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In this paper, we first outline a Hypothetical Learning Trajectory (HLT), which aims at a formal understanding of the rules for manipulating integers. The HLT is based on task formats, which promote algebraic thinking in terms of generalizing rules from the analysis of patterns and should be familiar to students from their mathematics education experiences in elementary school. Second, we analyze two students' actual learning process based on Peircean semiotics. The analysis shows that the actual learning process diverges from the hypothesized learning process in that the students do not relate the diagrams on the different levels of the task sequences in a way that allows them to extrapolate the rule for the subtraction of negative numbers. Based on this finding, we point out consequences for the design of the tasks.

Introduction

The difficulties and obstacles related to the concept of negative number and their operations are well documented in the history of mathematics [START_REF] Hefendehl-Hebeker | Negative numbers: Obstacles in their evolution from intuitive to intellectual constructs[END_REF] and a growing body of recent research (e.g. [START_REF] Schindler | Sixth-grade students' reasoning on the order relation of integers as influenced by prior experience: An inferentialist analysis[END_REF].

According to Steinbring (1994, p. 279) the notion of negative numbers and the related understanding of their manipulations require autonomous and formal rules, which are comparable to the rules of algebra. He argues that the consistent system of rules for manipulating negative numbers is neither deduced from reality nor is it directly applicable to real world contexts, in which numbers represent magnitudes. According to Hefendehl-Hebeker (1991, p. 30), it was not until the 19th century that these obstacles were overcome in the history of mathematics by a shift of view:

The change consisted in the transition from the concrete to the formal viewpoint. Subsequently, the concept of number could be introduced in a purely formal manner without consideration of the concept of magnitude.

Therefore, a full understanding of the rules for manipulating negative numbers might be not achievable by referring to real world contexts, such as assets and debts or temperature, in which negative numbers are easily perceived as magnitudes. The introduction of negative numbers might also require a shift from the concrete to the formal viewpoint.

Our overarching aim is to understand how students make sense of negative numbers and their manipulation rules in a Hypothetical Learning Trajectory (HLT), which aims at such a mathematical understanding of these rules from a formal viewpoint. The different meanings of the minus sign as unary, binary or symmetrical present a particular obstacle for students [START_REF] Vlassis | Making sense of the minus sign or becoming flexible in 'negativity[END_REF], which becomes most evident related to the subtraction of negative numbers. Therefore, we focus on the question how students can develop a formal understanding of the rule for subtracting negative integers in this paper.

We first outline a HLT for the learning of the rules for manipulating integers, which aims at such a mathematical understanding of these rules from a formal viewpoint. Second, we give a first insight into students' actual learning processes related to subtracting negative numbers.

Theoretical Framework

According to the seminal definition by Simon (1995) a Hypothetical Learning Trajectory (HLT) "consists of the goal for the students' learning, the mathematical tasks that will be used to promote student learning, and hypotheses about the process of the students' learning" (Simon & Tzur, 2004, p. 93). A HLT "is based on the understanding of the current knowledge of the students involved" (Simon & Tzur, 2004, p. 93).

The goal of our learning trajectory is that students develop an understanding of the rules for manipulating integers from a formal viewpoint, i.e. to understand that the calculation laws for integers are defined the way they are, because they "are uniquely determined as extensions of certain laws governing the positive numbers" (Freudenthal, 1983, p. 434). Freudenthal called this the "algebraic permanence principle" and propagates the "induction extrapolatory method" (Freudenthal, 1983, p. 435) in order to introduce the negative numbers. Our HLT draws on this method. The tasks we used to implement this method relate to students' prior experiences, because we use task formats that are familiar to students from the learning of arithmetic in elementary school. As pointed out earlier, we do not use real-world contexts, since the rules for manipulating integers are not deducible from them. Therefore, our notion of understanding refers to what Wittgenstein has termed the sign game, in which "the meaning of the signs, symbols, and diagrams does not come from outside of mathematics but is created by a great variety of activities with the signs within mathematics" (Dörfler, 2016, p. 27). In our case, the meaning of the signs is explored in what Pierce (1976) calls "diagrammatic reasoning".

