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Introduction

Since [START_REF] Lithner | Students' mathematical reasoning in university textbook exercises[END_REF][START_REF] Lithner | A research framework for creative and imitative reasoning[END_REF] introduced his theoretical framework on mathematical reasoning, many studies have used his distinction between creative mathematically founded reasoning and imitative reasoning. [START_REF] Lithner | Students' mathematical reasoning in university textbook exercises[END_REF] showed how undergraduates' reasoning is often not mathematically founded, but instead relies on imitation of exemplary or recalled solution strategies. [START_REF] Jonsson | Learning mathematics through algorithmic and creative reasoning[END_REF] have investigated learning effects of tasks requiring creative mathematically founded reasoning and found that it enables students to solve the same task at a later point in time. For moderately non-routine tasks however, undergraduate mathematics students have difficulties to think of suitable strategies [START_REF] Selden | Why can't calculus students access their knowledge to solve non-routine problems?[END_REF]. To gain more insight into undergraduates' mathematical reasoning, also on moderately non-routine tasks, we investigated its development at undergraduate level at two research universities and used Lithner's ideas concerning creative mathematically founded reasoning as a starting point.

Framework to analyze mathematical reasoning

For our research, we used [START_REF] Lithner | A research framework for creative and imitative reasoning[END_REF] concepts in a different manner than in the original framework, because of its limitations for characterizing any reasoning observed in students' task solving [START_REF] Aaten | Undergraduates reasoning' while solving integration tasks: discussion of a research framework[END_REF][START_REF] Mac An Bhaird | A study of creative reasoning opportunities in assessments in undergraduate calculus courses[END_REF]. From the single category of creative mathematically founded reasoning, we disentangled two dimensions: reasoning foundation and novelty. Furthermore, we added a third dimension: metacognition level. Building upon [START_REF] Lithner | A research framework for creative and imitative reasoning[END_REF], we define mathematically founded reasoning as reasoning in which decisions are based on mathematical properties that are relevant to the decision. Superficially founded reasoning is reasoning that is not mathematically founded. Lithner (2008, p. 266) defined novel reasoning in situations when "a new (to the reasoner) reasoning sequence is created, or a forgotten one is re-created". Since we encountered difficulties in discerning whether a reasoning sequence is new or not, we choose to see novel reasoning as the opposite of recall, where recall means that a strategy is selected because the strategy was used before to solve similar tasks.

Metacognition levels

Since metacognition plays a central role in learning mathematics (Desoete & Veenman, 2006;[START_REF] Schneider | Metacognition and mathematics education[END_REF] it is important to include this aspect into our analysis. Several studies indicate that undergraduates' use of metacognition is limited [START_REF] De Backer | Exploring the potential impact of reciprocal peer tutoring on higher education students' metacognitive knowledge and regulation[END_REF][START_REF] Radmehr | Exploring students' mathematical performance, metacognitive experiences and skills in relation to fundamental theorem of calculus[END_REF]. However, not much research has been done on the evolution of metacognition during undergraduate mathematics courses. Since [START_REF] Flavell | Metacognition and cognitive monitoring: A new area of cognitivedevelopmental inquiry[END_REF] introduced the notion of metacognition, various conceptions have been developed. In this study we build upon research that distinguishes levels of metacognition explicitly, or implicitly by discerning types of metacognition or metacognitive behavior. [START_REF] Wilson | Towards the modelling of mathematical metacognition[END_REF] consider three aspects of metacognition: awareness, evaluation, and regulation, where awareness concerns the connection between the task at hand and past experience, evaluation is about the task solving actions just undertaken, and regulation anticipates specific task solving actions. In analyzing students' solutions, they discern regulation that builds upon awareness (e.g. retrieval of procedures) from regulation that builds upon evaluation of awareness, for instance, regulation as a "consequence of the need for a decision [...] as to how best to proceed" (Wilson & Clarke, 2004, p. 38). This distinction is similar to [START_REF] Koichu | On the relationships between (relatively) advanced mathematical knowledge and (relatively) advanced problem-solving behaviours[END_REF] distinction between circular heuristic behavior and spiral heuristic behavior. The former concerns employing strategies without building upon the intermediary outcomes, while the latter does build upon intermediary outcomes. [START_REF] Nunokawa | Mathematical problem solving and learning mathematics: What we expect students to obtain[END_REF] similarly distinguishes initial problem analysis and knowledge application from problem solving by building upon obtained information, e.g. transforming the problem or finding new perspectives.

