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Understanding students' thinking and learning processes is one of the main challenges teachers are faced to during teaching. This occurs in a process that includes perceiving relevant information, interpreting it and finally making pedagogical decisions. In particular, mathematical errors constitute a rich source of information about students' reasoning. In this paper, the diagnostic competence of future primary teachers in error situations is analyzed, focusing specifically in the process of interpreting the perceived information by hypothesizing about causes of students' errors. Results suggest that this competence can be fostered in teacher education and show that not only mathematical content knowledge but also practical experiences and beliefs are relevant for its development.

Introduction

Effective teaching of mathematics in primary classrooms under a student-centered paradigm entails several challenges for teachers. In order to design and carry out effective teaching sequences that provide adequate opportunities for each student to learn, teachers need to enact several professional competencies that have been described and researched in the field [START_REF] Shulman | Those who understand: Knowledge growth in teaching[END_REF][START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF][START_REF] Kaiser | Professional competencies of (prospective) mathematics teachers-cognitive versus situated approaches[END_REF]. In particular, teachers' diagnostic competence has been regarded as a crucial component as students' thinking and understanding should be taken as the starting point for building further mathematical knowledge. Thus, teachers need to be able to understand students' thinking and adapt teaching strategies accordingly to promote learning.

Mathematical errors are unavoidable in the learning process and their educational potential has been widely acknowledged [START_REF] Keith | Effectiveness of error management training: a meta-analysis[END_REF] as they constitute an opportunity for teachers to look into students' mathematical thinking. Therefore, future teachers ought to learn about errors, their relevance and their underlying reasons, and start developing their diagnostic competence during teacher education programs. This article focuses on future primary school teachers' diagnostic competence in error situations, particularly on the features related to their ability to hypothesize about causes of students' errors. On the one hand, aspects that may have an influence on future primary teachers' level of this competence are explored. On the other hand, the influence of an intervention in the frame of an university course on the development of this competence is investigated.

Theoretical Background Teachers' professional competences

According to [START_REF] Weinert | Concept of competence: a conceptual clarification[END_REF], competences are composed by cognitive facets and affectmotivational facets. In teacher education, the cognitive facets can be associated with [START_REF] Shulman | Those who understand: Knowledge growth in teaching[END_REF] categorization of teaching knowledge into subject-matter knowledge, in this context Mathematics Content Knowledge (MCK), General Pedagogical Knowledge (GPK) and Pedagogical Content Knowledge (MPCK). The affect-motivational facets usually include teachers' professional motivation and beliefs. Relevant studies such as the Teacher Education and Development Study in Mathematics (TEDS-M) and Cognitive Activation in the Classroom (COACTIV) have included these facets in their conceptualizations of professional competence [START_REF] Döhrmann | The conceptualisation of mathematics competencies in the international teacher education study TEDS-M[END_REF]Baumert, & Kunter, 2011). Both specific cognitive abilities and affect motivation components are considered the main aspects of teacher professional competence.

Blömeke, [START_REF] Bl Meke | Beyond dichotomies: Competence viewed as a continuum[END_REF] suggest a situated model to assess teachers' professional competences that includes not only these cognitive and affect-motivational facets as disposition traits but also situation-specific skills, such as perception, interpretation and decisionmaking. These skills are key in the competence continuum that puts disposition traits in action in a particular classroom situation and therefore gives place to teachers' observable performance. In this model, the focus is neither on particular knowledge nor on the performance itself, but on the steps of the process in which resources activated and mediated by perception, interpretation and decisionmaking skills lead to performance as observable behavior in real-life situations.

Diagnostic competence in error situations

Teachers' diagnostic competence is a relevant component in promoting learning mathematics in a learner-centered paradigm. Student-centered teaching requires teachers who are able to, during class, identify and comprehend each student's current level of understanding, make ongoing analyses of students' learning and make instructional decisions oriented towards building further skills and knowledge. In heterogeneous classrooms, teachers are faced to the challenge of identifying and understanding a wide variety of students' mathematical thinking that children may also communicate unclearly or incompletely [START_REF] Radatz | Error analysis in mathematics education[END_REF][START_REF] Barmby | How can we assess mathematical understanding[END_REF]. In other words, teachers need to continuously 'diagnose students' achievements and learning processes during class' [START_REF] Hoth | Situation-specific diagnostic competence of mathematics teachersa qualitative supplementary study of the TEDS-follow-up project[END_REF](Hoth, , p. 2901)).