According to Dörfler (2005, p. 58) diagrams in the sense of Pierce are inscriptions, which have a specific structure depending on the relationships among their parts and elements. Based on their structure diagrams are the objects of rule governed operations. These operations allow to transform, compose, decompose, and combine the inscriptions and can be called the "internal meaning of the respective diagram" (Dörfler, 2016, p. 25). Diagrammatic reasoning according to Peirce then is reasoning which constructs a diagram according to a percept expressed in general terms, performs experiments upon this diagram, notes their results, assures itself that similar experiments performed upon any diagram constructed according to the same percept would have the same results, and expresses this in general terms. (Peirce, 1976, pp. 47-48) Summarized, it "is a rule-based but inventive and constructive manipulation of diagrams for investigating their properties and relationships" (Dörfler, 2016, p. 26). Though they are rule-based the manipulations are still imaginative and creative and not just mechanic or purely algorithmic (Dörfler, 2016, p. 26).

A HLT for the learning of manipulating negative numbers

The learning trajectory is structured into six parts: 1. introduction of negative numbers, 2. ordering of negative numbers, 3. subtraction with a positive subtrahend, 4. addition of negative numbers, 5. subtraction with a negative subtrahend, and 6. multiplication of negative numbers. Each part of the learning trajectory has the same structure. It starts with sequences of tasks using the induction extrapolatory method (Figure 1) in order to foster students' diagrammatic reasoning. Every sequence consists of six to eight tasks and shows a pattern that the learners are supposed to identify. The learners know these task sequences from learning arithmetic in primary school. Therefore, they know that the sequences have patterns and they are familiar with completing these patterns. For every sequence of tasks, the learners have to work on three tasks: The first task is to describe the identified pattern verbally using phrases like 'the minuend/subtrahend/difference remains constant/increases/decreases by one/two/…'. Thereafter, the learners have to complete the sequence of tasks according to the identified pattern The last task is to transfer the tasks into a table, where they can further explore task relations. Based on the insights from their explorations, the learners either have to formulate a rule and consolidate this rule by working on further examples or they have to verify the given rule. These activities are based on Pierce's notion of diagrammatic reasoning. Students' need to manipulate diagrams according to rules that they perceive by exploring the structure of the diagrams. By formulating rules, they have to express the result of their explorations in general terms.

In this paper, we focus on the subtraction of negatives (part 5 of the HLT). The first sequence of tasks in this section is shown in Figure 1. In this sequence, there are different diagrams in the sense of Pierce, which are on two different levels of the task sequence. On the first level, every task is a diagram in itself, because it represents the relation of the minuend, the subtrahend and the result. On the second level, the whole sequence is also a diagram because the single tasks are related and exhibit a particular pattern. In the case of the task sequence in Figure 1, the minuend of all the tasks is fixed (3) and the subtrahend is reduced by one from one task to the next. Consequently, the results increase by one from one task to the next.

In terms of the students' learning process, we hypothesize that the students have to work on diagrams on both levels when solving the tasks. First, they can solve tasks one to three in the sequence, which should be familiar to them from natural number arithmetic. Referring to the ideas of diagrammatic reasoning, these are manipulations on diagrams on the first level. In the next step, they need to explore the structure of the sequence on the second level. In other words, they have to investigate the properties and relationships of the second level diagram. After exploring the structure, they can complete the tasks four to six, which are new to them, by referring to the structure. These are also manipulations on diagrams on the second level. For learning, how to subtract a negative number from an integer, it is important to switch in between the diagrams on the different levels and relate to them once again as described above. The students have to recognize Relating to the idea of diagrammatic reasoning, this is the investigation of properties and relationships of the diagrams on the first level.

