o R Qwo 1? woyo
(dz)? 2 (x—-1)? (-2 « Oty x-109tn x—t Ot

The asymptotic expansion at infinity (¢°) =T2 272+ O(x~?) leads to the conditions

Owo.o Owo.o Owo .0
h2 s h2 s h2 2=
Ot ot T o
and 9 9
T2, 4 T2, + T2, + h2500 4 yp2 00 2
’ ’ ) 3152,0 Bt s
More generally, as vector fields in Q(P!, —oo—0—1—¢,0,T), the vector fields hQatLlo +h?
and h2 -+ h2t 2 t5; are vanishing. The quantum curve reads
e et 1t 1190 W G_ G G
ox? xr—q x x—1 zx—t|0x =x—q = 2x—-1 ax—1
T? T3 TZ
AT 21 3,1 Wy =0
2 (x—1)2 (z—1)?
where

20log Z
Co=h Dt1 .
2810gZ
Ci=h Dl 5

Ot _ hgalog[wZ] hp

Let us write
azx? +bx + ¢

z(z—1)(z—1t)

In terms of these coefficients, the Ai-deformed spectral curve reads

P(z) =

on _ Hy H, 4 H; n T12,1 T22,1 i T32,1
(dz)? x z—1 zxz—t 22  (z—1)2 (z—1)?

where
Hy = hzalogZ + Rt q(a+p(1+t))

810 Z a(l— 1+t
H, = I? 6t2go +h ( q)l ap(1+t)
_ hzalog[th] ﬁp + ha(t 3(,5 qf)(lth)

satisfy the conditions
Hy+Hi+H;=0
Hy+tH, + T, + T35, + T3, = ha
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(8-83)

(8-84)

(8-85)

(8-86)

(8-87)

) 2.9
dta,0 +h ot

(8-88)

(8-89)

(8-90)

(8-91)

(8-92)

(8-93)



The expansion around z = oo imposes that a is solution to

a*> =T | + ha. (8-94)

This means that we have a Fuchsian system with monodromies at 0, 1, ¢ and oo given by 0y = 217 1,
01 =215, 0, = 215 and 0 = 2a and ¢ satisfies the associated Painlevé 6 equation

9%q R 1 1 1 g\ > 1 1 1 19q
R2 = |24 — ) R — i
ot? 2 {q+q—1+q—t} <8t) {t+t—1+ }at
ala—@—1t) [0 1 -1 h2\ t(t —1)
—_—= = 2T, — 272 22, — 2731 — — .
ot [+ g M Mg = (2 - )
(8-95)
8.7 Second equation of the Painlevé 2 hierarchy
Let us consider the case n = 0, ro, = 5 and no, = 0. The Wronskian takes the form
W(z) =w(z —q)(z — g2) (8-96)
where
w = 2T sexp(AL o0t A%0)
Too
Gtq = —(AL,+A7,) - TiA
00,5
+ + — 2 Too 4 + Too,3
nge = (AL 2T Aoo 2) + *(Aoo.l + AL 1)+ (AL 1Tt Aoo 1)+ (8-97)
2 ’ ’ T:)o 5 TOO,5

The quantum curve reads

92 1 o & hps
2 2 E E ? 2 6 5
lh —h ‘| % - - Too,f)x - 2TOO,5 00,4L

o2
€T T — (q; T —
g i=1 % i=1 L

— (2Too’5Too’3 + T020,4) i (2T 57002 + 210,410 3) z® — (2Too,5Too,1 + 2T 4T 2 + Tozo,g) x?

—Cl.’L‘ — CO‘| \I/i =0

where

Cl—hQ 0058T log ’l,l)2Z +2T004Tool+2Too3T002
C’O:hTm48T log w27 ) + 2h2 T°°58T log(sz)+h2Tm,5M+T§o,2+QTm,3Tm,1

2 BTOO 2
(8-98)
The diagonal term of the Lax matrix reads
P(z) = Tw,5x3 + TooAx2 +ar+ 8 (8-99)
where
p1—Pp2
« = b5 (@5 + @ + 0102) — Too a1 + q2),
B = W + Too 5q192(q1 + 42) + Too,aq1G2-
1= G2

