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In this paper, we examine the conditional reasoning of 14 undergraduate Mathematics students. The used instrument consisted of four questions in the context of the essential contents of Calculus. The analysis was based on the written answers given by students and five semi-structured interviews. We found two important logical flaws that prevailed among students' reasoning: 1) use of the invalid inference denial of the antecedent, and 2) incorrect use of negations of conjunctions involved in a structure of the type .

Introduction

In an undergraduate degree, a first course in Calculus is actually a course about its foundations. In this type of course, students are required to develop their mathematical and logical reasoning, specifically their conditional reasoning. Students' difficulties in conditional reasoning tasks have been demonstrated in several investigations [START_REF] Hoyles | Students' understanding of logical implication[END_REF]. Some of them consisting of obtaining valid inferences from a rule given in the form P → Q, and a minor premise, for example to assume Q or not P [START_REF] Evans | Thinking about conditionals: A study of individual differences[END_REF][START_REF] Inglis | Conditional inference and advanced mathematical study[END_REF]. In general, given a statement P→Q there are four commonly drawn types inference, two are valid and two are invalid. The valid inferences are modus ponens (MP) (P→Q) and modus tollens (MT) (not Q→ not P); the invalid inferences are the denial of the antecedent (DA) (not P→ not Q) and affirmation of the consequent (AC) (Q→P). There are three types of contexts where tasks of this kind can be made: verbal and mathematical contexts [START_REF] Stylianides | Undergraduate Students' understanding of the contraposition equivalence rule in symbolic and verbal contexts[END_REF], and abstract context [START_REF] Evans | Thinking about conditionals: A study of individual differences[END_REF][START_REF] Inglis | Conditional inference and advanced mathematical study[END_REF][START_REF] Attridge | Advanced Mathematical Study and the Development of Conditional Reasoning Skills[END_REF]. Specialized literature reported that verbal and mathematical contexts can influence when a logical inference is made (see, for instance, a study carried out by [START_REF] Stylianides | Undergraduate Students' understanding of the contraposition equivalence rule in symbolic and verbal contexts[END_REF] on the use of MT inference in a verbal and mathematical contexts). In this paper, we use Toulmin's scheme to study the following question: can invalid inferences be identified from a conditional mathematical proposition by students who have completed a first course of university Calculus?

Theoretical Framework

In this work we used the term difficulty as [START_REF] Gueudet | Investigating the secondary-tertiary transition[END_REF], that is: "the association of an inadequate mathematical production and of various levels of factors likely to have caused this production" (p. 239). On the other hand, we will understand conditional reasoning as those inferences that can be made from a rule -major premise-of the form "P → Q" and a given minor premise, for example, suppose Q or not P. In general, the statement "P → Q" lead to four types of inferences summarized in In our research we examined the performance of 14 students -who had successfully completed a first course in university Calculus-through a task that included DA inference in the context of Calculus. Two questions were proposed (P1 and P2) in which the students were to use fundamental concepts of Calculus already learned with in their previous course, and two auxiliary questions written in two versions (P1a and P1b) with the purpose of minimizing the possible influence of context on the students' reasoning.

We used Toulmin's argument pattern (TAP), to analyze arguments students provided to support their written answers. This scheme was designed to analyze arguments from different scientific and philosophical areas, and it has become an important instrument in mathematics education researches as a way to analyze arguments [START_REF] Pedemonte | How can the relationship between argumentation and proof be analysed[END_REF][START_REF] Simpson | The anatomy of a mathematical proof: Implications for analyses with Toulmin's scheme[END_REF][START_REF] Zazkis | Bridging the gap between graphical arguments and verbal-symbolic proofs in a real analysis context[END_REF]. The scheme focuses on the content of the arguments and not on their logical structure. According to [START_REF] Simpson | The anatomy of a mathematical proof: Implications for analyses with Toulmin's scheme[END_REF], many authors adapt the Toulmin's scheme to their data and intentions for analysis. Toulmin identifies six elements in his model: Data (D), the available information which the claim is based; Conclusion (C) what is stated; Warranty (W) that justifies the transition of data to conclusion; the support (S) where warranty backs, for instance, a law, a theorem or a theory; a modal qualifier that assigns the degree of certainty in the conclusion, words such as probably, always, sometimes, never are examples of modal qualifiers; finally, Toulmin incorporates into his model the conditions of rebuttal (R) that show the possible invalidity of the conclusion [START_REF] Toulmin | The Uses of Argument[END_REF][START_REF] Simpson | The anatomy of a mathematical proof: Implications for analyses with Toulmin's scheme[END_REF].

