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In this paper I use Sfard's commognitive framework to investigate four geometrical discourses, as they appeared when preservice teachers (PSTs) were leading classroom discussions about defining and classifying quadrilaterals in authentic lower secondary school classrooms. Their tryouts are part of a broader learning teaching project in a practice-based teacher education course in Norway. The focus is on mathematical problems PSTs address in learning-teaching situations, with students and geometrical discourses, in their efforts to promote hierarchical relations between quadrilaterals using pre-constructed dynamic figures in Geogebra. The analysis shows that PSTs create opportunities to talk about hierarchical relations. However, they struggle to move between static and dynamic ways of talking about geometrical objects when needed and it seems challenging to build appropriately on students' prototypical and partitional contributions.

Introduction

The most challenging work preservice teachers (PSTs) face in enacting current reforms is to orchestrate classroom discussions that use students' responses in such ways that they advance the mathematical learning of the whole class [START_REF] Lampert | Using designed instructional activities to enable novices to manage ambitious mathematics teaching[END_REF]. The PST is expected to execute skilled ways to support and challenge students when they are presenting their ideas, and build upon them by contrasting, comparing and connecting their ideas to accepted disciplinary ideas [START_REF] Stein | Orchestrating productive mathematical discussions: Five practices for helping teachers move beyond show and tell[END_REF]. For students, age 13-15, it could mean helping them move from using visual recognition or informal properties check when identifying and comparing geometrical shapes, to using definitions and state logical arguments to justify claims about these shapes [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF][START_REF] Sinclair | The more it changes, the more it becomes the same: The development of the routine of shape identification in dynamic geometry environment[END_REF].

Defining and classifying quadrilaterals contribute to the development of geometrical thinking and mathematical argumentation and proof [START_REF] Fujita | Learners' understanding of the definitions and hierarchical classification of quadrilaterals: Towards a theoretical framing[END_REF]. Research reports, however, that PSTs and students find it difficult to understand and accept hierarchical relations of geometrical shapes (e.g., [START_REF] Fujita | Learners' understanding of the definitions and hierarchical classification of quadrilaterals: Towards a theoretical framing[END_REF][START_REF] Millsaps | Challenging preservice elementary teachers' Image of Rectangles[END_REF]. A significant reason is their reliance on prototypical images. [START_REF] Hershkowitz | Psychological aspects of learning geometry[END_REF] describes prototype examples as the subset of examples that have all the necessary properties and, in addition, other specific (none-necessary) properties that have strong visual characteristics. Prototype images often lead to what de Villiers (1994) calls partitional definitions, which exclude, for instance, rectangles from being parallelograms. In mathematics, hierarchical definitions, which includes rectangles as parallelograms, are preferred because they are more economical and useful. Consequently, defining and classifying quadrilaterals are highly interrelated activities [START_REF] De Villiers | The role and function of hierarchical classification of quadrilaterals[END_REF].

Leading classrooms discussions is a complex and situated activity [START_REF] Stein | Orchestrating productive mathematical discussions: Five practices for helping teachers move beyond show and tell[END_REF]. One way of looking at this complexity is to see teaching as an activity of problem solving and problem posing [START_REF] Lampert | Using designed instructional activities to enable novices to manage ambitious mathematics teaching[END_REF]. These problems arise in establishing and maintaining relationships between the teacher, students and the mathematics because of the constraints and possibilities the participants generate during instruction [START_REF] Lampert | Using designed instructional activities to enable novices to manage ambitious mathematics teaching[END_REF]. For instance, the way the teacher creates and exploits opportunities for mathematics learning can constrain or promote the kind of mathematics students can engage in [START_REF] Sfard | Ritual for ritual, exploration for exploration: Or, what learners are offered is what you get from them in return[END_REF]. Similarly, students and the mathematics can both constrain and open up what the teacher can do to teach. To solve these problems of practice, the teacher needs to deal with a wide range of issues across social, temporal, and intellectual domains. This paper focus on mathematical problems PSTs address in situations, with students and mathematics, in their efforts to promote hierarchical relations between quadrilaterals using shape makers (i.e. pre-constructed dynamic figures in Geogebra). For this purpose, I use [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF] commognitive approach to examine the geometrical discourses that developed in four wholeclassroom discussions led by PSTs in authentic classrooms. The framework enables me to make claims about PSTs' geometrical discourses in terms of how they communicate when teaching [START_REF] Sfard | Ritual for ritual, exploration for exploration: Or, what learners are offered is what you get from them in return[END_REF]. In the following, I will first briefly outline key concepts from the commognitive framework related to characteristics of geometrical discourses. Then I will introduce the context of the study and illustrate identified mathematical problems with excerpts from the discussions.

