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Abstract

A mixed data frame (MDF) is a table collecting categorical, numerical and count
observations. The use of MDF is widespread in statistics and the applications are
numerous from abundance data in ecology to recommender systems. In many cases,
an MDF exhibits simultaneously main effects, such as row, column or group effects
and interactions, for which a low-rank model has often been suggested. Although
the literature on low-rank approximations is very substantial, with few exceptions,
existing methods do not allow to incorporate main effects and interactions while
providing statistical guarantees. The present work fills this gap.

*This work has been funded by the DataScience Inititiative (Ecole Polytechnique) and the Russian
Academic Excellence Project ’5-100°



We propose an estimation method which allows to recover simultaneously the main
effects and the interactions. We show that our method is near optimal under condi-
tions which are met in our targeted applications. We also propose an optimization
algorithm which provably converges to an optimal solution. Numerical experiments
reveal that our method, mimi, performs well when the main effects are sparse and
the interaction matrix has low-rank. We also show that mimi compares favorably to
existing methods, in particular when the main effects are significantly large compared
to the interactions, and when the proportion of missing entries is large. The method
is available as an R package on the Comprehensive R Archive Network.

Keywords: Low-rank matrix completion, missing values, heterogeneous data



1 Introduction

Mixed data frames (MDF) (see Pages (2015); Udell et al. (2016)) are tables collecting
categorical, numerical and count data. In most applications, each row is an example or
a subject and each column is a feature or an attribute. A distinctive characteristic of
MDF is that column entries may be of different types and most often many entries are
missing. MDF appear in numerous applications including patient records in health care
(survival values at different time points, quantitative and categorical clinical features like
blood pressure, gender, disease stage, see, e.g., Murdoch and Detsky (2013)), survey data
(Heeringa et al., 2010, Chapters 5 and 6), abundance tables in ecology (Legendre et al.,
1997), and recommendation systems (Agarwal et al., 2011).

1.1 Main effects and interactions

In all these applications, data analysis is often made in the light of additional information,
such as sites and species traits in ecology, or users and items characteristics in recommen-
dation systems. This caused the introduction of the two central concepts of interest in this
article: main effects and interactions. This terminology is classically used to distinguish
between effects of covariates on the observations which are independent of the other covari-
ates (main effects), and effects of covariates on the observations which depend on the value
of one or more other covariates (interactions). For example, in health care, a treatment
might extend survival for all patients — this is a main effect — or extend survival for young
patients but shorten it for older patients — this is an interaction.

Many statistical models have been developed to analyze such types of data. Abundance
tables counting species across environments are for instance classically analyzed using the

log-linear model (Agresti, 2013, Chapter 4). This model decomposes the logarithms of the



expected abundances into the sum of species (rows) and environment (columns) effects,
plus a low-rank interaction term. Other examples include multilevel models (Gelman and
Hill, 2007) to analyze hierarchically structured data where examples (patients, students,

etc.) are nested within groups (hospitals, schools, etc.).

1.2 Generalized low-rank models

At the same time, low-rank models, which embed rows and columns into low-dimensional
spaces, have been widely used for exploratory analysis of MDF (Kiers, 1991; Pages, 2015;
Udell et al., 2016). Despite the abundance of results in low-rank matrix estimation (see
Kumar and Schneider (2017) for a literature survey), to the best of our knowledge, most
of the existing methods for MDF analysis do not provide a statistically sound way to
account for main effects in the data. In most applications, estimation of main effects in
MDF has been done heuristically as a preprocessing step (Hastie et al., 2015; Udell et al.,
2016; Landgraf and Lee, 2015). Fithian and Mazumder (2018) incorporate row and column
covariates in their model, but mainly focus on optimization procedures and did not provide
statistical guarantees concerning the main effects. Mao et al. (2018) propose a procedure
to estimate jointly main effects and a low-rank structure — which can be interpreted as
interactions —, but the procedure is based on a least squares loss, and is therefore not
suitable to mixed data types.

On the other hand, several approaches to model non-Gaussian, and particularly discrete
data are available in the matrix completion literature, but they do not consider main effects.
Davenport et al. (2012) introduced one-bit matrix completion, where the observations are
binary such as yes/no answers, and provide nearly optimal upper and lower bounds on the
mean square error of estimation. One-bit matrix completion was also studied in Cai and

Zhou (2013). In Klopp et al. (2015), the authors introduce multinomial matrix completion,
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where the observations are allowed to take more than two values, such as ratings in recom-
mendation systems, and propose a minimax optimal estimator. Unbounded non-Gaussian
observations have also been studied before. For instance, Cao and Xie (2016) extended the
approach of Davenport et al. (2012) to Poisson matrix completion, and Gunasekar et al.

(2014) and Lafond (2015) both studied exponential family matrix completion.

1.3 Contributions

In the present paper we propose a new framework for incomplete and mixed data which
allows to account for main effects and interactions. Before introducing a general model
for MDF with sparse main effects and low-rank interactions, we start in Section 2 with a
concrete example from survey data analysis. Then, we propose in Section 3 an estimation
procedure based on the minimization of a doubly penalized negative quasi log-likelihood.
We also propose a block coordinate gradient descent algorithm to compute our estimator,
and prove its convergence result. In Section 4.1 we discuss the statistical guarantees of
our procedure and provide upper bounds on the estimation errors of the sparse and low-
rank components. To assess the tightness of our convergence rates, in Section 4.2, we derive
lower bounds and show that, in a number of situations, our upper bounds are near optimal.
In Section 4.3, we specialize our results to three examples of interest in applications.

To support our theoretical claims, numerical results are presented in Section 5. In Sec-
tion 5.1, we provide the results of our experiments that show that our method ”"mimi” (main
effects and interactions in mixed and incomplete data frames) performs well when the main
effects are sparse and the interactions are low-rank. In case of model mis-specification, mimi
gives similar results to a two-step procedure where main effects and interactions are esti-
mated separately. Then, in Section 5.2, we compare mimi to existing methods for mixed

data imputation. Our experiments reveal that mimi compares favorably to competitors, in



particular, when the main effects are significantly large compared to the interactions, and
when the proportion of missing entries is large. Finally, in Section 5.3, we illustrate the
method with the analysis of a census data set. The method is implemented in the R (R
Core Team, 2017) package available on the Comprehensive R Archive Network; the proofs

and additional experiments are postponed to the supplementary material.

Notation We denote the Frobenius norm on R™*™2 by || - ||z, the operator norm by
|- ||, the nuclear norm by || A, and the sup norm || - [|«. || ||2 is the usual Euclidean norm,
|| - |lo the number of non zero coefficients, and || - ||, the infinity norm. For n € N, denote
[n] ={1,...,n}. We denote the support of a € RY by supp(a) = {k € [N], ax # 0}. For
I C [1]my, we denote 1y, defined by 1,(:) = 1 if i € I and 0 otherwise, the indicator of set
1.

2 General model and examples

2.1 American Community Survey

Before introducing our general model, we start by giving a concrete example. The Ameri-
can Community Survey' (ACS) provides detailed information about the American people
on a yearly basis. Surveyed households are asked to answer 150 questions about their em-
ployment, income, housing, etc. As shown in Table 1, this results in a highly heterogeneous
and incomplete data collection.

Here, the Family Employment Status (FES) variable categorizes the surveyed popula-
tion in groups, depending on whether the household contains a couple or a single person,

and whether the householders are employed. In an exploratory data analysis perspective,

Thttps://www.census.gov/programs-surveys/acs/about.html



ID Nb. people Electricity bill (§) Food Stamps Family Employment Status Allocation

1 2 160 No Married couple, neither employed Yes
2 1 390 No NA No
3 4 NA No Married couple, husband employed No
4 2 260 No Married couple, neither employed No
5 2 100 No Married couple, husband employed No
6 2 130 No NA No

Table 1: American Community Survey: Excerpt of the 2016 public use microsample data.

a question of interest is: does the household category influence the value of the other vari-
ables? For example income, food stamps allocation, etc. Furthermore, as we do not expect
the group effects to be sufficient to explain the observations, can we also model residuals,
or interactions?

Denote Y = (Y};) the data frame containing the households in rows and the questions
in columns. If the j-th column is continuous (electricity bill for instance), one might model
the group effects and interactions as follows:

75

E[Y;] = a(c)(i)j + L

; and LY; are fixed

where ¢(i) indicates the group to which individual ¢ belongs, and oz(c)(l.)
group effects and interactions respectively. This corresponds to the so-called multilevel
regression framework (Gelman and Hill, 2007). If the j-th column is binary (food stamps
allocation for instance), one might model
X
P(Y;; = “Yes”) = T Xiy = oy + L,

corresponding to a logistic regression framework.
The goal is then, from the mixed and incomplete data frame Y, to estimate simultane-

ously the vector of group effects a” and the matrix of interactions L°. We propose a method
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assuming the vector of main effects a® is sparse and the matrix of interactions L has low-
rank. The sparsity assumption means that groups affect a small number of variables. On
the other hand, the low-rank assumption means the population can be represented by a
few archetypical individuals and summary features (Udell et al., 2016, Section 5.4), which
interact in a multiplicative manner. In fact, if L° is of rank r, then it can be decomposed

as the sum of r rank-1 matrices as follows:

,

0 _ T

L" = E UV ,
k=1

where uy, (resp. vg) is a vector of R™ (resp. R™2). Thus, using the above example, we

obtain .
ElY;] = ag(i)j + Zuikvjb
k=1

where the last term 22:1 u;xV; can be interpreted as the sum of multiplicative interaction

terms between latent individual types and features.

2.2 General model

We now introduce a new framework generalizing the above example to other types of data
and main effects. Consider an MDF Y = (V};) of size my X mgy. The entries in each column
J € [ms] belong to an observation space, denoted Y;. For example, for numerical data, the
observation space is Y; = R, and for count data, Y; = N is the set of natural integers. For
binary data, the observation space is Y; = {0, 1}. In the entire paper, we assume that the
random variables (Y;;) are independent and that for each (i,j) € [mi] x [m2], Vi; € Y;
and E[|Y;;]] < co. Furthermore, we will assume that Y;; is sub-exponential with scale

and variance o2: for all (i,5) € [m] x [m2] and |z <, E [e*¥EMuD] < 22,



In our estimation procedure, we will use a data-fitting term based on heterogeneous
exponential family quasi-likelihoods. Let (Y,), u) be a measurable space, h : Y — R,
and ¢ : R — R be functions. Denote by Exp®9 = {féh’g) : x € R} the canonical
exponential family. Here, h is the base function, ¢ is the link function, and fm(h’g) is the

density with respect to the base measure p given by

F9(y) = hiy) exp (ya — g(2)), (1)

for y € Y. For simplicity, we assume [ h(y) exp(yz)u(dy) < oo for all z € R.

