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This paper is a part of an ongoing research that seeks to propose sequences of problem-posing and problem-solving tasks that will help students to develop deeper comprehension of jump discontinuity of functions. We present a teaching experience focused on problem-posing in the context of discontinuous functions of one or two real variables, and analyze the cognitive demand that underlie the posed problems. We developed this experience in a real analysis course for inservice teachers. The teaching experience shows that it is possible to design a sequence of didactic tasks of problem-posing grounded in daily life situations, which facilitate the perception and intuitive comprehension of jump discontinuity of real functions. This experience suggests also to delve into the relationship between problem posing and cognitive demand.

Introduction

The concept of function has been considered for a long time as the most important in the whole development of mathematics. However, in mathematics education research, there are few publications related to discontinuity of functions at the university level. In one of them, [START_REF] Hitt | Teachers' difficulties with the construction of continuous and discontinuous functions[END_REF] claims that "when teachers came to construct functions they showed a marked tendency to think in terms of continuous functions. […] Even if they had learned about discontinuous functions, the concept has not become on active element of their mathematical thinking" (p.19). Furthermore, [START_REF] Jayakody | Continuous problem of function continuity[END_REF] state that the type of definition that is used on continuity of functions is important for the teaching of this mathematical object. Thus, according these researchers, students must face different definitions and representations, depending on the context. Based on our previous researches, we claim problem posing (PP) tasks help to deep into definitions and representations of a mathematical object previously chosen. Certainly, this innovation should be addressed by a teacher who should have the competence for analyzing his/her mathematical practices (didactic analysis competence) [START_REF] Torres | Improving in-service teachers' problem posing skill by means of didactic reflection[END_REF].

In our research, we are developing PP tasks with emphasis on the observation of the discontinuity of functions. Even more, with the purpose of contributing to the improvement of in-service teachers' didactic analysis competence around this topic, we analyze the levels of cognitive demand (LCD) of the posed problems. With this feedback, the future similar sequences of tasks to be proposed could have more possibilities of adaptation to different groups of students. As Georgius (2013) says, "Teachers need to learn to differentiate between tasks of high and low cognitive demand and select tasks that require students to make deep mathematical connections." (p. 9).

Our main research goals are: (i) To examine the cognitive demand of the problems posed by inservice teachers, from daily life situations, in the mathematical environment of the functions with jump discontinuities; (ii) to propose a didactic sequence for the teaching of functions with jump discontinuities.

Theoretical framework

Problem posing and mathematical teacher's competence

It is worth mentioning that there are different positions in terms of what researchers understand by engaging in problem posing activities [START_REF] Cai | Problem-Posing research in mathematics education: some answered and unanswered questions[END_REF]. In this study, we adopt the proposal from [START_REF] Malaspina | Development of teachers' mathematical and didactic competencies by means of problem posing[END_REF], according to which problem posing is a process through which a new problem is obtained. If the new problem is obtained by modifying a given problem, it is said that the new problem was obtained by variation. If the new problem is obtained from a given situation or from a specific requirement, whether mathematical or didactic, it is said that the new problem was obtained by elaboration. These scholars also consider that problems have four fundamental elements: information, requirement, context (intra-mathematical or extra-mathematical) and mathematical environment; in that approach, problem posing by variation entails quantitative or qualitative modifications of one or more of these elements in a given problem; and problem posing by elaboration can be done specifying these four elements from the given situation.

Usually, in order to develop and assess students' mathematical knowledge and skills, instructional strategies mainly focus on problem solving. We consider that a teacher must not only have the ability to solve mathematical problems, but also choose, modify and pose problems with educational purposes, which means to facilitate or delve into his students' learning and stimulate their mathematical thinking [START_REF] Tichá | Developing teachers' subject didactic competence through problem posing[END_REF][START_REF] Torres | Improving in-service teachers' problem posing skill by means of didactic reflection[END_REF]. Moreover, we consider that the teachers' experiences, both in the problem posing and in the determination of their LCD, will contribute to the quality of the problem posing tasks when they design mathematical units of study, including the assessment of the learnings; i.e., such experiences will contribute to improving their didactic analysis competence.