In accordance with situated approaches, [START_REF] Prediger | How to develop mathematics-for-teaching and for understanding: the case of meanings of the equal sign[END_REF] suggests that diagnostic competence has both a cognitive and an affective component. The cognitive element comprises the theoretical knowledge about mathematics concepts and mathematics learning required to analyze and understand students' thinking. The affective component includes teachers' beliefs, interest and curiosity about students' thinking, and an interpretative attitude that allows them to understand the underlying reasoning of students' thinking. Additionally, situation-specific skills, namely perception, interpretation and decision making skills, also affected by the cognitive and affective disposition traits, influence teachers' observable behavior. This suggests that diagnostic competence is a complex construct that cannot be assigned to a single component of [START_REF] Shulman | Those who understand: Knowledge growth in teaching[END_REF] categorization of teachers professional knowledge, but implies an integrated and situated understanding of teachers' competence.

This study focuses on diagnostic competence in particular class situations, where students' mathematical errors arise. It uses the definition of diagnostic competence in error situations by [START_REF] Heinrichs | Diagnostic competence for dealing with students' errors: Fostering diagnostic competence in error situations[END_REF] as the competence that is necessary to come to implicit judgements based on formative assessment in teaching situations by using informal or semi-formal methods. The goal of this process is to adapt behavior in the teaching situation by reacting to the student's error in order to help the student to overcome his/her misconception. (p. 81)

The relevance of mathematical errors found in students' work or during teacher-student or studentstudent interaction in class relies on their potential as a source of information for teachers about students' erroneous conceptualizations or misconceptions (McGuire, 2013). Thorough comprehension of a student's understanding or misunderstanding and of where their knowledge and skills need further support is necessary for discerning what pedagogical resources should be provided to support students learning [START_REF] Brodie | Learning about learner errors in professional learning communities[END_REF][START_REF] Radatz | Error analysis in mathematics education[END_REF].

Students' errors that are not amenable to carelessness or a simple slip, are usually persistent and systematic and can be explained as the outcome of cognitive structures erroneously built, frequently connected to previous (correct) knowledge and experiences or by the overgeneralization of concepts or principles from other domains. Because there is an underlying reasoning explaining the erroneous ideas, they make sense for the student [START_REF] Brodie | Learning about learner errors in professional learning communities[END_REF]. The eradication of this type of errors is difficult because involves complex cognitive restructuring. This represents a challenge for teachers, who need to design pedagogical strategies that support students in recognizing that their thinking is not correct and in reorganizing their knowledge. This also explains the relevance of teachers' diagnostic competence, as students' errors need to be considered and addressed during teaching [START_REF] Smith | Misconceptions reconceived: A constructivist analysis of knowledge in transition[END_REF][START_REF] Brodie | Learning about learner errors in professional learning communities[END_REF] not only because teachers need to understand student thinking in order to design and deliver appropriate learning experiences, but also because doing so is more effective than avoiding or ignoring them in the classroom [START_REF] Keith | Effectiveness of error management training: a meta-analysis[END_REF].

Considering different models describing teachers' diagnostic competence and error analysis knowledge, [START_REF] Heinrichs | Diagnostic competence for dealing with students' errors: Fostering diagnostic competence in error situations[END_REF] developed a model for future teachers' diagnostic competence in error situations, which is also used in this study. It consists of three phases. First, teachers attend to students' work and perceive the error, which is essential for the error to be dealt with. In the second phase, teachers interpret the error and hypothesize possible causes for that error in that specific situation. Finally, considering this hypothesis and aspects of students' knowledge that need further improvement, teachers design a strategy to deal with the error so misunderstandings can be overcome.

The study presented in this article focuses primarily on the second phase of this model and therefore, the following hypotheses are stated:

1. It is possible to foster the development of future primary teachers' competence to hypothesize about the causes of students' mathematical errors within a university course.

2. Future primary teachers' competence to hypothesize about the causes of students' mathematical errors is related to other features of their background, knowledge and beliefs.

Methodological Approach

The aim of the main study in which this article is based is to investigate how future primary teachers' diagnostic competence in error situations can be assessed and fostered within a university course. Therefore, a university course and an online pre-and post-test assessment were designed. Future teachers in their third or fourth year of studies from 11 Chilean universities participated in the course and 131 answered both pre-and post-test questionnaires.