The exponential family is a flexible framework for different data types. For example,
for numerical data, we set g(z) = 2%0%/2 and h(y) = (270%)""/2 exp(—y?/0?). In this case,
Exp™9 is the family of Gaussian distributions with mean o2z and variance . For count
data, we set g(z) = exp(ax) and h(y) = 1/y!, where a € R. In this case, Exp"9 is the fam-
ily of Poisson distributions with intensity exp(ax). For binary data, g(z) = log(1+ exp(x))
and h(y) = 1. Here, Exp™9) is the family of Bernoulli distributions with success probabil-

ity 1/(1 + exp(—x)).

In our estimation procedure, we choose a collection {(g;, h;), j € [m2]} of link functions
and base functions corresponding to the observation spaces {(Y;,V;, i ), j € [m2]}. For
each (i,7) € [my] x [mq], we denote by X} the value of the parameter minimizing the

divergence between the distribution of Y;; and the exponential family Exp"93), j e [ma]:
Xij = argmin, e {~E [Yy]z + g;(2)} . (2)

To model main effects and interactions we assume the matrix of parameters X9 = (XZ-OJ-) €



R™>*™2 can be decomposed as the sum of sparse main effects and low-rank interactions:

N
X0=Y "afUr+L°. (3)

k=1
Here, U = (U', ..., U") is a fixed dictionary of m; x my matrices, o is a sparse vector with

unknown support Z = {k € [N];al # 0} and L° is an m; x my matrix with low-rank. The
decomposition introduced in (3) is a general model combining regression on a dictionary

and low-rank design.

2.3 Low-rank plus sparse matrix decomposition

Such decompositions have been studied before in the literature. In particular, a large body
of work has tackled the problem of reconstructing a sparse and a low-rank terms exactly
from the observation of their sum. Chandrasekaran et al. (2011) derived identifiability
conditions under which exact reconstruction is possible when the sparse component is entry-
wise sparse; the same model was also studied in Hsu et al. (2011). Candes et al. (2011)
proved a similar results for entry-wise sparsity, when the location of the non-zero entries
are chosen uniformly at random. Xu et al. (2010) extended the model to study column-wise
sparsity. Mardani et al. (2013) studied an even broader framework with general sparsity
pattern and determined conditions under which exact recovery is possible.

In the present paper, we consider the problem of estimating a (general) sparse component
and a low-rank term from noisy and incomplete observation of their sum, when the noise
is heterogeneous and in the exponential family. Because of this noisy setting, we can
not recover the two components exactly. Thus, we do not require strong identifiability
conditions as those derived in (Chandrasekaran et al., 2011; Hsu et al., 2011; Candes et al.,
2011; Xu et al., 2010; Mardani et al., 2013). However, since decomposition (3) may not be

unique, we restrict our model to the following class of possible decompositions, to which
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our estimator will be the closest. From all possible decompositions (a, L), consider (a!, L')
such that

(o', L") € argminyo_s~ ;e p{[lfly + rank L}. (4)

Let s' = |||, + rank L'. Finally let

(aov LO) € argminX():ZakUk+L ||a||0 : (5>
|lel|g+rank L=s!

The decomposition satisfying (4) and (5) may also not be unique. Assume that there exists

a pair (a*, L*) # (o, L?) satisfying (4) and (5). Then,

ZQZU'“ — z:ong’€
k k

with @ an upper bound on [|a®||.,. This implies that for all such possible decompositions

(o*, L*) we have that L* and >, afU" are in the small balls of radius R and centered at L°

12 =27 =

< 2a HO‘OHOm,?X Ukll, = R,
F

and Y, afU" respectively. Our statistical guarantees in Section 4 show that our estimators
of LY and Y, aYU" are in balls of radius at least R, and also centered at L° and ), a{U*.
Moreover, we also show that this error bound is minimax optimal in several situations.
To summarize, in our model the decomposition may not be unique, but all the possible

decompositions are in a neighborhood of radius smaller than the optimal convergence rate.

2.4 Examples

We now provide three examples of dictionaries which can be used to model classical main

effects.

Example 1. Group effects We assume the m; individuals are divided into H groups.

For h € [H] denote by I, C [my] the h-th group containing n;, individuals. The

11



size of the dictionary is N = Hmsy and its elements are, for all (h,q) € [H] x [m2],
Ung = (11, (1) 111 (4))(i.j)efmi] x[mo]- This example corresponds to the model discussed in

Section 2.1; we develop it further in Section 5 with simulations and a survey data analysis.

Example 2. Row and column effects (sece e.g. (Agresti, 2013, Chapter 4)) Another
classical model is the log-linear model for count data analysis. Here, Y is a matrix of counts.
Assuming a Poisson model, the parameter matrix X°, which satisfies E [Y;;] = exp(X}}) for

all (i,7) € [mq] x [m2], is assumed to be decomposed as follows:

Xij = ()i + (02); + L (6)

K

where o € R™, 2 € R™ and L° € R™*™ is low-rank. This model is often used to
analyze abundance tables of species across environments (see, e.g., ter Braak et al. (2017)).
In this case the low-rank structure of LY reflects the presence of groups of similar species

and environments. Model (6) can be re-written in our framework as

N
XO=>"alUp + L,
k=1

with a® = (a2,a?), N = m; + my and where for i € [m;] and j € [my] we have U; =

(Lgay (R)) te.yetmalxmsl and Ui = (L3 (D) e yefmal x [mal -

Example 3. Corruptions Our framework also embeds the well-known robust matrix
completion problem (Hsu et al., 2011; Candes et al., 2011; Klopp et al., 2017) which is
of interest, for instance, in recommendation systems.In this application, malicious users
coexist with normal users, and introduce spurious perturbations.Thus, in robust matrix
completion, we observe noisy and incomplete realizations of a low-rank matrix L° of
fixed rank and containing zeros at the locations of malicious users, perturbed by cor-
WU, ,

ruptions. The sparse component corresponding to corruptions is denoted Z(@ ez
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where the U, ;, (4,7) € [ma] x [mz], are the matrices of the canonical basis of R™1*"2
Us; = (L (B) Ly (D) (kpyepmi]x[ma) and I is the set of indices of corrupted entries. Thus,
the non-zero components of a® correspond to the locations where the malicious users in-
troduced the corruptions.For this example, the particular case of quadratic link functions
g;(z) = 2*/2 was studied in Klopp et al. (2017). We generalize these results in two direc-

tions: we consider mixed data types and general main effects.

2.5 Missing values

Finally, we consider a setting with missing observations. Let € = (€2;;) be an observation
mask with €;; = 1 if Yj; is observed and €2;; = 0 otherwise. We assume that  and
Y are independent, i.e. a Missing Completely At Random (MCAR) scenario (Little and
Rubin, 2002): (€;;) are independent Bernoulli random variables with probabilities m;;,
(7,7) € [ma] x [m2]. Furthermore for all (¢, 7) € [m1] x [m2], we assume there exists p > 0

allowed to vary with m; and ms, such that

Tij 2 P- (7)
For j € [my], denote by m; = > ™ mj, j € [m2] the probability of observing an element
in the j-th column. Similarly, for i € [m;], denote by m; = 7™ m;; the probability of

observing an element in the ¢-th row. We define the following upper bound:

max(m; , ;) < f. (8)

13



3 Estimation procedure

Consider the data-fitting term defined by the heterogeneous exponential family negative

quasi log-likelihood

mi1 m2

L(X;Y,Q) ZZQZ]{ i Xij + 95(Xi) } (9)

=1 j=1
and define the function

flo, L) = L(fu (o) + L; Y, Q), (10)

where for a € RV, fy(a) = Z]kV:1 Uy, We assume [|a®]|o, < a and ||L°]|o, < a where a > 0
is a known upper bound. We use the nuclear norm || -||. (the sum of singular values) and ¢;

norm | - ||; penalties as convex relaxations of the rank and sparsity constraints respectively:

(6, L) € argming, ;) F(e, L) (11)
s. b ol € a, || L] < a, (12)
Fla,L) = f(a, L) + M| L]« + Azl (13)

with A\; > 0 and A > 0. In the sequel, for all (&, ﬁ) in the set of solutions, we denote by
X = fy(@) + L.

3.1 Block coordinate gradient descent (BCGD)

To solve (11) we develop a block coordinate gradient descent algorithm where the two
components « and L are updated alternatively in an iterative procedure. At every iteration,
we compute a (strictly convex) quadratic approximation of the data fitting term and apply
block coordinate gradient descent to generate a search direction. This BCGD algorithm
is a special instance of the coordinate gradient descent method for non-smooth separable

minimization developed in Tseng and Yun (2009).
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Note that the upper bound on ||a|l« and ||L|| is required to derive the statistical
guarantees and, for simplicity, we did not implement it in practice. That is, we solve the

following relaxed problem:

A

(&, L) € argmin, ;) F(a, L). (14)

Quadratic approximation. For any (a,L) € RY x R™*™2 and for any direction
(do,dp) € RY x R™>m2 consider the following local approximation of the data fitting

term
fladdy, L+dp) = f(a, L) + A(fy(a) + L, do, dr) + o(||da||? + ||d||%) , (15)

where we have set

A(X don dL = -2 Z Z wu ’Lj zy zj](fU(da)ij + dLij)
=1 j5=1
mi1 meo
+ D > wi[ Xyl (fulda)is + diy)* + vl dall3 + vl dell7 (16)
i=1 j=1

In (16), ¥ > 0 is a positive constant and for z € R and (7, j) € [mi] x [ms],

wijlz] = Qg (x)/2 . Zijlz] = (V5 — g5())/ g5 () - (17)
Note that the approximation (16) is simply a Taylor expansion of £ around X, with an ad-
ditional quadratic term v||d, || +v/|/d||% ensuring its strong convexity. Denote by (!, L)
the fit of the parameter at iteration ¢ and set Xl = (o) + L. We update o and L
alternatively as follows.
a-Update. We first solve

d € argmingepy {AXY, d,0) + Moo +d],} - (18)
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Problem (18) may be rewritten as a weighted Lasso problem:

mi1 mso
argmineze > > wy[XJ1(Z)] = [fu(@))y)” + vl = a3 + Aol
i=1 j=1
where for 4,5 € [my] x [mz] we have set Zi[;} = Zij [XE]] + fy(al). Efficient numerical

solutions to this problem are available (see, e.g., Friedman et al. (2010)). To update al¥,
we select a step size with an Armijo line search. The procedure goes as follows. We choose

Tinit > 0 and we let 79 be the largest element of {737 };?‘;0 satisfying
f(a [t +Tt]d[t] L[t]) + )\2Hat] + T t]H < f(a 4 Lty + )\2H04[t L + T[t C[‘

where 0 < /< 1,0<(<1,0<60<1, and

m1 Mo mi1 mz
1] 2
08 2353 (XN 0 + 05w X) o, +
i=1 j=1 =1 j=1
+ Ao {Ha[t] + d1; Hoz[t]H }
We set ol = ol 4 A0d and XD = £, (olt+1]) 4+ L1,
L-Update. We first solve
d[Lt] i= argmin ;e pm; xmo {A(X[tﬂ/ﬂ, 0,d) + M| LY + dll.}, (19)
which is equivalent to
mi mo
argmingegmims Y (v Hwy[ X INZET — Ly L, (20)
=1 j=1

where for i, j € [my] x [ms] we have set

wy (X (2 X ) + L) + v
X[t+1/2]] '

]

[t+1/2) _
ZIH =

V—i-’wij[

16



The minimisation problem (20) may be seen as a weighted version of softImpute (Hastie
et al., 2015). Srebro and Jaakkola (2003) proposed to solve (20) using an EM algorithm
where the weights in (0, 1] are viewed as frequencies of observations in a missing value
framework (see also Mazumder et al. (2010)). We use this procedure, which involves soft-
thresholding of the singular values of L, by adapting the softImpute package (Hastie et al.,
2015). To update LY we choose the step size using again the Armijo line search. We set

Tinit > 0 and let T,g] be the largest element of {73’ };?‘;0 satisfying

F@ L rfafl) | LY A1) < f(a Y, L)+ x| 29+ 7T

mi1 Mo mi1 ma

t t+12 t+1/2]7 4[] t+12 t2
i 23S X 03

=1 j=1 =1 j=1

+ 2 IO + . laf). | -

We finally set LI+ = LI 4 TE] d[Lﬂ.