Cognitive demand to discontinuous functions

As one can imagine, conducting research regarding cognitive demand of mathematical problems is a wide endeavor. Most of the studies related to these topics apply quantitative research, which means to describe the LCD based on psychometrical methods. In our study, we want to go deep into cognitive demand from a qualitative perspective, because as [START_REF] Wilhelm | Mathematics teachers' enactment of cognitively demanding tasks: Investigation links to teachers' knowledge and conceptions[END_REF] claims "there is evidence suggesting that mathematical knowledge for teaching and conceptions of teaching and learning mathematics are likely to be related to the enactment of cognitively demanding tasks and that they might be interrelated in complex ways". In this sense, the cognitive demand of mathematical tasks as a research topic has been of interest for mathematics education researchers (Gutiérrez, Benedicto, Jaime, & Arbona, 2018;[START_REF] Smith | Selecting and creating mathematical tasks: From research to practice[END_REF].

The Cognitive Demand model proposed by [START_REF] Smith | Selecting and creating mathematical tasks: From research to practice[END_REF], characterizes the mathematical tasks according to their potential to engage students in high-level thinking. It includes four levels of cognitive demand that assess the cognitive effort required from students to solve a mathematical task. Moreover, they argue the importance to examine the cognitive demand required by tasks because of their influence on student's learning.

Certainly, the proposal developed by [START_REF] Smith | Selecting and creating mathematical tasks: From research to practice[END_REF] has been a seminal reference at this time. These researchers gave us a set of criteria to classify mathematical tasks or problems into four levels of cognitive demand corresponding to different grades of cognitive effort required to solve them. However, if we want to determine a LCD to the posed problems on discontinuous functions, we consider necessary to make adjustments to the characteristics of these LCD (Table 1). It is worth mentioning that there are already studies taking this approach. For example, Gutiérrez et al. ( 2018) made a particularization for pre-algebra problems.

Taking into account the importance of the LCD, expressed by mathematics education researchers, and considering cognitive demand as a characterization of the complexity of the reasoning required for solving a mathematical task, we think that having criteria and examples to assign levels of cognitive demand to problems on real discontinuous functions, will serve as a basis for assigning tasks on this mathematical object; even more, if the purpose is to work with non-routine problems, such as those proposed by the teachers themselves, based on situations from daily life.

We use the LCD proposed by [START_REF] Smith | Selecting and creating mathematical tasks: From research to practice[END_REF] as a reference for our purposes. In Table 1 we describe these four LCD that we have adjusted to problems posed by variation or elaboration on discontinuous real functions. We take into account that in the given problem or in the given situation, a discontinuous function could be implicit or explicit. Each level is exemplified and some of the examples come from problems 1 to 7, which emerged in this didactic experience and are shown in the results and discussion section.

Levels of cognitive demand Some characteristics of posed problems (by variation or by elaboration) on discontinuous functions

Low 

The study methodology

This study is based on an experimental case study, exploratory and descriptive, taking as unit of analysis the problems posed by the teachers participating in the workshop. We use the LCD stated in Table 1 to analyze problems posed by the participants. They developed a sequence of tasks of PP aimed at guiding them in understanding the basic ideas related to functions with jump discontinuities. To determine the LCD of each problem, we examined the link between its information and its requirement, the solutions presented by the participants and the solutions we developed. Finally, we compared the characteristics found in our analysis with the characteristics given in Table 1.

Sample and experimental setting

The sample for this study comprises of 22 in-service teachers who were enrolled in the Analysis in the real line course and Analysis in several real variables course from the Master's Program in Mathematics Education at Pontificia Universidad Católica del Perú. Most of them are in-service teachers, and some of them are engineers. None of them has had previous experience neither in PP whose objective is to facilitate learnings nor in studying discontinuous functions in daily life contexts.

We developed the experience in 6 phases: Phase 1: Become familiar with PP as part of the topics of the class; for example, given a daily life situation related to shopping in a convenience store, pose and solve a problem in the mathematical environment of affine functions. Phase 2: Choose a real situation corresponding to a single variable real function, discontinuous at points of integer abscissa, and ask for questions related to the given situation. Phase 3: Present the definition of continuous single variable real function at a point of accumulation of the domain of the function by using limits. Analyze the definition and jump discontinuity at a point using the questions and answers to Phase 2. Phase 4: Present a daily life situation and ask to use it to pose problems that illustrate cases of continuity and discontinuity of a single variable real function. Phase 5: Propose daily life situations favorable for graphic representations of subsets of the plane related to points of discontinuity of a two-variable real function. Phase 6: Use the results from the previous phase to formally define a two-real variable function with discontinuities. Analyze the definition and jump discontinuity at a point.

Results and discussion

In this section, we analyze the results from the didactic experience, focusing on the LCD of the problems posed and solved by the participants, following the specifications given for each level in Table 1. We analyzed the cognitive demand of all the problems posed by the participants, but due to space limitations, we will show only some of them.