The h-deformed spectral curve reads

®n

@E = T2 52°% + 2T 5To0 43 + (2T00 5To0 3 + T2 4) @' 4 (2T 5 00,2 + 2T0 4T 3) 2°
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+ (2T 5Toot + 2T 4 Toop + T2 3) 2 + Hyz + Hy (8-100)

where
{ Hy = Cy — o 5(q1 + q2) (8-101)
Ho = Co — W 5(q3 + ¢3) — Wl a(q1 + g2)

On the other hand, the fact that the spectral Darboux coordinates belong to the hA-deformed
spectral curve implies that Hy and H; are subject to the constraint

Hyq;+Hy = — T2 5¢° — 2T50 5T0,40) — (2To0 5 00,3 + T2 4) 4 — (2T00 5T00,2 + 2T0 4T 3) G}
(2Too,5Too,1 + 2T 4 Too 2 + T2, 3) 4}
(8-102)
for ¢ € {1,2}. This means that
Pl — 3
H = qi — q2 — T2 5(q1 + a2)(q} + 4165 + 43) — 2T 5Too a(di + 6102 + 4165 + 0165 + 43)
— (2T 5T003 + T 4) (@1 + 42) (67 + 63) — (2T0 5T 00 2 + 2T0 4 To0 3) (65 + G102 + G3)
_(QTOO,STOO,I + 2Too,4Too,2 + Tgo,d)((h + CI2)7
2 2
QP53 — q2p
o = =y T (T2 5(at + aias + G363 + 0163 + 68) + 2T s Too 1@} + Gtz + 0163 + )

F(T2, 4+ 2To0 5To0 3) (5 + 102 + @3) + (2To0 4To0 3 + 2T 00 5Ts0 2) (1 + G2) + Ty 3
2T 4 Too + 2Too,5Tm,1].

As explained for example in Section 6.3.1 of [32)], it is possible to introduce an explicit dependence
in the times o1 and ¢ 2 in such a way that they give rise to isomonodromic deformations by solving
eq. (76).

This implies that, after having made the Lax matrix L(x) explicitly dependent in these times, one
obtains Hamilton’s equations

9qi  __ _ OH,
%%OZ T = Tops
i OH
Vie {1,2} Motz =~ oul (8-103)
’ ’ 2h dp1 — BH() °
s Do
Qhatib2 = 3(11:1

The second equation gives

(8-104)

{ p1=—(q1 — QQ)B?%

p2=—(q1 — q2) 3foo 2
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A PDE for the perturbative wave functions

This section is devoted to the proof of Theorem

A.1 Proof of Lemma 4.3

In this section, we prove Lemma For this purpose, we generalize the procedure of [12] used
also in [26]. This is simply obtained by writing the integration of the RHS of the topological recursion
formula along the boundary of a fundamental domain D obtained by cutting along the A and B cycles
considered.

A.1.1 Case2h—2+n>2.

In this case, it reads, after integrating the variables zs, .. ., 2, along paths from z; to o(z;) as (since
the poles of the integrand are either ramification points or coinciding points)

1
— K R e Zn) = Res K(21,2)Rpn(2, 22, . ..,
i Lsn (21, 2) R (2,22, ., 2n) ;Heg (21,2)Rhon (2, 22 Zn)
+ Res K(z1,2)Rpn(z,...,2n0) (A1)

where, for 2h —2+4+n > 1

Rhm(zl,...,zn) = dulduQ [Fh_17n+1(u1,u2,22,...,zn)
stable
+ > Fuy a1 (ua, A)Fy, 111 (uz, B)
hi+ho=nh

AUB={z,...,2n}

wu1=21, us=0(z1)

1
+Z§/ ‘ WO,Q(Zl,‘) da(zl)Fh,n—1(U(21),Z{z,...,n}\{j})

1
+Z 5/ wo,2(0(21),7) dzy Fron—1(21,2{2,....n}\ {j})
(A.2)

where d,, refers to the exterior derivative with respect to the variable v (which has nothing to do with
a local coordinate),

Sy woalz,)
2(wo,1(2) —wo,1(0(2)))

and dydy Fp 2(u, v) := wo 2(u, v). In order to derive this expression, one has used that for (h,n) # (0, 2)

K(z1,z2) := (A.3)

1 r4) Zn
dleh,n(Zly---azn) = on—1 /( )/( )wh,n(zl7'7-~-;')- (A4)
gl(z2 O(zZn

The first term of the right hand side is the recursive definition of d,, F}, n(21,. .., zn).
The other terms get contributions only from the poles of wg 2. First of all, thanks to eq. (3-15]

and eq. (3-17)), one can observe that
K(z,21)Run(2, 22,...,2n) = K(0(2), 21)Rpn(0(2), 22, - -, 2n) (A.5)
meaning that, for 7 € [1,n],

