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Discrete Forward Model Space Discretization : Discontinuous Galerkin Elements Nodal (Lagrangian / Jacobian) Modal (Bernstein-Bézier)

Continuous Forward Model

First order acoustic wave equation 

                         1 ρc 2 ∂p ∂t + ∇ • v = f p

Computational time :

Nodal : 3h15 Modal: 4h30 [START_REF] Sirkes | Eli Finite Difference of Adjoint or Adjoint of Finite Difference[END_REF] Cost function evolution : Lagrangian fonctional [1] :

L( u, λ, m) = 1 2 ||d obs -R( u)|| 2 + < Forward m ( u) -f p , λ > If u = u Solution of the Direct Problem ⇐⇒ (Forward m (u) -f p = 0) : J (m) = L(u, λ, m)
Let us choose λ = λ such as ∂L ∂u = 0

(R * d obs -u) + Forward * m (λ) = 0
For Forward m (u) -f p = 0 : 

∂ m i J (m) = ∂ m i L(u, λ, m) = ∂ m i < Forward m (u), λ > [1] Plessix R-E A review
J (p) = 1 2 ||d obs -Rp|| 2                          1 ρc 2 ∂p ∂t + ∇ • v = f p on Ω ρ ∂v ∂t + ∇p = 0 on Ω p = 0 on Γ 1 ∂p ∂t + c∇p • n = 0 on Γ 2 p(0) = 0, v(0) = 0                            1 ρc 2 ∂λ 1 ∂t + ∇ • λ 2 = ∂J ∂p on Ω ρ ∂λ 2 ∂t + ∇λ 1 = 0 on Ω λ 1 = 0 on Γ 1 ∂λ 1 ∂t -c∇λ 1 • n = 0 on Γ 2 λ 1 (T ) = 0, λ 2 (T ) = 0 t ∈ [0, T ] t ∈ [T , 0]
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J (p) = 1 2 ||d obs -Rp|| 2                ∂ Ū ∂t n = A Ūn + F n With : Ūn =   Pn V n   0 T Time-steps going Forward            ∂ Λ ∂t n = A Λn + R * (R Ūn 
L Ū = E F
RK4 time-scheme leads to : RK4 time-scheme leads to : With a canonical space inner-product

Ūn+1 = B Ūn + C 0 F n + C 1 2 F n+ 1 2 + C 1 F n+1 L Ū = E F = Ḡ        I -B I -B I . . . . . . -B I                Ū0 Ū1 Ū2 . . . Ūn         =         Ḡ0 Ḡ1 Ḡ2 . . .
Ūn+1 = B Ūn + C 0 F n + C 1 2 F n+ 1 2 + C 1 F n+1 L Ū = E F = Ḡ        I -B I -B I . . . . . . -B I                Ū0 Ū1 Ū2 . . . Ūn         =         Ḡ0 Ḡ1 Ḡ2 . . . Ḡn         So : L * =        I -B * I -B * . . . . . . I -B * I        Pierre 
(< u, v > X = i u i v i ) With a M-space inner product (< u, v > M X =< Mu, v > X )
Gradient expression : With a canonical space inner-product

∇ c J = - T 0 Ω 2 
(< u, v > X = i u i v i ) With a M-space inner product (< u, v > M X =< Mu, v > X )
Gradient expression : 

∇ c J = - T 0 Ω 2 
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Adjoint State Method

Lagrangian fonctional [1] : 

Adjoint State Method

Lagrangian fonctional [1] :

Let us choose λ = λ such as ∂L ∂u = 0 All time scheme can be summed-up such as :

We are looking for a Discrete Adjoint state satisfying :

With the adjoint operator L * satisfying : 

We are looking for a Discrete Adjoint state satisfying :

With the adjoint operator L * satisfying :