In Phase 1, we focused on what happened when students were asked to pose a problem based on the following situation: A convenience store sells a specific brand of juice in one-liter bottles at 6 dollars each, and offers 3 bottles for the price of 2. The problems posed were of different LCD, but due to space limitations we don't refer explicitly to them as we do for other phases, directly related to discontinuous functions with real variables.

We worked on Phase 2 with a common daily life situation, such as paying for a parking space.

There are fees such as: "4 dollars hourly or less". Students were asked to write problem-questions that could be posed in the mathematical environment of real functions of a real variable. We chose some of the questions, considering the different LCD they entail: With the graph (Figure 1) and the question, participants intervened saying expressions like 'discontinuity', 'left-hand limit' and 'righthand limit'.

All of this we used for formally introducing the concept of continuity at a point of the domain of a real function of a real variable by using limits, when that point is a point of accumulation of its domain; that is, for developing Phase 3. We used the following definition: If f is a real function of a real variable, a is a point of domain and a point of accumulation of f; then f is continuous for x = a if and only if We analyzed the meaning of this definition using the representations made by the participants.

We can see that Problem 1 requires a direct calculation, so we place it in Level A. Problem 2 explicitly requires the graph of a function, so we place it in Level C. Problem 3 requires complex and nonalgorithmic thinking of the solver, so we place it in Level D.

For Phase 4, we proposed the following: Use the following situation to pose a problem whose solution shows cases of continuity and discontinuity of a function in the interval [0; 17]. In a convenience store there is a sign with the following offer: 6 kg bag of rice for 15 dollars. Price per kilogram: 3 dollars Most of the participants proposed using the situation to define a function and represent it graphic and algebraically, as shown in Figure 2.

For Phase 5, we proposed the following situation: At a market, rice and sugar are sold for 3 and 2.40 dollars per kilogram, respectively. Also, as a special offer, 3-kg-rice and 2-kg-sugar packages are sold for 10 dollars.

The idea was to use the situation so that, assuming the quantities of rice and sugar bought can vary in intervals of real numbers, it is perceived that by taking the offer it is possible to find points near each other, whose corresponding payments are not near. Finding the function f of two variables, which expresses paying f (x; y) dollars for x kg of rice and y kg of sugar by taking the offer as long as it is possible, and assuming variables x, y can take every non-negative real number, it is a problem requiring high cognitive demand. We didactically consider it is important and necessary to pose problems that facilitate the comprehension and solution of this problem; in other words, pre-problems, which is the term used in our PP approach [START_REF] Malaspina | Development of teachers' mathematical and didactic competencies by means of problem posing[END_REF]. The basic idea for such pre-problems was to identify points and regions of the plane where the convenience store's offer cannot be taken up on. Thus, we proposed participants to pose problems by using the given situation and different possibilities in relation to taking the convenience store's offer. Some of the problems were:

Problem 4. How much should you pay if you take up on the offer for 4 kilos of rice and 3 kilos of sugar?

Problem 5. How much should you pay if you take up on the offerwhen possible -for the following cases? 2.95 kilos of rice and 8 kilos of sugar; 3 kilos of rice and 8 of sugar; and 3.05 kilos of rice and 8 of sugar?

Problem 6: How much should you pay if you take up on the offer for 7 kilos of rice and 5 kilos of sugar?

Problem 7: When buying what quantities of rice and sugar is it not possible to use the offer?

We invited the authors of problems 4, 5 and 6 to socialize their problems and solutions. Some doubts were clarified after a short discussion.

Due to the simplicity of these problems, we will stop at Problem 7, which is the one that implies the greatest cognitive demand. Its complexity requires restrictions and graphic representations of the corresponding regions. We asked all participants to solve it, telling them to use x as the variable representing kilograms of rice and y as the variable representing kilograms of sugar, both of which can take non-negative real numbers.

Something particularly important in this context is to consider strips of points where the offer cannot be taken up on since x < 3 or y < 2. After examining this observation, participants stated that they understood the solution presented by their colleague A3 (Figure 3).

The problems posed by the participants and the solutions they analyzedspecially Problem 7created favorable conditions to go to Phase 6: define a function f whose variables x and y have the meanings already assigned, so that expresses the payment made to buy x kilos of rice and y kilos of sugar by taking the offer, as long as it is possible. To simplify, the purchase was restricted to 5 kilos of rice and 4 kilos of sugar maximum, and we asked to examine how much should one pay for several (x; y) points in which the offer cannot be taken up on. After some rich mathematical and didactic discussion, it was agreed to name the given set as L in Figure 4, and the set of all possible purchases as A, considering the given restriction. A = [0; 5] x [0; 4] and L = . is shown in Figure 4.