Theoretical background

The movement towards a geometrical discourse that includes hierarchical definitions are, by Sfard (2008, p. 256) called meta-level development, because the rules that governs the participation change and words are used differently than colloquial discourses. Taking a participationist view, these changes must be mediated by an experienced participant in the desired discourse (Sfard, 2008, p. 254). I therefore argue, as Sfard (2017, p. 55), that being able to capture mathematical problems PSTs address in their attempts it is necessary to go into the finest details of the geometrical discourse offered. From a commognitive perspective (Sfard, 2008, p. 93), this means the use of words (e.g., parallelograms) and visual mediators (e.g., shape makers created for the sake of communication) to surface how geometrical objects are perceived and the construction and substantiation of geometrical narratives (stories about geometrical objects) to characterize the routines (e.g., how to identify shapes) employed in the classroom. Sfard (2008, p. 228) describes orders of geometrical discourses, where each subsequent discourse is a meta-discourse of the former and geometrical objects typically arise as a result of saming lower order objects. Drawing on Sfard's work, Sinclair and Moss (2012, p. 31) present three orders of geometrical discourses relevant for school. In first and second discourse, identification routines rely on a continuous transformation of a figure into a prototype and some informal properties check of necessary and specific properties. The words are mainly used as proper names of concrete objects or as family names of exclusive classes of concrete objects. In the third geometrical discourse, transformability is no longer the official identification routine. Here, recognition needs to be followed by a discursively mediated procedure, such as, checking if the conditions described in a definition holds or not. The set of properties listed in a definition are seen as necessary and sufficient conditions for determining membership in a category. This means that the new routine opens up for the possibility to call a figure by several names [START_REF] Sinclair | The more it changes, the more it becomes the same: The development of the routine of shape identification in dynamic geometry environment[END_REF].

Studies (e.g., [START_REF] Millsaps | Challenging preservice elementary teachers' Image of Rectangles[END_REF][START_REF] Sinclair | The more it changes, the more it becomes the same: The development of the routine of shape identification in dynamic geometry environment[END_REF] report that dynamic environments are helpful to move towards more sophisticated geometrical discourses. It is especially the actual witness of continuous transformations of shapes when dragging a figure that is promising because students flex their prototypical range of shapes they are ready to call the same [START_REF] Sinclair | The more it changes, the more it becomes the same: The development of the routine of shape identification in dynamic geometry environment[END_REF]. However, according to [START_REF] Sinclair | To be or to become: How dynamic geometry changes discourse[END_REF], the transitions between dynamic and static media are challenging, because the transitions influence the talk about geometrical objects. For instance, in dynamic geometry, identification routines become time-dependent and human-based operations that invite students to act on the figure. In addition, [START_REF] Millsaps | Challenging preservice elementary teachers' Image of Rectangles[END_REF] found that PSTs struggle to move between the two discourses when they explore shape makers that embody hierarchical definitions.

Methods

The PSTs in this study are undertaking a one-year mathematics course as part of a four-year Norwegian teacher education program for lower secondary school teachers. They were provided opportunities to move back and forth between campus and practicum to collaboratively prepare for, enact and reflect on their teaching. In their preparation, the PSTs investigated seven shape makers. See Figure 1. Each maker generates a category of shapes with all necessary properties of specific quadrilaterals. The PST rehearsed discussions about these makers where they all acted, in turns, as teachers and students. Afterwards, four practicum groups planned a lesson using [START_REF] Stein | Orchestrating productive mathematical discussions: Five practices for helping teachers move beyond show and tell[END_REF] framework to prepare for classroom discussions in authentic classrooms. One PST taught the lesson. Others video recorded the activity. The videos and transcripts of the enactments and the rehearsals are data in this paper, as well as PSTs' portfolios about the tryouts. The focus is the geometrical discourses that surfaced in four classroom discussions with students. In addition, the rehearsals and the portfolios provide a window to PSTs' geometrical discourses before and after the enactments in the classroom.