Based upon these models, we define two metacognition levels. High-level metacognition builds upon evaluation of components of the task solving situation. By task-solving components we mean the task itself, strategies that are used or considered, intermediary outcomes of strategies, and subgoals formulated during task-solving. Low-level metacognition lacks such evaluation, for instance, if a student takes the decision to use a different strategy without reflecting upon what could be learned from the steps taken so far.

Research question

In the light of the above, we aim to answer the question: in what way do undergraduates' reasoning characteristics evolve over the course of bachelor studies in mathematics and what is the role of mathematical foundations and metacognition? In our larger study on undergraduates' mathematical reasoning when solving calculus tasks, we noticed how some students' reasoning barely evolved over the years, while the reasoning of other students did develop, even though the courses taken by the students, and the way the courses were taught (lectures and tutorials, a little project work), were similar. To answer the research question of this study, we focus on a student whose reasoning did evolve over the years: Lisa 1 , who started off unsuccessfully but improved over the years is a bachelor student in mathematics but has taken courses in econometrics before. In the first year of her mathematics studies, Lisa's average exam scores were low but sufficient to pass most exams.

Method

To investigate students' reasoning, the first author administered task-based think-aloud interviews in three different years. In each interview, Lisa solved three tasks, see Table 1. In post-interviews after each task, she explained her solutions and answered questions such as: 'How did you come to think of using this strategy?', 'How certain were you that this strategy would help you solve the task, and why?', 'Have you seen this type of task before?'. The interviews were video and audio recorded and transcribed.

The tasks used are indefinite integrals that can be solved with methods from the first year course on integral calculus. We chose these tasks, because students had learned a large number of integration strategies they could choose from, and because we expected that these specific tasks would be difficult to many students. This would give rise to longer and more elaborate solutions compared to solutions of routine tasks, therewith giving more insight into students' reasoning. To be able to compare reasoning over the years, some tasks have been used each year. In order to be able to correct for a possible test-retest effect, we alternately used task A and B. Although Lisa was given task A both in year 1 and in year 3, Lisa did not seem to recognize the task.

Analysis

To analyze the interview transcripts, we used the coding scheme in Table 2. For each dimension, one code is given per task solution as a whole, based upon Lisa's on-task utterances, and upon explanations and answers during the post-interview. We made use of Lisa's own analysis of her reasoning (e.g., that she recalled a strategy) and of our impression of her reasoning inferred from Lisa's statements and actions. These various angles served to complement each other and where possible to triangulate our findings. This analysis led to nine codes for each dimension, which together give the global picture of Lisa's reasoning evolution, or more specifically, the evolution of each of the dimensions.

To determine one code per dimension per task, we chose to focus on the phase of strategy selection, since that phase is especially essential in solving difficult tasks [START_REF] Selden | Why can't calculus students access their knowledge to solve non-routine problems?[END_REF]. This implied in general that the initial orientation phase is left out of the analysis, just like the execution phase. While one solution often contains various strategy selection phases, we focus on the phases in which the solution progressed, or was close to making progress. Considering these progressing task selection phases, we determined what type of reasoning was prominent.

When coding the reasoning characteristics, we deliberately ignored mathematical correctness of calculations and arguments, but we did evaluate the success of the solution as a separate category. This code is given somewhat indulgently: if a (lengthy) task was solved correctly almost completely, and only a minor error or lack of time appears to have been the cause of not finding the correct answer, the solution is coded as successful.

Codes are visualized in the scheme in Figure 1. Coding of the transcripts using the framework was executed by two of the authors independently. Discussion until agreement led to minor adjustments of the coding only. In the results section we include fragments from the interview transcripts to illustrate our coding.

Results

We first describe how Lisa's reasoning on task A evolved over time. Due to space limitations, Lisa's reasoning on the other tasks is not discussed in detail, but the codes are included in the overview.