In summary, we hypothesize that the students' learning process related to the subtraction of negatives involves an interaction between the diagrams on two different levels. The students need to operate on diagrams on the first level, then refer to the structure of the diagram on the second level and get back to the diagrams on the first level in order to solve the tasks. By deriving the results of tasks that involve the subtraction of negatives from the structure of the diagram, they are able to get an insight into the algebraic permanence principle and thus could develop a formal understanding of the rule for subtracting negatives.

Methodology

Data was collected in five 6 th -grade classrooms in a German secondary school. The students worked on the HLT in pairs in a separate room. Altogether, we videorecorded eight pairs of students while working on the HLT.

In order to reconstruct the diagrammatic reasoning of the students, we use [START_REF] Toulmin | The uses of argument[END_REF] "pattern of an argument" as an analytic tool. Toulmin's core structure -or "first skeleton" as he puts itof an argument has been used productively in mathematics education research to analyse students' reasoning (e.g. Fetzer, 2003;[START_REF] Reid | Refutations and the logic of practice[END_REF]. The core structure of an argument is composed of three components: The data are the facts, which are the basis of the conclusion, "whose merrits we are seeking to establish" (Toulmin, 2003, p. 90). Warrants are propositions like rules, principles and inference licenses. They are used "to show that, taking these data as a starting point, the step to the original claim or conclusion is an appropriate and legitimate one" (Toulmin, 2003, p. 91).

Arguments and diagrammatic reasoning are linked by the role of rules. Diagrams are embeded in a system which has rules and the manipulation of diagrams in the sense of diagrammatic reasoning is rule-based. The warrants in students arguments related to relationships and properties of a diagram should explicate the rules of the diagram as the students explored them. Therefore, the analysis of students' reasoning based on Toulmin's scheme provides an analytic tool to reconstruct the rules on which their diagrammatic reasoning is based.

In a first step, we reconstruct students' argumentation based on Toulmin's pattern of an argument. We further frame each argument in terms of the level of diagrams it relates to: level 1 or level 2. Finally, we draw conclusions about students' diagrammatic reasoning based on an interpretation of their arguementation.

An example analysis of students' actual learning process

In this exemplary analysis, we focus on the learning process of two girls, Mia and Marlen. They are working together on the HLT. We are focusing on the beginning of the section "We subtract negative numbers" and especially on their work on the sequence of tasks shown in Figure 1. Due to space limitations, we can only analyze two short episodes from the whole learning process. In line 8, students express data (D1), which is the starting point of their argument (The minuend remains constant and the subtrahend decreases by one). From this data they draw three different conclusions. The first conclusion (C1a) is that the results increase by one. This argument is not explicitly supported by a warrant. According to Fetzer (2003, p. 33), this is a simple inference, which has only data and a conclusion and no legitimation through a warrant. Their second conclusion (C1b) is that the results in the sequence of tasks decrease by one. It is legitimated by the warrant "There are negative numbers" (W1b). The last conclusion Marlen draws from (D1) in this episode is that the results first increase and then decrease (C1c). The warrant (W1c) is the calculation of tasks one to four in this sequence.

The episode in

All arguments based on D1 in this episode are on the level of the sequence, i.e. on the diagram on the second level. Additionally, there is a simple inference on the task level, i.e. on level 1 (lines 15a and 17) with the task 3 -(-1) as data (D2) the result "2" as the conclusion (C2). This simple inference is important, because it is one essential part of warrant (W1c), which supports to the conclusion (C1c) that the results first increase and then decrease.

Following the episode in Table 1, the teacher asks the students to reason, why the results first increase and then decrease. He further asks them to fill in the blanks in the task sequence. After they finished filling in the blanks, the following episode starts. In this episode, the data of all conclusions is given in line 27: The results of the first three tasks in the sequence are "1", "2" and "3". The first conclusion (C5a) based on this data (line 31) is that the next result is (probably) four. This is a simple inference without a warrant. The second conclusion (C5b) in line 30 is justified by warrant (W5b) in line 33, which refers to another sequence of tasks on the same page. In line 34, the teacher repeats the conclusion (C5a), but now Marlen provides a warrant (W5a): She refers to other known sequences of tasks. There it never occurred that the results of the tasks first increase and then decrease or vice versa.