3.2 Convergence of the BCGD algorithm

The algorithm described in Section 3.1 is a particular case of the coordinate gradient
descent method for nonsmooth minimisation introduced in Tseng and Yun (2009). In the
aforementioned paper, the authors studied the convergence of the iterate sequence to a
stationary point of the objective function. Here, we apply their general result (Tseng and
Yun, 2009, Theorem 1) to our problem to obtain global convergence guarantees. Consider

the following assumption on the dictionary U.

H1. For all k € [N] and (i,5) € [mi] x [mo], U € [=1,1] and there exists ¢ > 0 such
that for all (i,7) € [m1] x [m2], Z,i\[:l UE] < o.

17
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Assumption H1 is satisfied in the three models introduced in Examples 1, 2 and 3: for
group effects and corruptions with ¢ = 1 and for row and column effects with o = 2. In
particular, it guarantees that X° = fi;(a®)+ LO satisfies | X°||oc < (14 0)a. Plugging this in
the definition of X in (2), this assumption also implies that E [Yj;] € ¢}([—(140)a, (1+0)a])
for all (i, 7) € [mq] x [mz]. Note that H1 can be relaxed by ||Ux|l < p, with p an arbitrary

constant. Consider also the following assumption on the link functions.

H2. For all j € [ms] the functions g; are twice continuously differentiable. Moreover, there

exist 0 < o_, 04 < 400 such that for all |x] < (1+ g)a and j € [my], 0® < g (x) < oF.

Assumptions H1-2 imply that the data-fitting term has Lipschitz gradient. Further-
more, the quadratic approximation defined in (16) is strictly convex at every iteration. We

obtain the following convergence result.

Theorem 1. Assume H1-2 and let {(a®, LW} be the iterate sequence generated by the
BCGD algorithm. Then the following results hold.

(a) {(a™ LYY has at least one accumulation point. Furthermore, all the accumulation

points of {(a/Fl, LM} are global optima of F.
(b) {F(al, L)} —» F(a, L),

Proof. See Appendix B. n
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4 Statistical guarantees

We now state our main statistical results. Denote by (-,-) the usual trace scalar product

in R™>*™2 For a¢ > 0 and a sparsity pattern Z C [N], define the following sets
&(a,T) ={a e R, ||la|x < a,supp(a) C I},
&E(a,T) = {L e R™M>X™2 L], < a,x}clgéd([,, U)| = 0} , (21)
X(a, ) ={X =fy(a) + L; (o, L) € &(a,T) x E(a,T)}.

H3. There exist a > 0 and Z C [N] such that (a°, L°) € £1(a,T) X Ey(a,T).

Assumption H3 can be relaxed to allow upper bounds to depend on the entries of a®

and L°, but we stick to H3 for simplicity.

4.1 Upper bounds

A

We now derive upper bounds for the Frobenius and ¢, norms of the estimation errors L° — L
and a® — & respectively. In Theorem 2 we give a general result under conditions on the
regularization parameters \; and )y, which depend on the random matrix VL(X?;Y, Q).
Then, Lemma 1 and 2 allow us to compute values of \; and Ay that satisfy the assumptions
of Theorem 2 with high probability. Finally we combine these results in Theorem 3.

We denote V and A the max and min operators respectively, M = myVmso, m = myAmy
and d = my + my. We also define r = rank (LY), s = [|a°||o and v = maxy, [|Uy|;. Let
(Eij)(i.j)e[mi]x[m2] De the canonical basis of R™*™2 and {¢;;} an i.i.d. Rademacher sequence

independent of Y and (). Define

mi1 mg mip m2

Sh=Y Y QueiBy and VL(X;Y,Q) => > Qi {-Vy+g; (X))} By (22)

=1 j=1 =1 j=1
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Y g is a random matrix associated with the missingness pattern and VL(X;Y,Q) is the

gradient of £ with respect to X. Define also

A2 p a 2
0, =22+ duE[|Zpll] +—— (=] log(d
v g TRt oo (p) sl

@2 :/\%+(1+Q)CLE [||2R||2} s
Ao
= — 4+ 20,.
O3 N + 206,

Theorem 2. Assume H1-3 and let
M > 2| VE(X%Y, Q)| and A > 2u (|[VL(X%Y, Q)| + 207 (1 + 0)a) .
Then, with probability at least 1 — 8d 1,
1f (@) — (@)% < %01@1 and ||L° — LJ2 < ]%02@2 + %Cg@g, (23)
where C1, Cy and C3 are numerical constants independent of my, mo and p.

Proof. See Appendix C. ]

We now give deterministic upper bounds on E [||Xg||] and E [||Xg||c] in Lemma 1, and
probabilistic upper bounds on ||[VL(X% Y, Q)| and ||[VL(X%Y, Q)|+ in Lemma 2. We will
use them to select values of A\; and Ay which satisfy the assumptions of Theorem 2 and

compute the corresponding upper bounds.

Lemma 1. There exists an absolute constant C* such that the two following inequalities

hold
E(|Salle] <1 and E[|Sgl] <€ {/B+iogm}.

Proof. See Appendix H n
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Lemma 2. Assume H1-5. Then, there exists an absolute constant c¢* such that the following

two inequalities hold with probability at least 1 — d~':

log d
IVL(X%Y, Q)]s §6max{a+\/logd, Oi },

(24)
log d 1
IVL(X%Y, Q) Sc*max{a+\/mogd, Of log (— mlﬁm)},
o_
where d = my +my , oy and v are defined in H 2, and 3 in (8).
Proof. See Appendix I. O

We now combine Theorem 2, Lemma 1 and 2 with a union bound argument to derive
upper bounds on ||fy(a®) — fy(a)||% and ||L° — L||%2. We assume that M = (mq V my) is

large enough, that is

4 2
M > max{ O+ log? ( \/ﬁ) ,2exp (0 /7* Voiy(l+ Qa))} .

70 pyo-
Define
log(d) N a*log(d)

O, =a*+ ,
! uoy ' pulla®||;

®, = log(d) + (1+ )a(1V (logm/3).

B, — 12p+/log(d) N 1 <logd> +plog(d) N a’log(d)
P (1t oacy/B L\ wuo?y  pulla®||;’

and recall that s = ||a®(lo, » = rank(L°), B > max;; (D2 T, Y pey Tkj) and that the

entries Y;; are sub-exponential with scale parameter .

Theorem 3. Assume HI1-3 and let

24ulog(d
M o= 2c¢0\/Blogd, Mo > %g(),
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where ¢, is the absolute constant defined in Lemma 2. Then, with probability at least
1—10d7%,
Ifu(a) = fu (@) < €= =y, and |L° = L < (p—% + 7“@) (@)

with C' an absolute constant.

Denoting by < the inequality up to constant and logarithmic factors we get:

Ifola®) = ful@f 5 5, and 127 - LI £ 75 + 2
In the case of almost uniform sampling, i.e., for all (i,j) € [m;] x [m2] and two positive
constants ¢; and ¢, ¢1p < 5 < cop we obtain that § < coMp and the following simplified
bound:
20— i 20 42 (26)
p p

The rate given in (26) is the sum of the usual convergence rate of low-rank matrix comple-
tion M /p and of the usual sparse vector convergence rate s (Biihlmann and van de Geer,
2011; Tsybakov, 2008) multiplied by u/p. This additional factor accounts for missing ob-
servations (p~!) and interplay between main effects and interactions (u). Furthermore, the
estimation risk of f;;(a?) is also the usual sparse vector convergence rate, with an additional
up~! factor accounting for interactions and missing values.

Note that whenever the dictionary U is linearly independent, Theorem 3 also provides
an upper bound on the estimation error of a’. Let G € R¥*¥ be the Gram matrix of the

dictionary U defined by Gy = (U, Up) for all (k, 1) € [N] x [N].
H4. For k >0 and all « € RY, a"Ga > *||al|3.

Recall that in the group effects model, we denote by I the set of rows which belong

to group h. H4 is satisfied for the group effects model with x? = miny, |1, the row and
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column effects model with k? = min(m;, my) and the corruptions model with x* = 1. If

H4 is satisfied then, Theorem 3 implies that (up to constant and logarithmic factors):

0 A2 SU
HOZ —a’\zﬁﬁ-

4.2 Lower bounds

To characterize the tightness of the convergence rates given in Theorem 3, we now provide

lower bounds on the estimation errors. We need three additional assumptions.
H5. The sampling of entries is uniform, i.e. for all (i,j) € [ma] x [m2], mi; = p.

H6. There exists Z C [N], a > 0 and X € Xz, such that for all (i,7) € [mi] x [ms],
Y ~ EXp(hj’gj)(Xij).

Denote 7 = maxy, ;. [(Uy, Ur)|. Without loss of generality we assume m; = m;Vmgy =
M. For all X € R™*™2 we denote Py the product distribution of (Y, 2) satisfying H5 and
6. Consider two integers s < (my A mg)/2 and r < (my A mgy)/2. We define the following

set

F(r,s) = |J {(e, L) € &1(a,T) x &(a, T);rank (L) <1} (27)

IZ|<s

Theorem 4. Assume HI1-5 and p > —-—. Then, there exists a constant 6 > 0 such that

mi1/Amso

. 0 212 0 AN12 TM 8/‘%'2
inf  sup  Pxo | ||L” = L||% + [[fu(a”) = fu(@)||F > U1— + Uo— | >4,  (28)
L,& (LY,a%)eF(r,s) b b
VU; = (Cmin (012, min(a, a+)2) ,
v C . Alanoy)? 2
> =N\ o 2 M)
Proof. See Appendix D. ]
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Model Group effects Row & col effects | Corruptions

u maxp, |Ip] M 1
IAL[% + |lfu(@®) — fu (@) | rM/p + smaxy [Iu|/p | rM/p+sM/p rM/p+s/p

Table 2: Order of magnitude of the upper bound for Examples 1, 2 and 3 (up to logarithmic

factors).
Model Group effects Row & col effects | Corruptions
u maxy, |Ip] M 1
maxy, ||Ug||% maxp, I M 1
K2 ming, |Ip] m 1
IALIZ +lfo(a®) = fuo (@13 | rat/p+ (sming [1])/ (pmaxs (1)) | rM/p+sm/(pM) | rM/p+s/p

Table 3: Order of magnitude of the lower bound for Examples 1, 2 and 3.

