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Introduction

When training mathematics teachers, it is agreed that the knowledge of the discipline that teachers require is substantially different from that needed by other professionals who also use mathematics [START_REF] Ball | Content Knowledge for Teaching. What Make It Special[END_REF]. This knowledge includes knowing what and how, which [START_REF] Kilpatrick | Mathematical Understanding for Secondary Teaching: A Framework[END_REF] incorporate to expand the construct Mathematical Knowledge for Teaching into Mathematical Understanding for Teaching (p. 13). This mathematical knowledge and its use in the classroom are described in detail within the MUST framework [START_REF] Kilpatrick | Mathematical Understanding for Secondary Teaching: A Framework[END_REF] and will be used in this research. One of our reasons for using this framework is that it relies on analyzing the experiences of secondary school mathematics teachers. These experiences generate prompts based on a series of events that arise during the teaching and learning process, and that are used to build resources for training teachers.

The experiences that arise in teaching and learning contexts where technology is involved exhibit specific characteristics that have to be identified and analyzed. What specific events appear when using technology? Are there differences from those that arise when using paper and pencil? Can prompts be developed based on these technological events?

The goal of our research is to identify those events that take place during a problem-solving scenario that relies on technology, and to generate prompts based on these events. We believe that these prompts would be much more difficult to generate in a problem-solving context that relies solely on the use of pencil and paper. To this end, we analyze the case of two students solving a problem using Dynamic Geometry Systems (DGS).

Conceptual framework

When selecting a framework for our research, it is important to consider the nature of teachers' knowledge. In this regard, [START_REF] Kilpatrick | Mathematical Understanding for Secondary Teaching: A Framework[END_REF] note that Any such Framework needs to capture the dynamic nature of teachers' use of mathematics in their teaching rather than simply to list knowledge, skills, and proficiencies for teaching mathematics. (p. 41) This is why we opted to select the MUST reference framework to define the prompts that arise when using technology while solving problems. As defined by [START_REF] Kilpatrick | Mathematical Understanding for Secondary Teaching: A Framework[END_REF], a prompt is:

an episode that has occurred in the context of teaching mathematics (usually in a mathematics classroom) and raises issues that illuminate the mathematics understanding that would be beneficial for secondary teachers. (p. 3)

The mathematics understanding referred to in the above paragraph may be viewed from three perspectives, Mathematical Proficiency, Mathematical Activity and Mathematical Context of Teaching, each with different strands (see chapter 2 from Heid, et al., 2015, for more details). Mathematical Proficiency refers to the mathematical knowledge and skills that a teacher needs in order to teach the subject in secondary education, which includes not only the mathematics associated with this educational level, but also that in previous and subsequent levels. When we speak of Mathematical Activity, we refer to the set of specific mathematical actions that a teacher has to do as part of the profession, such as linking concepts, justifying arguments and generalizing mathematical facts. Lastly, Mathematical Context of Teaching includes aspects of mathematical understanding that come into play exclusively in the teaching profession, such as, for example, understanding how students think mathematically, recognizing the mathematical nature of their questions and mistakes or recognizing when a mathematical argument or solution provided by a student is incomplete or satisfies the conditions of a problem.

To define these prompts, we first identify events that occur in various problem-solving episodes. [START_REF] Santos-Trigo | Framing the use of computational technology in problem solving approaches[END_REF], taking into account Polya's work, analyze different paths taken by a solver when faced with the task of solving a problem using technology. Based on this analysis, they identify five episodes: Comprehension Episode, Problem Exploration Episode, The Searching for Multiple Approaches Episode, Extension Episode and The Integration Episode (for more details, see [START_REF] Santos-Trigo | Framing the use of computational technology in problem solving approaches[END_REF].

In this paper, the analysis will focus on the first three episodes: Comprehension Episode, Problem Exploration Episode and The Searching for Multiple Approaches Episode. These episodes are detailed later in this paper.

In the context of DGS, the Searching for Multiple Approaches Episode is particularly relevant, as this episode requires, not following the same steps, but rather attempting to use different concepts in each path in order to enhance the problem-solving process and the learning of mathematics.

Methodology Participants

Data were collected from a Problem-Solving Workshop implemented during nine two-hour sessions of the course Mathematics for Teaching, where students solve the tasks in pairs, using GeoGebra. The workshop was taught in the computer laboratory to seventh-semester mathematics majors who, in a short time (two years), will be qualified to be secondary school teachers. There were eighteen students enrolled in this course which main goal was to introduce university mathematics students to the knowledge for teaching secondary school mathematics.

