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The authors present a framework for use by: (1) teachers as they select, (re-)design, modify, or create mathematical tasks for a lesson, including out-of-class assignments, or a sequence of lessons; and (2) researchers to analyze the quality, diversity, and complexity of tasks in a lesson or sequence of lessons. The Task Progressions Framework integrates components of existing task analysis frameworks, notions of 'rich' tasks, task formats, differentiated instruction, and learning progressions to develop a guide for use in assembling or analyzing a set of tasks that help students develop particular mathematical ideas (concepts and procedures) and particular mathematical habits of mind.

Introduction

Over the past two decades, there has been significant growth in the number of classification or categorization systems designed to characterize the complexity of tasks used by mathematics teachers during instruction and on assessments. Concurrent with this increase has come an expanded interest in the notion of 'rich' tasks. Not surprisingly, the meaning of 'rich' task employed, and the system utilized to classify tasks as being 'rich' are culturally, politically and institutionally dependent. For example, task-complexity classification systems utilized by teachers in the U.S are typically district-or school-dependent and can vary widely (e.g. [START_REF] Smith | Selecting and creating mathematical tasks: From research to practice[END_REF]. Research on learning progressions in mathematics education has increased significantly over this same time period. According to Lobato and Walters, learning progressions "document students' movement through benchmarks that are predetermined as a result of researchers' rational analysis of particular content" (2017, p. 75). Therefore, learning progressions can "inform teachers about what to expect from their students . . . [and] provide an empirical basis for choices about when to teach what to whom" (Daro, Mosher, & Corcoran, 2011, p. 12).

In the following sections, we present the Task Progressions Framework for use by: (1) teachers as they select, (re-)design, modify, or create mathematical tasks for a lesson or a sequence of lessons; and (2) researchers to analyze the quality, diversity, and complexity of tasks in a lesson or sequence of lessons. The goal of the framework is to support teachers in assembling, and researchers in analyzing, a sequence of tasks that helps students develop or use particular mathematical ideas and associated mathematical habits of mind. The framework allows teachers and researchers to ascertain the focus, coherence, and 'richness' of a sequence of tasks comprising a lesson (or lessons). As such, the framework integrates learning progressions and task-complexity classification systems to support instruction that helps students develop grade-or course-appropriate mathematical ideas and habits of mind. This paper seeks to concisely describe the framework, its development, and how researchers might utilize aspects of the framework to address the following research question: How can learning progressions support analysis of the quality, diversity, and complexity of tasks in a lesson or sequence of lessons?

Background

Prior to examining the framework's development and anticipated use, it is necessary to first clarify specific terminology that will be utilized throughout the discussion. Such clarification will help make our perspectives explicit. In addition, it will be worthwhile to describe existing criteria and perspectives that served to inform the development of the Task Progressions Framework.

Mathematical Tasks and Rich Tasks

We employ Umland's (2011, p. 1) definition of a mathematical task as a "problem or set of problems that focuses students' attention on a particular mathematical idea and/or provides an opportunity to develop or use a particular mathematical habit of mind . . . [where] mathematical idea includes both mathematical concepts and procedures". Tasks can be further differentiated in terms of their use or purpose, where teaching or instructional tasks are "designed to support students' mathematical learning or development and assessment tasks are designed to evaluate the development of students' mathematical knowledge and/or habits of mind" (Umland, 2011, p. 1). Aligned with [START_REF] Umland | What is a task and what makes a good task? Mathematical musings: Standards, curriculum, and teaching[END_REF] terminology, we will call the mathematical idea and/or habit of mind that a task is intending to develop or assess, along with its intended use, the purpose of the task. We also drew upon a variety of 'rich' task criteria to develop the Task Progressions Framework. Grootenboer (2009, p. 697) describes key aspects of rich mathematical tasks to include: academic and intellectual quality; group work; catering for diversity through multiple entry points, multiple solution pathways; connectedness; and multi-representational. For Swan (2005, p. 9), a rich task (a) is accessible and extendable; (b) allows for decision making by the learner; (c) involves testing, explaining, proving, interpreting, and reflecting; (d) promotes communication and discussion; (e) encourages invention and originality; (f) encourages questions that focus on 'what if ' and 'what if not'; and (g) is enjoyable and provides an opportunity for surprise.

Learning Progressions

The National Research Council (2007, p. 214) characterize learning progressions as "descriptions of the successively more sophisticated ways of thinking about a topic that can follow one another as [students] learn about and investigate a topic over a broad span of time" (p. 214). For Daro et al. (2011, p. 12) "Learning progressions identify key waypoints along the path in which students' knowledge and skills are likely to grow and develop in [mathematics]".