Res K(z1,2)Rgn(2,...,2n) =2 Res K(z1,2)Rg n(z,...,2n)- (A.6)

z2—2i,0(2:) z2—2;
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The same properties imply that

Rhyn(zl,...,zn) = _duldug Fh,17n+1(U1,UQ,ZQ,...,Zn)+
stable
+ Z Fy, a1 (v, A) Fyy i1 (u2, B)
hi+ho=nh

AUB={z9,...,2n}

Ul1=U2=21

n zj
—Z/ wo,2(21,-) doy Fan—1(21, 242, n)\(5})

j=270(z5)
(A7)
One has a simple pole as z — 21 giving
Res  K(z1,2) Ry Y= dudus | Pt )+
es 21,2 w2, 2n) = —————dy, dy _1na1(ur, uo, 29, ...y 2p
z—z1,0(21) ! 9 2w0,1(21) TR h=1n+11%1, 22, 22
stable
+ Z Fhuy a1 (ur, A) Fyy By (u2, B)
hi+ho=h
AUB={z2,...,2n} B
U(z wo,2(21, )
+Z W dleh,n—1<Zl7Z{2 ..... n}\{j}) (A-S)
where z(3 | )\ {5} = {#z2,.. ., za} \ {7 }
One can further compute
Res K(z1,2)Rpn(2,...,2n) = 2 Res K(z1,2)Rpn(z,...,2n)
z2—25,0(25) z=rzj
fzg ) wo 2(317 )
= 5, Fhaoi(z Y A9
2oor(zy)  wTheE e ) (A9)
Combining all this, one gets
2}r7, oD K(z1,2)Run(2, ... 2n) =doy Foon(21, ..., 2n)
dey Frono1(21,202,. o\ 5)) G2 Frn—1(25,22, . n3\(5})
+Z fg(zj) wO’Q(Zl’ ) |: ' 2wo,l(;l) o 2wo,1(2;)
+mdu1duz Fro1 g1 (ui,ug, 22,005 20) (A.10)
stable
+ Z Fhl,A|+1(U17ZA)Fh2,B|+1(u2aZB)]
hi+ha=nh U1 =uz=z1

AUB ={z9,...,2,}

By Riemann bilinear identity, the left hand side is an holomorphic form in z7, thus concluding the
proof.
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A.1.2 Case2h—2+n=1.

Let us now consider the case (h,n) = (0,3). One has

3
1

35 P oon K(z1,2)Ro3(z, 22, 23) Eg‘m Rﬁg K(z1,2)Ro3(z, 22,23)+i:1 Z*):ZRZ.?US(%)K(Zl,Z)RO’g(Z,ZQ,Zg)
(A.11)

where

Ros(z1,22,23) = 3 (f;(ZZ ) wo, 2(21,-) faz(gz )w02 —I—f ) @o,2 (21,-) f:fzz)wO,Q(O'(Zl),-))

= T2 fzz wo,2(21,) f;?ZS)Wo,z(Zla'),

(A.12)

the second equality follows from eq. .

Once again, the left hand side is holomorphic while the first term on the right hand side is the
recursive definition of d,, Fy 3(z1, 22, 23).

Evaluation of the residues gives

1 f;(i )WO,Q(Zla ) f;?z )WO,Q(Zb')
— K R =d,, F 2 s
27”2 o (21,2) z0,3(2,22723) 2 Zo,3(Z1,Zz,Z3) +z o0 (21)
Joteywo2(z1) [oiy @z, ) [l wo(21,) [o(,) woa(zs, )

4&)071(22) 4(4)071(23) (A 13)

Finally, for (h,n) = (1, 1), one only has contributions from poles at the ramification points, z; and
o(z1). This gives

]. K(Zlyz)Rl,l(Z) — dZ1F1,1(Zl) —_ M

— A.14
21 J,esp 2wo.1(#1) ( )

A.2 Conclusion of the proof of Theorem
A.2.1 Case 2h—2+n > 2.