Task

In the workshop, the students solved a total of four problems that had previously been analyzed by the research team. In this paper, we analyze only one of the problems we call Equal chords.

Equal chords: There are two circles with centers at A and C. Two lines are drawn from each center that are tangent to the other circle. The points where these tangents intersect with the circles define two chords, IJ and KL (see Figure 1). Prove that the lengths of these two chords are the same, IJ=KL. The main characteristic of this task is that the statement includes a figure that the students must construct in order to solve the problem. The construction of the figure gives the problem a series of affordances that are important to mathematical understanding for secondary teaching. [START_REF] Santos-Trigo | Mathematical problem solving and the use of digital technologies[END_REF] notes that With the use of GeoGebra, these questions become relevant not only to identify and explore needed to draw the figure, but also provide an opportunity for learners to connect the problem goal with a series of mathematical ideas and resources to solve and extend the initial statement. (p. 73)

Data

Three types of data were gathered for the analysis: the GeoGebra files, the handwritten notes and the recordings of the student pair work sessions, which were made using the OBS Studio software.

In this research report we use a case study methodology to present an analysis of the work done by a pair of students, Evan and Sophie, while solving the problem Equal chords. Both the students and the activity were chosen due to the quality and variety of their discussions.

Data Analysis and Results

Comprehension Episode

The students began by reproducing the figure shown in the problem statement. Both agreed in the way in which the circumferences, the intersection points and the chords were drawn, but they disagreed when representing the tangent lines, which entailed a combination of mathematical and technical aspects involving the use of the DGS. With the "Tangents" tool selected, they click on one of the centers and the points drawn on the circumference. Nothing happens.

Sophie: Yes, right

They repeat the process several times. At one point, they click on the circumference and the tangents appear.

Evan:

What did you do?

Sophie: I clicked on the circumference, not on the points [referring to the points they had drawn earlier]

It is important to realize that the concept of a straight tangent to a circle from an outside point involves three objects: the outside point, the circle and the straight tangent. These objects are related with one another and with other objects, like the tangent point and the radius (which is perpendicular to the tangent). The "Tangent" tool is a programmed function whose inputs are a point and a conic section or curve. This means that when the students try to represent the straight tangent by selecting two points, GeoGebra helps them realize that the tangent point cannot be placed by "eyeballing" it, as one would do with pencil and paper; rather, a relationship must be established between the outside point and the circle. Moreover, this way of building tangent lines is robust, as it allows preserving the tangency when any of the objects is dragged. This first event yields the following:

Prompt 1

Two students want to represent the tangent lines to a circle from an outside point. To do so, they represent a point that is on the circumference and then use the "Tangents" tool by selecting that point and the outside point. The software does not generate the tangent line. In fact, the software does not show anything. Why is this? What important properties relate the radii of the circumference and the straight lines tangent to it? 

Problem exploration episode

The students finished building the figure and verified that the chords indeed have the same length. Then, by dragging the centers of the circles or the points that define their radii, they verified that the property holds in a variety of individual cases. They considered how to demonstrate their equality. During this episode, the students did several online searches and measured angles, segments and the arcs of the circumferences. (Figure 2) Evan:

Now we have to see what the relationship is between the two circles and the tangent lines.

Sophie:

The length of the arc is not the same, is it?

Evan: Well… Sophie:

No, because the line is the same but this one has more of an arc and this one less [pointing first to chord IK and then KL], so that has nothing to do with it, you see?

Evan: But their lengths are the same [moves his hand in an effort to explain]. Do you have a string?

The discussion was mathematical in nature. Can two arcs be traced on the same segment that have the same length? The students' intuitions differed, with Sophie thinking that different arcs have different lengths, and Evan thinking the opposite, stating that if the two ends of a piece of string are fixed, they can be arranged to create different curves. They tried to settle their differences by calculating the lengths of the arcs using GeoGebra. This yields the second prompt.

Prompt 2

Using GeoGebra, a student traces out different arcs of a circle atop the same segment and measures their length, concluding that they are all the same. How might this relationship be justified? 

Searching for Multiple Approaches Episode

At the end of the first session, a group discussion was held in which the various properties observed by all the pairings were presented, some of which had not been previously identified by Evan and Sophie, such as, for example: (i) line AC bisects angles GAH and ECF formed by the tangent lines (Figure 2); (ii) the radii of the circles at the tangent points are perpendicular to the tangent lines.