The transcriptions of the classroom discussions were first organized into mathematical episodes that encompass the whole discussion around a claim about the shape makers. 55 episodes were identified and categorized in three groups; 1)17 episodes about necessary and specific properties; 2)18 episodes about the naming process; 3) 10 episodes addressed hierarchical relations. Since classification is closely related to definitions (de Villiers, 1994), I analyzed all episodes focusing on the use of words and routines related to orders of geometrical discourses [START_REF] Sinclair | The more it changes, the more it becomes the same: The development of the routine of shape identification in dynamic geometry environment[END_REF]. I looked especially for instances in the talk that seemed to constrain or promote the geometrical discourse in order to capture mathematical problems the PSTs address in these complex settings.

Findings and analysis

The analysis shows that the four PSTs, called by pseudonyms Andy, Fay, Joy and Lisa, manage to create opportunities to talk about hierarchical relations in their discussions. However, PSTs struggle to address the problems that arise in the learning-teaching situations.

The problem of moving between dynamic and static ways of talking about geometrical objects

This problem arises in almost all of the hierarchical episodes, which resonates with what [START_REF] Sinclair | To be or to become: How dynamic geometry changes discourse[END_REF] and [START_REF] Millsaps | Challenging preservice elementary teachers' Image of Rectangles[END_REF] report in their studies. For instance, in Lisa's, Joy's and Fay's first hierarchical episode they ask students if the diagonal angles are perpendicular in Figure B (the rectangle maker). The students answer "no." In contrast to squares, perpendicular diagonals is a specific property in rectangles. The PSTs exploit the opportunity offered and similar problems arise. However, they address them differently as illustrated by excerpts from Joy's and Lisa's discussion.

In Joy's discussion, another student disagrees and says; "yes, you can make the diagonals perpendicular. If you make it into a square. Just take it in" [19]. The student uses the terms "make it" and "take it in" to describe the dynamic movement involved in dragging the rectangle maker until it looks like a square. Joy acknowledges the suggestion and demonstrates the transformation-based routine on the smartboard.

Joy:

Then it is not a rectangle anymore, it is a square. But a square is also the same as a rectangle. (3s) It can be a rectangle, but a rectangle cannot be a square.

(2s). [20]

Joy reinforces the dynamic, exclusive way of talking about a rectangle becoming another shape, a square, in the first sentence [START_REF] Millsaps | Challenging preservice elementary teachers' Image of Rectangles[END_REF]. Then she contradicts this statement using an inclusive way of talking. Finally, she concludes with a dynamic and incorrect way of talking about the asymmetric relation between a square and rectangle. In the rehearsals, Joy's group addressed the same problem using the words "can be" and "cannot be" to express these asymmetric relations as well. In contrast, they used "can be" appropriately ("A rectangle can be a square, but a square cannot be a rectangle"). This shows that Joy struggles to articulate hierarchical relations when she moves between dynamic and static ways of talking about figures. Joy does not address these contradictory statements and she avoids hierarchical episodes in the rest of the discussion.

Lisa was in the same rehearsal group as Joy. In her discussion with students, she manages to use the term "can be" appropriately when she explains why diagonals "can be" made perpendicular in Figure B. She states the following inclusive narrative: "This is because a rectangle also can be a square" [43]. However, Lisa does not address the opposite asymmetric relationship, as Joy did. Nor does she verify the claim by using the hierarchical definitions she introduced to the students in the beginning of the lesson. In the other hierarchical episodes, Lisa repeats the same narrative, replacing "rectangle" with "rhombus" and "parallelogram." To conclude, the way the PSTs' address the problem of moving between dynamic and static ways of talking about geometrical objects seems to constrain the kind of mathematics students can engage in during the discussions.

The problem of building on students' prototypical and partitional contributions

In Fay's and Andy's discussions, another problem surfaced. Namely, the problem of building on students' prototypical and partitional contributions. Diagonals "can be" perpendicular: Fay's first hierarchical episode surfaced in the discussion about perpendicular diagonals being a specific property in rectangles. Fay drags the rectangle maker to show that it is possible to make the diagonals perpendicular. When Fay asks if it can be named anything else than rectangles [50], a student suggests that it can "if we take it in" [51]. Fay reinforces the dynamic, exclusive way of talking about shapes when she uses the terms "become" and "could it" in her following questions; "what had it become then?" [52] and "could it be a square?" [54]. A student confirms and Fay concludes by saying "But, then the sides are of equal length, right?"[58].