Let us apply eq. (4.4) to the holomorphic differential of eq. (4-13)).
To simplify the expression obtained, let us first note that

> Res 1:7() (A.15)

pEP B x(zl)

is vanishing for w(z) = Q( (o Where Q(z) is a quadratic differential holomorphic at the p’s. This allows

getting rid of the contrlbutlons of this residue for all the terms proportional to m in eq. 1)
One thus gets

2wo,1(21) 2wo,1(25)

n
E 2 Aoy Fron—1(21,202,... n}\{j}) dy. Frnon—1(25,2{2,... n}\{5})
dZ1Fh,n(Zl7~--,Zn) + fo’ézj)wovz(‘zl?') [ 21 { NGy T

+mdu1du2 Fp1pt1(ur, uz, 22, .., 25)
stable
+ Z Fy, a141(u1,24) Fr, 41 (u2, 2B)
hl + h2 =h Ul =U2=21
AUB ={z9,...,2,}
daj(z ) ( ) - Zj dszh,nfl(z'vz{2 ..... n}\{J})
~oy7 D Ros sy | deFun(z 2200 20) = 3 Loty woa(z:0) 20r (=)
peEP =2
(A.16)
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Using that, for any function f,

im [ won(e ) [f(2) — F(z)] = d, £(z), (A17)

21— Zj O’(Zj)

the diagonal specialization z = 21 = 29 = - - - = 2z, gives

%thvn(Z7 RS} Z) + (n - 1)d21 [de1Fh,n—l(zla ZyZyenny Z):| I

1
+mdu1du2 [Fh—l,n+1(u17 U2, 2, -, Z)]U,l:ug:z
stable
+ 1 2 : (n—1)! dFhy ny+1(2,,2) dFhy not1(2,...,2)
2w0)1(z) ni! no! ni+1 no+1
hi4+ho=nh

nl—l—ng—n—l

dI(Z ! d Fh n— 1(21 2
2'9(2)22}{_6331(2,) I(z)dz/Fh,’n(Z 727-..;2) + 4y(z)2 ZZP{—Q)SpI(Z CE(Z) fo_(z) UJO 2( )
(A.18)
which, multiplying by %, can be written
2
d Fr.n(z,...,2) d Frn.n_1(2,2,%,...,2)
2y(z)dx(z) |: . n! :|+ (da:(z)) |: . (n—1)! :|
stable » ( ) » ( )
d hy,nq+1(%,--,2Z d ho,no+1(%,--+,2
+ Z 72(2) { D! } 72(2) { (ot D! }
hi+ho=h
ni+ny=n-—1
(A.19)
d Fron_1(z,...,2) dlogy(z) 1
t e [ - (nl—l)! ] - df(zi) - 2y(z)23§2x(z/) z(2) fa(z) wo,2(2'+)
pEP
d? Frno1nt1(u1,u2,2,..,2)  Frono1(u1,u2,2,...,2)
+d:c(u1)da:(u2) (n—1)! (n—3)! P
_ y(z') d 1 By (2 ,2,...,2)
= ZB‘gSp:v(z’)fz(z) (n—T)! :
peP
To simplify this expression, let us compute
—Z Res — JZ wos(Z,) = Res lf(iz/)fz wo2(2',-)
(=’ z(z) o(z) ' Sr ol z(2')—z(2) Jo(z) 7 ’
pep " Fomem (A.20)
= 2Res sH fo woal? ),

where the first equality follows from the absence of boundary term and the second one from the
invariance of the integrand under z’ — o (2’).
Let us now remind that

i da(@)
/a(z) w072(z s ) = 2d, F072( R ) + x(z’) — x(z) (A21)

where d,/Fy 2(#/, ) is holomorphic at 2z’ — z. Plugging this expression into eq. (A.20) gives

— Res =~ ) ;Z wo2(2',:) = 2Res _ueh |:2dZ/_F‘()72(Z,7 2) + == j,g;(f;)z }
Zz_w() (f() s, x(2)—z(z) (2")—=(z) (A.22)
= dac((z)) d Fo 2(Z Z)‘z’:z + 23522
and thus
legy ) /z / dFO Q(Z/az)
N =9 %20 A.23
dm( Z z}{gix ( ) (2) WOQ(Z 7 ) d.’L'(ZI) z2'=z ( )
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Plugging this into eq. (A.19)), one gets

2 1(2,2,2,...,2 Fryng ZyeosZ Froon ZyeenrZ
(dw‘fz)) |:Fh7n7(7§71)! ):| + Z d:vd(z) |: : (n:rjr(l)' ):| da:(éz) |: = (721;?%(1)' ):|
hi+hs=nh
ni+ny=n-—1
+ d? [Fh71.n+1(U17U2,Z7~~-7Z) _ Fh.n71(u1,u2,2,~~72):|
dz(u1) dz(us) (n—1)! (n—3)! I
z d,1Fp n 22,2

= _1%7; ZRgpr(zy( g)c(z) (n(—l)! L.