Toulmin's argument pattern and the logical inferences model were appropriate to analyze the students' written answers. By mean of the use of these two tools, we were able to specify and analyze both the structure and the content of the arguments.

Methodology

The research instrument is composed of two questions (P1 and P2) that involved the use of fundamental concepts of Calculus studied in the first semester in Mathematics; and one auxiliary questions, written in two version (P1a and P1b), whose purpose were to minimize the possible influence of the context in students' reasoning. Invalid DA inference has been considered within P1 and P2 answers options.

P1 (Weierstrass Theorem) If is continuous in interval , which is closed and bounded, then is bounded and has a maximum in . What would you say if interval is not bounded? Indicate which of the following statements are true.

a) The theorem states that, if the three conditions are fulfilled, then is bounded and has a maximum. Since is not bounded, then has not maximun; b) The theorem does not establish anything, if any of the hypothesis is not fulfilled; c) Since is not bounded, then is not bounded in ; d) Although is not bounded, can be bounded and have a maximum. In relation to the P2 question, we assumed that the prohibition on the division by zero would influence the inferences of the students [START_REF] Tsamir | Concrete and Formal Arguments: The Case of Division by Zero[END_REF][START_REF] Kajander | It Does Not Exist": Infinity and Division by Zero in the Ontario Mathematics Curriculum[END_REF]. To minimize the impact of this prior knowledge, we opted to include an auxiliary question in our research instrument, which refers to the definition of the derivative of a function in its two versions: (P1a) and (P1b). The purpose of considering two versions of the definition of the derivative of a function was to investigate if students would accept some quotients, whose denominator tends to zero for its popularity as consolidated topics in Mathematics, for example, P1a; or whether they actually apply the concept of limit. In addition, we considered both expressions thinking in the possibility of some students would know the definition of derivative in one or another version.

The research instrument was applied to 14 students who had completed their first university course in Calculus at the Facultad de Ciencias de la Universidad Nacional Autónoma de México (UNAM). Due to the incorporation of the auxiliary question (in its two versions), we decided to apply the research instrument in two sessions so that, it would not immediately influence the students' answers to P2. In the first session, students formed two groups: we applied (P1 and P1a) to one group and (P1 and P1b) to the other. After two days, the second session took place. Question P2 was applied to both groups at the same time. Experimentation lasted 35 minutes. To deepen the arguments that students provided to support some of their answers, we carried out five semi-structured short interviews of 15 minutes.

Questions P1 and P2 have the same logic structure, see Figure 1. 

Discussion and analysis of results

We provide the analysis and discussion for each question P1 and P2. Due to space restrictions, we will present only one TAP referring to P2, which reflect the general reasoning of most of the students.

About Question P1

Only three of the fourteen students chose options b) or d), which are the correct answers. It should be noted that none of these 3 students chose b) and d) simultaneously. Most of the rest of the students chose c), they argued: "if it is a continuous function in an interval that is not bounded, then function is not bounded"; "all hypothesis must be met so we can say that a function is bounded in a closed interval I". In some cases, students that chose a), confused the maximum of a function with the maximum of the interval: "in order an interval has a maximum, it must be in the set, that is, it has to be closed and bounded".

We highlight the logical flaw in the reasoning of these students; they think that the falsehood of the premise of a proposition necessarily implies the falsehood of what is stated in the conclusion (DA inference). Figure 2 shows the logical structure of the reasoning of most of them. In terms of [START_REF] Gueudet | Investigating the secondary-tertiary transition[END_REF], this inadequate mathematical production was caused by factors of logical and mathematical type, that is, both the lack of knowledge of logical structures and the misuse of the concepts of Calculus, determined this inadequate production.

About Question P2

The results reveal that 10 of the 14 students did not answer this question correctly. Before beginning the analysis of P2, we will briefly comment on what happened in the answers to the auxiliary question (P1a and P1b). Most students expressed that the existence of the limit in both P1a and P1b depended on the nature of the function. More precisely, in the case of P1a, most students identified this limit with the derivative of a function, and still two students stated that such a limit did not exist because the denominator tended to zero. In the case of P1b, although no student directly related it to the derivative, none said that this limit was indeterminate, even two students argued that this limit was equal to 1. Regarding P2, it might seem strange that most students failed in this question a few days after having faced a similar situation with the definition of derivative of a function, since the expressions in P1a and P1b, and share the same structure of a quotient where the denominator tends to zero. However, the analysis of the students' responses and the interviews revealed the cause of this problem.