Diagonals "are not" of equal length: After the discussion about squares and rectangles, Fay asks a student about the diagonals in Figure D (the parallelogram maker). "Are they not of equal length?"[61], a student replies. Fay asks if "they look equal?" [62]. The student revises his answer ("no, no, just kidding"[63]). Fay replies "OK" and concludes with a prototypical claim that diagonals "are not equal" [64]. Equal and perpendicular diagonals are specific properties to parallelograms and necessary properties to rectangles and rhombs, respectively. There are therefore many possible solutions and Fay has to make a decision which one to pursue. In this situation, Fay does not use dragging to explore these "can be" possibilities as she did in the discussion about rectangles "becoming" a square. She chooses to follow the path of "not equal diagonals." In this situation, the student contributes with a prototypical and partitional claim about parallelograms [START_REF] Hershkowitz | Psychological aspects of learning geometry[END_REF]. Fay repeats the student's narrative and draws attention towards the angles in the vertices [78]. The phrasing of the questions has changed from the dynamic "could this be" to a static "will this be" 90 degrees. However, the student's suggestion in [85] provides Fay with an opportunity to search for counter examples where the angles "can be" 90 degrees and therefore flex the student's prototypical claim [START_REF] Sinclair | The more it changes, the more it becomes the same: The development of the routine of shape identification in dynamic geometry environment[END_REF]. She follows the student's suggestion but drags the figure so that the diagonals become perpendicular, not the vertices [86].

Figure
The potential opportunity provided by the student therefore becomes a confirming example, which is not sufficient to substantiate that the vertices "will not be" 90 degrees nor to convince the student that not all parallelograms are slanted. Fay does not address this problem in the discussion, but uses the dragging experience to verify that figure D cannot be a square, at least [93].

In parallelograms, the diagonals are not equal, the vertices are not 90 degrees, and the diagonals are not perpendicular: Fay drags the parallelogram maker back to a prototypical parallelogram.

95 Fay: Okay, we say that the diagonals are not of equal length, and the vertices are not 90 degrees. Are these 90 degrees? The angles inside here? (Points at the diagonal angles). 96 Student:

No 97 Fay:

Not 90 degrees? Yes, maybe this is a recipe for a parallelogram?(2s) Maybe. 98 Student: Maybe 99 Fay:

Yes, because this is the only one we have seen until now that have different lengths on the diagonals. (Points to the diagonals)

During the discussion, Fay has shifted from talking about necessary properties used as conditions for determining membership in a category of specific quadrilaterals, such as squares and rectangles, to talking about conditions that exclude membership in a category of parallelograms. Fays advocates a "recipe" [97] where excluding conditions, such as "diagonals are not equal" and "vertices are not 90 degrees," are sufficient conditions for naming a figure a parallelogram, because parallelograms "is the only one" they have seen that have different length of diagonals [99]. Furthermore, she claims that diagonal angles are not 90 degrees in parallelograms, despite the fact that she recently presented a counter example (the slanted rhombus). Thus, the dynamic perspective is absent when Fay talks about the properties of parallelograms, which I believe happened when she decided to follow the path of "not equal diagonals"[64] instead of the dynamic "can be" talk she promoted earlier. The other critical learning-teaching situation was when Fay decided to build on the prototypical claim about parallelograms being slanted [77]. I have tried to show how these decisions changed the inclusive talk that started in the first hierarchical episode where rectangles could become squares, and ended as a static and exclusive talk where rectangles and squares are excluded as parallelograms. These problems, I believe, affected the conflicting geometrical discourses that surfaced in the final hierarchical episode in Fay's discussion.

Parallelograms cannot be a rectangle, but a rectangle is a parallelogram: In her final hierarchical episode, Fay recalls a peer PST's teaching some weeks ago to sum up and end the discussion. 