(A.24)
Summing over h and n such that 2h — 2 +n = m > 2, one gets
2 o+ pert + pert + pert / 1
9 Sm—12 ($)+ Z 9Sy, Pert(z) 085" () _ Z Z Res ZJ Z') dor Fon(2 727""7Z).

Ox mi+mo=m—1 Oz Oz 2h—24+n=mpEP z %pl' (Z) (n - ]')

(A.25)

Let us now interpret the right hand side in terms of the variational formulas. To do so, one shall
compute the residues as z — p whose expressions in terms of local coordinates depend on whether
z(p) = oo or not.

— For p = b, a local coordinate is x(z') — X,. Thus,

y(z')  dyFpa(?, 2, > k1 Ay Fpon(2y2,...,2) , i
Res Res : z(z2)—X,)".
2obE x(2) — x(2) (n—1)! kZ:O N y(z) (n—1)! (z(z) )
(A.26)
Since .
y(') =+ T,u(z() - X,) ™+ 0(1) (A.27)
=1
and
Fiyop o
VK >2, Res duFin(2, 2., 2)(@(z) — X,) 5 = £(K - 1y 2Fhin—1(z:202) oy gy
z ~>b aTu,K
one has
ry+1 Fpn-1(2,-2)
y(2) Ay By (7, 2, (n—1)1
v, —_— A2
Z/liabsf z(2') — z(2) (n—1)! Z U T, k (A.29)
where ,
Upx(z) = (K —1) Tyu(w — X,) K2 (A.30)
I=K—1

is a rational function of x.
— For p = bt when n., = 0, a local coordinate is z(z")~!. Let us write

! dyFyn(?, 2, ..., > dyFy (2,2, ..., L
Res y(2) hn (2,2 ?) :Zx(z)k Res y(z2') hn (2,2 Z):c(z') k=1

R R B B () B S S i 1
(A.31)

Reminding that
y(z) = F Y Toope(2)" % + O(a(2) %) (A.32)

k=1
and
Fyon—

VK >2, Res d,Fun(?,2,...,2)2(z )5 = F(K - 1)a hin=1(2: -, 2) (A.33)

)
z’%bi aToo,K



one has

y(z')  deFin(2 2, Fea "2 Pt
Res z! n Uoo L ot
B e e R e R SLCE A
where
Uso,x () = (K —1) Z Too 252, (4.35)
1=K +2

— For p = by, when no = 1, a local coordinate is z(z)~2. Reminding that

T oo

y(z) = — ; %x(Z)k_% + O(x(z)‘%) (A.36)
and
VK >2, Res doFin(2, 2. L2)x(2)E73 = (2K - 3) 8Fhv%‘T1bth ’Z), (A.37)
one has
/ , 2, Too =2 gEnn—1(z..2)
R x(z/y)(i L(z) Ll ELTE —) Z Uso, #:Z (A.38)
where

Uso i (z) = (K—) Z Ty gt~ K72 (A.39)

1=K +2
Plugging this into eq. (A.25)) proves for m > 2:

25, vert St Pert(z) DS pert
m (:17) + Z 1 (SC) 2 ($>

0 = Ox? Ox Ox
mi+mo=m—1
Too—2 -+ pcrt Tp, +1 -+ pcrt
oS 85‘ (=)
_ E_: Uoo,K(-T(Z BTOO . zy: Z me[{ 8TbU,K

rhu+1

Too—2 OF OF,;
- Z5m+1 2% Z Uso i ( (9Toi2< Z Z Ub, (@ 3Tb]::2(

174

(A.40)