4.3 Examples

We now specialize our theoretical results to Examples 1, 2 and 3 presented in Section 2.2.
We compute the values of u, 7 and max; ||[U*||% for the group effects, row and column
effects and corruption models, and obtain the rates of Theorem 3 and Theorem 4 for these
particular cases. Recall that in the group effects model, we denote by I, the set of rows
which belong to group h. The orders of magnitude are summarized in Table 2 for the
upper bound and in Table 3 for the lower bound. Comparing Table 2 and Table 3 we see
that the convergence rates obtained in Theorem 3 are minimax optimal across the three
examples whenever s < r. Furthermore, in the corruptions model our rates are optimal
(up to constant and logarithmic factors) for any values of r,s and M, and equal to the

minimax rates derived in Klopp et al. (2017). In the case of group effects, the rates are
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optimal when r > smaxy, |I;|/M or when maxy, |I,| is of the order of a constant. When
s > rM/max;, |I;|, we have an additional factor of the order (maxy, |I;])%/ miny, |I;| in the
upper bound. Note that the bounds have the same dependence in the sparsity pattern s.
In the row and column model, when r < s, we have an additional factor of the order s/r

in the upper bound.

5 Numerical results

5.1 Estimation of main effects and interactions

We start by evaluating our method (referred to as “mimi”: main effects and interactions
in mixed and incomplete data) in terms of estimation of main effects and interactions. In
this experiment, we focus on the group effects model presented in Section 2.1, with H =5
groups of equal size. We select at random s non-zero coefficients in o, and construct a
matrix L of rank k. Then, X° = Zle Z;njl angh’j + LY with Uy, 1 < h < H and
1 < j < my defined in Example 1. Finally, every entry of the matrix is observed with
probability p.

In this first experiment, we consider only numeric variables to compare mimi to the
following two-step method. In this alternative method, the main effects o’ are estimated
by the means of the variables taken by group; this corresponds to the preprocessing step
performed in Udell et al. (2016) and Landgraf and Lee (2015) for instance. Then, L°
is estimated using softImpute (Hastie et al., 2015); we refer to this method as “group
mean + softImpute”. The regularization parameters of both methods are selected with

cross-validation.

The results are displayed in Figure 1 where we plot the estimation errors ||& — a?||% and
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in Figure 2 ||L — L°||% for different levels of sparsity and different ranks.

On Figure 1 we observe that for a fixed rank, mimi has a smaller error (||& —a®||3) than
the two-step procedure for small sparsity levels, and that the difference between the two
methods cancels as the sparsity level increases. Furthermore, as the rank also increases
(from top to bottom and from left to right), the difference between mimi and the two-step
procedure also decreases. Finally, for large ranks and sparsity levels simultaneously, mimi
has a large estimation error ||& — a®||3 compared to the two-step procedure which does not
assume sparsity. This case can be seen as a model mis-specification setting.

On Figure 2 we observe that mimi has overall smaller errors (||L — L°||2) than the two-
step procedure. The difference between the two methods cancels as the rank increases. We
also observe that the level of sparsity has little impact on the results. However, for large
ranks and sparsity levels simultaneously, mimi has a larger estimation error || L — L°||% than

the two-step procedure.

Secondly, we fix the level of sparsity to s = 5 and the rank to & = 5, and perform
the same experiment for increasing problem sizes (150 x 30, 1500 x 300 and 1500 x 3000).
The results are given in Figure 3. We observe that the excess risk ||L — L°||% the two
methods are similar. In terms of estimation of a, the estimation error of mimi is constant
as the problem size increases but the sparsity level of a is kept constant, as predicted by
Theorem 3. On the contrary, we observe that estimating o in a preprocessing step yields

large errors in high dimensions.

5.2 Imputation of mixed data

To evaluate mimi in a mixed data setting, we compare it in terms of imputation of missing

values to five state-of-the-art methods:
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Figure 1: Estimation error ||&@ — a’||2 of mimi (red squares) and of groups means +
softImpute (blue points) for increasing problem sparsity levels and ranks. The sparsity
s = 2,5,10,20 is indicated in the abscissa and the rank £ = 2,5,10,20 corresponds to
different plots: top left & = 2, top right £ = 5, bottom left £k = 10, bottom right & = 20.

The dimensions are fixed to m; = 300 and my, = 30 and the proportion of missing entries

top=0.2.
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Figure 2: Estimation error ||L — L°||% of mimi (red squares) and of groups means +
softImpute (blue points) for increasing problem sparsity levels and ranks. The rank k =
2,5,10,20 is indicated in the abscissa and the sparsity s = 2,5,10,20 corresponds to
different plots: top left s = 2, top right s = 5, bottom left s = 10, bottom right s = 20.
The dimensions are fixed to m; = 300 and ms = 30 and the proportion of missing entries

top=0.2.
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Figure 3: Estimation error of mimi (red triangles) and of groups means + softlmpute (blue

points) for increasing problem sizes (mims, in log scale).

e softImpute (Hastie et al., 2015), a method based on soft-thresholding of singular

values to impute numeric data implemented in the R package softImpute.

e Generalized Low-Rank Model (GLRM, Udell et al. (2016)), a matrix factorization

framework for mixed data implemented in R in the h20 package.

e Factorial Analysis of Mixed Data (FAMD, Pages (2015)), a principal component
method for mixed data implemented in the R package missMDA (Josse and Husson,

2016).

e Multilevel Factorial Analysis of Mixed Data (MLFAMD, Husson et al. (2018)), an
extension of FAMD to impute multilevel data, i.e. when individual are nested within

groups. The method is also implemented in missMDA.

e Multivariate Imputation by Chained Equations (mice, van Buuren and Groothuis-
Oudshoorn (2011)), an implementation of multiple imputation using Fully Condi-
tional Specification. In the package mice, different models can be set for each column

to account for mixed data.
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 https://CRAN.R-project.org/package=softImpute 
https://CRAN.R-project.org/package=h2o
https://CRAN.R-project.org/package=missMDA
https://CRAN.R-project.org/package=missMDA
https://CRAN.R-project.org/package=mice

Note that we also add a comparison to imputation by the column means, in order to have
a baseline reference. We fix a dictionary U of indicator matrices corresponding to group
effects (see Example 1), and generate a parameter matrix satisfying the decomposition
(3). Then, columns are sampled from different data types, namely Gaussian and Bernoulli.
For varying proportions of missing entries and values of the ratio p = |[fy(a°)||r/|L°||F,
we evaluate the six methods in terms of imputation error of the two different data types.
The parameters of all the methods (number of components for GLRM and FAMD and
regularization parameters for softlmpute and mimi) are selected using cross-validation. In
addition, we use an optional ridge regularization in the h2o implementation of the GLRM
method, which penalizes the £5 norm of the left and right principal components (U and V'),
and improved the imputation in practice. The details are available in the associated code

provided as supplementary material.

% missing 20 40 60

P 0.2 1 5 0.2 1 5 0.2 1 5

mean 24.5(0.7) | 23.3(0.7) | 22.9(0.4) | 24.4(1.15) | 33.2(1.1) | 31.0(1.0) | 42.1(1.2) | 40.7(1.2) | 39.9(0.6)
mimi 18.6(0.4) | 18.3(0.3) | 17.7(0.3) | 18.8(0.3) | 27.0(0.5) | 24.8(0.6) | 36.0(1.0) | 33.7(0.8) | 30.6(0.4)
GLRM 21.5(0.7) | 22.0(0.8) | 19.9(0.5) | 21.5(0.7) | 31.7(1.2) | 31.0(0.9) | 44.5(10.8) | 49.4(16.2) | 50.7(3.2)
softImpute | 18.5(0.3) | 18.5(0.2) | 17.9(0.3) | 18.6(0.3) | 26.8(0.6) | 24.9(0.5) | 34.9(1.0) | 34.9(0.8) | 32.2(0.5
FAMD 18.5(0.4) | 18.9(0.4) | 18.1(0.4) | 18.7(0.3) | 28.3(0.6) | 25.6(0.7) | 36.0(1.5) | 40.6(0.8) | 32.7(0.
MLFAMD | 18.5(0.4) | 19.2(0.4) | 18.3(0.4) | 18.5(0.5) | 27.7(0.6) | 26.3(0.5) | 34.9(1.3) | 40.7(1.0) | 33.5(0.
mice 22.3(0.8) | 22.6(0.6) | 22.1(0.6) | 22.7(0.6) | 32.9(0.6) | 30.1(0.9) | 48.1(2.4) | 48.1(0.9) | 44.7(1.

Table 4: Imputation error (MSE) of mimi, GLRM, softlmpute and FAMD for differ-
ent percentages of missing entries (20%, 40%, 60%) and different values of the ratio
Ifr (@) Ir/I[LOF (0.2, 1, 5). The values are averaged across 100 replications and the
standard deviation is given between parenthesis. In this simulation m; = 150, my = 30,

s=3andr = 2.
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The results, presented in Table 4, reveal that mimi, softImpute, FAMD and MLFAMD
yield imputation errors of comparable order. In this simulation setting, our method mimi
improves on these existing methods when the ratio p = |[fy(a®)||r/||L°||F is large, i.e.
when the scale of the main effects is large compared to the interactions. The size of
this improvement also increases with the amount of missing values. The imputation error
by data type (quantitative and qualitative) are given in Appendix A, along with average

experimental computational times of all the compared methods.

5.3 American Community Survey

We next apply our method on the American Community Survey data presented in Sec-
tion 2.1. We use the 2016 survey ? and restrict ourselves to the population of Alabama
(24,614 household units). We focus on twenty variables (11 quantitative and 9 binary), and
use mimi to estimate the effect of the Family Employment Status categories on these 20
variables. In other words, we place ourselves in the framework of Section 2.1 and Exam-
ple 1. We model the quantitative attributes using Gaussian distributions, and the binary
attributes with Bernoulli distributions. Using the same notations as in Section 2.1, ¢(4)
denotes the group (the FES) to which household i belongs. Thus, if the j-th column is

continuous (income), our model implies:
E[Y;] = O‘S(i)j + L?j-

If the j-th column is binary (food stamps allocation for instance), we model

e 0 0 0
P<Yij =1)= m7 X’ij = Q) T Lij'

Zavailable at https://factfinder.census.gov/faces/nav/jsf/pages/searchresults.xhtml?

refresh=t
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In Table 5, we display the value of the parameter a.(;); for all possible groups c(i) and some

variables j corresponding to the number of people in household, food stamps and alloca-

tions attributions. The value of a;); is related to the expected value E[Yj;]: everything else

being fixed, E[Y};] is an increasing function of a(;);. Thus, in terms of interpretation, the

"group effect” a.(;); indicates (everything else being equal) whether belonging to category

c(i) yields larger or smaller values for E[Y;;] compared to other categories.