Using these sets and calculating values such as f(3; 2); f(2.9; 1.8); f(2.9; 2.1); f(3.25; 3); f(2.9; 4); f(5; 1.9) we came to the following function:

It became evident that f values for points near (3; 2) were not necessarily near f(3; 2), and that is how the discontinuity of this function was perceived at point (3; 2). It is worth mentioning that f is a discontinuous function not only at (3; 2) and that it was obtained by PP, considering an extra-mathematical context taken from a daily life situation. Following this discussion, the formal definition of continuous function at point a = of its domain was given, when the function is real of two real variables and a is an accumulation point of its domain, similar to what was done for single variable functions in Phase 3.

We placed problems 4 and 6 in Level B because they were basically calculations that were not straightforward. Problem 5, by proposing calculate values of the implicit function corresponding to points with non-whole abscise, and near to the point (3; 8), contributed to the perception that the values of the function at a point of its domain are not necessarily near the value of the function near that point. Furthermore, that (3; 2) is not the only point with that characteristic (point of discontinuity), but there are many other points of discontinuity on the line with equation x = 3. Thus, we place it in Level C. Problem 7 is placed in Level D. It requires the perception of a subset of the plane that do not contain its boundary, precisely because at some boundary points the offer can be used.

Final considerations

Based on the previous section, as well as on the results of the examination made at the end of the course, we consider that the didactic sequence, with the above described phases, to pose problems of different LCD, facilitate perception and intuitive comprehension of single and two-variable real functions, which have jump discontinuities at one or more points of their domains and which are related to daily life situations. Moreover, it allowed us to introduce and analyze definitions and representations of continuity and discontinuity of functions as [START_REF] Jayakody | Continuous problem of function continuity[END_REF] claimed to be helpful for understanding theses mathematical objects.

The adjustments that we propose of Smith and Stein's model of cognitive demand levels for analyzing problems on discontinuous functions and their examples emerged from the experience, give us elements for new proposals oriented to the improvement of teachers' didactic analysis competence. It could be useful as a starting point for similar experiences and deepening the research of teaching and learning single or two-variable discontinuous real functions, including LCD analysis. We consider it important that teacher educators and researchers of university mathematics education have examples of problems about discontinuous functions created from daily life situations and characterized with specific LCD. It is also worth mentioning the students' positive comments about the tasks that they developed. Moreover, they value the links shown between daily life situations and the university mathematics, which are usually dealt only in intra-mathematical contexts. This experience, which links university mathematics, PP and cognitive demand, suggests research should be done to delve into these links that are not so present in the researches in these fields.
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 1 Figure 1: Graph of the payment for parking function

Problem 1 :

 1 How much will you pay for parking for 1 hour and 15 minutes? Problem 2: What is the graph like of the payment function for parking for x hours? Problem 3: What is the algebraic expression of the payment function for parking for x hours?Students worked in pairs and some of them came to the correct graph of function P = P(x): 'the payment of P(x) dollars for parking for x hours', as the one shown in Figure1. After sharing this graph, we asked the following question: If Mary says she parked her car for about 2 hours, can we know how much Mary paid for parking?
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  Figure 2: Graph of the payment function using the offer. Problem 2
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 3 Figure 3: Solution of the Problem 7 presented by participant A3 (set L)
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Table 1 : Characterization of the LCD to problems posed on discontinuous functions

 1 Specify algebraically a discontinuous function of one or two variables, given implicitly in a situation. (e.g. Find the algebraic expression and its graphic of the pay function given as example in level B; See Problem 3 and Problem 7)

		Routine procedures	
		(A)		
				Non evident values of an implicit discontinuous function of one or
	-level	Procedures without	two variables in a given situation are calculated. (e.g., Suppose that
		connections to		for each kilo of rice you pay 3 dollars, but if you buy 4 kilos or
		concepts or meaning	more, you have a total discount of 10%. How much will you pay for
		(B)		3.5 kilos of rice? And for 4 kilos of rice? See Problem 4 and
				Problem 6)
	High-level	Procedures connections concepts meaning (C)	with to and	Tasks focused on discovering the underlying contents and gaining mathematical understanding. (e.g. Make a graphic representation of the greatest integer function; See Problem 2 and Problem 5.)
		Doing mathematics	
		(D)		

Calculating values of a given function near, by left and right, to a point of jump discontinuity. (e. g. calculate f(1.5) and f(2.5), where f is the greatest integer function; See Problem 1)
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