Lisa's reasoning on task A:

We briefly describe and illustrate Lisa's solutions. In year 1, Lisa used only one strategy to solve this task: she calculated the derivative of the integrand, then considered what adjustments should be made to the integrand to obtain the anti-derivative. We call this strategy derive-and-correct.

Lisa:

Eh, what sometimes helps is taking the derivative of that part. I am not sure whether that will help this time. Sometimes I see a pattern that I can apply to the integral. I will try that now.

[…]

She made an error here, in applying the quotient rule, but did not notice.

Lisa:

Well, the only similarity I see is that both have a fraction , but this is twice 

with exemplary coding) and legend

There was no progress in solution, so we considered all strategy selection phases. Lisa did not explicate relevant mathematically founded reasons for her strategic decisions: her reasons are non-mathematical ("I can always try") or merely superficially related to the task ("this is twice that fraction" to decide to take the square root). This latter quote illustrates how Lisa, although superficially and incorrectly, did evaluate intermediary outcomes for how to proceed, which is coded as high-level metacognition. Lisa used only one strategy, which she also used when solving the other tasks in the interview. She chose it because it 'sometimes helps', which we coded as recall. See figure 2.

In year 3, Lisa employed various strategies to solve task A: Lisa:

Eh, I try to solve this integral by substitution. Let's see whether that works. I take , so this is equal to . Ah wait, this is getting complicated. […] Ehm, if I take , then => . Ehm. This is not correct.

Then Lisa attempted substituting but stopped. She then decided to derive the integrand.

Lisa: I don't see it. Eh. I'll check what the derivative becomes. Perhaps that will help.

.

(silence) […]

If I take the derivative of this, , then I have , so that is not possible either. Hmm.

Next, Lisa modified the integrand.

Lisa: And… . If I take this , take , .

Ehm. Then it becomes . Does this help?

After some more thinking, Lisa thought of partial fractions, and solved the task correctly.

The episode in which the integrand is modified after which substitution is implemented, is the progressing phase in the solution. Here, the task is manipulated in such a way that the task is simplified. In the post-interview, Lisa explained how she came to think of this: In this last phase, Lisa evaluated how she could use the intermediary outcome obtained by deriving the integrand and combined it with the requirements of the previously attempted substitution , which indicates high-level metacognition. She did give relevant mathematical foundations for these strategic choices: "if you have an extra , then you have and that can be replaced by ". Lisa did not make any statements that indicate she recalled the strategy to use for this type of task, but instead she considered various substitutions and task modifications, which indicates novel reasoning. The coding is visualized in Figure 3.

Lisa's reasoning evolution

We analyzed Lisa's reasoning on nine tasks over three years. The codes for each dimension for each task in each year are put together in Figure 4 and summed in Figure 5. We summarize the coding below and frame them based upon observations in the data. Since Lisa was given task B only once, her reasoning on task B is excluded from the analysis of reasoning evolution. However, since task A and B require the same integration strategies, we did consider them sufficiently comparable for the global analysis of Lisa's reasoning evolution.

On task A, we see a change from superficially founded reasoning to mathematically founded reasoning, and from recall to novel. Level of metacognition is high in both years. A factor that was apparent from the data but not visible in these codes is that in year 3 Lisa used a much larger variation of strategies.

On task C, we see a change from low-level metacognition to high-level, from superficially founded reasoning to mathematically founded reasoning, and from novel to recall. In addition to these codes we remark that Lisa's solution in year 1 was extremely brief, without any real solving attempt. After the interview in year 2, Lisa had looked up the solution to this task, which she recalled in year 3.

On task D, Lisa's reasoning was consistently superficially founded, changed from recall to novel reasoning, and with varied level of metacognition. We add that in year 2 she used various strategies, and made several correct manipulations. In year 3, Lisa built upon her successful solution strategy used on the related task C. She modified that strategy to fit task D, which appeared somewhat mathematically founded, but her explanations were not explicit enough to code her reasoning as mathematically founded.