The students considered proving that the chords are equal by approaching the problem in three different ways: (i) by writing the general equations for the tangent lines and attempting to find the equations for the circles to solve the systems; (ii) by using the fact that line AC bisects the angles that form the straight lines and studying the trigonometric ratios of the right angles API, MOA, KQC and MOC; (iii) by finding similarity relationships between triangles API and AGC, along with triangles KQC and EAC. Being unsuccessful with the first two approaches, they focused on the third.

Sophie:

Why This event, arising from two similar triangles not in the Thales position, yields the following:

Prompt 3

In a Problem Solving class to solve problems with help from GeoGebra, a student measures the angles in two triangles, as shown in the figure, and concludes they are similar. When this is pointed out to a classmate, the latter is surprised because the sides are not parallel. Should a pair sides not be parallel? 

Conclusions

By using technology, students can devote time to look for mathematical properties, discuss them and explore different approaches to verify them. We have seen how these types of discussions give rise to interesting events for developing prompts that would not easily arise in a context with no technology. The questions that students ask themselves by making use of technology would not arise if using paper and pencil. For example, Evan and Sophie, when representing the tangent lines from an outside point, consider the objects that define them and how they can be drawn so as to preserve their property of being tangent to the circle.

In this research report we identify three events that resulted in three prompts of a different nature, depending on how the episodes in which technology is used to solve problems are framed: Comprehension Episode, Problem Exploration Episode, The Searching for Multiple Approaches Episode [START_REF] Santos-Trigo | Framing the use of computational technology in problem solving approaches[END_REF]. We also saw that when technology is used to solve problems, situations arise that cast doubt and arouse interest in the participants, the prospective mathematics teachers. We have also shown that by analyzing these moments, the opportunity is created to propose activities to train mathematics teachers. The mathematical endeavor that is revealed when the time comes to solve mathematics problems that are properly selected, when technology is present, has been shown to be an important element for improving the mathematical understanding of properties and results that have often been forgotten. We believe that this type of activity must be part of the initial training of mathematics teachers.

These prompts serve as resources for promoting the development of Mathematical Understanding for Secondary Teaching, offering opportunities to reflect on the mathematics related to them. What are the underlying mathematical concepts? What mathematical structures are involved?

Heid et al. (2015) argue that in the context of training future teachers, developing situations provides an opportunity to think about the content of secondary education curricula, to develop activities that are based on events related to the use of GeoGebra, activities that generate opportunities to think concurrently about the contents of the curriculum and the mathematical ideas that can be explored with DGS, and to connect them both.
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 1 Figure 1: The equal chords task

Figure 2 :

 2 Figure 2: Construction with auxiliary objects They drew other lines, like AC, which passes through both centers, and another connecting the points where the tangents intersect, M and N, looking for relationships that would let them show the equality of the chords. They considered different possibilities: (i) The lengths of the minor arcs IJ and KL are the same; (ii) the line perpendicular to chord KL that passes through C also passes through A; (iii) the trigonometric ratios of angles MOA and MOC are related by the common side MO of the right angles MOA and MOC; (iv) triangles API and MOA are similar and equal to KQC and MOC. This episode yielded conversations like the following:

  The GeoGebra graph shown the two circles

	Sophie:	What are you doing?
	Evan:	Are the points...? [referring to
		the tangent points]
	Sophie:	Yes?
	Evan:	Yes, E,F,G,H [draws them on
		the circle] and now from here.

Sophie:

Wouldn't that be later? With the construction of the intersection point between the tangent and the … Evan: No, leave from there. We have to calculate now. Click on that [indicating to Sophie the perpendicular line tool to expand the menu], tangents and points

Table 1 : Prompt that arose during the Comprehension Episode
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Table 2 : Prompt that arose during the Problem Exploration Episode
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  did you draw that? [referring to triangle AGC]

	Evan:	Because this new triangle is
		similar to these two [referring
		to triangles API and MOA]
	Sophie:	The big one?
	Evan:	Yes
	Sophie:	…but, why is it similar?
	Evan:	Because the angles are the
		same
	Sophie:	I know that, but are you sure
		that this one here... If the big
		one were similar, shouldn't
		this be a right angle?
		[referring to angle ACG]
	Evan:	No, similar doesn't mean they
		are superimposed, it means
		they are equal to one another

Table 3 : Prompt that arose during the Searching for Multiple Approaches Episode
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