Framework

We employed a networking of theories approach to coordinate and combine theoretical approaches into developing a framework to support teachers' assembly, and researchers' analysis, of tasks grounded on learning progressions. Textbooks have a major influence on teachers' practices and students' mathematics opportunities, because textbooks are considered to be one of the most important and powerful curriculum resources in mathematics education [START_REF] Fan | Textbook research in mathematics education: development status and directions[END_REF]. In addition, teachers often re-design or modify textbook problems to meet the mathematical needs of individual students or promote particular mathematical habits of mind. Such activity is a form of problem-posing on the part of teachers [START_REF] Rowland | The knowledge quartet[END_REF]. We realize that a teacher's capacity to modify or create her own tasks is a function of the education system in which she operates, and countries with national, centralized mathematics curricula offer different affordances and constraints than countries with decentralized curricula. Two existing frameworks were foundational to the development of the Task Progressions Framework-one focusing on textbook tasks [START_REF] Glasnović Gracin | Requirements in mathematics textbooks: a five-dimensional analysis of textbook exercises and examples[END_REF], the other on teachers' mathematical problem posing [START_REF] Courtney | Investigating the impact of field trips on teachers' mathematical problem posing[END_REF]. Glasnović Gracin ( 2018) developed a five-dimensional framework to examine the requirements in textbook tasks (Figure 1). 2014) developed seven criteria to operationalize the characteristics of rich mathematics problems or tasks. These criteria emerged through meta-analysis of existing research (Table 1). The proposed Task Progressions Framework was developed by incorporating Glasnović Gracin's framework and Courtney et al.'s criteria with research on learning progressions. Several areas of overlap occur between Glasnović Gracin's framework (Figure 1) and Courtney et al.'s criteria (Table 1), including: (1) 'Complexity levels' and Characteristic #1 (High cognitive demand); (2) 'Activities' and Characteristics #3 and #4 (Require justification or explanation; Make connection between two or more representations); and (3) 'Answer form' and Characteristic #5 (Openness).

Rich mathematics problem / task characteristic

Operational criteria 1. High cognitive demand Problem involves creating, evaluating, and analyzing (comparing) versus remembering or statically using or applying procedures, facts, or skills.

Significant content

Problem meets one or more content standard.

3. Require justification or explanation Problem includes a statement or question specifically asking students to justify or explain their answer.

Make connection between two or more representations

Problem incorporates two or more of the following representations: real life, manipulative, pictures, diagrams, or symbols.

Open-ended: a) Strategy, b) Solution

Problem includes more than one solution strategy; more than one solution.

Allows multiple entry points

Problem allows for a variety of entry points.

Allows multiple ways to show competence

Problem allows for more than one way to show competence (e.g., draw, write, or graph answer); the emphasis is on the product. The proposed Task Progressions Framework consolidate areas of convergence. In addition, we attempted to allow for the framework's use over both national (i.e. Italy's Indicazioni, Japan's Courses of Study) and decentralized curricula and various habits of mind classifications (e.g. [START_REF] Cuoco | Habits of mind: An organizing principle for mathematics curricula[END_REF].

Task Progressions Framework

The proposed Task Progressions Framework is comprised of four primary categories or dimensions, as illustrated in Figure 2: (1) content, (2) mathematical habits of mind, (3) task format, and (4) task features. Each dimension plays a unique role in the framework, and each sub-category or process (e.g. Type of Student Engagement) is of equal importance within a given dimension (i.e. there is no hierarchy within a dimension). , 2010). Critical to content are the complexity of the knowledge and skills students need to engage productively in the task (i.e. level of complexity or rigor) and where a task's content is situated in a learning progression. The Mathematical Habits of Mind involve the mathematical processes and proficiencies that support students in creating, inventing, conjecturing, and experimenting [START_REF] Cuoco | Habits of mind: An organizing principle for mathematics curricula[END_REF]. The framework addresses habits of mind by requiring teachers to identify where and how a sequence of tasks: (i) promote persistence, productive struggle, and/or self-regulation; (ii) requires sense making, reasoning, explanation, critiquing, and/or justification;