The course's goal was to foster the development of future primary teachers' diagnostic competence as used in error situations and it was designed on the basis of the model by Heinrichs and Kaiser (2018) described above. It consisted of four sessions in which prospective teachers made individual analyses and engaged in group discussions about primary students' mathematical errors.

During the sessions, videos and samples of students' written work were used to present the error situations, as has been argued for in similar studies [START_REF] Hofmann | Assessment of students' thinking when working with graphs of functions -Promoting pre-service teachers' diagnostic competence[END_REF]. The usefulness of students' written work and videos of students working in class has been argued for as they constitute a good opportunity to generate discussions and analyses of students' thinking [START_REF] Arcavi | Promoviendo conversaciones entre docentes acerca de clases filmadas de Matemáticas[END_REF].

A set of questionnaires was applied to measure the impact of the course. In the first part, future teachers provided background information. In the second part, in order to collect data about their beliefs about the nature of mathematics and about mathematics teaching and learning, questionnaires from the Finally, in order to measure future teachers' diagnostic competence in error situations, a computerbased assessment was developed covering all three phases of the model by Heinrichs and Kaiser (2018) described above. Four different errors related to numeracy and arithmetic in primary school were chosen and assigned randomly, so that each participant worked through two errors before the course and other two errors after it. Students' errors were presented using video-vignettes together with information about the context, the students and the learning goals for the lesson. Future teachers were allowed to watch and pause the video multiple times but it was not possible to go back to the video once they started answering the items.

In particular, to assess the competence to hypothesize about possible causes of students' errors, which is the focus of this article, future teachers were asked to answer a set of close items based on the videos. In order to find the real cause for an error, teachers need to first think on a wide variety of reasons that may be leading to the error and then be able to discriminate between those that are possible in that particular situation and those that are not because of certain aspects of the circumstances. To evaluate this, future teachers were presented with eight statements with causes of the error in question and they had to decide, for each statement, whether it was a possible cause or not. The plausibility of each of the causes was rated using experts' diagnoses. Mathematics teachers and academics working in the field of didactics of mathematics participated as experts. These dichotomous items were evaluated using methods of Item Response Theory (IRT). In particular, a one-parameter Rasch model [START_REF] Wu | Applying the Rasch model to psycho-social measurement[END_REF] was used to determine the difficulties of the test items and the estimates for the latent abilities of every participant. The scaling showed an adequate fit (EAP Reliability = 0.65).

Results

Future teachers' competence to hypothesize about the causes of students' errors showed a mean of 50 with a standard deviation of 10 in the pre-test. This competence was significantly improved at the second testing-time, when future teachers exhibited a mean of 52.6 (SD =10). A paired samples t-test was conducted and a significant difference between these means was found (t (130) =-2,649, p =.009), with a small effect size (Cohen's d =.231).

In order to test the second hypothesis, future teachers' competence to conjecture about the causes of error situations was related to their beliefs, knowledge and background prior to starting the course.

In the beliefs questionnaires, they agreed with statements viewing mathematics as an inquiry process and the learning of mathematics as an active one. In other words, they revealed a tendency towards constructivist beliefs about the nature of mathematics and about the learning of mathematics. These constructivist beliefs showed a significant correlation of a medium-size effect with their competence to hypothesize about causes of students' errors (r =.378, p =.000 and r =.384, p =.000, respectively).

It was also of interest to test the association between professional knowledge and the hypothesizing about errors' causes competence. Analyses indicated that better results in the Mathematical Knowledge for Teaching test are significantly correlated to a higher competence level for hypothesizing causes for students' errors (r =.307, p =.000). Similarly, a significant correlation was found between this competence and the number of mathematics or mathematics education courses that future teachers have finished within their university programs (r =.144, p (one-tailed) =.050).

Additionally, the link between future teachers' practical experiences and their competence to hypothesize about the causes of students' errors was explored. A significant, albeit small, correlation was found with the number of school practices future teachers have done within their university program (r =.164, p (one-tailed) =.031). Relatedly, the differences in the means on the competence level of future teachers who have no teaching experience in primary classrooms and those who taught primary students sometimes or frequently proved to be significant with a medium effect size (t (124) =-3,023, p (one-tailed) =.001, d =.543). Moreover, when focusing on their experience teaching specifically mathematics in primary classrooms, a similar difference is showed between the groups with and without such experiences (t (129) =-2,297, p (one-tailed) =.011, d =.404). Yet another kind of teaching experience was explored, namely private tutoring, as it is assumed to intensively expose future teachers to interpreting students' thinking and analyzing students' errors. Although no significant differences in the competence to hypothesize about the causes of students' errors of future teachers with and without tutoring experience for children of any age group was found (t (129) =-1,367, p (one-tailed) =.087), a significant difference was revealed in favor of future teachers who have tutoring experience particularly with primary students (t (129) =-1,630, p (one-tailed) =.052, d =.284).