A.2.2 Case2h—2+n=1

Let us now proceed in the same way for (h,n) = (0,3). Applying eq. (A.20) to the holomorphic
differential eq. (A.13]), one gets

fj(zz2) WO,2(ZI7 ) f;(323) wO,Q(Zla )

d., Fo3(21,22,23) +

dwo,1(21)
fo(222) WO,2(21, ) fa(?’z3) w0’2(22’ ) ‘/‘0(323) w0,2(217 ) fa(222) w0,2(23, )
4wo 1 (22) Ao (23)
dSC(Zl) y(zl) /
__ Res — Y 0 Roa(s
2y(Zl) gpz’isp gj(z/) — 33'(221) 0,3(7«' 29 Z3)
fj?@) W072(Z/, ) faz(szs) wO,Q(ZQa ) foz?zs) WO,2(217 ) faz?m) WO,Q(Z?,, )
(=) L1 (22)

(A.41)
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Let us move the integration contour to compute the last line. One has

22 / =3 =3
y(z fa(z )w0,2(2 ) fﬂ(z )wo,z(zzw) . fa(z )WU,2(227') y(z
ZZRES ARy o1 (o) i e Res 2(z)—z(z1) fa(z2 wo,2(2,+)
pEP P N 21,0(21
Z2, O’(ZQ)
- fo(z y “0, 2(22,7) y(z') 22 /
2?00 1(22) Z/BZGIS’ZZ z(z')—z(z1) fU(zz) wo2(2', )
_ _y(zl)fd(is)wo,z(zz,') fU(ZZQ)WOJ(Zlf) _ fafza)wo,z(zzf)
2wo,1(z2)dz(z1) 2dx(z2)(x(z2)—x(z1)) "
(A.42)
Thanks to this property, equation (A.41) reads
zo z3 23 Z2
dz(z1) fa(z )wo,z(m’-) fa(z )WO,Q(Zlg') fU(Z )wo,z(22,~) fg(z )w0,2(23w)
leFO,?)(Zh 22, 23) + 4y(zi) : dz(z1)? : + dz(zz)?x(ZQ)fm(zl)) + d:b(zs,)%r(zS)fm(zl))
=532 Resa T ey Ao Fos (' 22, 2)-
peP P
(A.43)
Observing that
/Z2 (21,7) = 2., Foa(e1, 20) + ——22 0 (A.44)
wo.2(z1,-) = 2d, 21, % _— .
o) 0,2(21, 1 Fo2(21, 22 20o1) — (22
this simplifies to
d., Fo3(21, 22, 23) + [ FoaCrzo)] [dy Foa(er 20)]
21 s ’ ’ (z1)dz(z1)
dz(z1) 1 [dleo,z(Zl,za)l_ dz;F0,2(Z2,Zs)] + dz(z1) 1 dzy Fo,2(21,22)  dzgFo,2(23,22)
2y(z1) x(zl) z(z2) dz(z1) dz(z2) 2y(z1) z(z1)—x(z3) dz(z1) dx(z3)
dz(z
= —5Cy Z zRii,zu’) z)(z yd=rFo (2", 22, 23).
(A.45)
Specializing to zo = z3 = z, one obtains
[dz FO,Q(zlvz)] [dz FO,Q(Zlyz)] dx(z1) 1 dFy,2(z1,2) dFy,2(2',2)
dz, Fos(z1,2,2) + = (zl)dz(zll) V(=) 7 —2(0) [ dz) T A ) z,:j
= =5 2 Res s de Foa(#,%,2),
pEPZ P
(A.46)

Finally, considering the limit z; — z and multiplying by dyx((zz)) gives

2y(z) dFy 3(z, 2, 2) 1<dF0’2(z,z)>2 d*Fy 2(21,2)
6 dz(2) 4 dz(2) dx(z1)?

= —72 zRgpr )( )dz’FOS(Z 12, %)

zZ1=z
(A.47)
As before, the right hand side can be written in terms of the variational formulas to read
2
dFoﬁg(z,z,z) dFoyz(z,z) d2F (Z Z) Too—2 8F0 2 z,2) n r,+1 8F0,2(sz)
2y(z 6 2 0,21%1) = Uso i (z(2 —|— U, )t
y(z) dx(z) dz(2) dr(21)? |, _, K§=:2 we(2(2) 8Tb ; Kz:g K Ty, K
(A.48)

Applying the same procedure for (h,n) = (1,1) gives

dFi1(2)  d*Fya(z1, 22) B =2 0F1 U 0F1
= I(ZQUOO,K(;U(Z))OTZ) +y ZUMK(;B(,Z))aTb -