We observe that household categories corresponding to married couples and single

women have positive group effects on the variable ”Number of people”, meaning that

these categories of households tend to have more children. We also observe that house-

hold categories containing employed people tend to receive less food stamps than other

categories.
FES Nb of people | Food stamps (0: no, 1: yes) | Allocations (0: no, 1: yes)
Couple - both in LF 0.38 -1.8 -0.68
Couple - male in LF 0.32 -14 -0.39
Couple - female in LF 0 -0.9 0
Couple - neither in LF 0 -1.6 -0.12
Male - in LF 0 0 0
Male - not in LF 0 0 0
Female - in LF 0.28 -0.19 0
Female - not in LF 0.13 0 0

Table 5: Effect of family type and employment status estimated with mimi.

The estimated low-rank component L has rank 5, indicating that 5 dimensions,

n

addition to the family type and employment status covariate, are needed to explain the

observed data points.

32



6 Conclusion

This article introduces a general framework to analyze high-dimensonal, mixed and incom-
plete data frames with main effects and interactions. Upper bounds on the estimation error
of main effects and interactions are derived. These bounds match with the lower-bounds
under weak additional assumptions. Our theoretical results are supported by a numerical
experiments on synthetic and survey data, showing that the introduced method performs
best when the proportion of missing values is large and the main effects and interactions
are of comparable size.

Our work opens several directions of future research. A natural extension would be to
consider the inference problem, i.e., to derive confidence intervals for the main effects coeffi-
cients. Another useful direction would be to consider exponential family distributions with
multi-dimensional parameters, for example multinomial, distributions, to incorporate cat-
egorical variables with more than two categories. One could also learn the scale parameter

(which we currently assume fixed) adaptively.
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SUPPLEMENTARY MATERIAL

A Imputation error by data type and timing results

In this section we provide more details on the simulations of Section 5.2. Table 6 presents
the imputation errors of the compared methods for quantitative variables only, and Table 7
for binary variables. For the quantitative variables, mimi and MLFAMD, which both
model main group effects, perform best. As already noticed in Section 5.2, mimi has
smaller imputation errors than other methods when the size of the main effects compared
to the interactions, and the proportion of missing entries, are both large. For the binary
variables, suprisingly, softlImpute outperforms consistently the other methods, although it
is not designed for mixed data. Finally, Table 8 shows the average computational times
of the different compared methods. We observe that the computational times of mimi,
GLRM, FAMD and MLFAMD are of comparable order. The aforementioned methods are

an order of magnitude slower than softImpute and mice.

B Proof of Theorem 1

To prove global convergence of the BCGD algorithm, we use a result from (Tseng and Yun,
2009, Theorem 1) summarized below in Theorem 5, combined with the compacity of the

level sets of the objective F', proved using Lemma 3 and Lemma 4.

Theorem 5. Let {(alfl, LIFNY be the current iterates, {(dgf],d[f])} the descent directions
and {(F[oic],F%])} the functionals generated by the BCGD algorithm. Then the following
results hold.
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% missing 20 40 60

p 0.2 1 5 0.2 1 5 0.2 1 5

mean 20.7(1.3) | 19.8(0.7) | 19.6(0.6) | 28.0(2.6) | 28.2(1.3) | 26.9(1.1) | 35.5(1.6) | 34.2(1.3) | 34.1(0.5)
mimi 13.0(0.4) | 12.3(0.4) | 11.4(0.3) | 19.8(1.1) | 19.0(0.7) | 16.1(0.5) | 27.1(1.0) | 24.3(1.1) | 20.2(0.4)
GLRM 16.1(1.0) | 16.9(0.7) | 13.8(0.4) | 24.0(5.3) | 24.5(1.5) | 23.4(1.1) | 36.5(12.3) | 41.9(18.0) | 44.1(3.7)
softImpute | 14.0(0.5) | 14.0(0.4) | 13.3(0.4) | 20.3(1.2) | 20.90.7) | 18.5(0.8) | 27.3(1.2) | 27.4(1.0) | 24.4(0.5)
FAMD 12.7(0.5) | 12.9(0.6) | 12.1(0.3) | 19.2(1.3) | 20.2(0.6) | 17.3(0.6) | 26.9(1.8) | 31.2(1.0) | 22.7(0.4)
MLFAMD | 12.6(0.6) | 13.7(0.6) | 12.2(0.4) | 18.8(1.0) | 19.7(0.6) | 17.6(0.7) | 25.4(1.5) | 26.2(1.2) | 23.5(0.6)
mice 17.3(0.8) | 17.2(1.0) | 16.9(0.6) | 25.1(1.2) | 26.0(0.7) | 23.1(1.0) | 40.7(2.8) | 40.1(0.9) | 36.8(1.8)

Table 6: Quantitative variables: Imputation error (MSE) of mimi, GLRM, softImpute and
FAMD for different percentages of missing entries (20%, 40%, 60%) and different values of
the ratio ||fy(a®)||r/||[ L% F (0.2, 1, 5). The values are averaged across 100 replications and

the standard deviation is given between parenthesis.

% missing 20 40 60

p 0.2 1 5 0.2 1 5 0.2 1 5

mean 13.0(0.3) | 12.4(0.3) | 11.8(0.4) | 18.33(0.4) | 17.4(0.3) | 16.9(0.3) | 22.6(0.5) | 22.0(0.6) | 20.8(0.6)
mimi 13.5(0.3) | 13.5(0.3) | 13.5(0.3) | 18.9(0.5) | 19.1(0.3) | 18.9(0.6) | 23.7(0.6) | 23.4(0.5) | 23.1(0.4)
GLRM 14.2(0.4) | 14.1(0.6) | 14.2(0.5) | 20.0(0.4) | 20.2(0.4) | 20.4(0.3) | 24.9(0.5) | 25.1(0.6) | 24.9(0.3)
softImpute | 12.2(0.1) | 12.0(0.3) | 12.0(0.6) | 17.0(0.3) | 16.7(0.2) | 16.6(0.4) | 21.6(0.4) | 21.6(0.3) | 21.0(0.5)
FAMD 13.6(0.4) | 13.8(0.4) | 13.5(0.3) | 19.2(0.5) | 19.8(0.3) | 18.8(0.6) | 24.0(0.5) | 25.0(0.4) | 23.6(0.4)
MLFAMD | 13.6(0.5) | 13.5(0.4) | 13.6(0.4) | 19.4(0.5) | 19.5(0.4) | 19.6(0.5) | 24.0(0.5) | 24.1(0.4) | 23.9(0.4)
mice 14.6(0.3) | 14.5(0.4) | 14.4(0.4) | 20.5(0.4) | 20.3(0.2) | 20.5(0.4) | 25.7(0.4) | 25.7(0.6) | 25.3(0.2)

Table 7: Binary variables: Imputation error (MSE) of mimi, GLRM, softImpute and FAMD
for different percentages of missing entries (20%, 40%, 60%) and different values of the
ratio ||[fr(a®)||z/||IL°||F (0.2, 1, 5). The values are averaged across 100 replications and the

standard deviation is given between parenthesis.
(a) {F(a®, L)} s nonincreasing and for all k, (TW, F[Lk]) satisfies
—TH > (1= 0)v[|d¥)3 and — TV > (1 - O)v|dy’|3-
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method | mean | mimi | GLRM | softImpute | FAMD | MLFAMD | mice
time (s) | 1.7e-4 | 6.6 5.5 0.1 2.6 3.5 0.2

Table 8: Computation time of the seven compared methods (averaged across 100 simula-

tions).

(b) Every cluster point of {(a®, L)} is a stationary point of F.

Assumptions H1 and 2, combined with the separability of the ¢; and nuclear norm
penalties, guarantee that the conditions of (Tseng and Yun, 2009, Theorem 1) are satisfied.

We now show that the data-fitting term L(fy(a) + L; Y, Q) is lower-bounded.
Lemma 3. There exists a constant ¢ > —oo such that, for all X € R™>*™2 L(X;Y,Q) > c.

Proof. Recall that £(X;Y,Q) = > 7" >0 Q{-VY; Xy; + g;(Xi;)}. Thus, we only need to
prove that for all (7, j) € [my] x [ms], the function © — —Yj;2+g;(2) is lower bounded by a
constant ¢;; > —oo. Assume that this is not the case; by the convexity of x — —Yj;x+g;(x)

we have that either —Yj;2+¢,;(x) — —ooor —Y,z+g;(x) — —oo. Assume without

r—+00 r—>—

loss of generality that —Y;;z+g;j(x) — —oo. Then, there exists zo € R such that for all

T—r+00
x> x0, —Yix + g;j(x) <log [yey, hj(y)p;(dy). Thus, for all z > max(zg,0), we have that
y>Yij

[ me ) = [, e @)+ [, e (b,
Y&y J J

y<Yi; y>Yij
> Aeyj hj(y)eyx’gf(x)uj(dy) +1>1,
y<Yij

contradicting normality of the density h;(y)e?* 9% @), Thus, there exists c;j > —o0, such

that for all z € R, =Yz + gj(r) > ¢;;. Finally we obtain that £(X;Y,Q) > ¢ =
D it D Cije O
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Finally, we use Lemma 3 to show the compactness of the level sets of the objective

function F', defined for C' € R by
Le ={(a,L) € RN x R™>™2: [(q, L) < C}.
Lemma 4. The level sets of the objective function F' are compact.

Proof. For all (a,L) € RN x R™m>*m2 F(q, L) > ¢+ M||L||« + Aao||a]|1, where ¢ is the
constant defined in Lemma 3. Thus, for all C' € R, the level set L is included in the

compact set

{<a,L> e RY x R™*m |1, < S=° C_C}'

and ||a|[; <
ol < 5
Furthermore, by the continuity of F, the level set Lo is also a closed set. Thus we obtain

that for all C' € R, the level set L¢ is compact. n

We can now combine Theorem 5, Lemma 3 and Lemma 4 to prove Theorem 1. Let
(ol LI be an initialization point. Theorem 5 (a) implies that the sequence (ol L)

generated by the BCGD algorithm lies in the level set of F'
Lo oy = {(a, L) € RY x R™X™; F(a, L) < F(a, L)} .

Furthermore, L4l fo)) i compact by Lemma 4, showing that the sequence (¥, LI*) has
at least one accumulation point. Combined with Theorem 5 (b) and the convexity of F,

this shows Theorem 1 (a).