Concluding remarks

Several studies have used interviews or questionnaires to examine PSTs' hierarchical reasoning and they report that PSTs struggle even though they have taken geometry courses as part of their teacher education program (e.g., Fujiti & Jones, 2007;[START_REF] Millsaps | Challenging preservice elementary teachers' Image of Rectangles[END_REF]. It is therefore no surprise that PSTs in this study meet similar challenges when they are trying to lead classroom discussions about defining and classifying quadrilaterals in authentic classrooms with students. However, what challenges and how they tackle them in this setting has not been sufficiently investigated.

The analysis show that the PSTs are in their early process of individualizing hierarchical relations between quadrilaterals. They manage to create opportunities for students to engage in hierarchical relations. However, none of the PSTs use hierarchical definitions in their reasoning about the shapes. This resonates with [START_REF] Fujita | Learners' understanding of the definitions and hierarchical classification of quadrilaterals: Towards a theoretical framing[END_REF] reporting that PSTs prefer to rely on specific examples when identifying shapes, even though they know definitions. When PSTs need to step in and out of dynamic and static discourses, they struggle to connect and articulate hierarchical relations as illustrated in Lisa's and Joy's discussions. Millsaps (2013, p. 38) reports on similar challenges where experiences with shape makers actually can reinforce some aspects of existing partitional definitions. She therefore highlights discussions about the use of classification narratives to support the transformation from partitional to hierarchical definitions (Millsaps, 2013, p. 40).

Trying to interpret and build on incomplete contributions from students is challenging for PSTs [START_REF] Lampert | Using designed instructional activities to enable novices to manage ambitious mathematics teaching[END_REF]. I believe Fay's discussion illustrates how difficult it is for PSTs to balance between honoring students' participation and promoting mathematical discourse in classrooms.

Especially when the discussion requires a sensitivity to step in and out of geometrical discourses when needed and provide opportunities for students to engage meta-level development [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF].

Figure 1 :

 1 Figure 1: Four of the seven Shape Makers of specific quadrilaterals

  I use excerpts from Fay's talk about parallelograms (Figure D) to illustrate how students' contributions and the mathematical discourse seem to constrain and open up what PSTs can choose of possible solutions during the discussion.

  Yes, they are parallel and they are parallel. Right, this and this. (Points to the pair sides in the rectangle) They just go upwards and will never intersect each other. Yes. (2s) Figure B, it is in fact a parallelogram as well, but it can also be a rectangle.In this episode, Fay asks students to compare rectangles and parallelograms. First, she asks if parallelograms can be a rectangle[109]. She waits for 7 seconds and there is no response. Fay simplifies the question by drawing attention to the vertices in the slanted parallelogram in FigureDand recalling that in rectangles they must be 90 degrees[109]. Several students reply no, which is correct according to visual recognition and the offered partitional definition that excludes rectangles from being parallelograms. Then Fay prompts for the opposite relation between rectangles and parallelograms asking if a rectangle "can be" a parallelogram[111]. The student claims yes, and she uses the lengths of the opposite sides as a necessary and sufficient property to determine membership in parallelograms[114]. The student uses the definition of parallelograms that most students in lower secondary school know. Fay acknowledges the contribution and she demonstrates what sides are parallel[115]. Fay ends up with two conflicting narratives, which are both endorsed using "accepted" definitions of parallelograms by the class community. The first uses the vertices not being 90 degrees to exclude rectangles from being parallelograms[109]. The second uses the opposite parallel sides to include rectangles as parallelograms[115]. Both suggestions are based on student's contributions and Fay's attempt to build on them. Fay does not identify the problem, which resonates withMillsaps' (2013, p. 38) study that reports on PSTs being capable of holding two conflicting claims about hierarchical relations when they are moving between dynamic and static geometry.

	115 Fay:	
	109 Fay:	He talked about a rectangle that could be a parallelogram and the opposite.
		(.) Or, can parallelograms be a rectangle? (7s) Can it? (2s) Can this be a
		rectangle? (3s) (Points at the parallelogram maker) If I say to make this a
		rectangle, it must be 90 degrees at the angles here. (Points at the vertices)
		Can it?
	110 Students:	No
	111 Fay:	No, but can this (Points at the rectangle maker) be a parallelogram?
	112 Student:	Yes
	113 Fay:	Yes. Why?
	114 Students:	Because the opposite sides are parallel.