(iii) involves solving problems that arise in everyday life, society, and the workplace; (iv) requires abstraction, generalizing, and/or seeing structure; and (v) requires making connections between two or more representations. Such habits of mind are not isolated and frequently interact and overlap with one another. Task Format identifies the manner in which students are expected to engage with the sequence of tasks (in-class activity, in pairs), how students are expected to illustrate their task products (e.g. presentation) and whether tasks are digitally enhanced or involve physical manipulatives (e.g. algebra tiles 8a -Understand that the solution to a pair of linear equations in two variables corresponds to the point(s) of intersection of their graphs, because the point(s) of intersection satisfy both equations simultaneously. 4a -Solve word problems leading to equations of the form px + q = r and p(x + q) = r, where p, q, and r are specific rational numbers. Solve equations of these forms fluently. Compare an algebraic solution to an arithmetic solution, identifying the sequence of the operations used in each approach. 6.EE.5 (Prerequisite) 6 th Grade / Expressions and Equations (EE) 5 -Understand solving an equation or inequality as a process of answering a question: which values from a specified set, if any, make the equation or inequality true? Use substitution to determine whether a given number in a specified set makes an equation or inequality true. The lessons utilized several tasks or sets of problems as examples or assigned as in-class or out-orclass practice. Regarding prior topics and standards, the teacher assigned four problems as in-class practice (to be worked on in student pairs) from the 'Review & Refresh' section of the textbook (see Figure 3). None of these four problems focus on any of the standards 6.EE.5, 7.EE.4a, or 8.EE.6 (see Table 2) identified as important prerequisite content. As such, the teacher is not able, at least through this set of problems, to ascertain whether students have developed necessary prerequisite understandings and skills. Furthermore, although problems #1 and #3 (Figure 3) focus on 'point-slope' form, yy 1 = m(xx 1 ), rather than 'slope-intercept' form (y = mx + b) of the equation, they do provide some sense for interpreting the equation as defining a linear function whose graph is a straight line. Finally, problems #4 and #6 provide practice with linear equations having one solution, but there are no 'Review & Refresh' problems involving linear equations with no solution or infinitely many solutions. Therefore, regarding the portion of the framework focusing on 'Content: Learning Progressions' (Figure 2), the set of problems demonstrate little in terms of addressing prerequisite understandings and skills.

Several practice problems request that students, "Solve the system by graphing" (Figure 3). Each of these practice problems has a solution, which limits the degree to which interdependent content standard 8.EE.8b (Table 2) is involved. Although none of the practice problems include a real world context, they each require that students "[s]olve … mathematical problems leading to pairs of linear equations in two variables … [with] solutions … that can be expressed by graphing" (NGA Center & CCSSO, 2010, p. 55); thus, partially incorporating content standard 8.EE.8c (Table 2). The last set of problems, utilized by the teacher as an in-class (students work in pairs) and out-of-class (individual work) assignment, are identified by the textbook as 'Open-Ended', 'Reasoning', 'Dig Deeper', or 'Problem Solving' in nature (Figure 4). Problem #26 asks whether a system of linear equations can have multiple solutions, which intimates at interdependent content standard 8.EE.8b (Table 2) but to a limited degree. Problem #20 includes a real world context, thus incorporating content standard 8.EE.8c into the lesson. Therefore, continuing to focus on the 'Content: Learning Progressions' portion of the framework, the set of problems address concurrent understandings and skills to a limited degree. Considering both prerequisite and concurrent content standards in the 'Learning Progression' sub-category (Figure 2), we gave the sequence of tasks an overall 'Learning Progressions' score of 0.75/2-scoring low on addressing all of the pre-requisite standards (6.EE.5, 7.EE.4a, and 8.EE.6) and concurrent standard 8.EE.8b. Therefore, the complete sequence of tasks would receive a score of 37.5% on the 'Content: Learning Progressions' sub-category (or process). Although the remaining dimensions (Mathematical Habits of Mind, Task Format, and Task Features) and the 'Content: Level of Complexity, Rigor' sub-category (Figure 2) would need to be addressed to determine the overall quality, diversity, and complexity of the tasks in these lessons, the example presented here provides some indication as to the impact incorporating learning progressions can have on such analysis.

Conclusion

In this report, we presented a framework for use by: (1) teachers to select, (re-)design, modify, or create mathematical tasks for a lesson or a sequence of lessons; and (2) researchers to analyze the quality, diversity, and complexity of tasks in a lesson or sequence of lessons. The proposed Task Progressions Framework integrates components of existing task analysis frameworks (e.g. [START_REF] Courtney | Investigating the impact of field trips on teachers' mathematical problem posing[END_REF][START_REF] Glasnović Gracin | Requirements in mathematics textbooks: a five-dimensional analysis of textbook exercises and examples[END_REF], notions of 'rich' tasks, task formats, differentiated instruction, and learning progressions to develop a guide for teachers to assemble, and researchers to analyze, a sequence of tasks that help students develop or use particular mathematical ideas and particular mathematical habits of mind. We are currently working with in-service (or practicing) 6 th -11 th grade mathematics teachers (students ages 11-18 years) to utilize the framework in their practices with the intent to examine its effectiveness. We anticipate the need for modifications to the framework to make it more practical for teachers (as they create lessons) and researchers (as they analyze lessons).
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 1 Figure 1: Five-dimensional framework outline (Glasnović Gracin, 2018, p. 6) The five-dimensions are comprised of two distinct theoretical sources (Glasnović Gracin, 2018, p. 6): a three-dimensional model of mathematical competencies (Content, Mathematical Activities, Complexity Levels) based on the Austrian educational standards, and a two-component framework for analysing U.S. and Chinese textbooks involving Answer Forms and Contextual Features. Courtney et al. (2014) developed seven criteria to operationalize the characteristics of rich mathematics problems or tasks. These criteria emerged through meta-analysis of existing research (Table1). The proposed Task Progressions Framework was developed by incorporating Glasnović Gracin's framework and Courtney et al.'s criteria with research on learning progressions. Several areas of overlap occur between Glasnović Gracin's framework (Figure1) and Courtney et al.'s criteria (Table1), including: (1) 'Complexity levels' and Characteristic #1 (High cognitive demand); (2) 'Activities' and Characteristics #3 and #4 (Require justification or explanation; Make connection between two or more representations); and (3) 'Answer form' and Characteristic #5 (Openness).