Theorem 5 (a) and Lemma 3 combined imply that the sequence {F(a!®, LI¥)} converges
to a limit F*. Furthermore, Theorem 1 (a) and the continuity of F' imply that there
exists a sub-sequence {F(a*, LM)} e such that {F(a™, LM)}cx — F(&,L). Thus,
F* = F(&, L), which proves Theorem 1 (b).
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C Proof of Theorem 2

Let II = (74;) (j)emi]x[me] De the distribution of the mask Q. For B € R™*™2 we de-
note Bq the projection of B on the set of observed entries. We define |B||3 = ||Bal|%,
and ||B||f = E[||B||3], where the expectation is taken with respect to II. The proof of
Theorem 2 will follow the subsequent two steps. We first derive an upper bound on the
Frobenius error restricted to the observed entries ||AX]|3, then show that the expected
Frobenius error ||[AX||% is upper bounded by ||AX||3 with high probability, and up to a
residual term defined later on.

Let us derive the upper bound on |[AX|2. By definition of L and &: L(X;Y,Q) —
LX%Y,Q) <)\ <||LU||* - ||f/||*) + X2 (|[@®]l1 = [|&]l1) - Recall that, for a € RY, we use
the notation fy(a) = Y20 | apU*. Adding (VL(X®;Y,Q), AX) on both sides of the last

inequality, we get

L(X:Y,Q) — L(X%Y,Q) + (VL(X"Y,Q), AX) <
M (120 = IEIL ) = (VE(X®; Y, ), AL)

20 (0%l — [lal1) — (VL(X®: Y. ). fu(Aa)). (30)

Assumption H2 implies that for any pair of matrices X! and X? in R™*™2 satisfying

| X oo V [[X?|leo < (1 + 0)a, the two following inequalities hold for all Q:
2
LOXGY,Q) - £(X;7,0) = (VLXK Y, ), X - X) = TIX - X3, (31)

IVL(X;Y,Q) — VL(X;Y,Q)||r < 02| X — X0 (32)

Plugging (31) into (30) allows to construct a lower bound on the left hand side term and
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obtain o2 [|AX]|3/2 < Ay + Ay,

9

A= (20 = 2] ) + [(VE(X; Y, ), AL)

(33)
Ar = (0l — lla]l) + (VLX) fy (Aa))|

Let us upper bound A;. The duality of the norms || - || and || - || implies that
(VL(X%Y,0), AL)| < [VLX% Y. Q)AL

Denote by S; and S; the linear subspaces spanned respectively by the left and right singular
vectors of L°, and Pg1 and Pgy the orthogonal projectors on the orthogonal of S; and Ss,

Prov : X'+ Pg1 XPgy and Pro: X = X — Pou X Pg1. The triangular inequality yields
ILlle = I2° = Pros (AL) = Pro(AL) |« 2 [|IL° + Ppow(AL)|. = | Po(AL)[|.. (34)

Moreover, by definition of P, ,., the left and right singular vectors of P,,.(AL) are respec-
tively orthogonal to the left and right singular spaces of L%, implying ||L° + P, (AL)|. =
| L2l + || Prox (AL)]|.. Plugging this identity into (34) we obtain

IZ%l] = IIL]l+ < [Peo(AL) s = | Prox (AL, (35)

and Ay < Ay (|Ps(AL). = | Py (L)L) + [VE(X% Y. Q)AL
Using [|AL|. < ||Pro(AL)||«+]|Ppor (AL)||« and the assumption A\, > 2[|[VL(X% Y, Q)|
we get Ay < 31| Pro(AL)]./2. In addition, || Pro(AL)|. < /rank (Pro(AL))||Pro(AL)||F,
and rank (Pro(AL)) < 2rank (L°) (see, e.g. (Klopp, 2014, Theorem 3)). Together with
| Pro(AL)||p < [|AL||p, this finally implies the following upper bound:
3\

A < 7@||AL||F (36)
We now derive an upper bound for Ay. The duality between || - ||; and || - || ensures
(VLX"Y,Q), fr(Aa))| < Al [VLX Y, Q)]su. (37)
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The assumption Ay > 2||VL(X%Y,Q)|su in conjunction with (37) and the triangular
inequality ||Aall; < [|a®|1 + ||@]x yield

3\
Az < TzHaoHl- (38)

Combining inequalities (33), (36) and (38) we obtain
32

0.2

3\
|AXG < T3 V2| AL + 5 o]l (39)

We now show that when the errors AL and Aa belong to a subspace C and for a residual

D - both defined later on - the following holds with high probability:
|AX][E > |AX]|E - D. (40)

We start by defining our constrained set and prove that it contains the errors AL and A«
with high probability (Lemma 5-6); then we show that restricted strong convexity holds
on this subspace (Lemma 7). For non-negative constants d;, dij, p < m and ¢ that will be

specified later on, define the two following sets where Aa and AL should lie:

A(dy, dn) = {a € RV : [lally < dy, [[fu(e)||f < du} . (41)
721og(d)
L = L e Rmuxmz RY L +f 2 > 2oV
(p7 E) { € y & € ” + U(a)“H - plog(6/5)7

(42)

1L+ fu(@)lloo < LIILI < VplILIF + 8}
If ||AX]|% is too small, the right hand side of (40) is negative. The first inequality in the
definition of L(p,e) prevents from this. Condition ||L||. < \/p||L||r + ¢ is a relaxed form

of the condition ||L[|, < /p|L||F satisfied for matrices of rank p. Finally, we define the

constrained set of interest:
C(dl, dH,p, 8) = ﬁ(p, 6) N {lexmg X A(dl, dn)} .
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Recall u = maxy, ||Ug||; and let

3o

72a%log(d
dy = |a®ll1, and di = “52 o] + 640%E [ Salloc] a1 + 30720% " + 72a” log(d)

log(6/5)
Lemma 5. Let Ay > 2u (|[VL(X® Y, Q)| + 202 (1 + u)a) and assume HI-2 hold. Then,
with probability at least 1 — 8d~', Aa € A(dy, dr).

Proof. See Appendix E. O

Lemma 5 implies the upper bound on ||Aal|3 of Theorem 2. Thus, we only need to

prove the upper bound on ||AL||%. Let p = 32r and € = 3\y/\;]|a°]|;.
Lemma 6. Assume H?2 and let

A 22 VL(XYY, Q) A > 2u ([VL(X%Y, Q)| + 2075 (14 u)a) .
Then [|AL|, < /p||AL||F + €.

Proof. See Appendix F n

As a consequence, under the conditions on the regularization parameters A; and Ao
given in Lemma 6 and whenever ||AL+ fy(Aa)||f > 721og(d)/(plog(6/5)), the error terms
(AL, Aa) belong to the constrained set C(dy, di, p, ) with high probability.

Case 1: Suppose ||AL+fy(Aa)||% < 721log(d)/(plog(6/5)). Then, Lemma 5 combined
with the fact that |[M||% < p~||M||} for all M, and the identity (a + b)* > a?/4 — 4b?
ensures that ||AL||% < 4||AL + fy(Aa)||% + 16]/fy(Aa)||%. Therefore we obtain (ii) of

Theorem 2:
288a* log(d)

log(6/5)

2 [raialp
IAL|% < +167= 0,
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Case 2: Suppose |AL + fy(Aa)||4 > 72log(d)/(plog(6/5)). Then, Lemma 5 and 6
yield that with probability at least 1 — 8d 1,
( AL A«
2(1+ p)a’ 2(1+ o)a
_h : dhz—dn R —
2(1+ 0)a 4(1 + 0)%a? 2(1+ 0)a

and where dy, d, p and € are the same as in Lemma 5 and 6. We use the following result,

> € C(dy,dy, p',€"), where

&) =

proven in Appendix G. Recall that we assume for all (¢, j) € [mq] x [ma], P(€; =1) > p
and define:

18 log(d
Auo:{aeWW lolo <1 llall < dvi o(a)l3 g<>}

plog(6/5)

Do = 8odiul[|[Xrll] + 768p~",

Dx = LR [|Sgll]> + S<E [|Zrll] + SoduE [ rlloc] + iy + 768p ™", )
Lemma 7. (i) For any o € A(dy), with probability at least 1 — 8d~",
Ifu(@)ls > 3 lfo@) I Do
(ii) For any pair (L,«) € C(dy,dy, p,€), with probability at least 1 — 8d~*
1L+ fu(a)llg > %||L+fU(O<)||%1— Dx. (44)
Proof. See Appendix G. O]

1+o)a’ 2(1+o)a

IAX ;< 2||AX||§2+4(1+g)aDX). Cémb)ined with (39), [|AX | < p~H|AX[F, |AX]E >

|AL|%/2 = |fu(Aa)||% and 6v/2r )1 /(po?)||AL| r < ||AL||% /44 288r A2/ (p*c?), we obtain
the result of Theorem 2 (ii):

1152rA3  24X,]|a’];

AL < o + o? +4(1+ p)aDx + 4

Lemma 7 (ii) applied to (# A> implies that with probability at least 1 —8d 1,

o]

0.
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D Proof of Theorem 4

We will establish separately two lower bounds of order rM/p and s/p respectively. Define

) ) ) .\ Y2
‘- {L ER™ [ € {o,nminm,cm (.-) },v@,j) & [mi] x m},

pm
where 0 < n <1 will be chosen later. Define also the associated set of block matrices
L= {L:(Z|...|i|0) ER’"IXW:EEZ},

where O denotes the my x (mg — r |mgy/r|) null matrix and, for some = € R, |z] is the

integer part of x. We also define the following set of vectors
A= {a = (0la) € RY, &y, € {0, 7min(a,0,)} V1 < k < s} :
with O € R"™~% denoting the null vector. Finally, we set
X={X=L+fy(a) eR™* ™ ac A LeL}.

For any X € X there exists a matrix L € £ of rank at most r and a vector a with at
most s non-zero components satisfying X = L + fy(«). Furthermore, for any Xex
there exists a matrix L € £ of rank at most  and a vector & with at most s non-zero
components satisfying X — X = L +fy(&). Finally, for all X € X and (i, j) € [mi] x [ms],
0 < X;; < (14 p)a. Thus, X C F(r,s), where F(r,s) is defined in (27).

Lower bound of order rM/p. Consider the set
X, ={X=L+fy(a) € X;a =0}

Lemma 2.9 in Tsybakov (2008) (Varshamov Gilbert bound) implies that there exists a

subset XY C A satisfying Card(XY) > 2"M/® 1 1, such that the zero m; x my matrix
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0 € X?, and that for any two X and X’ in XY, X # X' we have

M 2 M
1X — X'||2 > % (n2 mm(a,@)?]% L%D > 717—6min(a2,ai)%. (45)
For X € X)) we compute the Kullback-Leibler divergence KL(Py, Px) between Py and Px.
Using Assumption H2 we obtain

o2n?min(a, o4 )*Mr

L(Po, Px) = ZWU 9] ij) — 9;(0) — 9;‘ (O)Xij) < 9 (46)
Inequality (46) implies that
1 1
— KL(Py,Py) < —1 A -1 4

Xex

is satisfied for 77 = min {1, (8¢, min(a, a+))71}. Then, conditions (45) and (46) guarantee
that we can apply Theorem 2.5 from Tsybakov (2008). We obtain that for some constant
6 > 0 and with ¥; = C'min (0}, min(a, 62)):

UrM
i sup Po (IALIE + Jaal > 22 ) > 5 (15)

Lvéé (LO ,010)65

Lower bound of order s/p. Using again the Varshamov-Gilbert bound (Tsybakov
(2008), Lemma 2.9) we obtain that there exists a subset A° € A satisfying Card(A°%) >

25/8 + 1 and containing the null vector 0 € RN and such that, for any a and o' of A°,
a# o,

S .
la = a/[lz > 27° min(a, 04)" (49)

Define X, C X the set of matrices X = fy(a) such that « € A% and L = 0. For any
X € X, we compute the Kullback-Leibler divergence KL (P, Px) between Pg and Px

L(Po, Px) Z%%ZJ~@wm&sﬁmm%gmmw&<m
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Using Assumption H2

KL(Po, Px) < 02p (max |[U¥[3 +27) [l

< soip (mgx 1% + 27) 7* min(a, oy )?.