2y(z) dz(z) dx(z1)dz(22)

z1=22=2 v=1 K=2 vs
(A.49)
Using the fact that
szO’Q(Zl, 2’2) dQFO’g(Zl, Z) _ dQW (A 50)
dr(z1)dx(22) |, _.,—. de(z1)? |, _. dz(z)2 '
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the sum of eq. (A.49)) and eq. (A.50]) reads

Too—2 n ry,+1

dST P (@) gsF Pt (g asT Pt @)\ 2 @2st Pt (g oF OF
2 1dx ! dx =) + ( ¢ dx ( )) + de2 (@) = Z UOO’K(x) BTb;?K + Z Z UV,K(‘r) BTbll,i(jr(
= v=1K=
Too 2 S+ Pcrt ) n2 rvtl S+ Pcrt( )
+ Z UOO’K( 3Tb +ZZUVK 6Tby,K
K=2 v=1K=2
(A.51)
A.2.3 Cases2h—2+n<0
For 2h — 2+ n = —1, one has, by definition of the spectral curve,
2
8Si_1pert(x) . QS(I) (A 52)
oz Codx?’ )

For 2h — 2 4+ n = 0, thanks to eq. (A.23) and the expression of the residues at poles in terms of
variational formulas, one can write

dFo 2(2,, Z) Z Too—2 8S+ pert( n ry+1 aSirlpert (CL’(Z))
) 702\ r ) it S S 2
y<z) d;z:(z’) z’*z Z Z Uoo K 8Too K +; KZQUV K aTu,K s
(A.53)
i.e.
dS+ pert + pert d25+ pert Too— as+ pert n r,+1 8S+ pert
901 (z) dSy (z) n —1 Z Uno k¢ ( Z ZUVK (1’)
dx dx dxz? Tk K == 0Ty, k by K
(A.54)

A.2.4 Conclusion of the proof

Summing the contributions coming from eq. (A.52), eq. (A.54)), eq. (A.51) and eq. (A.40) for m > 2
with the appropriate /i factors, one gets the ODE satisfied by the non-perturbative wave function as
stated in Theorem [L.11

B System of ODE for the non-perturbative wave functions

B.1 Proof of Lemma [5.2]

Let us compute

oW (x) 0*v, 0% _
p —h< 92 QL—E@W . (B.1)
Since ¥4 and W_ are both solutions to eq. ,
3 \I’i a\l'i —1
hos =hY > Upil h +h T H () Dy (B.2)

pEP kEK, Ty,

plugging this back into the expression above gives

=YY Upn(2)Wr, () (B.3)

PEP kEK,

and the lemma follows.
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B.2 Proof of Lemma [5.3

We shall prove this fundamental result by following the footsteps of [26]. Let us first write down
the compatibility of the system eq. - For any (p,k) € P x Kp, writing down the equality of

63722 [%} = 6T3M [‘?}1‘3} and matching the coefficients of U et 317 one gets
8Qp, OR OR ORp 8 Ry,
0=270 ~ Mg, Ty TRy T g (B4)
and
aQ aQ aH a9 Q
2(h Ry h — —h Pk I h p’ . B.

Let us now write the expansion in A of these equality order by order. For this purpose, let us
remark that both equations can be put under the form of a trans-series as functions of A&

g
Z am,khm exp h71 Z kjv_j =0 (BG)
m,k J=1

meaning that the coefficients of the trans-monomials vanish. Summing over vectors k, this implies
that the coefficient of 2™ is vanishing for any m. In order to compute it, let us remarks that derivation
with respect to x preserves this /i grading while differentiation with respect to the times decreases the
degree by 1.

To leading order, this reads

. 9Q5, 96 9RO(z,T,v) ®.7)
oz T, v st '
-~ h
and ©
OR (0) YO (2. T (0)
Or ox Ty 1 ov Ceip Ty 1

Let us now assume that the functions Q( ) and R( have a pole at a critical value u; such that

they behave as
©)

Q. T,v) = =2+ O((& = ug) )
(0) Tk —dl (B-9)
R (2, T v) = —25— 1 O((w — u)) =5+

(@—ui) '

for some positive degrees (dj ,d,, ;) and write in the same way

QO (w, T,v) = Loy +Ol(z — u) =),

. , B.10
RO(2,T,0) = = f>)d, +O((z —uy)~4+1). (B.10)
The leading order in  — u; of eq. (B.7)) reads
0) ©) .
_od, vk _ 09 O (B.11)