  Figure 2 also provides proposed scoring information for researchers attempting to utilize the framework to analyze the quality, diversity, and complexity of tasks in a lesson or sequence of lessons. Finally, each of the four dimensions is given equal weight, regardless of the number of processes or sub-categories.

Figure 2 :

 2 Figure 2: Task Progressions Framework Content refers to the learning goals for what students should know and be able to do at the end of instruction (e.g. standards). The framework allows for a variety of content to be utilized, such as: Common Core State Standards for Mathematics (NGA Center & CCSSO, 2010) or the National Curriculum Framework Mathematics Area (Ministry of Science, Education and Sports, Republic of Croatia, 2010). Critical to content are the complexity of the knowledge and skills students need to engage productively in the task (i.e. level of complexity or rigor) and where a task's content is situated in a learning progression. The Mathematical Habits of Mind involve the mathematical processes and proficiencies that support students in creating, inventing, conjecturing, and experimenting[START_REF] Cuoco | Habits of mind: An organizing principle for mathematics curricula[END_REF]. The framework addresses habits of mind by requiring teachers

  graphs to find or estimate the solution to a pair of two simultaneous linear equations in two variables. Equations should include all three solution types: one solution, no solution, and infinitely many solutions. Solve simple cases by inspection.8.EE.8.c (Concurrent)8 th Grade / Expressions and Equations (EE) 8c -Solve real-world and mathematical problems leading to pairs of linear equations in two variables. (Limit solutions to those that can be expressed by graphing.) similar triangles to explain why the slope m is the same between any two distinct points on a non-vertical line in the coordinate plane; derive the equation y = mx for a line through the origin and the equation y = mx + b for a line intercepting the vertical axis at b.
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 3 Figure 3: Practice problems (Larson & Boswell, 2018, p. 201, 203)

Figure 4 :

 4 Figure 4: System of linear equation problems (Larson & Boswell, 2018, p. 204)

Table 1 : Operationalized criteria of rich mathematics tasks (Courtney et al., 2014, p. 148)

 1 

  ). Finally, Task Features involve meeting the needs of all students in the classroom (e.g. differentiated instruction) by requiring the sequence of tasks provide: (a) multiple entry points; (b) multiple ways to show competence; and (c) open-ended strategies and/or solutions. Unfortunately, limitations in space do not allow for a more robust elaboration of the framework and its development.Next, we address the research question by providing an example for how researchers might utilize aspects of the framework, those connected with learning progressions, to analyze a sequence of 8

	Utilizing the Task Progressions Framework	
			2x + 3 = 2x
	+ 5), and infinitely many solutions (e.g. 3x -4 = 3x -4), and to interpret the "equation y = mx + b
	as defining a linear function, whose graph is a straight line" (NGA Center & CCSSO, 2010, p. 55).
	Alphanumeric	Grade Level /	Standard Statement
	Indicator / Code	Domain	
	8.EE.8.a	8 th Grade /	
		Expressions and	
		Equations (EE)	

th grade mathematics lessons (covering approximately 80 minutes of instruction) involving the Common Core standards (NGA Center & CCSSO, 2010)-used by 42 of 50 U.S. states. The lessons were created by an 8 th grade math teacher to help his students develop proficiency with the content standard identified by the alphanumeric indicator or code '8.EE.8a' (see Table

2

). All tasks used during the lessons derive from the class textbook Big Ideas Math: Modeling Real Life, Grade 8

[START_REF] Larson | Big ideas math: Modeling real life, grade 8[END_REF]

. Due to limitations in space, we focus the discussion on whether and how the sequence of tasks (sets of problems) address content indicated by considering learning progressions. Standards-based coherence map resources (e.g. Student Achievement Partners, 2013) utilizing learning progressions and our own reflecting on students' development of successively more sophisticated ways of thinking about systems of linear equations in two variables, identified those content standards with the potential to be taught concurrent with and standards essential as prerequisite to standard 8.EE.8a (see Table

2

). In addition, we determined that it was important for students to recall what it means for a linear equation to have a solution, no solution (e.g.

Table 2 : Content or Practice associated with standard 8.EE.8.a
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