From (51) we deduce that

1 9 .

Card(A%) — 1 ; KL(Py,Py) < sp (m]iix 1U*|1% + 27’> 0%’ min(a, 04)°. (52)
Choosing 77 = min {1, (v/pos max,(||JU*|| ¢ + 27) min(a,mr))*l} , we now use Tsybakov
(2008), Theorem 2.5 which implies for some constant § > 0

sK?
inf sup Pxo {HALHF + || Z — ) U" |3 > \1127} >0, (53)

L,a (L0,a0)ee

1
U, = (C AlaAo.)?
: (ai<maxkuUk||%+2r> (a “*))’

where we have used that || S8 () — ax)U*||% > #2[|@ — a®||3. We finally obtain the result

by combining (48) and (53).

E Proof of Lemma 5

We start by proving [|Acall; < 4]|a’]|;. By the optimality conditions over a convex set
(Aubin and Ekeland, 1984, Chapter 4, Section 2, Proposition 4), there exist two subgradi-
ents f, in the subdifferential of || - ||, taken at L and f, in the subdifferential of || - ||; taken

at &, such that for all feasible pairs (L, «) we have
N
(VLX;Y,Q),L— L+ (an — ap)U") + M (fr, L — L) + Mp{fa,a —4) > 0. (54)
k=1
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Applying inequality (54) to the pair (L,a°) we obtain (VL(X;Y, Q),Zszl Ao, Uy +
Xo(fa, Acr) > 0. Denote X = L + Zivzl a%U*. The last inequality is equivalent to

N N
(VLX%Y, Q). AaUR) +(VL(X:Y, Q) - VL(X"Y,Q),)) - AqUF)
k=1 k=1

. »Z . ]
~~ N~

Bl BQ

N
+(VLX;Y, Q) = VL(X:Y,Q),) " AayUR) +Xo(fa, Aa) > 0

k=1

J/

-~

Bs
We now derive upper bounds on the three terms By, By and Bj separately. Recall that we

denote u = maxy, ||[U*||; and use (37) to bound Bj:
By < [|Aalli [VLX Y, Q) locu. (55)

The duality between || - ||oo and || - || gives By < [|Aa||1||VL(X;Y, Q) — VL(X® Y, Q)| st
Moreover, VL(X;Y, Q) — VL(X Y, Q) is a matrix with entries g/(X;;) — g/(X3), therefore
assumption H2 ensures |[VL(X;Y,Q) — VL(X%Y, Q)| < 202(1 + 0)a, and finally we
obtain

By < || Aal120% (1 + o)au. (56)

We finally bound Bj as follows. We have that Bz = 3 ™ > "™, Q;;(g; (X)) — g (X)) (Xij —
<0,

Xi;). Now, for all j € [my], g; is increasing therefore (gj(Xl-j) — gj(Xij))(Xij — X))
which implies B3 < 0. Combined with (55) and (56) this yields

Ao (fur & — ) < ||Ac|yu (IVL(X® Y, Q)| + 207 (1 + 0)a) .
Besides, the convexity of || - || gives (fa, & — a®) > ||&|: — ||a®|)1, therefore
{A —u (IVLIX% Y, Q)| + 207 (1 + 0)a) } [la]lx <

Do+ u (VLK Y, Q) + 202 (1 + 0)a)} o),
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and the condition Xy > 2 {u (|[VL(X%Y, Q)| + 202 (1 + 0)a) } gives ||a; < 3[|a’|; and
finally
1Aall; < 4]la’]s. (57)

Case 1: |[fy(Aa)|%4 < 72a?1og(d)/(plog(6/5)). Then the result holds trivially.

Case 2: |fy(Aa)||% > 72a?1og(d)/(plog(6/5)). For dy > 0 recall the definition of the set

181og(d) }
plog(6/5) )

Inequality (57) and ||Aa|s < 2a imply that Aa/(2a) € A(2]a|1/a). Therefore we can

A(dn—{aeRN: Il <15 flalh < dis [ffu(a)l3 >

apply Lemma 7(i) and obtain that with probability at least 1 — 847,
[fo (Aa) i < 2[[fu(Aa) g + 640alla® LUl [[|Sk]|o] + 30724~ (58)

We now must upper bound the quantity ||fy(Aa)||?,. Recall that X = Z]kvzl aU* + X. By
definition, £(X:;Y,Q) + M||L|[+ + Ao||@|l; < L(X;Y, Q) + M| L||s + Aalla®]]:, ie.

L(X;Y,Q) = LIX;Y.Q) < X ([la’]l — [|al]) -

Substracting (VL(X:Y,Q), X — X) on both sides and using the restricted strong convexity
((31)), we obtain

2
o? A N
7||fU(AOé)||s22 <X (2l = llallh) + (VL(X; Y, Q), fu(Aa))

<o (%l = llalh) + [(VLX Y, Q), fu(Aa)) |
(VL(X®Y, Q) = VL(X;Y), fu(Aa))

N J/
-~

Co

_|_
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The duality of || - ||; and || - ||o yields C; < [[VL(X? Y, Q)] ooul|Aall;, and
Co < IVL(X"Y, Q) = VLY, Q) o] Al

Furthermore, |[VL(X%Y,Q) — VL(X;Y, Q)| < 2024, since for all (i,5) € [mi] x [ma]
| Xi; — X2| < 2a and ¢/(X;) < 0%. The last three inequalities plugged in (59) give

2

o .
@)z <% (1%l — alh) + ulAal; (VL% Y,9) ] +202a}
The triangular inequality gives
2
(o
S Ifo(Adlle < {u(IVEX" Y, Q)] +20%a) + Ao} [0y
+{u (IVLX% Y, Q)| + 207 a) = Ao} [l

Then, the assumption Ay > 2u (|[VL(X; Y, Q)| + 202 (1 + 0)a) gives

2

0.2

Ifor(Aa)lig < =5 lla”]l1.
Plugged into (58), this last inequality implies that with probability at least 1 — 8d~!
2 3A2 g 0 2, -1
Ifu(Aa)lln < —5-lla”lls + 64ealja”||1uE [ Zr]|o] + 3072a°p™". (60)

Combining (57) and (60) gives the result.

F Proof of Lemma 6

Using (54) for L = L° and o = a° we obtain

N
(VLY Q), AL+ (Aar)UR) + M (fr, AL) + Xo(fa, Acr) > 0.

k=1
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Then, the convexity of || - ||, and || - ||y imply that ||L°|. > ||Z|. + (d||L|.,AL) and
la°)l1 > |l&lls + (O]|&||1, Aa). The last three inequalities yield

A (1B = 1200 ) + e (lall = lla®]h) < (VE(X;Y,9), AL)
N
+(VLX:Y,Q), ) (Aap)U")

k=1

< IVLEX Y, QAL +u VLY, Q)| | A1

Using (35) and the conditions
M > 2(VLX%SY, Q) A > 2u{||[VLX%Y, Q)| + 207 (1 + 0)a},
we get
M (I1Pzo (AL = ([ Pro(AL)) + Ao (&l = [la®]l1) <
X 1PHADI. + [P(AL)]) + 2] Aa,
which implies || P75 (AL)|lx < 3||Pro(AL)|« + 3X2/A1]]a]|1. Now, using
IAL]. < 1P (AL« + [|1Peo(AL) s, [[Po(AL)|p < IAL|lR

and rank(Ppo(AL)) < 2r, we get ||AL|. < V32r||AL||F + 3X2/A1]|a®||;. This completes

the proof of Lemma 6.

G Proof of Lemma 7

Proof of (i): Recall D, = 80d1uE [||Zr||o] + 768p~1 and

18 log(d
A(dn:{aeRN: laloo <15 flalh < dis fful@)l3 > g”}.

plog(6/5)
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We will show that the probability of the following event is small:
. 1
5= {30 € Aty sueh . [Ifuta)lf ~ ()| > 16l + 0. }.

Indeed, B contains the complement of the event we are interested in. We use a peeling
argument to upper bound the probability of event B. Let v = 18log(d)/(plog(6/5)) and
n=6/5. For | € N set

S = {Oz c Ald)): v < |fu(a)|E < nlz/}.
Under the event B, there exists [ > 1 and o € A(d;) N S; such that

1 1, )
[Ilfo ()l = fu (@)l > Fllfue)li +Da > 5n'"'v + Da = Z1'v + Da. (61)

For T > v, consider the set of vectors

Aldr, T) = {a € Ald) : ffu(e)|[} < T}
and the event
~ 5
Bi= {aa & Ada, 1) < Ifu@)l3 — Ifo(@)a] > S5ntv + Da} .

If B holds, then (61) implies that 58, holds for some [ < 1. Therefore ,B C U B, and it is
enough to estimate the probability of the events I5; and then apply the union bound. Such

an estimation is given in the following lemma, adapted from Lemma 10 in Klopp (2015).

Lemma 8. Define Zp = sup,e g, 1) |Ifo(@)[1G — [Ifu(a)l[f|. Then,

5
P (ZT Z Da + ET) S 4e_pT/18.

95



Proof. By definition,
(4.9) (4.5)

We use the following Talagrand’s concentration inequality, proven in Talagrand (1996) and

Chatterjee (2015).