Figure 3 shows student A's TAP. The answer provided in the instrument by this student was incorrect and reflect the general reasoning of most of the students. However, the student identified the type of incorrect reasoning during the interview. As the initial data (D), the student considered (Quotient Law of Convergent Sequences) and , and his conclusion (C) was that the limit of the quotient does not exist. The student chose the word "always" as the modal qualifier (Q), and used as warrants (W) the flawed reasoning "the negation of the premise implies the negation of the conclusion", the prohibition of dividing by zero, the impossibility to calculate and the equality . Notice that the warrants (W) of student A were also justified by support (S) that consisted of the properties of real numbers, the theory of limits, and the DA inference. The rebuttal conditions (R) were considered during the interview with student.

Student A was presented with some examples of quotients of sequences where the sequence in the denominator was convergent to zero. 

The interview

During the interview, student A was asked to calculate , where .

Teacher: Please find the limit of the quotient.

Student A: But, that limit does not exist.

Teacher: Why do you think that the limit does not exist.

Student A: Well, mmm… because, is indeterminate, and .

At first, student A was reluctant to calculate the limit because he was convinced that the limit did not exist (C) and (Q).

Please try to calculate it.

Student A: Ok! oh! the limit is 1! Is the theorem wrong? Let me see… When the student finished the calculations, he was surprised to find the existence of this one (R) and, for a moment, questioned the validity of the theorem. After the interview, the student managed to modify his reasoning and obtained the correct answer.

The main obstacle to correct reasoning was the impossibility of calculating when

. That is, The student A could not distinguish between the existence of and the validity of the formula , because he considered these expressions as equivalents.

In general, the reasoning of the majority of the students was: since , necessarily the quotient is not defined (which is correct), and therefore does not exist, see Figure 4. There are two flaws that stand out in the logic used by these students: 1) Accept the DA inference in considering certain: if , then necessarily does not exist.

2) They did not become aware that the conclusion of the theorem is a conjunction of two statements: one about the existence of and the other about equality

. Both mistakes came from the impossibility to calculate , when , because students know that division by 0 is not allowed.

In terms of [START_REF] Gueudet | Investigating the secondary-tertiary transition[END_REF], the acceptance of DA inference, the impossibility to calculate the quotient and the failure to identify that the conclusion of the theorem is a conjunction of two statements were the associated factors for an inadequate mathematical production.

Final considerations

Our study suggests the importance of understanding the logical structure of mathematical statements; not being aware of it can cause additional difficulties for students, especially novice students who are barely getting involved in conceptual Calculus. Not knowing such structures can lead the student to false conclusions, for example, accepting invalid DA inference, or misapplying certain theorems, i.e., inadequate mathematical production.

The types of logical inferences (MP, MT, DA and AC) have been studied extensively, especially in abstract contexts, and are known to be difficult to assimilate. Our research focused solely on DA inference and revealed that this problem is further increased when conjunctions are involved in the premise and conclusion of a conditional-type structure in a mathematical context, particularly Calculus. Although the participants were students who had successfully completed their first course in Calculus of the Mathematics career and therefore already knew and had worked on the concept of derivative, the theorem of Weierstrass and the theorem of the limit of the quotient of sequences, even after all this, it is observed that these difficulties in the management of logical structures persist in a significant number of them.

Our study suggests that, in order to promote a better understanding of the students in the contents of Calculus, it would be very useful to pay special attention to the type of logical difficulties reported here, to insist on the structures of mathematical statements, to make them explicit and to point out their scope.
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 1 Figure 1: Logic structure of questions P1 and P2 Question P1 has two correct answer options b) and d), the first makes clear the impossibility of decision of the theorem if any of the three hypotheses A, B or C are not satisfied; and the second, i.e. d), alludes to the possibility that when hypothesis C is not satisfied, there are particular cases in which statements D and E are fulfilled. The answer options a) and c) are incorrect and contemplate the DA inference.Question P2 has three correct answer choices: a) it is a distractor, b) it refers to the impossibility of deciding the theorem when one of the hypotheses is not satisfied; and option d) again opens the possibility that even when A B C occurs, D and E can happen.
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 2 Figure 2: Logical structure of students' reasoning in Question P1
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 3 Figure 3: TAP of student A, who identified the incorrect type of reasoning
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 4 Figure 4: Scheme of reasoning for P2
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	Inference	Premise	Conclusion	Legitimacy
	MP	P	Q	Valid
	DA	Not P	Not Q	Not valid
	AC	Q	P	Not valid
	MT	Not Q	Not P	Valid

Table 1 : Model of logical inferences
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