Discussion and Conclusion

In our description of the hypothesized learning process, we argued that diagrammatic reasoning, which relates diagrams on two levels of the task sequence in Figure 1, is crucial for students' formal understanding of the rule for subtracting negative integers. The students have to work on diagrams on the first level to see the pattern of the diagrams on the second level. Referring to the pattern of the diagram on the second level, they can solve the tasks (diagrams on the first level) which include manipulations on the new mathematical objects, i.e. negative numbers. Comparing the eight pairs of students reveals that most of them actually follow this hypothesized learning process. Only two pairs struggle with the sequence shown in Figure 1. Both of them are only working on the diagrams on the first level, i.e. they try to solve all the tasks before referring to the structure of the task sequence. As opposed to the pair of students described in this paper, the other pair is not sticking as consequent to the idea that instead of subtracting a negative number they can subtract the additive inverse.

However, the reconstruction of Mia's and Marlen's argumentation in the two columns behind the transcript reveals that the students work on diagrams on both levels, but not in the hypothesized way. The crucial point in their diagrammatic reasoning occurs in lines 15-17. We hypothesized that for a formal understanding, it is important to refer to the structure of the task sequence in order to derive the result of the task 3 -(-1). The analysis shows that the students conclude that the result of this task is 2 (C2 in line 17). Because of the missing warrant in this argument, it is not possible to reconstruct the rule of their manipulation on the diagram on level one. According to their reasoning, the inner relationship of this diagram on the first level is, that the difference of "3" and "-1" is "2". As opposed to our hypothesized learning process, the students do no infer the result of the task from the relationships of the diagram on level two, but vice versa. Their further reasoning reveals that the simple inference D2  C2 (lines 14-17) is part of the warrant for the conclusion that the results first increase and then decrease, which relates to the inner relationship of the level 2 diagram. Consequently, instead of inferring the rule for manipulating the level one diagram 3 -(-1) from the relationships of the level two diagram, they do it the other way around.

With the intervention of the teacher they get the correct results for the 'new' tasks, but as a result of lines 15-17 the students do not understand why the results are correct (lines 29-30). From the point of view of diagrammatic reasoning, the students use the structure of the sequence to complete the tasks, but they are not able to recognize the rules for manipulating tasks comprising the subtraction of negative numbers.

The comparison between the hypothesized and the actual learning process shows that it is very important how students relate to diagrams on the different levels in their diagrammatic reasoning in order to develop a formal understanding of the rule for subtracting negative integers. The analysis of two students' reasoning revealed that relating the diagrams on the two levels other than in the hypothesized way might lead to inferences that violate the permanence principle. Therefore, students might need support in our HLT in order to relate the diagrams on the two levels in productive ways. As in our case, the support could be provided by the teacher. A different option is to redesign the task in a way that it will guide students more closely to consider the relation of the diagrams on the two levels. This could be achieved by splitting the task sequence into two parts, a familiar part (tasks one to three of the sequence) and a 'new' part (tasks four to six in the sequence).

After solving the tasks in the familiar part, students are asked to analyze the structure of the task sequence and continue the task sequence accordingly. Based on their analysis they are asked to draw conclusions about the results of tasks four to six.

In our analysis, the theory of diagrammatic reasoning helped to identify the crucial obstacle in both, the hypothesized and the actual learning process. The in-depth analysis has proven to be very fruitful in order to better understand students learning processes related to particular task types.

Based on the findings, it was possible to derive substantiated ideas for the redesign and the implementation of the task and thus, the inductive extrapolatory method. However, the analysis carried out in this paper does not provide evidence that a formal perspective rather than one focused on real-world scenarios is helpful in developing understanding in this area.
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Table 1 : First episode from the transcript 6b_Subtraktion2_1

 1 Table 1 starts at the beginning of the students' work. Their task is to describe the pattern of the sequence:
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	level	level
	1	2