Lemma 9. Assume f:[—1,1]" — R is a convex Lipschitz function with Lipschitz constant
L. Let =y,...,Z, be independent random wvariables taking values in [—1,1]. Let Z =

f(E1,...,Z,). Then, for anyt >0, P(|Z —E[Z]| > 16L +t) < 4e /21,
We apply this result to the function
(@1, Tymy) = SUPoeA(dy,T) Z(l’z’j - Wij)fU(Oé)?j ,
(i.4)

which is Lipschitz with Lipschitz constant /p~'T. Indeed, for any (z11,...,ZTmm,) €
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X X .
R™>*™2 and (211, .. ., Zmym,) € R™X™M2:

’f(xllv s Jxm1m2) - f<Z11, BRI Zm1m2)|

= [SUDne a1y | D (@i — T ) (@) | = $WDne aar ) | D (207 — mi)fu (),
(4.9) (4.9)

<SP, e aa i || D (@i — T o (@)f| = D (25 — 7)o (@)
(4.4) (4.9)

<SP iy | O (i — mi)fu(@)] = Y (2 — mi)fu(a)})

(4,9) (4,9

< SUDue A(dy, 1) Z(ZL’” - Zij)fU(a)?j

(4,9)
<SP iy, | DTy (T — Zij)Q\/Z miifu(a)i;
(i.9) (i.9)

< SWoe g,y VP | D (@i — 2)% D misfu()?
(4,3) (4.5)
VPIIT > (i — 25),

(4,9)

IN

where we used ||a| — [b|| < |a — b],||fr(a)|l < 1 and ||A||4 < T. Thus, Lemma 9 and the
: : -1 :
identity /p~ 1T < 96% + 2;{96 imply

1
P <|Z ~E[Z]] 2 768p~" + 5T + t) < dem /2T
Taking t = T'/3 we get

5
P (yz —E[Z]| > 768p~" + ET) < 47?118, (62)
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Now we must bound the expectation E [Zr]. To do so, we use a symmetrization argument

(Ledoux, 2001) which gives

E(Zr] =& |$Wuciwm |> Uifo(@)} —END Qyfu(e);
(i.7) (i.9)

< 2E |SUpae i | (@) |
(4,5)
where {¢;;} is an i.i.d. Rademacher sequence independent of {€2;;}. We apply an extension
Talagrand’s contraction inequality to Lipschitz functions (see Koltchinskii (2011), Theorem
2.2) and obtain

E[Zr] =E |sup
A€eT

Z eijQijA?j

4,J

< 40R [SUDyc gy ) | D €S Aij
(i)

= 4QE [Supaej(dly']ﬂ) |<ER7 fU(a>>| ’

where X = Z(i,j) €;$%; Ey;. Moreover, for o € .,Zl(dl, T) we have

[(Cr, fola)] = < [lafhullEx]s-

N
<ER, Z Okuk>
k=1

Finally, we get E [Zr] < 4pdiulE [||Xg||o] - Combining this with the concentration inequality
(62) we complete the proof of Lemma 8:

)
. (ZT > 80diuE [||Ep]|o] + 768p~" + §T> < de P18,
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Lemma 8 gives that P (B;) < 4exp(—pn'v/18). Applying the union bound we obtain

[e.e]

P(B) <> P(B)<4) exp(—pn'v/18)

=1
<4) exp(—plog(n)lv/18),
=1
where we used e* > z. Finally, for v = 18log(d)/(plog(6/5)) we obtain
p(B) < +P(-priog(n)/18) _ 4exp(~log(d))
1 — exp(—prlog(n)/18) = 1 — exp(—log(d))
since d — 1 > d/2, which concludes the proof of (i).

8
<_7
—d

Proof of (ii): The proof is similar to that of (i); we recycle some of the notations for
simplicity. Recall Dy = 112pp 'E [||Zz|]* + 80cE [||Z&||] 4 8odiuE [||[ L&l oo] 4 dir + 768p7 1,
and let
B= {H(L,Oé) € C(dladﬂapa 5)7
2 2 1 2
1L+ fu(@)lle = 1L+ fule)lla| > SIL+ fula)ln + DX}7
v =T2log(d)/(plog(6/5)), n =6/5 and for [ € N
S = {(L,a) € C(dy, dm,p,e): 17w <||[L+fu(a)|f < nlv} .

As before, if B holds, then there exist [ > 2 and (L, ) € C(dy, dm, p,€) N S; such that

5
L+ fu(a)g = 1L+ fo ()] > Enlv + Dx. (63)

For T > v, consider the set C(T) = {(L,a) € C(dy,dy, p,e) : |L + fy(a)||} < T}, and the

event

~ 5
B, = {EI(L,oc) eCl'v): |IL+fu(a)|g — IIL+fu(a)||F] > Enlu—l— DX} :
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Then, (63) implies that B; holds and B C U;f*B;. Thus, we estimate in Lemma 10 the
probability of the events B;, and then apply the union bound.

Lemma 10. Let Wy = sup;, . eéer) |14 + fu()||g — | L + fu(a)||%] .
P (WT > Dy + %T) < 47T/,

Proof. The proof is two-fold: first we show that W concentrates around its expectation,

then bound its expectation. By definition,

Wr = sup, ayeeiry | D Yii(Lig + fu(@)i)* —=E | D Qy(Lij + fu(a)y)?
(i.7) (i.9)

The concentration proof is exactly similar to the proof in Lemma 8, but we choose t = 7/6,

and we obtain

3
P (|WT —E[Wy]| > 768" + ET) < 4e7P1/72, (64)

Let us now bound the expectation E[Wy]. Again, we use a standard symmetrization

argument (Ledoux, 2001) which gives

E(Wr] < 2E [sup mecr | D €% (Li + fula)i)?]|
(4,9)

where {¢;;} is an i.i.d. Rademacher sequence independent of €2;;. Then, the contraction

inequality (see Koltchinskii (2011), Theorem 2.2) yields
E [Wr] < 40K |sup;, oeeir) (Er: L+ fu(a))]]
where X p = Z(i,j) €;$%; Eyj. Moreover

[(Cr, L+ fu(@)] < [(Er, L) + [(Er, fu(e))]
< LAZEI A+ lledlulEa] -
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For (L,a) € C(T) we have by assumption |a|l; < dy, |[fu(a)|ln < Vdy and ||L|, <

\/EHLHF + . We obtain

1. < \/EHLHH fe< ﬁ (1L + fo (@)l + o (@)) + =
< |5 (VT Vi) =

This gives
Bl <o |2 (VE+ Vi) + e} Il + dodull Sl

— 12 2

T d
< 4 udl} + 56@25)”21%”2 + 4Q€||2R|| + 4Qd1ul|ZR”OO

Combining this with the concentration inequality (64) we finally obtain:

5
P (WT > Dy + §T> < 4e7PT/72,

O

Lemma 10 gives that P (B;) < 4exp(—pn'v/72). Applying the union bound we obtain

P(B) <> P(B)<4) exp(—pn'v/72)

<4 exp(—plog(n)lv/72),

=1

where we used e® > x. Finally, for v = 72log(d)/(plog(6/5)) we obtain

dexp(—prlog(n)/72) _ dexp(—log(d) _ ..,
B ) < T o log(n)/72) = T— cxp(—log(@) = "

since d — 1 > d/2, which concludes the proof of (ii).
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H Proof of Lemma 1

The first inequality is trivially true using that ||X|/. = max;; [€2;€;;] < 1. We prove the
second inequality using an extension to rectangular matrices via self-adjoint dilation of

Corollary 3.3 in Bandeira and van Handel (2016).

Proposition 1. Let A be an my X mq rectangular matriz with A;; independent centered

bounded random variables. then, there exists a universal constant C* such that

E[||A|] < C* {0—1 V 0y + 0uy/log(ms A mz)} ,
= max ZE [A%], on= max ZE [A%], 0. = max | Ayl

Applying Proposition 1 to i with o1 V 09 < /B and o, < 1 we obtain

E(I2ll) < ¢ {V/B+ VVioglmi Ama) }

I Proof of Lemma 2

Denote ¥ = VL(X%Y, Q). Definition (2) implies that E[Yj;] = ¢;(X7}), (i,7) € [mi] x
[ms]. Combined with the sub-exponentiality of the entries Y;;, we obtain that for all ¢, j,
Yii—9; (X?j) is sub-exponential with scale and variance parameters 1/ and 01 respectively.

Then, noticing that [€2;;] < 1 implies that for all ¢ > 0,
P {2 (Vi = gj (X)) | 2 1} < P{|Yy - gi(X5)[ = 1},

we obtain that the random variables ;; = €); (Yij — g;- (Xf])) are also sub-exponential.

Thus, for all 4,j and for all ¢ > 0 we have that |¥;;| < ¢ with probability at least 1 —
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max {26—t2/2ai, 26_”/15/2}_ A union bound argument then yields
2]l <t w. p. at least 1 — maX{2m1mge_t2/2"«2r,2m1m26—7t/2} ’

where v and o, are defined in H2. Using log(myms) < 2logd, where d = m; + mo and
setting ¢ = 6 max {o4+/logd, 7 *logd} , we obtain that with probability at least 1 — d~!,

|1Z]loe < 6max {a+ log d, yfllogd},

which proves the first inequality. Now we prove the second inequality using the following

result obtained by extension of Theorem 4 in Tropp (2012) to rectangular matrices.

Proposition 2. Let Wy, ..., W, be independent random matrices with dimensions my X ms

that satisfy B [W;] = 0. Suppose that

J, = sup (i5r>1£ {E [exp (|[W]| /)] < e} < +o0. (65)

i€n]

Then, there exists an absolute constant c¢* such that, for all t > 0 and with probability at

least 1 — e~ we have
1 & t + logd 5.\ t+logd
Ly w, §c*max{aww/i,5* <1og )ﬂ}
n n ow n
where

n 1/2

LS E ]
n i=1

1/2
)

ow = max

LS E[wTW]
n =1

For all (i, j) € [mi] x [mo] define Z;; = —Q;; (Yi; — 9;(X%)) Eij. The sub-exponentiality

)

of the variables ; (Y;; — g;(Xg)) implies that for all 7, j € [m1] x [ms]

0;; = infs<q {E [exp (’QZJ (Y;j — g;(Xg)) ‘ /5)] < e} <

1
>
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We can therefore apply Proposition 2 to the matrices Z;; defined above, with the quantity

m1 mo 1/2 mi ma 1/2
07 = max E[Z; ZT E ZTZ . 66
g {||mlm2§; s 2 2 } )

We obtain that for all £ > 0 and with probability at least 1 — e™?,

1\ t+logd
II2]| < ¢" max {Uz\/mlmg(t+10gd), (log ) + 108 }
Y0z v

We bound o from above and below as follows.

mip ma2

> > E[Z;Z]] —Z{ZE {( (XO)) }}Ez‘z‘(ml),

i=1 j=1
where Ej;(n), i,n > 1 denotes the n x n square matrix with 1 in the (4,4)-th entry and zero

everywhere else. Therefore

m1 ma 1/2 .
IEZZT = EQ?E[Y X0 }
Hm1m2 121321 mims mlax; [ zJ] ( ( ))
Then, assumption H2 gives
mip m2 1/2 1 m
T
|m1mQlezlE Z Zis SUJF\ mimes (miaijE >
and
mi1 ma 1/2 ]
| ZZE Zi ZT >0 (maxZE >
mime o mimes s

Similarly, we obtain

mi mo 1/2 m
1
'|m1m2 ;;E <oy o (m]aX;E >




and

1/2
mi1 mo
1

mims ; ]leE [ZUZZ]} 2 0- mimes (m]ax;E [QA)

Combining the last four inequalities, we obtain

Y b <oz <044/ b )
mimes mimes

and setting ¢ = log d, we further obtain for all £ > 0 and with probability at least 1 — d~':

21 1
||E||Sc*max{a+ 2Bl0gd, :gdlog(a— mlﬁ”’”)},

which proves the result.
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