(x —u;)dertl 0T, Ov | _ote (x—u)?

meaning that d,, j is independent of (p, k) and d, = d’ — 1 for any pair (p, k). From the definition of
@, it behaves as

QO T,v) = | Y Y Upi(ui)g # +O0((z — uy)~4*2). (B.12)

pEP kEK, (,T
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The leading order of eq. (B.8)) reads

o d¢  0q© 1
NS T d (B.13)
T=U; (.’1? - ui) P,k an,k} v p=9tp (LIJ — ’U,l)

OH©
Ox }

(—2dy 1, + 1) {

which implies that d), ; =d —1 = d' — 2 for any pair (p, k) which contradicts the definition of R.

Thus R (z) and Qg?}((x) are holomorphic at the critical values. This implies that Q(®)(z) is holo-
morphic as well at these points. Finally, eq. together with the fact that Q(© (z) is holomorphic
implies that R(O) 7 (2) is holomorphic as well at these points.

We shall now proceed by induction on h for proving that the coefficients R( I)( and Q( are
holomorphic at the critical values. For this purpose, one can write the h’th order of the compatlblhty
conditions as

0Qpx , 9 ORM(z,T,v)
2—P= —p — =1 der terms B.14
o DT 5 i ower order terms ( )
and
ORVY o OHO  9¢  80W(x,T,v) oHM
oH (O P2 Rz(>,1)< 9r  T,x 5 . 9Tk = lower order terms (B.15)

~h
where the right hand sides are lower order terms in the /& expansion which are holomorphic at the

critical values by induction. Using the same argument as for the leading order, one can conclude that

any joj)( and Qz(,hl)( are holomorphic at these points.

C Expansions of S* and Wronskians around X, and oo

In this appendix, we recall the expansions around the poles of certain useful quantities.
— Around z = X,, for v € [1,n].
The logarithm of the wave functions read

Tby

q:hlzk )k - £ h T, log(z — X +ZA . (Ca)

The Wronskian in x behaves as

2T, .,

W(x) = (13 — Xy)r”

exp (AIO + A;,O) + O ((ac — XV)_T”'H) . (C.2)

The Wronskians in the spectral times at finite pole read

Vo' € [Lin], Vk>2: Wy, (z)

| — en 20 =) oo x| Wi @v- @), (€3
N TEn e = OTy s SR I
ie ( N )
2 exp AuO""A;O — k42
> = — : : — .
Vh22, Wr(0) = 3= —o —xyer T O(@=X)™) (C4)
and

9 (Al —A)

VAV V22 W, (o) = heae

exp (Aj,o + A;)O) +0((xz—X,)). (C.5)

The Wronskians in the spectral times at oo read

& (Al — A,

VkE>2: Wr_,(x)=h 5T o) exp (A:O +4,0) +0((z—X,)). (C.6)
00,k
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— Around z = x if no, = 0. The logarithms of the wave functions read

. 1
Sy (z) = ;hlzk 2ok k=1 £ 51T log(a) ng+ZA . (C.7)
k=2

The Wronskian in x behaves as
W(z) = —2T . exp (AL o+ AL o) 2" 34O (a1, (C.8)
The Wronskians in the spectral times at finite poles read
Vve[l,n], Vk>2: Wg, (2)=0(z7"). (C.9)

The Wronskians in the spectral times at oo read

Vk>2, Wy, (z)=— exp (AL o+ AL ) 22 (C.10)

k—1

— Around z = 00 if n,, = 1.

=¥h! Z o 31;%';3 Fh Mo 1 log(z) — loix + kiAéEo kx_g. (C.11)
=1
The Wronskian in & behaves as
W (@) = —Too o exp (AL o+ A% o) 273+ 0 (x”’""g’%) . (C.12)
The Wronskians in the spectral times at finite poles read
Vve([l,n], Vk>2: WTy,k(gc):O(x_%). (C.13)
The Wronskians in the spectral times at oo read
Vk>2: Wr_,(z)=— exp (AL o+ AL o) ah2, (C.14)

2k -3

Note that one may obtain the next orders in the expansions of the Wronskians from those of S
with the formula:

Wia) = 0 P o (5, 0) 4 50
Wr,,(x) = h (85%1/(?) - 851:1/(?) exp (S4(x) + S_(z)) (C.15)
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