Other aspects of future teachers' revealed no link with their competence to hypothesize about the causes of students' errors. For instance, no significant difference was found between participants enrolled in different types of teacher education programs (F (3,127) =1.637, p =.184). Also, the semester of studies they were attending did not correlate significantly with this competence (r =.121, p (one-tailed) =.084).

Finally, multiple regression analyses were conducted including all variables with significant effects on the competence of hypothesizing about the causes of students' errors. The model that better predicts this competence (F (2,128) =15.641, p =.000) includes only both beliefs variables , i.e. beliefs about the nature of mathematics as an inquiry process (β =.202, p =.045) and about the learning of mathematics as an active process (β =.291, p =.004). Together, both beliefs scales explain a 19,6% ( =.196) of the variance in the competence of hypothesizing about the causes of students' errors.

Summary and Discussion

Teaching mathematics for understanding in heterogeneous classrooms requires teachers being able to provide individualized and differentiated learning opportunities to build further knowledge and skills. In order to do this, teachers need to understand individual student's thinking. Students' mathematical errors have been recognized as a rich source of information about their reasoning and, therefore, teachers' diagnostic competence in error situations has been regarded as pivotal for effective teaching.

When faced to an error situation, teachers are expected to work through a three-step model that includes perceiving the mathematical error, developing hypotheses about causes for that error in that particular situation and making a decision about how the error should be dealt with [START_REF] Heinrichs | Diagnostic competence for dealing with students' errors: Fostering diagnostic competence in error situations[END_REF]. This article focused particularly on the second phase of this model, i.e. on future primary teachers competence to hypothesize about the causes of students' errors. Factors influencing the level of this competence in future primary teachers, considering various aspects of their background, including specialized knowledge for mathematics teaching, beliefs and experiences were studied. Moreover, the possibility of fostering the development of this competence with an intervention within a university course was investigated.

The findings of the study reveal that constructivist beliefs about the nature of mathematics and about teaching and learning mathematics are related to higher levels of the hypothesizing competence. This means that, within this sample of future primary teachers, those who view mathematics as an inquiry process in which trying and discovering take place, and the teaching and learning of mathematics as an active and student-centered process, tend to have a higher ability to discriminate between plausible and not plausible causes for students' errors. These findings are in line to what has been found by [START_REF] Heinrichs | Diagnostische Kompetenz von Mathematik-Lehramtsstudierenden: Messung und Förderung[END_REF] in her study with prospective secondary teachers.

In addition, specialized knowledge for teaching primary mathematics was also found to be related to higher levels of the competence of hypothesizing about students' errors. Both a higher number of finished mathematics or mathematics education university courses and better achievements in the Mathematical Knowledge for Teaching questionnaire were related to higher competence levels on hypothesizing causes for errors. This supports the view that dispositions traits such as knowledge and beliefs are relevant for professional competence.

Besides professional knowledge and constructivist beliefs, practical knowledge was also found to correlate with future primary teachers' competence of hypothesizing. It can be argued that targeted experiences displayed higher effects than general experiences. For instance, the number of school practices future teachers have participated in, revealed a significant but small effect correlation whereas teaching in primary classrooms exhibited a medium-size effect. Similarly, no significant difference was found between the groups with and without private tutoring experiences to children of any age but such a difference was found between groups with and without private tutoring experience particularly to primary-school students. This suggests that practical experiences make a significant difference when they are targeted to the same age group they will be teaching.

Concerning the impact of the university course, findings show that future primary teachers' competence of hypothesizing about students' errors can, in fact, be fostered within teacher education. However, as the intervention was quite time-limited and rather short its effects on the participating future teachers was apparently restricted. Taking these results together, an encouraging challenge is posed to teacher educators, as complex opportunities to learn need to be provided, in which practical experiences, beliefs and specialized knowledge are considered and interrelated.