For each year, the number of tasks characterized by the codes of mathematically founded reasoning, novel reasoning, high-level metacognition, and low-level metacognition high-level metacognition task not successfully solved success are included in Figure 5. These numbers give an overview of how Lisa's reasoning evolved over time. The overall impression is in line with the examples described and the coding per task: at the beginning of her bachelor in mathematics, Lisa used high-level metacognition, no mathematical foundations, little novel reasoning and was not successful in solving the tasks. Over time, Lisa consistently used high-level metacognition, used more mathematically founded, some novel reasoning, and was more successful in solving the tasks.

Conclusion and discussion

The analysis of Lisa's reasoning using the framework shows how her reasoning evolved during three years of bachelor studies in mathematics, which is especially interesting given the many worrying characteristics in the first year: Lisa's reasoning was superficially founded (like often observed in undergraduate students), the solutions were full of errors and not successful. In this first year, Lisa appeared to have limited access to strategies and to be unaware of what mathematical properties are relevant in selecting a strategy. Given these rather weak characteristics, coding Lisa's reasoning as using high-level metacognition even seemed somewhat out-of-place. However, in comparison to other students who reasoned superficially founded, Lisa's metacognition level was clearly higher. The finding that Lisa's reasoning evolved towards mathematically founded (while other students' reasoning remained superficially founded) suggests that high-level metacognition may play a supportive role in developing mathematically founded reasoning.

The variety of strategies used by Lisa increased, which is captured by the 'novel' code. Thinking of suitable strategies to solve moderately non-routine tasks is difficult [START_REF] Selden | Why can't calculus students access their knowledge to solve non-routine problems?[END_REF] and requires insight into what mathematical characteristics are relevant for choosing strategies [START_REF] Mason | Having good ideas come-to-mind: Contemporary Pólya based advice for students of mathematics[END_REF], which is needed to make mathematically founded strategic decisions. In Lisa's reasoning, we see that her use of high level metacognition preceded mathematically founded strategy choices. This observation can be used as a starting point to stress the use of high-level metacognition in mathematics teaching.

Limitations

Our choice to use integration tasks has influenced the reasoning observed in this study, so we should be careful about extrapolating the findings to other contexts. However, the tasks have proven to arouse extensive reasoning of various kinds and, by using the same/similar tasks over the years, to bring to light an evolution in the way Lisa reasoned about challenging integration tasks.

  that fraction. . Ehm, to find the anti-derivative, I would, in one way or another , the fraction, I think. […] Let's see if I get the same. I'm afraid I won't, but I can always try. (Then she calculated the derivative of ) Here, Lisa again made an error, interchanging taking-power and taking-derivative, which are not commutative. She continued for some time, observing intermediary outcomes, considering what to infer to adjust the presupposed antiderivative, et cetera. She did not find the correct answer.
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 1 Figure 1: Framework visualization (with exemplary coding) and legend

  derivative to see whether there is a pattern […] to see what step you can use to find the antiderivative […] Sometimes you obtain an , you see what to do to find the anti-derivative. So in the end it did help for this step. So I thought, wait, if I multiply with , that is simply times 1. Then I used again for substitution. […] And I thought, what if I put an here, multiply the antiderivative 2 with . […] Because I still had this substitution ( ) in mind, and then, if you have an extra , then you have and that can be replaced by .
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  Figure 2: Coding of Lisa's reasoning, task A , year 1

Figure

  Figure 3: Coding of Lisa's reasoning, task A, year 3

Table 1 : Overview of tasks given to Lisa.
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Table 2 : Coding scheme
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	CODE:	CODE ASSIGNED IF:
	Mathematically	student explicitly gives relevant mathematical reasons
	founded reasoning	for why the strategy selected will help to solve the task
	Superficially	reasoning does not comply with the criterion for
	founded reasoning	mathematically founded reasoning
	Recall	student selects strategies because they have been used before to solve similar tasks
	Novel reasoning	reasoning does not comply with the criterion for recall
	High-level	student evaluates components of the task solving
	metacognition	situation when selecting a strategy
	Low-level metacognition	little to no evaluation takes place for selecting strategies

Pseudonym

Probably Lisa meant: integrand
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